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The Hamiltonian for a four-sublattice Heisenberg ferrimagnet or ferromagnet with different exchange con-
stants 04,=Jcq# Jbe=Jga) Was established. An extended Bogoliubov transformation was developed by solv-
ing an equation group, consisting of 20 equations and 20 unknowns. The procedure for solving the equation
group was carried out by introducing a simple way of reducing the numbers of the equations and the un-
knowns. The spin-wave spectra in the present system have been determined by performing the standard
Holstein-Primakoff transformation and the Bogoliubov one. It has been found that the spin-wave spectra of the
present system depend on the exchange constants and that the degeneracy of the spin-wave spectra remains.
The results for a special casé&,(=Jy), i.e., an antiferromagnet, are discussed briefly. The spin-wave spectra
of the four-sublattice Heisenberg antiferromagnet are found to be degenerative also and they areKifaar in
small k.

. INTRODUCTION lattice system is a very formidable problém® To our
knowledge the attempts to deal with the spin-wave excita-
Spin waves have been investigated extensively in magtions in the systems with multiple structurally ordered mag-
netic systems, since the early work of Bldand Holstein  netic sublattices were done by various authors in the later
and Primakoft on ferromagnets, and its extension to antifer-1950’s and early 1960%?°Kaplan studied the wave func-
romagnets by Andersdnand Kubo® At first, spin waves tions and the energy spectrum for the spin-wave problem in a
have been considered as elementary excitations from whichormal spinef® SznZ’ and Wallacé® paid attention to a
one can derive the thermodynamic properties of magnetit@ttice which has an arbitrary number of magnetic atoms, or
systems at low temperatures. Second, spin waves can be us¥jns: in each magnetic unit cell. 8= proved that there
to calculate various time-dependent properties of magnetifXISts at least one *"acoustic” branch among tsa distinct
systems, such as dynamic response functions and correlati ﬁanches of the spin-wave spectr_um_when the magnetic an-
functionss:8 isotropy anq magnetic-field coqtrlbutlons varﬂ%hNalIgce
Many results of the previous work have been obtained b ave epr|C|tIy the transformathns vyh|ch diagonalize the
using the boson formalism of Holstein and Primakathd amiltonian of the complex lattices in terms of harmonic

ding the Hamiltonian | fth . oscillator formalism® Meyer and Harri® as well as
expanding the amltonlan In powers of the PCCUp‘"‘t'onDougIaséO used the approximations of Anderson in calculat-
numbers, or by using the Dyson-Maleev formalisfiThe

X ing the spin-wave spectrum of yttrium-iron-garf®iG). A
former proced_ure can lead _to_ mc_orrect resU|_tS for S_”116_1” vValzommon fact is that with the exception of completely ferro-
ues of the spir, but the difficulties are avoided B " is  magnetic exchanges when the lattice is complicated, i.e., the
forma”y treated as a small parameter and calculations areases When number Of Spins per magnetic unit Ce” iS more
performed consistently to each orderSn*. For diagonaliz-  than two, the problem cannot be solved explicitly in terms of
ing the quadratic part of the Hamiltonian, the Bogoliubovthe elements of the matrices for edctand it will generally
transformatiofiis usually introduced. However, the attention be necessary to use numerical methods to solve the
of most work has been focused on the two-sublattice sysproblem!®~2° Another fact is that contradictory results were
tems. obtained by these authors by proceeding with different
On the other hand, the rare-eartR)¢{transition-metal methods-521-2°
(T) intermetallics have attracted great interest due to their The aim of the present paper is to study the spin-wave
outstanding permanent magnetic propertfed? which can  spectra at low temperatures of a four-sublattice Heisenberg
be usually explained by a two-sublattice motfet* del  ferrimagnet or ferromagnet with different exchange constants
Moral used the spin-wave theory to analyze the spin reorientd ,=Jcq7F Jpc=1J4a), IN terms of creation and annihilation
tations in the rare-earth—transition-metal intermetallicsoperators. In the present work, to simplify, we shall only deal
(R'\R;_).,Fe,B and R',R;_,)Ca.’® But in some with the case with the same spin amplitudes for the different
compounds?®1Sthe existence of different rare-earth and sublattices. Since the linear-spin-wave thédrgthe leading
transition-metal sites results in the necessity of a multisubterm in the 15 expansioi gives fairly good results for the
lattice model. These give an impetus to theoretical investigagquantum corrections to various physical quantities, we shall
tion on the spin waves of the multisublattice Heisenberg antreat the spin fluctuations within the linear-spin-wave theory.
tiferromagnets, ferrimagnets and/or ferromagnets. Thén Sec. I, the Hamiltonian and formalism will be repre-
application of the spin-wave approximation to the multisub-sented. For diagonalizing the Hamiltonian, the extended Bo-
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goliubov transformation will be developed by establishing ansublattice systems with exchange constants

equation group consisting of 20 equations and 20 unknowngJap~Jcq# Jpc~Jga) -

The spin-wave spectra will be obtained in Sec. Ill by solving

the equation group developed and consequently by perform- Il. HAMILTONIAN AND FORMALISM

ing the new transformation. In Sec. 1V, the results for a spe- |n the present work, we consider the four-sublattice

cial case {,,=Jy.), i.e., an antiferromagnet, will be dis- Heisenberg ferrimagnet and/or ferromagnet with different

cussed briefly. Section V is for concluding remarks. Theisotropic exchange constants between spins in the different
results, obtained in this work, might be suitable for the four-sublattices, modeled by the following Hamiltonian:

H= —“2> Jictie o Sive™ _% JabSa,i‘Sb,H-(S_jE& JpeSh i Sc,j+,s—m25 JedSe,m Sd,m+5_;s JdaSa,n  San+s
W i i ) i

(I=a,b,c,d), (1)

wherel denotes four sublattices b, c, andd. In the case of To simplify, in this work we shall study the case of
ferrimagnet the exchange constants are negative whereas g, =J.4# J,.=Jga @and we shall only deal with the case of
the case of the ferromagnet they are positifjeepresents the same spin amplitudes for the different sublattices. We
that only the exchanges between the nearest neighbors aigstrict ourselves to the low-temperature regionTe¢T,.
taken into account. The number of the nearest neighbors he initial state is assumed to be of the completely ordered
Z. S=(S{,S{,S{) are operators belonging to the siBn- state, in which all spins couple antiparallel or parallel along

representation, whose commutation relations are the z axis for the ferrimagnet or the ferromagnet, respec-
* o1 — o oF. + o 1_ns tively. By use of the Holstein-Primakoff transfofrand the
[S7.Sl=%aiS70 [S7.51=26;S @ linear spin-wave approximatiotf retaining terms up to the
with second order in the boson operatars, a;; b;", b;; ¢y, Ciy;
o d, andd, for the sublattices, b, ¢, andd, respectively, we
S =S=is!. have

H:—2st2<|Jab|+|ch|>+ZS<|Jz,1b|+|ch|>[2i aﬁaﬁg b"bj+ 2, CrCmt 2 ddy| +§ [Jasl 2 (@b 5

+aﬁbr+5>+|ch|§ (BiC+ 5+ b€ )+ [Jabl 2, (Cmm 5+ Crle )+ ocl 2 (dntn 5+ drag. ) (3a)
and
HI—ZNZSZ(JabJFch)+zs(~]ab+3bc)[2 ala+> brbﬁE CmCmt > dndn|+S{Jap, (a7 by s+aib’, )
i j m n B
002 (b'Cja s biC]s )+ Jap2y (Cnlime 5+ Crllms o) + b2y (dnans 5+ dndn. ) (30

for the ferrimagnet and the ferromagnet, respectively.
The Hamiltonians are rewritten by introducing the Fourier transforms of the boson operators in the reduced Brillouin zone:

H= _2N282(|‘]ab|+|‘]bc|)+zs(|~]ab|+|‘]bc|); [ay a+ bljbk"'cljck"'dl:rdk]"'zsg Vi1 Janl (2 by +2ayby)

+[Jpl (b c +bici) +[apl (ci di +cidi) +]Ipd (dy @y +day) ] (48

and

H=—=2NZS(Jap+Jpe) + ZS(Jap+Ipo) 2 [ay @t by byt ¢ et dyf did + 28 yid Jan(@y b+ aby ) + Jpe( by, i+ bicyl)
X X

+ Jap(Cy At Cidy ) +Ipc(dy ag+diay)]. (4b)
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Here aZ +ajy—ag—ag=1 (109
1 . or
Y=z > el

’ ajy+ag tajtag=1, (7b)

Usually, at this step, one needs to perform the Bogoliubov 5 ) ) )
transformatiofi for eliminating the nondiagonal terms in the a5+ azc+agtag=1, (8b)

Hamiltonian. In the present case, the Bogoliubov transforma- ) ) ) )
tion should be extended so that it is applicable for the four- agyt+agk+ Akt Agk= 1, (9b)

sublattice systems. The new transformation may be written ) ) ) )
a7k+ ald<+ a4k+ agk: 1 (10b)

as the following matrixes:

+

ag Qi Apk  Azx Qg || S
Bx Ay Ask Ask Az || b
& agc Agk Agk Aok || Cx (53
Tk gk A7k Aok Ark] L di
and
ay an Az Aas A || &
Be ax asc Ak aw || bk
& ag Agk Agk Aok || Cx (5b)
M as Az Aok Aik] L dy

for the ferrimagnet and the ferromagnet, respectively, and
consequently their reversed transformation can be written as

ay A Ax Az Ag|[ e ]

by Az Ask Ask Anc || Bk 63
Cy Agc Ak Agc Ao || &

dy Ag Az Ak Al L 7

and

ay A Aac Asc Agc ][ ax

be | | Ax Asc Asc Anc || Be -
C: Az Aek  Ask A ; (6b)
d Ag A Aok AL 7]

From the relationship between the parametggsand Aj,
(i=1,2,...10 ang=1,2,...10, one obtains ten equatiofisere
we omit them to simplify. The commutation relations of the

new operators,

+
[ak,akr]: Sk

[ Bk aﬁ;r] = Ok’

[&c.E01= B

[”kan;r]: Sk s

lead to four equations

2 , .2 .2 2 _
ajtagc—ag—ag=1, (73

2 , .2 .2 2 _
agctay—ay—ag=1, (83

2, .2 .2 .2 _
agctagc—agc—ag=1, (93

For eliminating the nondiagonal terms, i.ey B+ ay By,
aéy H&ay,  aaptagng, Bkt Bl Bk
+ By, and &+ EF py for the ferrimagnet ora ) By
taBi, agbtadl, agmtame, B bt Bl
Be e+ Beni, and &L p+ &y for the ferromagnet, one
needs to establish the following six equations, respectively:
(Japt I [AskAok+ AgkAsk+ AgkAek+ AgkAzk]
+ 1 Jab( AncAsit Adt Ag Azt AgAg)
+ Ipc(AzkAsk+ AskAsk T AgkAok + AzkA1) ] =0,
(12)
(Jabt Inc) [AskAskt AzkAsk + AzkAgk + AgkAok]
+ Vil Jan(AnAsk+ AskAzk + AzkAgk + AgAsk)
+ Ipc(AzkAgk T AskAsk T AgAzk T AgkA1) ] =0,
12
(JabT Ipc) [AnkAsk T A2kAzk+ AsiAgk T AskArad]
+ Yl Jan(AskAzk+ AgAok+ AgkA gt AgkAsk)
+ Jpe(AgkAok+ Az Ag+ A2+ AgAn) 1=0, (13

(Jabt Jnc) [A2kAzkt AsiAsk+ AskAgk+ AziAgk]
+ Vil Jan(AakAsk T AskAsik+ AsiAgk + AgiAzk)
+Jpc(AsiAait Agt AriAsit AgAa) =0, (14)

(Jabt Ip) [AzkAsk+ AskAzkt AgkAok T AzkArak]
+ Yl Jan(AzkAzk+ AgAsk+ AgkA s+ AgkAzi)
+ Ibc(AsiAgk+ AzAgk+ AzAgk T AraAak) 1= 0,
(15
(JabT Ipc) [AskAsk T AskAzk+ AgkAgk T AgkArak]
+ Vi Jan(AskAzkt AgAsk+ AgiAract Ady)
+ Jpc(AskAok T AzkAgk T AsAgk T AracAsi) ] = 0.
(16)

Although Egs.(11)—(16) are suitable for both ferrimagnet

and ferromagnet, the different commutation relations shown

in Egs. (7)—(10) will result in that the solutions for the pa-

rametersy; and A will be quite different for both cases.
Then the Hamiltonian can be written as follows:
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H:H0+H6+Hl, (17)

where
Ho=—2NZS(|Japl +[Jpd). (189
Ho= ZS; {2(|3al + [Ipel) (AZ+ Adic+ A+ AS) + [ Janl (AskAzk+ AziAsi+ AgiAsk T AaiAzit AgiAak+ AsiAzit AgiAsk
+ AgiAra) + [ Jocl (AzkAgkt AsiAskt AskAsk+ AziAok+ AgArkt AnAok+ AgiAs+ AracAa) 171 (199
Hi= ZSZ {1 Ianl + [pch) (Ad+ Adt Ad+ AZ) + 2[ Japl (ArkAkt AgiAa) + | Ipcl (AaAgk T AaAr) 1 vidt . {1 Jap

+|Ipe)) (A5 + AZ+ A+ A% + 2[ | I apl (AskAsit AskAzi) + [ Inel (AsAesk+ AzAzi) 17 B Bt {(|Janl + [ Incl ) (A3
+ A+ AS+AG) + 20 Japl (AsAsk+ AgiAoi) + | el (AskAsk+ AgkAzi) 17it € &t {(|Janl + [ Joc ) (Ade+ Ad+ Ady

AZg) + 20| Japl (AgAz+ AgiArad) + | Inel (AziAgk+ AracAai) 17k 75 ) (20a

for the ferrimagnet and

Ho=—2NZS(J.p+ Ipo), (18b)
Ho= ZSEK {[Jan(AsAak+ AzkAskt AgiAek T AgkAzkt AgiAak T+ AekAzkt AgiAgk T AgkAra) + Ipc( AzkAsk+ AskAsk
+ AskAskt AziAok T AgkAsk T ArAok T AgkAsk T AraAar) 1 vkt (19b)
Hi= ZSE ({(Japt Ipo) (At Ad+ Agt AZ) + 2L Jan( Aokt AgiAgi) + Joo( AakAait AgAri) 17id il e {(Japt Jpo)

X(AGH A+ AG+ AZ) + 2[ Jap(AgkAsk+ AgiAzi) + Ibc( AsiAsk+ AnAai) 171 B Bt {(Jant Ine) (A5t Agi+ Ady
+ A5+ 2[ Jap(AziAskt+ AgiPok) + Jocl AsiAait AokAzi) 17 Ex Ext {(Japt Joe) (Ade+ AG+ A+ Ag)

+2[ Jan(AgkAzk+ AgkAral) + Ipc( AzkAok+ AracAai) 17 7 ) (20b)

for the ferromagnet. They are the Hamiltonians for the initialber of unknowns and equations. For the present system, it
state, the zero-point vibrating and the spin waves, respe@an be proved that it is necessary to establish an equation
tively. group, including eight equations and eight unknowns.

Now the problem becomes to solve the equation group, In this case, the transformation matrixes are
mentioned above, consisting of 20 equations and 20 un-
knowns(i.e., parameters;, andA;y). As soon as the equa-

tion group is solved, the transformation developed above can ay Ay Ay as as || ad
be performed and consequently the spin-wave spectra of the B a a a a b
present system can be obtained. In the next section, the pro- k=] T2k ik Sak T8k Tk (219
cedure of solving the equation group will be carried out. Sk A3k Qa Ak Az || Ck
Mk A Az Ax  ayd L dg

IIl. PROCEDURE FOR SOLVING THE EQUATION
GROUP and

Following the analysis in the last section, one obtains an
equation group consisting of 20 equations and 20 unknowns. N

In this section, we will try to find the solution of the equation A A Az Ak Aak ak+
group so that the spin-wave spectra for the present system be | | Ak A A Asc|| B (229
may be calculated. c || As Aac A Ay K

The equation group, established in the last section, is very dy Age Az Ase A Nk

complex and hard to be solved. In order to solve this equa-
tion group, we suggest an easy way to find out the simplest
form of the transformation matrixes and to reduce the numfor the ferrimagnet, and
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@ an ax Ay as || a Y=aj)+aj, +aj+ay+8aydydsdn—2a3,a5,
Bx Ak A am A || by 2 .2 2 .2 2 .2 2 .2 2 .2
Y= N (21b — 2ay@3,— 2ay@,— 28585~ 285, 283,84
& Az Auk Ak A || C
M s s ax an |l d; (32)
and Using the relation of Eq(23a or (23b), one may rewrite

Egs.(27)—(30) as

ay A Az Az Ag|[ @ 1

b | | A A Ax Ascl|| Be 298 An=y [a1kt 28z @z~ 2@z ], (323

Ce || Ask Am A Ax|| & (220

dy A Asc Ax Anc]l ny

1
. . . Ao=— 5 [ast 2a4(ask@ak— a1x@ak) 1, 33
for the ferromagnet, respectively. Comparing the matrixes 2=~ y [act 2auddadu—andad], - (333

(21) and (22) with the matrixes(5) and (6), one has the

relations between the parameters: 1
A3k:V [@ak+ 2a1k(Azk@ak— Ak@sk) ], (343
(1) ajx=asgk=ag=aik, ak=agk, azk=ark,
A= agy; 1
4k ek Ag=—5 [ast 22 (@@ —ask@ak)], (353
and
or
(2) An=As=Agk=Arks  Aak=Aok,  Ask=Az,
1
Ag=Agy - A=y [a1x(2a5— 1) +2azazcaq], (32b
Then the commutation relations of the new operators be- 1
come one equation, Ag=— v [as(285—1)+2ay@az@al, (33D
afi+ag—aj—ag=1 (239
. 1
for the ferrimagnet or Ag=y s 285 1)+ 2an@z@ad,  (34b)
afj+aj+aj+aj=1 (23b
. 1
for the ferromagnet. Equatiorid1)—(16) are reduced to the Ay=— ~ [ag(2a4— 1) +2a;@0a3K]- (35h)

following three equations:

To simplify, one defines the following parameters:
2031+ In0) Ao+ Agca) + Yl Ja( AL Ad+ A, plffy 9P

+ A3+ 2dud Asaict AaAad 1=0, (24 Puc=Audzit Aaidar (36
(a7 In0) (AsicAaic+ AzAg) Vil Jan( AvcAact Azl Pak=Au@act B2, 37
+Ipc(ArkAak+ AzkAg) ] =0, (25 Pak= akazk+ axkuk (39)
2(Japt Jpe) (ArkAakt AAzi) + Yl 2dap(ArkAsk+ AzkAgk) Pk= ak4k— A1kA3k (39
+Jp( Aft Agt Ag+AZ)]=0, (26) Qe=a3,+ a3+ a3 +aj,. (40)

and the relations between the parametggsand A, are o .
Considering Eqs(32)—(35) above, Eqs(24) minus Eq.

1 5 5 5 5 (26) results in
A= v [ak(al—ag—asc— ag) T 2az@ak@akl (27)
2p=1 (419
1 for the ferrimagnet and
A= v [agk(ad,— al,— aj,— ag,) + 2anascdaxl, (28) g
2a3, +2a5,+2a @z — 2aau—1=0  (41b
1 .
Ag = ~ [ag(@5— a2, — a3, —a32,) + 2a@zdaxl, (290  for the ferromagnet, respectively, and/or
1 (Jab=Ibo) Yi(A1k— a3) 2= 2(Jap+ Jbe) (A1k— Azi) (A
A= 2 [a4k(a421k_ aik_ a%k_ a%k) +2a@zkas]- (30 —ag)+(Jap— Ibe) Yi(@ok— ag)?=0. (42

Here Inserting Eq.(418 into Eqgs.(24)—(26) leads to
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Yi(Gkt2P3i)
Paict Pa=—— (43
and
Ok +2Pak
+pp=—s—oi, 44
PakT P2k 27, (44)
which corresponds tg2=1 and is not meaningful.
WhenJ,,# Jpe, EQ. (42) equals
Ay~ ag= K(az—ag)- (45
Here
K 1+1-X? 46
TTx 48
with
Jap—J
:( gb +3c)'yk 47
ab bc
On the other hand, from E@42), one may obtain
P1k— P2k
=2 Pyt |- (49
Inserting Eq.(48) into Eq. (24) and/or(26), one has
or
JabP2k— JocP 1k~ Yk(Jab™ Jbc) Pak=0. (50
Combining Eq.(49) with Eq. (25) results in
Ak= 2[Pak T X(P1k—P2) - (5D

Equationg48) and(51) lead to the relation 0X?=1, namely,
o (Jap+Jpe)®
Yk (Jab_ch)z ,

which is not meaningful. Thus Eq49) should be omitted,
also.
It can be proved that Ed41b) is not meaningful either.
WhenJ,,# Jp, EQ. (50) becomes

~ JapP2k— JbcPik

=_— 52
P Fan o) 52
Due to Eq.(52), Eg. (48) can be rewritten as
J —J
= abP1k— JbcP2k (59)

Y(Jab=Jpe)
Inserting Eqs(52) and (53) into Eq. (25), one has
(14 ¥ Japdbe(Pak— P2 (1= 2P %+ (1= Y[ (J5cPuk

— 32,p2i) (1+4pd) + (If Pk — JapP 1) 4P ] =O.
(54)

Now Egs.(24)—(26) become Eq952), (53), [or Eq.(45)],

tions together with Eq(23) and Eqgs.(27)—(30). Since the
latter four equations are relations between the paramajgrs
andA,,, at this step, they are not important to be dealt with
for solving the equation group. Therefore, one is only con-
cerned with a smaller equation group, consisting of Egs.
(23), (52), (53 [or Eq. (45)], and(54).

From Egs.(23) and(45), one has

1 VA
an=7 K(ax—au >, (59
1 VA
ag=~ 5 Klax—anw*+ . (56)

Here

A=8a3,+8aj,+8—4K2(ay— as)? (579
for the ferrimagnet and

A=8—8a3,—8a3,— 4K?(ay— ax)? (57b)

for the ferromagnet, respectively.
Inserting Eqs(55) and (56) into Egs.(52) and(54), one,
respectively, obtains

+ VAt ag) = 2 yi(Aget+ ag) 2+ M (agc— an) 2+ 2,

(58
+ 1 [2=(KP=1)(ay—ag)?|?
—\/K(a2k+a4k)__ﬁ o A
(59
with
M=F2yK\J1I-X2, (60)
1— 2 K2_1 2J2 _JZ
N (1= %( )*(Jpc—Jan) 61

C2K[(J5,+ 32 (1— i) + 20 apdn(1+ ¥

For the convenience, settinga,=E+F and
a,=—E+F, one has

+ JAF=4y,F2+2ME?+ y,, (62

1-2(K2-1)E?%)?
tJKF=—[ (2NE2) I (63)

After definingu=E? andv=F?2, from Egs.(62) and (63),
one immediately obtains

16(1— y2)v2+ 16(1— yM — K?)uv +8(1— y)v — 4M2u?

—4yMu—y2=0 (643
for the ferrimagnet or
16(1+ yH)v2+ 16(1+ 9 M + K?)uv — 8(1— yZ)v + 4M3u?
+4yMu+ yEZO (64b)

for the ferromagnet and

A[MN+(K2=1)?]u?+2[ yuN—2(K?—1)Ju+8yNuv +1

and (54). The equation group consists of these three equa- =0 (65



53 SPIN WAVES IN A FOUR-SUBLATTICE HEISENBER . . .

for both cases. Equatiof64) may be reduced to a quartic

equation by using the relation of E(5):
u*+pud+qui+ru+s=0, (66)

where for the ferrimagnet one has

4(K?2-1
=(T)[75N2—27kN(K2—1)
—2MN=2(1-%)(K*=1)7], (673
1 202 2
qz?[—ykN +2yN(K?=1)+2MN
+6(1- 7 (K= 1)7], (683
2(1—- ) (K2~
20K s
T
1— 42
s= 4TYK (703

with
T=4[M?N2+2y,MN?(K2— 1)+ 2MN(K?—1)2
+ 27 N(K2=1)3+ (1 - yH) (K2 = 1)4], (71a

and for the ferromagnet one has

4
p=z[2%M N2+ 4y, NK2(K?—1)—2MN(K?—1)

— ENA(K2+1)—2(1+2)(K2-1)3], (67b)
1 2N12 2
A= T [37N’~2%N(5K?~3)+2MN
+6(1+ ) (K?2—1)?], (68b)
2 2 2
r=s[yrN=(1+7)(K*=1)], (69b)
B 1+ yE
=7 (70b)

with
T=4[M?N?—2y,MN?(K2+1)+2MN(K?—1)?
=27 N(K*= 1)+ (1+ y5)(K2—1)4]. (71b
The quartic equation may be reduced to the f6rm

x*+ax?+bx+c=0, (72

by the substitutioru=x—p/4. Here

3
a=g—g p?, (73

2575

b=r— 2 L o 74
—Y—EPQ+§IO, (74)

_ 1 1 2 3 4 75
C=S— 7 Pr+ e P d— 5P (75

Letl, m, andn denote the roots of the resolvent cubic:

t3+p't?+q't+r'=0, (76)
where
,_a_l 3 ) 2
P'=573|97 5" 7
q'= = (22— 40)= = | = qpP+ o pi— s+ pr|, (79
16 16 16 '

- 1b2_ 1 1 1 )2 79
r=—gbP="glr—zpatgp’|. (79

The required roots of the reduced quartic are

xg=+ I+ m+n, (80)
Xo=+ 11— m—1n, (81)
xg=— I+ ym—n, (82
Xg=— 1= ym+n, (83)
where the selection of the square root to be attached satisfy
V= - g 4

The cubic equation of Eq.76) may be reduced by the sub-
stitution oft=y— p’/3 to the normal forrff

y3+a'y+b’'=0, (85)
where
/_1 3 ’ 12\ 1 2 1 1 86
a'=3(3q9'~p')== g0~y St 5P (86
br_ 1 2 r3 9 I~ 27/
—2—7( p’°—9p'q’+27")
1 1 1 1 1
B Ty S = oeq— —
=~ g6a% 54" T 102 Pt 2559 55 5P
87
which has the solutiong,, y,, andys:
1 iv3
y,=—5 (A+B)+ — (A-B), (89
2 2
1 iv3
Y3=—5 (A+B)— > (A—B), (90)

wherei?=—1 and,
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b’ b72 a/3 (1/2)71(1/13) 2 5 2 2
A=l -5+ —F+ 57 : 1) H1=ZS> {(|3apl+|dpc)) (A + A3+ AZ+AZ)
2 4 27 K
b’ (b2 a3 12713 + 2[ [ Janl (AsAok+ AgiAai) + [ Jpcl (AoAsk
B=1—% (T+ 27 } (92 +AnAu) 1 vidlay et By Bt & &t md. (10D

Then one has solutiorig=y,—p'/3 (g=1, 2, and 3 which
correspond to the roots of the cubic equati@f), namely,l,

They are the energies for the initial state, the zero-point vi-
brating, and the spin waves, respectively.
The spin-wave spectrum of the ferromagnet has the same

m, andn. Noticing the substitution relation, one also finds form as that of the ferrimagnet, but the different commuta-

the roots of the quartic equatidf6) areu,=x,—p/4 (h=1,
2, 3, and 4. From Eq.(65), one obtains the values for the
solutions ofv:

(4[MN+(K?—1)?]u?

Y T 8y Nu

+2[ y N—2(K?—1)Ju+1). (93

According to the definitions above, finally, one obtains

A= = Ju= o, (94)

an=F\Jut\v, (95)
or

A=+ Jur v, (96)

ay=FJus . (97)

Thena,, andag, are determined by Eq$55) and (56) and
Aj (j=1,2,3,9 are given by Eqs(27)—(30), respectively.
Corresponding to the roots, (h=1, 2, 3, and 4 there are
four groups of solutions for the parameterg and A (i

tion relations of the new operators in the two systems result
in the different parameters, g, r, ands. It should be noticed

that the zero-point vibrating energies in the ferrimagnetic and
ferromagnetic systems are also different. It is obvious that
the spin-wave spectra depend on the strength of the exchange
constantsl,, andJy. It can be seen from E¢101) that, in

the present four-sublattice system with the exchange con-
stants being ;= Jcq7 Jpc=Jqa, the degeneracy of the spin-
wave spectra exists and that the number of the degeneracy of
the spin-wave spectra is four. There occurs the splitting of
the energy level in the present system. It can be seen from
Egs. (98)—(101) that there are four different energy levels.
The different values for the energy levels are ascribed to the
fact that there exist positive and negative signs in the for-
mula of K [see Eq.(46)], a;, [see Eqs(94) and (95)] and
thusAj .

IV. A SPECIAL CASE (Jap=Jpo): ANTIFERROMAGNET

Following the analysis in the last section, finally, one ob-
tains the spin-wave spectra for the present system, which are
very complicated. In this section, a special and simple case
(Jap=1Jpo), i-€., an antiferromagnet, will be discussed briefly.

In this case, it can be proved that it is sufficient and nec-
essary to establish an equation group, including six equations
and six unknowns and that the transformation matrixes can

=1,2,3,4;j=1,2,3,9. It can be proved that the four groups pe taken as

of the solutions, obtained above, are equal for performing the

transformation and calculating the spin-wave spectra.

After performing the transformation, one obtains the final

form of the Hamiltonian for the present system:
H=Hy+Hj+Hq, (99
where

Ho=—2NZS(|Jap| +|Indl), (99

Ha=4282k {(13apl + [Ipe)) (A3 + AZ) + [ I al (ApAs

+ AgkA) | Ipel (AAa+ AgAzi) 17k} (1003
or
Ho=4Z Szk {[Jan(ArkAzk+ AgkAgk)
+ Jpc(ArkAak+ AzAgi) 1 v} (100b

and

+ +

ay apx Ay  Agx Ay ay
B Ay Az Ay Az by
& Q3 Ak Ak Ax Cy (102
K Ak Az Ay Ak dy
and
ay Ape Axe Az Ax ay
by | A Aw Az As Bk
Cy Az Axc A A &
dy Az Az Ax Ax Mk
(103
Equations(23)—(26) become
a3 +aj3,—2a3=1, (104)

A Azt Ag) Ag+ il (Agt Az ) >+ 4A5,1=0, (105
(ApAsc+A3) + Vi A+ Ag) Ag =0, (106)

and the relations between the parametggsand A, are

1
A=y (ay—ag)[ — 285+ ayd @yt agd], (107
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1 2
_ Yk
Ax=— 3 agdan—az)?, (108 H=Hy+H\+H,=—4NZ<[J|=Z|J|S
Y 0 0 1 | |+ | | Ek \/1——75
1
A=y (ay—az)[2a5—az(antag)]. (109 +2Z03|SY, (11— 92) (e ayet By Bt & &
X
H
ere + 75 7). (114
Y= (a3x—ag) Y[ (ay+ag)’—4a3,]. (110

It can be seen from Eq114) that in the four-sublattice sys-

Now the equation group consists of the six equations listedem, with the same exchange constants and the same spin

above, i.e., Eqs(104—(109. Solving the above equation amplitudes for different sublattices, there exists the degen-

group, one immediately obtains the two groups of solutionseracy of the spin-wave spectra. It has been well known that

L the value for the number of the degeneracy of the spin-wave

YV spectra is two in a two-sublattice Heisenberg antiferromag-

A=y [1+V1+4W], nzt. Thus it is easy to understand that the vaI%e for the nug"n-

ber of such degeneracy is four in the present four-sublattice

a=W system. However, on the other hand, it is quite surprising that
there occurs the splitting of the energy level. It can be seen,
1 from Eq. (114), that there are two different energy levels.
— — 2 ]
ak=5 [1% V1+4W7], The two energy levels are ascribed to the coexistence of the

signs = in Eq. (113. This differs from the situation in the

1 1 1 two sublattice antiferromagnet in which one of the signs
A1k=§ 1= W2 * > | (111 not meaningful and rr_1ust be omiFtedIduring the diagonalizing
1+4wW process. The sublattice magnetization at low temperature is
an interesting subject of many investigations. At first, one
Aoy — w likes to discuss the ground state0aK of the present system.
2k AW2—1" At T=0 K, the energy for the ground state is
A 1 1 _ 1 g ?’E
= — -+ y —_ —
| AW T o awne Eo=—4NZS|J| z|J|SEk — (115
and which is lower than that of the initial state and is not the
1 same as that of the ground state in the two-sublattice system.
ap=—=[1FV1+ , e spin-wave spectrum, corresponding to the ground state,
51 V1+4W?] The spi t ding to th d stat
is
ag=—W
2 hog =(1+V1- D). (116)
1 : . . .
ag=— > [1+1+4W?], Another energy level in Eq114) is for the first exciton level
whose effects can be neglected at very low temperatures.
(112 Thus the energy at low temperatures of the four-sublattice
A 1 1 1 Heisenberg antiferromagnet is
= — — -+ s
W21 1-4W2 T 11 aw2 ,
Y
W H=Ho+Hj+Hy=—aNZS]| 2|33 _1_k _
Aa=T w2 7
01 L +2Z3I82 (14 V- w0 o anct B it & i
Ask:_E 1—4W2i,/1+4w2 +
+ 7 7o) (117
With . . . . .
It is easy to see that the spin-wave spectrum is line&r in
1+J1— yﬁ for smallk. The sublattice magnetization at low temperature
W= ——F—. (113 of the present system is similar to that in the system of the

27k two sublattice antiferromagnet. The temperature depen-
It can be proved that the two groups of the solutions, listeddences of the magnetization and the specific heat of the
above, are equal for performing the transformation and calpresent system behave as fitlaws of an antiferromagnet.
culating the spin-wave spectra. After performing the transfor-This is the direct result of the assumption of the same ex-
mation, one obtains the final form of the Hamiltonian for thechange constants and the same spin amplitudes for different
present system: sublattices.
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V. CONCLUDING REMARKS sublattice system, within the assumption of the same ex-
In conclusion. the Spin-wave spectra at low tem eraturechange constants and the same spin amplitudes for different
o pIr pect P gublattices, there also exists the degeneracy of the spin-wave
of the. four-sublattice Heisenberg ferrimagnet and ferromagépectra_ There occurs the splitting of the energy level, and at
B oat Rt prakot] 0 1 are o eneroy el o & grund stte and a
and an extené/eg Bo oIiugov transformation. In order to er_exciton level, respectively. The sublattice magnetization at
form the transformat?on an equation group .consisting 0?2 ow temperature of the antiferromagnet is similar to that in
equations and 20 unknowns has been established. The eq he two-sublattice antiferromagnet. The temperature depen-

tion aroun was solved by reducing the numbers of the equal snces of the magnetization and the specific heat of the four-
lon group y 9 . U3 plattice antiferromagnet satisfy tfié laws as those in the
tions and the unknowns. It has been found that in the preserg\ﬁ

four-sublattice ferrimagnetic or ferromagnetic system the de- o-sublattice antiferromagnet.

eneracy of the spin-wave spectra exists. On the other han The results obtained in this work for the four-sublattice
9 y pIn-n P ' Perrimagnet and/or ferromagnet with exchange constants
there occurs the splitting of the energy level so that &0

K there are four energy levels. One of which is the groundJab:JCd#ch:‘]da’ might be suitable for the four-sublattice

. ; ._systems with different exchange constants
state and others are exciton levels. The sublattice magnetlz?j ~J_4#Jp.~Jg.). The method as well as the transfor-
tion at IQW temperature of the present ferrimagnetic or 1Eerro'm;?ion Cgan bbce adppiied to other four-sublattice systems or
magnetic system behaves as that of the two-sublattice femdther multisublattice svstems
magnet or ferromagnet. Y '

The spin-wave spectrum of the ferromagnet has the same

f_orm as t_hat of the ferrimagnet, bu.t the different commuta- ACKNOWLEDGMENTS
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