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A quantitative model is presented for the high critical current densities (Jc) supported by superconducting
materials with uniaxial alignment, such asc-axis textured Bi-Sr-Ca-Cu-O tapes. Current follows percolative
paths across small-angle grain boundaries. Becausej c is low for intragranular conduction parallel to thec axis,
the 3D flow required for percolation is produced by conduction perpendicular to thec axis in tilted grains. For
optimized microstructures,Jc ranging from 3 to 30 % of the intragranular value is predicted for percolation
across small-angle grain boundaries with misorientations below 10° and 20°, respectively.

I. INTRODUCTION

Long lengths of Bi-Sr-Ca-Cu-O superconducting tape
have recently been fabricated with highJc even in high mag-
netic fields. For the best samples,Jc;53104 A/cm2 both at
temperatureT577 K in zero applied magnetic fieldB and at
T54.2 K, B520 T. It is hoped that these materials will be
useful for applications such as magnets and power transmis-
sion, once their properties are optimized.1

These tapes consist of a uniaxially aligned layer or layers
of Bi-Sr-Ca-Cu-O within a silver sheath. The layers are com-
posed of grains with a high aspect ratio: grain thicknessH
~normal to the tape surface! is ;1 mm, while lengthL and
widthW are;20 mm ~Fig. 1!. Thec axes of the grains are
aligned normal to the films, with a distribution of;15° full
width at half maximum~FWHM!, while thea axes are ori-
ented randomly in the plane of the tape. We use these essen-
tial properties to model current transport. More detailed mi-
crostructural characterization and its implications for current
transport are summarized by Bulaevskiiet al.2 What we refer
to as ‘‘grains’’ are in fact ‘‘colonies’’ of grains joined by
low-angle boundaries.

Despite broad agreement on the above description of Bi-
Sr-Ca-Cu-O tapes, there is no consensus on the path fol-
lowed by electrical current. The first model for the current
path inc-axis-textured materials without in-plane alignment
was the ‘‘brick-wall’’ model.3,4 The brick-wall model is
based on an ideal microstructure shown three dimensionally

~3D! in Fig. 1 and in cross section in Fig. 2. The solid lines
in Fig. 2 denote@001# tilt boundaries which we will callab
boundaries. The dashed lines are@001# twist boundaries
which we call c boundaries. Both will typically be high
angle. The brick-wall model assumes that the narrowab
boundaries carry negligible current. Although thec bound-
aries are high angle, their large cross-sectional area can sup-
port high currents in spite of lowj c . Hence current follows
the path shown schematically by the fine line in Fig. 2, cross-
ing c boundaries only. Such a current path requires intra-
granular conduction in thec direction. Because intragranular
j c is much smaller in thec direction than in theab planes, it
limits the critical current density in the brick-wall model.

However, measurements of the temperature dependence
and anisotropy ofJc suggest that long-range current flow
involves little or noc-axis conduction, thus casting doubt on
the brick-wall mechanism.5–8 Furthermore, cross sections of
superconducting samples do not resemble the idealized brick
wall of Fig. 2: few pure twist boundaries are observed. In
addition, Jc measurements on Bi-Sr-Ca-Cu-O bicrystals
show that most high-angle@001# twist boundaries do act as
weak links.9,10 These difficulties with the brick-wall model
led to the development of the railway-switch model.6,7

According to the railway-switch model, current within
grains flows only inab planes: conduction in thec direction
does not significantly contribute. Current is transported
across the thickness of the sample by grains tilted with re-
spect to the average texture. Current flows between grains
across apparent small-angle tilt boundaries.6,7

A key premise of the railway-switch model is that the
most frequently observed boundaries are small-angle [hk0]
tilt boundaries, which Hensel, Grasso, and Flu¨kiger call
c-axis tilt boundaries. This conclusion is based on scanning

FIG. 1. Perspective view of a face-centered-tetragonal brick-
wall microstructure. Each~001! plane forms a square lattice with
primitive translations of61

2,
1
2,0.

FIG. 2. Cross section of a brick-wall microstructure. Heavy
solid lines:@001# tilt boundaries. Dashed lines:@001# twist bound-
aries. Fine solid line: current path in the brick-wall model.
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electron micrographs of cross sections of superconducting
tapes.7 We believe this conclusion is based on a misinterpre-
tation of these micrographs. Many boundaries are observed
which appear in cross section to be low-angle [hk0] tilt
boundaries, as shown schematically in Fig. 3~a!. However,
the micrographs give no indication of the@001# tilt compo-
nent of such a boundary. While some are in fact low-angle
boundaries@Fig. 3~b!#, most are close to high-angle@001# tilt
boundaries@Fig. 3~c!#.

Little data has been published concerningj c of grain
boundaries in high-temperature superconductors as a func-
tion of grain-boundary character. The few published studies
indicate thatj c for small-angle grain boundaries is close to
intragranularj c , while most high-angle grain boundaries act
as weak links.9,11–15Reported values of the critical misorien-
tation angleuc below which grain boundaryj c is high range
from 10° to 20°.12–15 Unfortunately, no estimate ofuc is
available for the Bi-Sr-Ca-Cu-O materials used in supercon-
ducting tapes.

Goyal et al. have characterized networks of small-angle
grain boundaries in superconducting tapes and have pro-
posed that long-range, strongly linked conduction occurs
through a percolative network of small-angle grain
boundaries.16 Here we present a quantitative percolative
model which explains how largeJc can be observed in ma-
terials in which only a small fractionf of the grain bound-
aries are small angle. We assume thatj c is large when grain-
boundary misorientation is belowuc of 10° to 20°,
independent of other aspects of grain-boundary geometry:
this is consistent with all available data. We further assume
that all current flows inab planes, as indicated byJc(B,T) at
high B. Our percolative model has an ideal face-centered-
tetragonal lattice of grains as shown in Figs. 1 and 2. While
grains in real superconducting tapes are far from close
packed,7 we are most interested in the ultimateJc which may
be attained in superconducting tapes when the structure is
optimized. As in the railway-switch model, tilted grains carry
current in then direction ~normal to the tape’s surface!.
Quantitative numerical results are presented for the percola-

tion of current through a small fraction of grain boundaries
which are small angle.

II. PERCOLATION AND DIMENSIONALITY

High total Jc can be carried by a material with a small
fraction f of high j c grain boundaries only when the sample
combines the best aspects of 2D and 3D current flow. For a
sample with perfectc-axis alignment, the maximum misori-
entation of a boundary between tetragonal grains is 45°. We
assume that high-j c boundaries require misorientationsu less
than a critical angleuc of 10° to 20°. With a random orien-
tation about thec axis, 22–44 % of grain boundaries have
u,10° to 20°~Fig. 5!. Current flow, however, is strictly 2D,
because there are no tilted grains to carry current normal to
the sample thickness. In eachab plane of the model, the
grains form a 2D square lattice, with a bond percolation
threshold of 50%,17 our model predicts that no current can
percolate across a sample with perfectc-axis alignment.
Even for the most favorable 2D case of a hexagonal lattice,
the percolation threshold is 35%, so the material is near or
below the percolation threshold and highJc is not possible.

The situation is the opposite for unaligned material. Cur-
rent flow is truly 3D, so percolation will occur when only
12% of the grain boundaries are conducting~for bond perco-
lation on an fcc lattice!.18 However, only 3% of the grain
boundaries have misorientations belowuc of 20° ~Fig. 5!, so
current cannot flow through low-angle boundaries in this
limit either.

An optimum c-axis texture lies between these extremes.
When the grains are slightly tilted, current is transported
three dimensionally and large numbers of small-angle
boundaries are present. Numerical calculations below dem-
onstrate that largeJc can be supported in this manner.

III. CALCULATION OF Jc

As described above, a face-centered-tetragonal~fct! lat-
tice of grains, shown in Figs. 1 and 2, is used to calculateJc .
Boundaries between grains separated by61

2,
1
2,0 translations

~with respect to the fct lattice! are ab boundaries, with a
$110% habit ~with respect to the fct lattice!. Boundaries be-
tween grains separated by61

2,0,
1
2 translations arec bound-

aries, with a~001! habit. This describes a brick-wall micro-
structure.

Grains are assigned random orientations with the anglex
between theirc axes and the sample normaln following a
uniform distribution between 0° andxmax, and no preferred
orientation of thea andb axes.

Grain boundaries with misorientation greater thanuc are
nonconducting, i.e.,j c50. A key assumption is thatuc de-
pends on misorientation only. Grain-boundary misorientation
is the smallest angle of rotation between neighboring grain
orientations. For tetragonal grain symmetry, misorientation
angles fall between 0° and 45°.

For misorientations belowuc , conduction is anisotropic,
reflecting thec-axis texture of the material: critical current
density j c

ab for ab boundaries will be larger thanj c
c for c

boundaries. Small-angleab boundaries do not act as weak
links, so they will have critical current densityj c

ab5 j c
SC, the

single-crystal value, and critical currenti c
ab5HWjc

SC, where

FIG. 3. ~a! A cross section of the most commonly seen boundary
shows only the [hk0] tilt component.~b! the boundary may in fact
be a low-angle [hk0] tilt boundary,~c! but it is more likely to have
a large@001# tilt component.
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H andW are defined in Fig. 1.
Because current flows inab planes, current flows parallel

to the sample normaln only in grains where thec axis is
tilted by a nonzero anglex from the sample normaln ~Fig.
4!. This angle is taken to be uniformly distributed between 0°
and xmax, where the tetragonal crystal symmetry requires
that 0°,xmax,90°. In real materials, both thec axes of the
grains and the grain boundaries will be tilted; we have sim-
plified the model by considering onlyc-axis tilts, leaving
grain boundaries aligned ton.

Intragranular critical current density isj c
SC flowing in the

ab planes, so current density across strongly linkedc bound-
aries is j c

SC sinx. While we have calculated the fraction of
strongly linked boundaries by assigning tilts to individual
grains, we make the mean-field approximation that the criti-
cal current densities of all strongly linkedc boundaries~i.e.,
those withu,uc! are equal to the average value of the mini-
mum critical current density of two neighboring grains. This
was done to simplify calculations: the totalJc of the sample
will depend on only three parameters, the fractionf of
strongly linked boundaries, and the critical currents ofab
andc boundaries. The average critical current density normal
to a c boundary for a single grain is, for smallxmax,

j c
SC

xmax
E
0

xmax
dx sin~x!5 j c

SCF12
cos~xmax!

xmax
G' Jc

SCxmax

2
,

~1!

and the average of the minimum value for two grains is

2 j c
SC

xmax
2 E

0

xmax
dx1E

0

x1
dx2 sin~x2!5

2 j c
SC

xmax
2 @xmax2sin~xmax!#

'
j c
SCxmax

3
. ~2!

The area ofc boundaries isLW/4, so the critical current
normal to thec boundary isi c

c5LWJc
SCxmax/12. For large

aspect ratios,i c
c would exceedHWjc

SC, which is the critical
current of the grain itself. In this case,i c

c is truncated to
HWjc

SC. Results are normalized so that a sample with per-
fect biaxial alignment~i.e., ac-aligned single crystal! has a
total I c51:

i c
ab5

1

N2 ; i c
c5

L

H

xmax

12N2 , ~3!

whereN2 is the number ofab boundaries in a sample cross
section. We takeL/H520.

Each grain boundary can carry currents between2i c and
i c @as given by Eq.~3!#. The total critical currentI c of the
sample is calculated using the labeling method,19 in which an
exact solution is found by adding percolative paths until no
conducting path can be added without exceeding the critical
current of some boundary. Each grain forms a node on an fcc
lattice. Each node is connected by 12 arcs~grain boundaries!
to neighboring nodes.

I c
ab ~in the plane of the tape, as it is commonly measured!

is calculated by applying periodic boundary conditions in the
@010# and @001# directions~with respect to the fct lattice!.
The current source and sink are on the@100# faces. Infinite
capacity is assumed within these faces, corresponding physi-
cally to good contacts covering each end of the sample.I c

c

~across the thickness of the tape! is similarly calculated by
applying periodic boundary conditions in the@100# and@010#
directions and placing the source, sink, and contacts on@001#
faces. Note thatI c

ab flows across a cross sectionN2HW,
while the cross section forI c

c is N2LW, larger by a factor of
LH520. ThusJ c

ab/J c
c520I c

ab/I c
c.

The labeling algorithm is most efficient near and below
the percolation threshold, where there are few percolative
paths. Since this is the case where the largest sample size is
required to obtain accurate results, sample size is varied to
keep calculation time roughly constant, varying between a
14314314 lattice with 65 856 grain boundaries below the
percolation threshold to a 53535 lattice with 3000 grain
boundaries well above the percolation threshold.

IV. RESULTS

For each combination ofxmax and uc , the fraction f of
grain boundaries with misorientations belowuc is calculated
by examining 106 randomly generated boundaries.20 Selected
results are shown in Fig. 5.I c is calculated fromf andi c . We
calculatei c using Eq.~3!. Figure 6 illustrates the relationship
betweenI c and f for several values of the grain-boundary
critical current anisotropyi c

c/ i c
ab.

FIG. 4. Thec axes superconducting grains make an anglex to
the sample normaln.

FIG. 5. Fractionf of grain boundaries with misorientation be-
low uc for maximum tilt xmax calculated numerically using 106

randomly oriented pairs of grains for each value ofxmax.
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Random scatter in Fig. 6 is due to statistical variations in
the calculation ofI c due to finite simulation size. ForI c

ab,
these fluctuations become large for anisotropies less than 0.1.
Results are obtained for these values by multiplying the re-
sult for i c

ab5` andi c
c51 by the value ofi c

c. Accurate values
for i c

ab5` and i c
c51 were obtained by running calculations

on a 14314314 lattice. This calculation is time consuming,
but must be performed only once for each value off . Note
that Fig. 6~a! includes two sets of points for the limiti c

ab@i c
c.

In this limit, i c is zero for conducting fractionf,0.12 ~the
3D fcc bond percolation threshold!, proportional toi c

c @filled
circles, Fig. 6~a!# for 0.12,f,0.5 ~the 2D square bond per-
colation threshold!, when weakc boundaries coupleab
planes which are themselves below the percolation threshold,
and proportional toi c

ab @open triangles, Fig. 6~a!# for 0.5,f
,1, when current can flow without crossing weakc bound-
aries. Asf approaches 0.5 from below,i c diverges tò times
i c
c @filled circles, Fig. 6~a!#; as f approaches 0.5 from above,
i c approaches 0 timesi c

ab @open triangles, Fig. 6~a!#.
I c
c depends only weakly oni c

ab. As shown in Fig. 6~b!,
there is at most a 20% difference betweenI c

c for i c
ab51 and

i c
c51 @open circles, Fig. 6~b!# and I c

c for i c
ab5` and i c

c51
@closed circles, Fig. 6~b!#. For this reason, we can make the
approximationI c' i c

ab I c~i c
ab51, i c

c51!. Although I c
c de-

pends primarily oni c
c, note thati c

c depends on intragranular
j c
ab, because our percolation model neglects intragranularj c

c.
I c , normalized to single crystalI c

ab, is shown in Fig. 7.
The maximumI c

ab is sensitive touc , increasing a factor of
10 from 3 to 30 % asuc is doubled from 10° to 20°. This is
because the material is close to the threshold for percolation
of current throughab boundaries with highj c , and a small

change inuc , and thus inf , makes a large change in the
number ofc boundaries with lowj c needed for current to
traverse the sample.

The optimumxmax varies proportionately touc from 5° to
10°. I c will vary proportionately with the grain aspect ratio
L/H as well, finally saturating when 3D percolation is
reached atL/H512/sin~xmax! or 70 to 140.

I c
c varies much asI c

ab. This is to be expected, since our
model predicts conduction by a 3D percolation mechanism.
For smalluc , f is far below the 2D percolation threshold of
0.50, so percolation is very isotropic andI c

c'I c
ab. For

uc510° andxmax58°, for example,I c
ab/I c

c51.1. As noted
above, the ratio of total critical current densities will be
J c
ab/J c

c522. For largeruc , f is closer to the 2D percolation
threshold, percolation is more anisotropic, andI c

c,I c
ab. For

uc520° and xmax58°, for example, I c
ab/I c

c52.0 and
J c
ab/J c

c540.

V. DISCUSSION

The I c predicted by the percolative model are higher than
those observed in Bi-Sr-Ca-Cu-O tapes. The percolative
model predicts 3–30 % of single crystalI c , depending most
on uc for an ideal structure. The best tapes haveJc;53104

A/cm2 ~T577 K, B50!, or ;0.5% of single crystalJc . As
pointed out by Hensel,7 existing tapes contain numerous gaps
between grains, so it is to be expected that substantial in-
creases inJc will result from the production of a more
closely packed microstructure. The optimumxmax of 5° to
10° is consistent with the 15° FWHM typically observed in
optimized tapes. A better check of the percolative model cal-
culation will require measurement ofuc for Bi-Sr-Ca-Cu-O
materials, as well as production of more closely packed
tapes.

FIG. 6. Total~a! in-plane and~b! out-of-plane critical current as
a function of the fraction of conducting grain boundaries for a va-
riety of anisotropies in grain-boundary critical current:i c

ab5` and
i c
c51 ~d!, the 3D casei c

ab51 andi c
c51 ~s!, i c

ab51 andi c
c50.63

~j!, i c
ab51 andi c

c50.32~h!, i c
ab51 andi c

c50.16~m!, and the 2D
casei c

ab51 and i c
c50 ~n!. In each case,i c51 corresponds to the

single crystal in-plane value.

FIG. 7. Total ~a! in-plane and~b! out-of-plane critical current,
normalized to single-crystal values, as a function of maximum tilt
for the experimentally observed range of critical misorientation val-
ues.
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The measurement ofJ c
c remains an experimental chal-

lenge. While the critical currentI c
c has been measured,5,7 the

critical current densityJ c
c has not been reported. Such mea-

surements will test our prediction thatJ c
ab/J c

c is 20–40 for
the percolative model.

A key distinction between the percolative model and the
brick-wall model is thatI c for the percolative model falls to
zero asc-axis texturing is reduced below its optimum value
of 5° to 10°. According to the brick-wall model,I c should
remain high for even the best-aligned samples. A test of this
prediction will require production of Bi-Sr-Ca-Cu-O films
with excellentc-axis alignment~,2° FWHM! and no in-
plane alignment. According to the percolative model, signifi-
cant current in such films cannot flow through a network of
strongly linked grain boundaries, and highJc cannot be pro-
duced in strong applied magnetic fields.

In common with other models, the percolative model pre-
dicts that I c will increase as the aspect ratio of grains in-
creases. Further experimental data is required to check a key
premise of the percolative model, that grain boundaries are
weak links unless total misorientation is small, and con-
versely that all small-angle boundaries act as strong links.

The calculations presented here are best-case predictions
because they assume a perfect lattice of grains. In real mate-
rials there will always be some gaps separating grains, so
real Jc can only approach these values. 3D percolation re-

quires f.12%; forxmax50° ~which maximizesf !, f ranges
from 22% ~uc510°! to 44% ~uc520°!. Thus a minimum of
27–55 % of the grain boundaries must be connected for
strongly linked conductivity to occur.

The assumption that only small-angle grain boundaries
can have high critical currents may be unduly pessimistic,
however. Some large-angle@001# twist boundaries have been
found withJc as large as the intragranular value.

9 Note, how-
ever, that intragranularJc for these boundaries is in thec
direction and is therefore limited to low values. Large-angle
grain boundaries with truly highJc have not been observed.
A final possibility forJc greater than predicted by the perco-
lative model is that low-angle boundaries may occur with
greater frequency than dictated by chance alone; i.e., local
orientational order may occur.16
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