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Pressure derivatives of second-order elastic constants of amorphous As have been derived through the use of
Schofield’s equations and Bhatia-Singh’s~BS! parameters. By using these equations the longitudinal and
transverse Gruneisen parameters, which are related to third-order elastic constants~TOEC!, have been calcu-
lated. A method has been described to evaluate the third-order elastic constants. Shiren’s nonlinear parameter
has been used to calculate the third-order elastic constantC155 which is found to be in satisfactory agreement
with experiment. Nath-Smith–DeLaunay’s equation has been used to compute the position of the absorption
band and this is compared with that obtained from BS parameters. There is good agreement between the two
values. Thegg

el calculated from Nath-Smith–DeLaunay’s equation gives good result in agreement with that
calculated fromgg

L andgg
T, which are obtained from Schofield’s and BS equations. Phonon frequencies have

been evaluated through the BS method. It is found that in the case ofvL(k) the collective nature of excitons
persists up to large wave vectork.

I. INTRODUCTION

Precise experimental data is necessary in the study of vi-
brational properties of solids in the long-wavelength limit.
The complete sets of tensor components for an amorphous
substance such asa-As have been determined by Brassington
and co-workers.1,2 It is an important technological material.3

A model of a-As reviewed by Greaves, Elliot, and Davis3

envisages thata-As is more open than in crystalline form
and proposes a possible double-layer configuration in which
the double layers buckle beyond a few bond lengths. The
third-order elastic constants~TOEC’s! are of interest because
they characterize the anharmonic properties, that is the non-
linearity of the atomic forces with respect to atomic displace-
ments and throw light on the phonon-phonon interactions.4

We have evaluated the longitudinalg g
L and transverseg g

T

Gruneisen parameters through the use of experimental pres-
sure derivatives.1 There are two reasons for this calculation.
One reason is that bothg g

L andg g
T are related to the TOEC’s.

The second reason is to verify the recently derived equations
by the authors5,6 in the evaluation of these parameters and
hence verify their applicability.

Using experimental second-order elastic constants
~SOEC’s! we obtain Bhatia-Singh’s~BS! parameters to
evaluate the phonon frequencies.7 In addition we predict the
absorption band position ofa-As both through the use of
SOEC’s and BS parameters. Finally we use the compressibil-
ity equation of state and obtain a value for the packing frac-
tion h5prs3/6 which may be thought of as an effective
packing fraction. Herer is the number density ands is the
hard-sphere diameter. Using this value we calculate other
properties ofa-As.

II. THEORY

Starting with Schofield’s equations8 for SOEC’s it can be
shown5

dC11

dP
5C11xT11.8~C1

L21!, ~1!

dC44

dP
5C44xT10.6~C1

T21!. ~2!

HerexT is the isothermal compressibility. Here

C1
L,T52gg

L,T11/3. ~3!

This equation is in conformity with the general equation de-
rived by Debye,9 namely

C15
dB

dP
5

d

dP S 1xT
D52gg

th1
1

3
. ~4!

Here gg
th is the thermal Gruneisen parameter andB is the

bulk modulus. Hence from Eqs.~1! to ~3! it is possible to
evaluateg g

L and g g
T, the longitudinal and transverse Grun-

eisen parameters, and these are related to TOEC’s.10 The
bulk modulus changes with pressure and causes frequency
changes both longitudinally and transversely and hence we
evaluateg g

L from dC11/dP andg g
T from dC44/dP. It is also

possible to evaluateg g
L andg g

T from BS parameters. We have
according to BS theory7

C115nc@~1/3!b1~1/5!d#1ke , ~5!

C445nc@~1/3!b1~1/15!d#. ~6!

Here,Ke is the electronic bulk modulus

b5
rwa

2

2M S 1r df

dr D
r5a

, ~7!

d5
rwa

3

2M F ddr S 1r df

dr D G
r5a

. ~8!
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nc is the number of nearest neighbors,f is the potential
function,a is the nearest-neighbor distance,M is the mass of
the particle, andrw is the weight density. We differentiate
Eq. ~5! with respect to pressure and neglect (dKe/dP) in
comparison to the first term in Eq.~5!. We obtain, after doing
some algebra6

dC11

dP
5xTncF 145 ~d15b!1

2

5
gg
L~b1d!G . ~9!

Similarly one can obtain (dC44/dP) and the result is

dC44

dP
5xTncF19 S b2

3

5
d D1

2

15
gg
T~b1d!G . ~10!

A. Method of evaluation of TOEC

It was shown earlier thatC111 is related to the SOEC~Ref.
11! as

C111

C11
52@51xTC11~C121!#, ~11!

C1[
dB

dP
[

d

dP S 1xT
D ~12!

C1 is related to TOEC’s through the Birch equation.
12 Using

the experimental values ofC11 andC1 we can calculateC111.
Further we have Thurston’s relations13

C118 5~dC11/dP!52~1/3!xT~C11112C112!, ~13!

C448 5~dC44/dP!52~1/3!xT~C14412C116!, ~14!

C128 52~1/3!xT~2C1121C123!. ~15!

We assumed for isotropica-As, C1135C112 andC1555C166
in the above equations. The Birch equation can be written in
Brugger’s notation as,1

C15
2xT

9
~C11116C11212C123!. ~16!

From Eqs.~11!, ~13!, and ~16! we can evaluateC111, C112,
andC123. Pomerantz quoted

14 that Shiren, while investigat-
ing the attenuation of longitudinal phonons, has derived an
equation which contains a nonlinear constantK for the ^100&
and ^110& directions in cubic systems which are isotropic.
For isotropica-As, K is connected to the TOEC by

K531~C111/C11! for ^100&, ~17!

K531@~1/2!C1111~3/2!C11216C155#/a for ^110&,
~18!

where

a5C111C1212C44. ~19!

Since we are dealing witha-As we assume that both Eqs.
~17! and ~18! are valid as we can fix no particular direction
for an amorphous substance. We evaluateK from Eq. ~17!,
and calculateC155 from Eq. ~18!. Then from Eq.~11! we
obtainC144. As shown earlier by Brassingtonet al.,1

C1555C14412C456, ~20!

from which we getC456. This completes the method of
evaluation of the TOEC. At this stage it may be mentioned
that for an isotropic substance only three TOEC’s are inde-
pendent. These can be chosen asC123, C144, andC456 and
the remainder are given by linear combinations of these
three.1

B. Calculation of absorption band position in a-As
through elastic constants and Bhatia-Singh’s parameters

It was shown by Nath-Smith and by De Launay15 that

8A~A18C11216C44!

@3A28C11116C12#
2 51, ~21!

where

A5v2M /2a. ~22!

Herev is the frequency of absorption,M is the mass of the
material particle from which we can calculatev and hence
the position of the absorption band.

To use the BS parameters to evaluatev we proceed as
follows. We define an anisotropy parameterS as

S5
2C44

C112C12
. ~23!

Using BS equations7 for C11 andC44 @viz. Eqs.~5! and ~6!#
and from Eqs.~21! and ~22! we get

~a1 /a2!51, ~24!

where

a158AFA18S 115 ncd2
ncb

3
1keD G , ~25!

a25F3A18H 13 b~nc24nc8!1
1

15
d~3nc24nc8!1keJ G2.

~26!

Here

nc85nc /S. ~27!

Since for the isotropic substanceS51, Eq.~25! simplifies to

a25F3A28H bnc1
1

15
dnc2keJ G2. ~28!

ke , the electronic bulk modulus, has been calculated using
Sommerfield’s theory15 and has been amply described in sev-
eral of our papers16,17 and hence the method of calculation
will not be repeated here. Thus knowingke , b, d, andnc one
can calculateA from Eqs. ~24!, ~25!, and ~28!. Equations
~19!–~26! assume importance whenb andd are determined
by an independent method, for instance, directly from the
potential function generated by the molecular-dynamics
method.
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C. Evaluation of phonon frequencies through BS method
„Ref. 7…

According to Bhatia and Singh, the longitudinal and
transverse phonon frequencies are given by

rwvL
2~k!5

2nc
a2

~bI 01dI 2!1
keKTF

2 @G~krs!#
2k2

k21KTF
2 g̃~k!

,

~29!

rwvT
2~k!5

2nc
a2

@bI 010.5d ~ I 02I 2!#. ~30!

HereKTF is the Thomas-Fermi screening length,G(krs) is
the shape factor,r s is the Wigner-Seitz radius,g̃(k) is the
Linhard-Langer-Vosko function,18 andI 0 andI 2 are functions
of k. The expressions forG(krs), g̃(k), I 0, andI 2 are already
given in various papers7,16,17 and will not be repeated here.
We would like to state that the values of the phonon frequen-
cies do not depend critically on the value ofk e

7. In fact,
Bhatia-Singh treatke as a parameter.

D. Evaluation of elastic Gruneisen parameter

The elastic Gruneisen parameter is generally defined as1

gg
el5

1

3
@gg

L12gg
T#. ~31!

This equation is true at high enough temperatures when all
the vibrational modes are excited.1 We now give a method
for the evaluation ofgg

el . Differentiating Eq.~21! and with
pressure we obtain for isotropica-As ~for which S51!

dA

dP
5F8S dC11

dP D ~3A28C11116C12!116S dC12

dP D
3~8C11216C122A!G~A224C11116C12!

21.

~32!

From Eq.~22! we get

dA

dP
5bTA@2gg

el1~1/3!#. ~33!

Here we assumed along with others19 that for a-As, Var 3.
From Eqs.~32! and~33! we can easily calculategg

el . In many
cases the structure factor of amorphous substances and liq-
uids show a great resemblance.20–22Hence it is interesting to
see how the liquid-state equation is applicable to amorphous
solids. We have the relation connecting compressibility and
packing fraction for hard-sphere liquids as23

B

PkBT
5

~112h!2

~12h!4
5

1

S~0!
. ~34!

Using the experimental value ofxT , we obtain a value of
0.57 forh which we consider as the effective packing frac-
tion and calculateC1. We obtain from Eq.~34!

C1511
4S~0!h~112h!~21h!

~12h!5
, ~35!

where

S~0!5rkBTbT . ~36!

From Eqs.~35! and ~36! we can calculateC1.

III. RESULTS

The input data are taken from Ref. 1. The calculated val-
ues of the parametersb, d, Ke , etc. are given in Table I. The
phonon frequencies have been calculated through the BS
method.7,16 The calculated longitudinal~g g

L! and transverse
~g g

T! Gruneisen parameters calculated by different methods
andgg

el are given in Table II.
The absorption band positions calculated by different

methods are given in Table III. Unfortunately there are no
experimental results to compare with. The calculated values

TABLE I. Calculated values and literature data~Ref. 1! used for
phonon frequencies.

Wigner-Seitz radius5
Thomas-Fermi inverse

1.84 Å

screening length5 2.113108 cm21

kf5 1.84 Å21 ~Ref. 25!
nc5 3 ~Ref. 25!
B5 17.5 GPa~Ref. 1!
b5 20.31 GPa
d5 147.92 GPa
Ke5 11.35 GPa
C115 29.8 GPa~Ref. 1!
C125 11.3 GPa~Ref. 1!
C445 9.274 GPa~Ref. 1!
rw5 4.77 gm/cm3

TABLE II. Longitudinal and transverse Gruneisen parameters through Schofield’s and the BS methods.

gg
L gg

T

BS Sch. Expt.~Ref. 1! BS Sch. Expt.~Ref. 1!

2.39 2.10 2.35 2.00 1.34 1.45
gg
el evaluated from Nath-Smith–DeLaunay equations and fromgg

L andgg
T

From Eq.~28! and ~29! From gg
el5(1/3)(gg

L12gg
T)

1.82 1.74~Ref. 1!

TABLE III. Absorption band position.

From Bhatia-Singh’s parameters 355.6 cm21

From Nath-Smith–DeLaunay equation 347.5 cm21
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of three independent TOEC’s are given in Table IV asa-As
is isotropic.

IV. DISCUSSION

Both vL(k) andvT(k) show a linear rise at low values.
HowevervL(k) soon attains a maximum atk51.6 Å21 and
oscillates giving rise to two peaks atk54.2 Å21 and at
k56.8 Å21. This shows that ina-As the collective nature of
excitons persist up to largek. In this connection it is worth
mentioning that the structure factor of liquid As is quite
complex24,25 and shows three distinct peaks. Assuming that
this is also true ina-As, we feel that the oscillations invL(k)
as shown in Fig. 1 are in accord with the collective nature of
vL(k). vT(k) reaches a maximum and remains almost con-
stant.

From Table I we observe that the electronic bulk modulus
in the semimetala-As is about 11% of the bulk modulus
which is 17.4 GPa.1 From Table II we see thatg g

L calculated
through the BS method and Schofield’s equation are in very
good agreement with experiment. However in the case ofg g

T

the BS equation gives a high value, while the one obtained
from Schofield’s method is in good agreement with experi-
ment. It appears that Schofield’s equations though simple and
meant for liquids give very good results in agreement with
literature values.1 The gg

el calculated from Nath-Smith and
De Launay’s equation15 @viz. Eqs.~32! and ~33!# is in good
agreement with that obtained fromg g

L andg g
T @viz. Eq.~31!#.

The band absorption position~viz. Table III! as obtained
by both the methods are in very good agreement. However
there is no experimental data to compare with the theoretical
values. From Table IV we observe with satisfaction that the
TOEC’s calculated and observed are in good agreement with
experiment1 except forC144. Even in this case the agreement

with experiment1 is reasonable. It is gratifying to note that
this simple theory accounts well in producingg g

L andg g
T, as

well as the TOEC’s. It is noted that the nonlinear constantK
gives a value of294 GPa forC155, while that given by
Brassingtonet al.1 is 2108 GPa. The value obtained forC1
from Eq. ~35! is 7.4 withh50.58. This compares favorably
with the experimental value of 6.4.1 It may be pointed out
that Eq. ~35! is sensitive toh. Thus the present treatment
using Schofield’s and BS theories yieldsg g

L, g g
T and TOEC’s

in satisfactory agreement with experiment,1 while the pres-
sure derivative of Nath-Smith–De Launay’s equation gives a
very good value forgg

el in agreement with experiment and a
fair value ofC1.
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