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Quantum diffusion of muonium has been studied in crystals of KCl doped with small amounts of Na using
the technique of muon spin relaxation. At low temperatures the crystal volume may be divided into two parts,
one where the muonium diffuses rapidly as in pure KCl and the other where the muonium is effectively
localized. These results are in accordance with recent theories on quantum diffusion in inhomogeneous media
which predict a volume around an impurity inside which localization occurs and outside which the particle
diffuses freely.

Quantum diffusion is an interesting phenomenon in crys-
talline solids where light interstitial particles like protons and
muons migrate by tunneling under the potential barrier be-
tween adjacent sites. The tunneling matrix is determined by
the overlap integral between the initial and final polaronic
states and therefore quite sensitive to the energy level shift
due to the presence of other crystalline defects~impurities,
dislocations, etc.!. Such disorder may control the diffusion of
muonium~Mu, the muonic analog of hydrogen in which the
proton is substituted by a positive muon! in nonmetallic crys-
tals and muon diffusion in superconducting metals1 because
the predominant two-phonon damping factor for the tunnel-
ing decreases steeply with decreasing temperature and ac-
cordingly the level shift plays a limiting role at low
temperatures.2 However, there always remains some uncer-
tainty about the effect of unintentional impurities/defects in
nominally pure specimens because of the lack of quantitative
information on the concentration and type of defect/impurity.
A study of quantum diffusion in well-characterized samples
with known impurities is thus desirable.

In this paper we report on the diffusion of muonium cen-
ters in KCl doped with Na substitutional impurities. KCl is
one of the materials in which muonium diffusion is well
understood in terms of the current theory for quantum diffu-
sion in homogeneous media.2 Our results indicate that the
crystal volume is split into two parts upon Na doping, one in
which the diffusion slows down with decreasing temperature
and the other in which the character of rapid quantum diffu-
sion is preserved. This is in qualitative agreement with recent
theoretical predictions3 and similar experiments in solid
N2 .

4 In addition, we report a decrease of the missing muon
spin polarization with increasing Na concentration and pro-
pose an explanation in terms of diffusion-controlled reaction
of muonium centers with excitons produced by muon radi-
olysis.

Quantum diffusion in the absence of disorder results in a
power-law temperature dependence of the particle hop rate
n over a certain temperature range, i.e.,

n.
2lJ2

V~T!
}T2a12b, ~1!

whereJ}Tb is a renormalized tunneling matrix or the muo-
nium bandwidth (\51), l is a factor determined by the
crystal structure,V(T)}Ta is the damping rate due to cou-
pling to the environment, anda and b are constants pre-
dominantly dependent on the nature of dissipation. Equation
~1! is valid in the incoherent hopping regime:T!QD ~the
Debye temperature! and V(T)@J. Such a power law has
been clearly observed both in metals with
122b.0.6 (a51),5 and in ionic crystals witha.3–
7 (b50),4–9 where the smaller power in the former case is
due to the electronic damping of the muon tunneling
matrix10,11while particle-phonon interaction is explicit in the
latter.12 If there is an energy differencej[e i2e f between
the initial (e i) and final (e f) Mu states due to static disorder
in the potential surface, then Eq.~1! must be modified:13

n.
2lJ2V~T!

j21V2~T!

j/T

12e2j/T . ~2!

In insulators whereb50, V(T) shows a much steeper tem-
perature dependence than the Gibbs factor@i.e.,
j/T(12e2j/T)]. Consequently, Eq.~2! implies that the hop-
ping frequency as a function of decreasingT turns over at the
temperature whereV(T).uju and at lowerT decreases as

n.
2lJ2V~T!

j2
}Ta~V!uju!. ~3!

Such behavior has recently been reported in solid nitrogen
wherea.7.4 Note that when the energy difference (uju) is
small compared with the tunneling matrix element the tun-
neling probability levels off at the value 2lJ provided
J@V(T), i.e., the band motion limit.14

We have recently shown that the longitudinal spin relax-
ation of the muon polarization is a sensitive measure of the
Mu diffusion rate.6 The connection between the diffusion
rate and the muon spin relaxation rate originates with the
nuclear hyperfine~nhf! interaction which produces an effec-
tive magnetic field on the unpaired muonium electron which
depends on the orientation of the nuclear spins. As the muo-
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nium diffuses the direction of this effective field fluctuates,
thereby inducing transitions between the muonium hyperfine
levels. From the resulting muon relaxation rate and itsT
dependence~after appropriate modeling of the spin dynamics
using the Redfield equations of motion15,16! one can extract
an average electron-nuclear coupling constantdex and the
correlation timetc ~corresponding ton21) for the field fluc-
tuations. The general expression for the longitudinal muon
polarizationPz(t) is complicated, depending upond ex, tc ,
and the external longitudinal fieldB; however, for the pur-
pose of illustrating the essential features of our data it is
sufficient to consider the idealized situation wheretc

21 is
small with respect to all transition frequencies except the
smallest intratriplet transitionv12. Ignoring all higher-
frequency transitions leads to single-exponential relaxation
of the muon spin polarization:

Pz~ t !'Pz
0~x!exp@2Lz~x!t#, ~4!

where

Pz
0~x!512x/A11x2,

Lz~x!5
dex
2 tc

11v12
2 tc

2 ,

v125
1
2v0S 11

G2

G1
x2A11x2D ,

where v0 is the muonium hyperfine parameter,G65
1
2(ge6gm) with ge andgm being the respective electron and
muon gyromagnetic ratios, andx52G1B/v0 . Since both
Pz
0(x) andLz(x) depend on the applied fieldB ~or x), the

other physical parameters likedex andtc at a temperature are
uniquely determined by comparing a set of time spectra ob-
tained under different fields with the model function
Pz(t)[Pz(t;dex,tc ,x). The parameterdex can be related to
the nearest-neighbor halide nhf parametersv i andv' with
the result

dex
2 5~v i

212v'
2 !
nI~ I11!

3
, ~5!

where the second term is the mean squared value of the
component of total nuclear spin along the applied field forn
nearest-neighbor nuclei with spinI .7

The experiment was performed on the M13 and M15
beamlines at TRIUMF, which provide beams of 100% spin-
polarized positive muons of momentum 28 MeV/c. Single-
crystal specimens of KCl with Na concentrations of
2.7(3)31023 and 2.7(3)31022 were obtained from the
University of Utah. At each temperature conventional muon
spin relaxation (mSR! spectra were taken with an external
field applied along the initial muon polarization direction and
a @100# crystalline direction. This longitudinal field~LF!-
mSR technique, details of which can be found elsewhere,16

measures directly the time evolution of them-e decay asym-
metryA(t)5A0f Pz(t) in the time scale of the average muon
lifetime ~2.2 ms!, whereA0 is the maximum experimental
decay asymmetry andf is the fractional yield of muonium.
Some typical examples of the time spectra are shown in Fig.
1.

Note that the field-dependent relaxation predicted by Eq.~4!
is clearly observed.

The spectra also imply that there is little or no contribu-
tion from the diffusion-limited trapping~DLT! process asso-
ciated with the doped impurities. The trapping rate under a
simple DLT model is given by

n t54pr tctDm ~6!

5
2p

3
rn, ~7!

wherer t is the trapping radius~in units of the lattice constant
a), ct is the concentration of trapping centers (r is the
equivalent atomic concentration!, andDm (5a2n/6 for the
interstitial Mu in KCl! is the diffusion coefficient of
muonium.17 The spin depolarization in this model is given by
exp@2(n t1Lz)t#. @Note that muons are depolarized during
diffusion whereas no depolarization occurs in the stationary
~trapped! state; this is opposite to the case discussed for the
muon trapping in metals.18# It has been inferred from the
previous measurements in nondoped Cl thatn>108 s21,6,7

and accordingly the trapping raten t to the sodium impurity
estimated from Eq.~6! is greater than about 106 s21 for both
0.27% and 2.7% samples. On the other hand, the observed
spin relaxation rate in the time spectra indicates
(n t1Lz)<106 s21 over the entire temperature range. Since
n t is independent of magnetic field, the strong field depen-
dence of the observed relaxation rate further evidences that
n t!Lz(x);106 s21. Thus, we are lead to conclude that the
DLT model is inappropriate for the interpretation of the cur-
rent data.

FIG. 1. LF-mSR time spectra in KCl~@Na#50.27%! at 0.02,
0.05, and 0.15 T. Solid curves are fitted results by a model for
muonium diffusion with two components~see text!.
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The analysis of time spectra below 50 K reveals that there
exist at least two distinct components with different correla-
tion times; however, only a single component is necessary to
reproduce spectra at higher temperatures. For simplicity we
assume just two components such that

A~ t !5A0@ f sPz~ t;ts!1 f fPz~ t;t f !#5AsPsz~ t !1AfPfz~ t !,

wherets and t f denote the correlation times corresponding
to slow and fast diffusion,Ai ( i5s, f ) being their~partial!
asymmetry proportional to the fractional yieldsf i with
A0.0.2. Common values were adopted for the muonium
hyperfine parameterv0 @52p34280 MHz ~Ref. 19!# and
the nhf parametersdex @52p360(2) MHz ~Ref. 7!#
throughout the following analysis: the nhf parameter is pre-
dominantly determined by the nearest-neighbor~NN! halo-
gen nuclei and therefore the substitution of potassium by
sodium has negligible effect on the value ofdex. The solid
curves in Fig. 1 are the fitting results with this model. The
temperature-dependent inverse correlation time and corre-
sponding asymmetry are shown in Fig. 2 where the data6,7 of
pure KCl ~nominally 99.99%, obtained from Harshaw
Chemical Co.! are also included for comparison. It is evident
from Figs. 2~d! and 2~e! that the hop rate in both samples is
not affected by the presence of sodium impurities above 50
K, except for a slight enhancement in the sample with 2.7%
sodium. This implies that the disorder in the muonium po-
tential energy induced by the sodium impurity is far smaller
than the thermal activation energy (;103 K! required for
phonon-assisted tunneling in the high-T region.

In the sample with 0.27% sodium the fast-diffusing com-
ponent observed below 50 K is virtually unaffected by the
impurity: The temperature dependence of the hopping rate
@t f

21 in Fig. 2~d!# and the corresponding asymmetry@Af in
Fig. 2~b!# are very close to those observed in pure KCl@cf.
Fig. 2~a!#. Moreover,t f levels off below 5 K and stays con-
stant down to 15 mK. This is also the case for pure
KCl,20 and, therefore, leads us to conclude that impurities at
a concentration of less than 1023 have negligible effect on
the sizable fraction of muonium undergoing quantum diffu-
sion. A second slowly diffusing component emerges below
50 K and increases with decreasing temperature as inferred
by As in Fig. 2~b!. The hopping rate (ts

21) associated with

this component seems to level off at 50 K and exhibits a
relatively steep decrease below 15 K@see Fig. 2~d!#, indicat-
ing that a certain fraction of the Mu becomes immobile at
low temperature.

The effect of 2.7% sodium is more substantial. As evident
in Fig. 2~e! no fraction of the muonium shows the character-
istic increase of hopping rate with decreasing temperature
below 50 K seen in undoped KCl. The hopping rate of the
fast-diffusing component tends to level off below 30–40 K,
although there is some uncertainty due to its diminishing
fractional yield. Also the fractional yield~or Af) shows a
steeper decrease with decreasing temperature compared with
that in the 0.27% sample@see Fig. 2~c!#. The slowly diffusing
component emerges in place of the fast component with de-
creasing temperature. The hopping rate clearly shows a
power law given asts

21}Ta with a53.2. This behavior of
ts

21 and leveling off oft f
21 indicates that the increase of the

fractional yield for the slowly diffusing component is due to
expansion of the crystal volumeVs where muonium motion
is being reduced, rather than trapping of fast-diffusing muo-
nium near impurities. This may not be true for the 0.27%
sample, since the increase ofAs is in parallel with the in-
crease of the hopping ratet f

21 . It is therefore possible that
the Mu is being trapped at a rate determined by its diffusion
rate @the Gibbs factor in Eq.~2! also ensures such an irre-
versible process#. However, the fractional yield of the slowly
diffusing component below 50 K is qualitatively proportional
to the sodium concentration@see Figs. 2~a!–2~c!# and thus it
can be regarded as the fractional volume itself@see Eq.~14!#.
The leveling off oft f

21 below 30 K may be due to the re-
sidual disorder outsideVs or the effect of single-phonon scat-
tering, although there remains some uncertainty due to
smaller fractional yields at lower temperatures. The immo-
bile Mu in the 2.7% sample at the lowest temperature is
further demonstrated by the magnetic-field dependence of
the muon polarization under longitudinal field. Figure 3
shows the quenching of the nhf field below 0.01 T and is in
good agreement with the theoretical prediction for stationary
Mu.21 Because of rapid spin relaxation due to the fast muo-
nium diffusion such field quenching of the nhf field is not
observable in pure KCl.20

FIG. 2. Muonium hopping rate
([ inverse correlation time! and
partial asymmetry in KCl~@Na# 5
2.731023 and 2.731022) com-
pared with data in pure KCl~@Na#
,1024, shown by diamonds!. Tri-
angles areAs and ts

21 , filled
circles are Af and t f

21 , and
squares are As1Af in each
sample. Lines are merely intended
to guide eyes.
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The observedT3.2 dependence of the hopping rate below
50 K in the 2.7% sodium sample~which is suggested also in
the 0.27% sample below;20 K!, together with the previous
result in pure KCl@T}T23.3# ~Ref. 6!, is in line with the
theoretical prediction expressed in Eqs.~1!–~3!. Assuming
the sameV(T)}(T/QD)

a andJ in both samples, we have

tc
21.

2lJ2

g S T

QD
D 2a

5t0
21S T

QD
D 2a

~8!

for the muonium in pure KCl and

tc
21.g

2lJ2

j2 S T

QD
D a

5t1
21S T

QD
D a

~9!

for the slowly diffusing component in the sodium-doped
sample, where the values oft0

21 and t1
21 are obtained ex-

perimentally from the data below 50 K in Fig. 2~e! as
1.52(2)3106 and 2.1(1)31010 s21, respectively. Taking
J50.13 K ~with l54 for simple cubic symmetry! deduced
from pure KCl,14 we obtain

uju;1661 K ~10!

for the KCl samples with 2.7% sodium. It must be stressed,
however, that the value ofj varies from site to site in most
cases where the energy difference~or disorder! is due to the
strain fields from impurities spatially distributed at random,
and thereby the above value should be regarded as a mean
value ~see below!.

In order to make a more intuitive understanding of the
effect of energy disorder we resort to a specific model in
which the disorder is induced by a strain field from the so-
dium impurity:

U~r !5U0S ar D
3

, ~11!

wherer is the distance from the impurity atom anda is the
lattice constant. Then the energy difference between neigh-
boring sites is given as

j~r !.
a]U~r !

]r
523U0S ar D

4

. ~12!

A boundary radiusRJ may be defined by the equation
U(RJ).J, over which muonium is not allowed to penetrate
elastically.3 However, the tunneling matrix, and accordingly
RJ , are not temperature dependent in insulators (b50) and
this does not explain the observed temperature-dependent
fractional yields of slow- and fast-diffusing components. The
situation is the same for the radiumRloc defined by the strict
localization conditionuj(Rloc)u.J.3

Note that the temperature dependence of the hopping rate
is almost opposite between the fast- and slow-diffusing com-
ponents as described either by Eq.~1! (uju!V) or by Eq.~3!
(uju@V), respectively. Clearly, the crossover between these
two extremes is determined by a conditionj(RT).V(T).
This is further justified by the steepr dependence ofj2

(}r28) in the denominator of Eq.~2!. Thus we have

RT5S 3U0

V~T! D
1/4

a}T2a/4 ~13!

and a fractional yield

x~ uju.V!.
4p

3
cSRT

a D 3}T23a/4 ~14!

for the slowly diffusing component, wherec is the number
density of the impurity atom. As illustrated in Fig. 4,RT

FIG. 3. Muon spin polarization att50. Pz(t50) versus longi-
tudinal magnetic field at 15 mK in KCl with 2.7% sodium impurity.
Solid line is a theoretical prediction by Becket al. ~Ref. 21!.

FIG. 4. ~a! The solid curve is the energy difference between
adjacent muonium sites@Eq. ~12!, in units ofU0] as a function of
distancer ~measured by the lattice constanta) from a single impu-
rity atom at the origin. The dashed curves are those when the im-
purities are placed regularly with a mean distance 2R0 . When
J/U0,1021, uju in the 2.7% sample may be larger thanJ at anyr
~i.e., R0,Rloc), so the fraction of slowly diffusing Mu may ap-
proach 100% at low temperatures@which is actually observed in
Fig. 2~c!#. ~b! Hopping raten (U05h51) vs r at two temperatures
such thatV(T1).102J andV(T2).J, respectively (J/U0;102 is
assumed!. Note thatRT increases with decreasing temperature to
reachRloc @i.e.,V(T)}T3.2].
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increases with decreasingV(T) until it reaches the maxi-
mum valueRloc . Muonium diffusion in the rest of the crystal
volume~whereuju,V) is faster than in the above region and
its fractional yield~except the missing fraction! is given as
12x. Thus the temperature-dependent yields in Figs. 2~b!
and 2~c! are qualitatively explained by the above model with
f s /( f s1 f f);x and f f /( f s1 f f);12x. Moreover, if
R0[ac21/3/2 ~half the mean separation! is larger thanRloc
there always remains a fraction 12(Rloc /R0)

3 where the
muonium hopping rate is virtually unaffected by impurities
~although the diffusion constant might be affected by the
mean free path between elastic collisions!.

The model also provides a mechanism to hinder the trap-
ping of muonium by impurities at temperatures as low as
V(T),j. The probability of hopping to sites closer to the
impurity ~e.g., fromr5na to @n21#a) is far smaller than
that in the opposite direction~e.g., to r5[n11]a); from
Eqs.~3! and ~11! we have

n~na→@n21#a!

n~na→@n11#a!
5

uj~na→@n11#a!u2

uj~na→@n21#a!u2
.S n21

n11D
6

~n.1!. ~15!

Moreover,j may be much smaller for the tangential direc-
tion and thereby a much larger hopping probability may be
expected. Thus the tunneling process in disordered systems
has a tendency to be contained in the region of smallj.22

The mean value ofj experienced by muonium in the
region of slow diffusion may be defined as

j̄5
1

A^j22&
5F E

a/A3

RT
j~r !22r 2dr YE

a/A3

RT
r 2drG1/2

;
A33
9

U0S a

RT
D 4}Ta, ~16!

which is also temperature dependent. However, slowly dif-
fusing Mu is predominant in the case of higher impurity
concentration, and therefore,RT may be replaced by the
mean halfway distance between impurities~see the curve of
uju for c52.7% in Fig. 4! to obtain

j̄;
A33
9

U0S aR0
D 4516A33

9
U0c

4/3. ~17!

This seems to be the case for the 2.7% sample where the
experimentally obtained valueuju may be regarded asU0 in

order of magnitude. Thus this model provides a qualitatively
consistent understanding of all the features observed in the
current data in Fig. 2.

Finally, we discuss the observed recovery of the missing
fraction due to the sodium impurity. As in the case of pure
KCl, there is a missing fraction in the asymmetry@see Fig.
2~a!#, i.e., the observed asymmetry is smaller than the maxi-
mum experimental valueA0 ~i.e., f,1). Note from Figs.
2~a!–2~c! that the net missing fraction (512 f s2 f f) de-
creases with sodium concentration such that it virtually dis-
appears in the 2.7% sample. An important feature of the
missing muon polarization in alkali halides is that it strongly
depends on the temperature@e.g., see Fig. 2~a!#. The above
fact indicates that the fast depolarization process occursafter
the thermalization of implanted muons. Moreover, the miss-
ing fraction is commonly found at lower temperatures where
paramagnetic self-trapped excitons~STE’s! induced by muon
radiolysis are present. This correlation has been evidenced
by the luminescence from muon-induced triplet STE’s, upon
which a model is proposed to attribute the missing fraction to
the fast depolarization induced by some unknown dynamical
process within the Mu-STE complex.23–25

It is evident from Figs. 2~a!–2~c! that the recovery of the
missing fraction is correlated with the increase of the slowly
diffusing component. This, together with the above-
mentioned model, suggests that the depolarization is caused
by the diffusion-controlled Mu-STE ‘‘reaction,’’ which is
suppressed by the decrease of Mu mobility due to the sodium
impurity.

In summary, we have shown that a KCl crystal doped with
Na appears to split into two distinct regions with regard to
muonium diffusion. A specific model in which the boundary
between these two regions is determined by a condition
uju.V(T) provides a satisfactory account of the current
data. In particular, in the sample with 0.27% sodium the
quantum diffusion in the regionuju,V is virtually unaf-
fected by the impurity down to 15 mK. This is further con-
firmation that previous studies of quantum diffusion in un-
doped KCl are characteristic of pure KCl.
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