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We consider the effect of pancake vortices induced by a magnetic field on the Josephson coupling in a
disordered, layered superconductor. Due to the random displacements of vortices, the magnetic field suppresses
the Josephson coupling. We find the characteristic value of the ‘‘decoupling’’ field. The effective Josephson
energy does not drop to zero above this field, but saturates at some small value and remains field independent
in the regime of individual pinning. Crossover to the collective pinning regime at higher fields and tempera-
tures leads to partial restoration of the Josephson energy. We studied also the influence of the pancake wan-
dering on the field distribution inside the superconductor. We found that the feature which is most sensitive to
the pancake misalignment is the large field tail in the distribution function. We show that the asymmetry of the
field distribution induced by this tail disappears at fields substantially smaller than the decoupling field.

I. INTRODUCTION

A number of macroscopic properties of high-Tc supercon-
ductors~HTSC! carry a signature of the layered structure of
these materials. The properties of a mixed state are affected
particularly strongly. In a layered material, vortex lines con-
sist of separate ‘‘pancakes,’’ and interaction between the pan-
cakes belonging to different layers is relatively weak. Ran-
dom displacements of these pancakes may suppress the
interlayer coherence. Thermal fluctuations of pancakes cause
such a suppression at temperatures that may be well below
the vortex lattice melting transition.1 This suppression may
be translated into an exponentially strong temperature depen-
dence of the critical current inc direction.2 At even lower
temperatures, vortex pancakes in different layers are aligned
if there is no disorder, and the interlayer coherence is barely
affected.

Inhomogeneities of the material create a random potential
that leads to pancake displacements even atT50; these
disorder-induced displacements suppress the phase coher-
ence between the layers. The analysis of the pinning-induced
suppression of the interlayer Josephson current for the sim-
plest model of strong identical pointlike pinning centers was
considered by Daemenet al.2 In this model the suppression
is determined by a single parameter, the concentration of
pinning sitesn. The field dependence of the effective Jo-
sephson coupling energy was found to beEJ

eff(B)
5EJexp(2pB/2F0n). A similar model was used to describe
influence of Abrikosov vortices on the critical current of a
single Josephson junction.3

Several recent experiments suggest the importance of pin-
ning for the interlayer coupling in layered HTSC. Measure-

ments of the internal magnetic field distribution in
Bi2Sr2CaCu2Ox ~BiSCCO! by means ofm1SR method4

demonstrated that at low temperatures alignment of pancake
vortices decreases substantially at fields 500–700 Oe. In the
absence of thermal fluctuations, it is natural to attribute this
misalignment at low temperatures to wandering of the vortex
lines induced by the pinning potential. Random displace-
ments of pancake vortices can also explain the field induced
suppression of the critical currentJc,c(B) in c direction. Cho
et al.5 found that at low temperatures and fieldsB'1 T,
currentJc,c becomes much smaller than its zero-field value.
However, further suppression of the critical current at higher
fields is much slower than suggested by the exponential for-
mula of Ref. 2. Moreover, an increase of temperature at high
fields may lead to a partial restoration ofJc,c .

5,6 More re-
cently the effective Josephson coupling has been probed by
the interplane plasma resonance.7 The frequency of the
plasma resonance, which measures the effective Josephson
coupling energy,8 has been measured in a wide range of
fields and temperatures. At low temperatures the plasma fre-
quency has been found to decrease with field and increase
with temperature in agreement with behavior of the Joseph-
son critical current.

In this paper we develop a model that leads to results
consistent with the experimental findings. We consider the
influence of a relatively weak pinning on the Josephson cou-
pling between layers and on the random wandering of vortex
lines. Unlike the case of strong pinning centers which uncon-
ditionally ‘‘trap’’ the pancakes,2 here behavior of the vortex
system is more complicated. At a small field, when vortex
lines can be treated separately~‘‘individual’’ pinning 9!, ad-
justment of pancakes to the pinning potential in the layers
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leads to a random wandering of the lines. This wandering
can be characterized quantitively by the elemental wandering
distance,r w , which can be defined as the average in-plane
distance between two same-line pancakes belonging to the
adjacent layers. It can be determined from the balance con-
dition between the interlayer coupling and the strength of
disorder. The estimate of the lengthr w allows us to define the
characteristic ‘‘decoupling’’ fieldBw at which the vortex
lines are destroyed by pinning, and the Josephson coupling
between layers is suppressed significantly. AboveBw , the
residual Josephson coupling energy does not drop to zero,
but saturates at some value, which is much smaller thanEJ
until the pinning remains individual. This result is in agree-
ment with the experiment of Choet al.5 Crossover to the
collective pinning regime at higher fields leads to the partial
restoration of Josephson coupling. In this regime Josephson
coupling energy increases with the field; also, anomalous
temperature dependence ofJc,c is possible here.

In addition to the suppression of the interplane critical
current, we consider also the influence of random vortex line
wandering on the field distribution in superconductors. We
find that the asymmetry of the field distribution, which is
characteristic for the vortex lattice, vanishes at fields sub-
stantially smaller thanBw .

II. SUPPRESSION OF THE INTERLAYER COUPLING BY
THE DISORDER-INDUCED PANCAKE DISPLACEMENTS

In an ideal layered superconductor at low temperatures,
pancakes in different layers are aligned. Point defect disorder
produces a random potential acting on each pancake. This
leads to a distortion of vortex lines. The natural measure of
the pinning effect is the typical in-plane shiftr w of a vortex
line between the adjacent layers~see Fig. 1!. To estimate
r w , we consider first a pair of pancakes separated by a dis-
tance r . The corresponding energy can be estimated as
e(r )5e ran(r )1ecoup(r ). The loss of coupling energy be-
tween the layers due to the pancake displacementsecoup(r )
consists of the Josephson and magnetic contributions,

ecoup~r !5
p

2
EJr

2ln
r J
r

1EMr
2ln

a

r
. ~1!

HereEJ5F0
2/p(4plc)

2s is the Josephson energy per unit
area,r J5gs is the Josephson length,s is the interlayer spac-
ing, andg5lc /lab is the penetration depths anisotropy ra-
tio. The magnetic coupling contribution in~1! is proportional
to the energyEM5sF0

2/32p2lab
4 , wherelab is the in-plane

London penetration depth;a is the typical spacing between
vortices. The energye ran(r ) is the gain in the pinning energy
corresponding to the adjustment of the pancake position to a
minimum of the random potential within the areapr 2.10 The
latter function is determined by the distribution of the pin-
ning energiesP(e). If the pinning is produced by a large
number of point defects, this distribution is Gaussian,

P~e!5
1

ApUp

expS 2
e2

Up
2D , ~2!

whereUp is the pinning energy. The functione ran(r ) is de-
termined by the condition that the probability to find a loca-
tion with pinning energy less thane ran in an area;r 2 is of
the order of unity, i.e.,

r 2

r p
2E

2`

e ran
deP~e!'1. ~3!

Here r p is the range of the pinning potential; for the short-
range potential that we consider further,r p'j. For large
displacements,r@r p , the condition~3! yields

e ran52Upln
1/2S r 2

2Apr p
2D . ~4!

The optimization ofe(r ) with respect tor gives the follow-
ing equation:

r w
25UpS pEJln

r J
r w

12EM ln
a

rw
D 21

ln21/2S r w
2

2Apr p
2D , ~5!

which is valid if r w@j. The weak dependence ofr w on the
magnetic field comes through the intervortex distance
a'(F0 /B)

1/2. Equation~5! can be solved by iterations; a
rough estimate given by the zeroth-order iteration is
r w
2.Up /(pEJ12EM).
The vortex displacements produce the phase difference

between the layers,

df~r !5(
i
rwi¹rfv~r2Ri !, ~6!

and therefore cause suppression of the Josephson coupling
@herefv(r ) is the phase distribution around the vortex core,
and rwi is the relative displacement of neighbor pancakes in
the i th vortex line#. Averaging with respect torwi gives

^~df!2&5r w
2(

i
u¹ rfv~r2Ri !u2'2pnvr w

2 ln
r J
a
, ~7!

wherenv5B/F0 is the vortex density. The resulting effec-
tive Josephson energy isEJ

eff5EJ@12^(df)2&/2#. The last
equation together with~5! and ~7! gives

FIG. 1. Pinning-induced wandering of a vortex line in a layered
superconductor.
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EJ
eff2EJ52EJ

B

Bw
, ~8!

where the characteristic fieldBw is introduced. This field can
be found as the solution of the following equation:

Bw5
F0

pr w
2 ln~r J /aw!

, ~9!

with aw5AF0 /Bw. The right-hand side of~9! only weakly
depends onBw through the field dependence ofa and r w ,
and this equation can be solved easily by iterations. Up to
logarithmic factors the fieldBw can be estimated as
Bw'(EJ1EM)F0 /Up . Using the relationUp'F0s jcj/c
between the pinning potential and the critical currentj c and
taking the parameters typical for BiSCCO compound,
j c5106 A/cm2, lab51800Å, g5200, j515 Å, we obtain
r w'50 Å, Bw'3 T solving ~5! and ~9! numerically.

The estimate~8! is valid at weak fields,B!Bw . The be-
havior at higher fields depends upon the relation between
Bw and the typical field, at which the crossover to the col-
lective pinning regime takes place,Bcp . We assume that
Bw,Bcp , which means that atB'Bw the interaction be-
tween vortices still only weakly affects their adjustment to
the pinning potential. This assumption is justified for strong
enough pinning potential,Up.F0@(EJ1EM)j

3#1/2/(4pl).
At fields B@Bw the coupling between layers can be treated
as a perturbation. If we neglect the coupling completely, the
vortices adjust to the pinning potential, and in this state the
average Josephson energy

EJ52EJ(
n
E d2r cos@fn11~r !2fn~r !# ~10!

equals zero. Finite coupling induces small Josephson (fni
J)

and magnetic (fni
M) forces acting on vortices. To estimate

fni
J we calculate the variation of the Josephson energydEJ

caused by small vortex displacementsuni ,

dEJ5EJ(
n
E d2r @fn11

~1! ~r !2fn
~1!~r !#

3sin@fn11
~0! ~r !2fn

~0!~r !#, ~11!

wherefn
(1)5( iuni¹rfv(r2Rni) are the phase changes pro-

duced by vortex displacements. Varying Eq.~11! with regard
to uni , we find the Josephson forces acting on vortices:

fni
J52EJE d2r ¹rfv~r2Rni!$sin@fn

~0!~r !2fn11
~0! ~r !#

1sin@fn
~0!~r !2fn21

~0! ~r !#%. ~12!

In the regime of individual pinning, the increase of the pin-
ning energy due to vortex displacementsuni can be estimated
as

Epin5
1

2 (
i ,n

Kniuni
2 , ~13!

where the Labush constantsKni'Up /j
2 do not depend on

the interaction between vortices. Small displacements of the
vortices under the Josephson and magnetic forces

uni5~ fni
J1fni

M !/Kni ~14!

produce a finite Josephson energy

dEJ52(
i ,n

~ fni
J !2/Kni . ~15!

Functions (fni
J)2 and 1/Kni can be averaged over the realiza-

tions of the random potential separately, because the forces
f ni
J are determined by interaction with a large number of

pancakes. We also neglect correlations between the Joseph-
son and magnetic forces. Assuming randomly placed pan-
cakes we obtain the averaged square of the Josephson force
^(fni

J)2&52pEJ
2/nv . Substituting this into Eq.~15!, we ob-

tain the effective Josephson coupling energy

EJ
eff52p

EJ
2

K0
!EJ ,

where 1/K05^1/Kni&. It is important to note that in the in-
dividual pinning regimeEJ

eff is field independent,

EJ
eff;2pEJ

EJj
2

Up
. ~16!

The above consideration is valid if the condition
EJ!Up /j

2 is satisfied, which means thatEJ
eff!EJ at fields

B@Bw .
It appears from Eq.~16! that the effective Josephson en-

ergy is zero in the limit of infinitely strong pinning
(Up→`). In fact, a small but finite Josephson coupling ex-
ists at B.Bw even in this limit,11 because the intralayer
phase stiffness energy

E05(
n
E d2r

J

2
~¹fn

~1!!2 ~17!

limits the phase perturbationsfn
(1)(r ). Here the stiffness

constantJ5sF0
2/@p(4pl)2#. Optimizing the total energy

dEJ1E0 with respect tofn
(1) we obtain for restored Joseph-

son energy

EJ
eff5

EJ
2F0

2pJB
. ~18!

Comparing the latter expression with Eq.~16! atB5Bw , we
conclude that the in-plane phase adjustments can be ne-
glected if pinning is weak enough

Up,2pjAJ~EJ1EM !. ~19!

The latter relation is equivalent to the condition
Bw,ABcrBc2, which is compatible with the requirement
Bw@Bcr that allowed us to use the model of displaced pan-
cakes.

The above estimates are valid for a not too large field
when interaction between vortices can be neglected. At some
typical field Bcp , a crossover to the collective pinning re-
gime takes place. In the case of weak interlayer coupling,
condition Bcp@Bw is satisfied. Discussing the behavior of
the Josephson coupling energy in this regime, we consider
the simplest case of orientationally ordered lattices with the
same orientation direction in all the layers. However other-
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wise pancake vortices in different layers are pinned indepen-
dently @two-dimensional~2D! collective pinning#. The col-
lective pinning state is characterized by the field of
displacementsu„r ) with respect to the positions of the ideal
lattice sites. The displacements are produced by the random
potential, and are slowly varying in space. The fieldu„r ) can
be characterized by two typical lengths, namely, by collec-
tive pinning radiusRc ~the range where displacement varies
by the lengthr p , which we still assume to be of the order of
j) and the range of lattice orderRa ~the range where dis-
placement changes by the intervortex spacinga!.9 We will
follow the same scheme as for the individual pinning, i.e.,
we neglect first the interaction between the layers, calculate
the Josephson forces acting on the lattice, and estimate the
restored Josephson energy caused by additional displace-
mentsuJ under the action of small Josephson forces. To es-
timate these forces acting on the vortex lattice within an area
of a size less thanRa , we can assume that just a homoge-
neous shiftu exists between the vortex lattices in the adja-
cent layers. The sine of the phase difference, which deter-
mines the spatial distribution of the Josephson forces@see
Eq. ~12!# oscillates with the wave vector proportional to the
shift, sin(fn

(0)2fn11
(0) )5sin@2pnv(uxy2uyx)1w#. Herew is the

random phase determined by the lattice deformations at dis-
tances larger thanRa . This estimate is valid when the typical
period of oscillations 1/(nvu) is smaller thanRa . Direct cal-
culation using Eq.~12! yields for the area densityFJ5 f Jnv
of the Josephson force

FJ5
EJ

u
sin@2pnv~uxy2uyx!1w#; ~20!

the displacement u should satisfy the conditions
1/nvRa,u,(pnv)

21/2. The displacement of the lattice un-
der an arbitrary periodic force,u(k)5G(k)F(k), is deter-
mined by the response functionG(k) which can be approxi-
mated by the form:

G~k!'
1

C66k
21nvK

. ~21!

Here nvK'C66p
2/Rc

2 is the Labush constant. Using Eqs.
~20!, ~21! we can estimate the Josephson energy restored by
the forceFJ as

EJ
eff5^FJuJ&5pnvEJ

2E
1/nvRa

1/Apnv u du

u2
1

C66~2pnvu!21nvK

5
pEJ

2

2K
lnS 11

Ra
2

Rc
2D . ~22!

The Labush constant may be related to the field-dependent
critical current,K'F0 j c(B)/cj. In the 2D collective pin-
ning regimeK decreases with field asK'K0Bcp /B,

12 which
means that the effective Josephson energy in this regime in-
creases proportional to the field. Schematic field dependence
of the effective Josephson energy at low temperatures is
shown in Fig. 2.

Equation~22! also gives a natural explanation for partial
restoration of the Josephson coupling with temperature ob-
served experimentally.6,5 Above the depinning temperature
Tdp thermal fluctuations start to suppress pinning which

leads to decrease of the Labush parameterK and an increase
of EJ

eff . For the well developed 2D collective pinning regime
aboveTdp the Labush parameterK(T) is expected to de-
crease withT as K(T,B)5K(0,B)(Tdp /T)

3 with K(0,B)
}1/B andTdp}B ~see Ref. 12!. ThereforeEJ

eff in this regime
is expected to change with field and temperature asEJ

eff

}T3B22. At higher temperatures thermal suppression of the
Josephson coupling becomes important, andEJ

eff should de-
crease again.

III. THE EFFECT OF PANCAKE MISALIGNMENT ON
THE FIELD DISTRIBUTION INSIDE A

SUPERCONDUCTOR

Measurement of the field distribution inside a supercon-
ductor provides an independent probe for the pancake align-
ment. The influence of different kinds of lattice deformations
on the field distribution was studied by Brandt.13 In this pa-
per we are especially interested in the influence of the pan-
cake misalignments on the field distribution. The signature of
perfectly aligned vortices is a stretched tail on the strong-
field side arising from the singularities inB(r ) at the vortex
cores. The misalignment of pancakes within a vortex line
affects mostly the tail of the field distribution. An indication
of the suppression of the tail was found in the recent
experiments4,14 usingm1SR technique. Moreover, asymmet-
ric field distribution was observed at weak magnetic fields,
but the asymmetry abruptly decreases with the increase of
the field.4 We relate this phenomenon to the wandering of
vortex lines in the regime of individual pinning.

For a perfectly aligned vortex lattice the field at distancer
from a vortex core,j,r,a, is given by

B~r !5B̄12Blln
a

r
. ~23!

Here B̄ is the average field,Bl5F0/4pl2. Equation~23!
defines the field distribution

p~B!5
1

Bl
expS 2

B2B̄

Bl
D ~24!

FIG. 2. Schematic field dependence of the effective Josephson
coupling energy. The characteristic field valueBw is given by Eq.
~9!; crossover to the regime of collective pinning occurs at
B'Bcp .
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for B2B̄.Bl . This exponential tail ends abruptly at the
maximum field at the vortex core,

Bcore'B̄12Blln~a/j!. ~25!

We estimate now the suppression of the tail~24! in the
field distribution by the random wandering of vortex lines.
We assume that the density of pancakes in each layer is
almost homogeneous. In this case the excess magnetic field
dB5B2B̄ in the vicinity of a wandering vortex line is de-
termined by pancakes belonging to this line at distances
smaller thana from the given point. Using the known
result15,16 for the z component of the field of a single pan-
cake,Bpz5Bls/r , we obtain for the field in the core of a
pancake:

dB'Bls(
r n,a

1

r n
, r n5Azn21@u~zn!#

2. ~26!

Here r n is the distance of the pancake in thenth layer from
the chosen pancake in zeroth layer,zn5sn. The random
relative displacement u(zn) grows with zn as
u(z)5r w(z/s)

z. For an elastic string traveling in 3D space
the wandering exponentz53/5 ~see, e.g., Ref. 9! is slightly
larger than the diffusion exponent 1/2. The lower cutoff,
ncut[zcut/s, of the logarithmically divergent sum overn in
Eq. ~26! is determined by the conditionu(zcut)5zcut which
gives

zcut5sS r ws D b

, with b5
1

12z
~27!

~the latter formula is valid ifzcut*s). For estimates we as-
sume that the vortex lines wander independently, and
z53/5, b55/2 ~the diffusion modelz51/2 would give
b52). The large distance cutoff in summation overn is
determined by the minimum of the lattice constanta and the
entanglement lengthLen. The latter is determined by the
conditionu(Len)'a, or

Len5sS arwD
1/z

. ~28!

For the parameters we considerLen.a, therefore the aver-
age field in the coreBcore that cuts the tail~24! can be esti-
mated by replacingj in ~25! with zcut:

Bcore'B̄12Blln
a

zcut
. ~29!

The tail disappears if zcut'a, and correspondingly
Bcore'B̄1Bl . Thus the distributionp(B) becomes symmet-
ric if the external field exceeds the characteristic value
B sym,

Bsym5
F0

s2 S srwD
2b

'Bw2pS srwD
2b22

~30!

with 2b2253 ~or 2b2252 in the diffusion model!. From
Eq. ~30! we can see that the fieldBsym is substantially
smaller thanBw , i.e., asymmetry in the field distribution
should disappear when the pancake alignment is not de-
stroyed yet by disorder. We ascribeBsym to the field
B.700 Oe that corresponds to the drastic changes in distri-
bution p(B) observed in the experiment.4 At B.Bsym the
asymmetry of the distribution vanishes, but its width
s[(B̄22B̄2)1/2 remains of the order of the width ofp(B)
for an ideal lattice,s'Bl . For the field increasing in the
intervalBsym&B&Bw the distribution continues to be sym-
metric, but its width shrinks and becomess'BlAs/a in the
field B'Bw . The latter estimate ofs obtained in the model
of independent ideal 2D vortex lattices,17 and it is in agree-
ment with the experimental values reported in Ref. 17 for
fieldsB*1 T.
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