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The eight-band superlattice crystalK•p formalism is extended to include the higher-lying antibondingp
states perturbatively. The initial 14314 Hamiltonian matrix is block diagonalized~or folded down! so that
corrections due to these states appear in the modified 838 matrix. Their principal effect is to introduce a finite
heavy-hole mass. The use of the eight-band formalism for band-structure and interband optical calculations is
validated because other corrections are very small. The approximate wave functions associated with the
original 14314 Hamiltonian are used to calculate intersubband optical matrix elements. These include new
terms, present in crystals lacking inversion symmetry, which increase the magnitude of conduction intersubband
absorption by about three orders of magnitude for in-plane polarized~TE! photons, while leaving absorption
due to growth-axis polarized~TM! photons relatively unaffected. The TE absorption in narrow GaAs/AlxGa

12xAs quantum wells~QW’s! is shown to be observable. However, use of thef -sum rule and the cyclotron-
resonance-determined conduction-band effective-mass anisotropy indicate an upper limit of about 20% relative
to TM absorption. Comparison with the measured TM absolute absorption coefficient for a system used for
quantum-well infrared photoconductors~QWIP’s! yields excellent agreement. The conductivity sum rule in-
volving these intersubband transitions is used to confirm the observed broadening associated with very small
QW width fluctuations for this system.

I. INTRODUCTION

Superlattice crystalK•p theory,1–3 which is a reformula-
tion of superlattice~SL! k•p theory,4 has been used to ex-
plain the optoelectronic properties of a variety of III-V~Refs.
5 and 6! and II-VI ~Refs. 7 and 8! compounds and superlat-
tices with a view toward exploring the materials physics un-
derpinning IR detectors, lasers and, more generally, the de-
tailed optical properties of semiconductor heterostructures
including excitons.5,8,9This theory is posited on the fact that
ideal superlattices are perfectly periodic, albeit highly aniso-
tropic solids so that the wave vectorK pertains to the SL
rather than the bulk constituents. The consequence that
Bloch’s theorem applies can therefore be used to reformulate
the SLk•p theory as originally proposed by Bastard4 in a
simpler and more elegant form.

This paper extends the theory from the original 8 bands to
a 14-band model which specifically includes the antibonding
conductionp ~or p̄) states in addition to the lowest twos̄
conduction and the six uppermostp valence bands. The ef-
fects of thep̄ states are principally to produce curvature in
the heavy-hole~HH! bands and to modify the momentum
matrix elements coupling the various bands. This modifica-
tion results from the 14-component wave functions that re-
place the earlier 8-component wave functions. The effects
are substantial for conduction intersubband transitions, but
leave interband~valence to conduction! transitions largely
unaffected.

The 14314 Hamiltonian matrix is block diagonalized
~folded down! into 838 ps̄ and 636 p̄ matrices and used
perturbatively to show that the matrix elements coupling the
ps̄ states through thep̄ states have a small effect on the
energy eigenvalues computed for the 838 case if the input
parameters are determined semiempirically as in previous
work. Folding down to an 838, followed by exact diagonal-

ization, appears to be unique to this work. The folding-down
procedure has been used by others10 for bulk semiconductors
to reduce the 14314 Hamiltonian to a perturbative 232
Hamiltonian, primarily to evaluate magnetic-field effects, es-
pecially the fine structure of cyclotron resonance.

Our earlier calculations assumed thebulk constituents of
the SL to have band gapsEg and conduction and heavy-hole
massesmC andmHH , respectively, which are known experi-
mentally. The band offsets and strain effects of the resulting
SL were also treated semiempirically. The calculated inter-
band optical absorption including exciton effects was seen to
be in excellent agreement with experiment with respect to
both structure and magnitude if the line broadening is as-
sumed to result from a6 single-layer fluctuation in the
interface.6 ~For the II-VI systems it was also necessary to
assume a modest 2–3 % alloy composition fluctuation to ob-
tain quantitative agreement.8! Nonparabolic band effects are
included since the original or folded-down 838 matrix is
fully diagonalized without further approximations. The
folding-down procedure therefore justifies the 838 matrix
used in previous calculations.1–3,5–9

In addition to the theoretical developments just described
~Sec. II and the Appendixes contain specific details!, this
paper explores optical intersubband transitions from the low-
est conduction subbandC1 to higher onesCn (n5225)
~Sec. IV!. These transitions are basic to the operation of
quantum-well infrared photodetectors~QWIP’s! used as IR
detectors,11,12 and a proposal for a charge-activated optical
modulation device~CALM ! made some years ago.13 More-
over, as emphasized in this group’s first paper1 concerning
the SL f -sum rule, the existence of a strongC1→C2 tran-
sition for the transverse magnetic mode~TM; light polarized
along the SL growth axis! compared to a transverse electric
mode ~TE; light polarized in the SL plane perpendicular to
the growth axis! which is 1042105 times smaller, is quanti-
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tatively responsible for the crystal SL effective-mass anisot-
ropy observed in cyclotron resonance experiments.14

This question is revisited here in connection with recent
claims15,16 that the TE and TM optical absorption have com-
parable magnitudes. If correct, this claim would allow
QWIP’s to be used in the normal-incidence configuration
without the use of diffraction gratings, which does not appear
to be the case. Furthermore, the effective-mass anisotropies
would be substantially eliminated.

The TE transition is allowed forK50 in the presence of
spin-orbit interactions and is greatly enhanced when the bulk
SL constituents lack inversion symmetry. Peng and Fonstad17

utilized this latter ingredient, which had been previously ne-
glected, to argue that the observed large TE absorption is
associated with a momentum matrix elementP1 , to be de-
fined in Sec. II, which is present in zinc blende but not in
diamond structures, and leads to nonlinear optical absorption
in lowest order. Peng and Fondstad’s additional claim that
the matrix elementQ vanished in diamond symmetry is in-
correct, as pointed out most recently in Ref. 18. Neverthe-
less, their argument that the reduction in symmetry from dia-
mond to zinc blende greatly enhances TE absorption can be
tested. This reduction, and the resulting momentum matrix
elementP1 , which appears explicitly in the 14-band model,
indeed increases the TE absorption in GaAs- and
In xGa12xAs-based QW’s by 2–3 orders of magnitude. De-
spite this enhancement, the TE absorption remains 5–10
times smaller than that associated with the TM mode. As
pointed out in Sec. IV B, however, the TE mode should be
experimentally observable in narrow (;40 Å! GaAs quan-
tum wells~QW’s!. In these wells the TE absorption is about
20% of that due to TM. We present arguments based onf
and conductivity sum rules that indicate that the 20% figure
is likely to be an upper limit for QW’s in whichC1 is a
localized state andCn (n>2) lie in the continuum.

This paper presents absorption results for the
C1→SnCn (2<n<5) transitions in a GaAs/AlxGa12xAs
quantum well relevant to the QWIP case, and shows that the
results agree quantitatively with the experiments of the Le-
vine group.11 The excited states (n>2) all lie energetically
near or in the continuum. The momentum matrix elements
are shown to be larger than for transitions involving local-
ized final states. This is the case for theC1→C2 transition
relevant to CALM,13 whereC2 lies in the well. This system
is reexamined here for two GaAs QW’s having different
widths to confirm that the large and extremely sharp optical
absorption is associated with the density of states enhance-
ment resulting from optimal nesting of theC1 and C2
bands.

The 14314 results for the three GaAs/AlxGa12xAs sys-
tems for light polarized in the TM mode are in better agree-
ment with experiment than those of the 838 results because
of the aforementioned changes in momentum matrix ele-
ments. Furthermore, as expected, the 838 TE absorption is
3–4 orders smaller than the TM absorption because the ef-
fects associated withP1 are neglected.

II. DERIVATION OF THE EFFECTIVE
EIGHT-BAND BULK HAMILTONIAN

The Hamiltonian appropriate for the bulk constituents of
superlattices and quantum wells treated here is

H~r !5
p2

2m
1V~r !1

\

4m2c2
@s3¹V~r !#•p, ~2.1!

wherem is the free-electron mass,c is the velocity of light,
p is the electron momentum, andV(r ) is the crystal poten-
tial. This group’s previous work calculating optical proper-
ties of superlattice relied on a semiempirical parametrization
of the bulk constituents within a modified Kane or eight-
band model, consisting of six valence~bonding! p states and
two conduction~antibonding! s states (s̄).2 This paper will
generalize the eight-band model by considering the influence
of the most important previously neglected six antibondingp
states (p̄) by folding them down into the eight-band basis set
using standard procedures.19 The corrections are generally
small, and the earlier model that has been used extensively
with considerable success is therefore valid. In order to cal-
culate momentum matrix elements it will be necessary to
unfold the approximated 8-component wave function to re-
construct the approximate 14-component wave function. The
strategy is delineated in Fig. 1, and will be summarized after
the procedure has been described in full.

These 14 bands are shown schematically in Fig. 2. The
parameters defining a bulk system ink•p perturbation theory
are also indicated:Ec is the energy separation between the
s̄ andp̄ states;Eg is the fundamental gap~betweens̄ andp);
D andDc , respectively, are the spin-orbit splitting between
thep andp̄ states. The energy zero is taken as the maximum
of the highest valence band~HH!. Three momentum matrix
elements

P052 iA2/3̂ SupzuZv&,

P152 iA2/3̂ SupzuZc&, ~2.2!

Q52 iA2/3̂ XvupyuZc&5 iA2/3̂ XcupyuZv&

couple the states away from the zone center in thek•p for-
malism. All three are real. In a solid having inversion sym-
metry P150. The presence of a nonzeroP1 is associated
with the zinc-blende symmetry in the present case.20

The folding-down procedure to be used here is valid if the
six p̄ states to be folded into the eightps̄ states do not
energetically coincide with the latter. Although the procedure
is exact in the present case for sufficiently smallk, second-
order expressions will be sufficient to incorporate the effect
of the p̄ states on the eight-band basis.

The 14-band Hamiltonian has the following schematic
form:

H5F Hps̄ Hps̄- p̄

~838! ~836!

Hps̄- p̄
† Hp̄

~638! ~636!

G , ~2.3!

wherep and s̄,p̄ denote bonding and antibonding states, re-
spectively. The full constituent matrices and the 14 basis
functions are given in Appendix A. As indicated in Eqs.~A1!
and ~A2!, the diagonal elements ofHps̄ consist of the zone-
center energies of the eights̄ and p̄ states. The eight off-
diagonal elements connect thes̄ andp states.Hps̄- p̄ consists
entirely ofk•p matrix elements connecting theps̄ states and
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the p̄ states, and is therefore proportional tok. In particular,
Hps̄- p̄ depends onP1 , which coupless̄ and p̄ states as al-
lowed in crystals lacking inversion symmetry, and alsoQ.
Hp̄ is a diagonal matrix whose elements are the zone-center
energies of thep̄ states.

To implement the folding-down or block diagonalization
procedure,21 we consider the Schro¨dinger equation in the
form (H2E)F50. Inserting a matrix

M5S I 2~Hps̄2E!21Hps̄- p̄

2~Hp̄2E!21Hps̄- p̄
† I D

~2.4!

and its inverse yields (H2E)MM21F50, or, explicitly,

S Hps̄
eff

2E 0

0 Hp̄
eff

2E
D Feff50, ~2.5!

where

Feff5M21F ~2.6!

and

Hps̄
eff

2E5Hps̄2E2Hps̄2 p̄~Hp̄2E!21Hps̄2 p̄
†

5Hps̄2E1dHps̄ . ~2.7!

The structure of Eq.~2.5! implies that the 14-component
Feff is composed of an 8-componentFps̄

eff and a 6-component
F p̄

eff . Specifically,

Fps̄5Fps̄
eff ~2.8!

and

F p̄52~Hp̄2E!21Hps̄- p̄
† Fps̄ . ~2.9!

Solutions of interest to Eq.~2.5! haveF p̄
eff

50.
The detailed form ofdHps̄ is given in Appendix A in Eqs.

~A1! and~A6!. dHps̄ depends onHps̄- p̄ and hence explicitly
on k2 @cf. Eq. ~A4!#. E, however, also depends onk. Note
that the rows and columns of the matrix appearing in Eq.
~A6! are labeled sequentially by the statesC ~conduction!,
LH ~light hole!, HH ~heavy hole!, and SO~split-off band!.
The folding-down procedure has been followed without ap-
proximation to this point.

FIG. 1. Schematic of the folding-down and approximation procedures for calculating eigenstates. A 14-band bulk HamiltonianH @Eq.
~A1!# is folded down into an 8-bandHps̄

eff @Eq. ~A6!#. EigenstatesF of H correspond to eight-component eigenstatesFps̄
eff of Hps̄

eff @Eqs.~2.8!
and~2.9!#. Approximations are necessary to arrive at the 8-bandHk•p@Eq. ~2.13!#, with associated approximate eigenfunctionsCps̄

eff . In order
to calculate momentum matrix elements,Cps̄

eff must be unfolded to yieldC @via Eqs.~2.8! and ~2.9!#. For the superlattice theFps̄ are the
envelope functions for the 8-band superlattice HamiltonianHA(B)

k•p @Eq. ~3.15!# which corresponds to the bulkHk•p. The 14 components
of F @Eqs.~3.11!–~3.13!# are necessary to calculate momentum-matrix elements.

FIG. 2. The 14 bulk bands considered: 6p states, 2s̄ states, and
6 p̄ states (s̄ indicates antibondings states!. Four energies define
the unstrained zone-center bands:Eg , the s̄2p energy difference;
Ec , the s̄2 p̄ energy difference; and the spin-orbit splittingsD and
Dc among thep andp̄ states, respectively. The strained structure on
the right has altered values of these four energies, as well as two
additional splittings:EHL , between the heavy and lightp states, and
a splitting not labeled between the heavy and lightp̄ states.
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We now consider expressions fordHps̄ in second-order
perturbation theory, which will be seen to suffice for the
present purposes. This approximation consists of replacingE
by the zone-center energy of the relevant band, and is valid
when thep̄ states are energetically well separated from the
ps̄ states. The resulting changes in the band structure are
primarily proportional tok2. Additional terms are seen to
appear, coupling the heavy-hole and conduction bands and
the light-hole and split-off bands. These terms are small. The
magnitude of the heavy-hole–conduction coupling is given
by the~3,1! matrix element of Eq.~A6!, with E replaced by
0 ~the location of the valence-band maximum!:

\2k2

A2m
P1Q

m F 1

~Ec1Eg2Dc!
2

1

~Ec1Eg!
G . ~2.10!

Its magnitude fork50.1 Å21, typical for electrons in a bulk
room-temperature semiconductor, or the Brillouin-zone ex-
tent of a 30-Å superlattice, is approximately 2 meV for
GaAs. Similarly, the light-hole–split-off coupling@element
~2,4! with E replaced by 0# is

\2k2

A2m
Q2

m@~Ec1Eg!#
. ~2.11!

Its value fork50.1 Å21 is approximately 50 meV. These
couplings are quite small, particularly for the heavy-hole–
conduction case. The energy shifts resulting from these cou-
plings have magnitudes of 1023 and 5 meV, respectively, at
k50.1 Å21, and depend to lowest order onk4.

Previous work neglected thep̄ bands except for an em-
pirical coupling term providing a finite effective mass to the
HH band, which corresponds to the~3,3! element of Eq.~A6!
for E50:

m

mHH
512

Q2~3Ec13Eg2Dc!

m~Ec1Eg!~Ec1Eg2Dc!
. ~2.12!

If the term involving the free-electron mass and coupling
terms ~2.10! and ~2.11! of hps̄

eff are neglected, but the~3,3!
matrix element giving rise to the heavy-hole mass term is
retained,hps̄

eff reduces to the 838 k•p Hamiltonian

hk•p51
Eg

iP0\k

m
0

iP0\k

A2m

2
iP0\k

m
0 0 0

0 0 2
\2k2

2mHH
0

2
iP0\k

A2m
0 0 2D

2
~2.13!

used in previous work.Hps̄ is defined in terms ofhps̄ by Eq.
~A1!. The first eight bulkk50 ps̄ basis statesun,0& are de-
fined in Table I in terms of the statesuS&, uX&, uY&, and
uZ& in the notation of Ref. 2.~Note that Table I also includes
the p̄ states expressed in terms of the statesuXC&, uYC&, and
uZC& in the notation in Ref. 22.!

The preceding arguments lead to the important result that
the non-folded-down (838) matrix involving hk•p used in
previous calculations1–3,5–9 provides a quite accurate de-
scription of the band structure and thus justifies its semi-
empirical use. The semiempirical procedure used earlier was
the following: the bulk systems for an eight-band model
were parameterized by taking the values forEg , D, mC , and
mHH from experiment.2 P0 is determined from the zone-
center conduction-band mass using

m

mC
5
P0
2~3Eg12D!

mEg~Eg1D!
. ~2.14!

The free-electron mass term is neglected.
A similar method parametrizing the 14-band bulk system

requires in addition the experimental values ofEc andDc .
Expressions for the masses of the four types ofps̄ bands,
conduction (C), heavy-hole~HH!, light-hole ~LH!, and split
off ~SO!, are found by replacingE in dHps̄ with the zone-
center energy of the relevant band:

m

mC
511

P0
2~3Eg12D!

mEg~Eg1D!
2
P1
2~3Ec22Dc!

mEc~Ec2Dc!
, ~2.15!

m

mHH
512

Q2~3Ec13Eg2Dc!

m~Ec1Eg!~Ec1Eg2Dc!
, ~2.16!

m

mLH
512

2P0
2

mEg
2

Q2

m~Ec1Eg!
, ~2.17!

m

mSO
512

P0
2

m~Eg1D!
2

Q2

m~Ec1Eg1D!
. ~2.18!

The masses in Eqs.~2.15!–~2.17! could be used to find the
three momentum matrix elements from three experimental
effective masses. This could lead to substantial error, how-
ever, since onlymC is experimentally well known, and fur-

TABLE I. Bulk modified Kane modelk50 statesun,0& for the
G6 bulk band edge and the bonding and antibondingG7 andG8 bulk
band edges. The notation of Refs. 2 and 22 is used. The ordering of
these states ensures that the matrices discussed in the Appendices
are block diagonal.

n:un,0&

G6 1:uS↑&
G8 2:uA2/3uZ↑&2A1/6uX↓1 iY↓&

3:A1/2uX↓2 iY↓&
G7 4:A1/3uZ↑&1A1/3uX↓1 iY↓&
G6 5:uS↓&
G8 6:A2/3uZ↓&1A1/6uX↑2 iY↑&

7:A1/2uX↑1 iY↑&
G7 8:A1/3uZ↓&2A1/3uX↑2 iY↑&
G8 9:A2/3uZ↑c&2A1/6uX↓c1 iY↓

c&
10:A1/2uX↓c2 iY↓

c&
G7 11:A1/3uZ↑c&1A1/3uX↓c1 iY↓

c&
G8 12:A2/3uZ↓c&1A1/6uX↑c2 iY↑

c&
13:A1/2uX↑c1 iY↑

c&
G7 14:A1/3uZ↓c&2A1/3uX↑c2 iY↑

c&
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thermore depends only weakly onP1 in Eq. ~2.15!. There-
fore we will determineP1 from a pseudopotential calculation
by Cardona, Christensen, and Fasol22 which yields
P150.48P0 for GaAs. The experimental values ofmC and
mHH ~Ref. 23! will then be used to determineP0 andQ from
Eqs. ~2.15! and ~2.16!. The parameters for GaAs obtained
from the two procedures are compared in Table II to the
parameters used in Ref. 22. TheQ’s differ by 11%. The
present 14-band model differs from experimental values for
GaAs by 8% formLH and by 45% formSO.

Figure 3 shows the band structure for GaAs calculated
with the previously used 8-band semiempirical param-
etrization as compared to the 14-band semiempirical param-
etrization presented here. As required by the parametrization
methods,mC andmHH are the same for both. The percent
difference inmLH is 5% and inmSO is 3%. The masses are
more similar than might be expected because of counteract-
ing effects of the terms in Eqs.~2.15!–~2.18! involving P1
andQ. The most prominent difference in the band structures
is that the approximation causes the heavy-hole band to cross
the light-hole band in the 8-band model. This unphysical
result shown in the vertically enlarged inset occurs at large

k50.167 Å21. We conclude that the bulk band structure
resulting from the 8-bandHk•p is satisfactory for calcu-
lating superlattice band structures.

Figure 1 summarizes the strategy adopted in this calcula-
tion. The 14-band HamiltonianH is block diagonalized~or
folded down! into a Hamiltonian containing the 8-band ma-
trix Hps̄

eff in a procedure defined by Eqs.~2.3!–~2.9!, which is
exact in principle. The 14-component eigenstatesF of H
correspond to 8-component eigenstatesFps̄

eff . The approxi-
mations toHps̄

eff described above yieldHk•p, and approximate
eigenstatesCps̄

eff . The Schro¨dinger equation is solved at this
point, yieldingCps̄

eff . Since the energies given by this proce-
dure are extremely close to those of the 14-band model~see
Fig. 3!, the effects of thep̄ states on intersubband absorption,
the optical property of interest in this paper, will be domi-
nated by their influence on the wave functionsCps̄

eff . In order
to calculate momentum matrix elements for intersubband ab-
sorption, the 8-componentCps̄

eff is unfolded to yield an ap-
proximate 14-component eigenstateC. C is related toCps̄

eff

in the same way asF is related toFps̄
eff @i.e., via Eqs.~2.6!,

~2.8!, and ~2.9!#. The explicit form of the corresponding
HamiltonianH will not be needed. The superlattice part of
Fig. 1 will be discussed in Sec. III.

In a non-lattice-matched superlattice the bulk constituents
are strained. Strain affects the energy gap and splits the de-
generacy of the light and heavy holes of a bulk material, as
shown schematically in Fig. 2. The effect of strain is ob-
tained from empirical lattice constants, elastic constants, and
deformation potentials for bulk material, as well as the in-
plane lattice constantai of the superlattice.8 Effects on the
momentum matrix elementsP0 , P1 , or Q are neglected in
the present treatment.

The hydrostatic straineH and biaxial straineB on a bulk
material forced to conform to the in-plane lattice constant
ai are

eH52S 12
c12
c11

Dei , eB5S 112
c12
c11

Dei , ~2.19!

whereei5(ai2a)/ai is the in-plane strain,c11 andc12 are
the elastic constants of the bulk material, anda is the lattice
constant.

These strains influence the various gaps shown schemati-
cally in Fig. 2, particularlyEg and the heavy-hole–light-hole
gapEHL :

Eg,strained5Eg,unstrained1eHc2ueBbu,
~2.20!

EHL52eBb2
2~eBb!2

D
.

Herec andb are deformation potentials.

III. SUPERLATTICE ELECTRONIC STRUCTURE

Since the bulk 8-band effective Hamiltonian adequately
reproduces the 14-band electronic structure, the 8-band
Hamiltonian will be used to obtain the superlattice~SL! elec-
tronic energy levels~but not the eigenstates!. The effects of
folding down the 14-band basis set, and the effects of strain,

FIG. 3. Comparison of the bulk 14- and 8-bandk•p models
for GaAs. The inset shows a vertical blow-up of the region with the
most significant differences (k.0.1 Å21).

TABLE II. Parameters for bulk 8-band and 14-bandk•p band
structures for GaAs. Our empirical parameters~Ref. 23! for 8-band
and 14-band models, obtained as described in Sec. III, are com-
pared with parameters from Ref. 22.Eg is the fundamental gap,
Ec is the zone-center gap betweens̄ andp̄ states, andD andDc are
the spin-orbit splitting forp and p̄ states, respectively.mHH is in
units of the free-electron mass.

8 bands 14 bands Ref. 22

Eg ~eV! 1.519 1.519 1.519
D ~eV! 0.341 0.341 0.340
Ec ~eV! N/A 3.140 3.140
Dc ~eV! N/A 0.171 0.171
EP0

52u^SupzuZv&u2/m ~eV! 24.2 25.7 26.0
EP1

52u^SupzuZc&u2/m ~eV! N/A 5.9 6.0
EQ52u^XvupyuZc&u2/m ~eV! N/A 13.5 12.0
mHH 0.51 N/A N/A
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are included in the bulkk•p formalism on which the SL
treatment is based.

The superlattices considered are composed of alternating
layers of two bulk semiconductors, designatedA andB. The
formalism yielding the superlattice band structure regards the
SL as a perfectly periodic, highly anisotropic crystal.1,2 The
SL wave functions, characterized by wave vectorK and band
indexL, obey Bloch’s theorem. Using the envelope-function
approach, theK50 states of the superlattice are determined
as products of envelope functionsFn(z) and thek50 Bloch
functions^r un,0& corresponding to bandn of the constituent
bulk semiconductors:

^r uCSL~L,K50!&5^r uL,K50&

5(
n

Fn~L,K50;z!^r un,0&. ~3.1!

Here z is the growth direction of the superlattice. The for-
malism presented applies to any number of bulk bandsn.
However, we note that in practice it will be restricted to the
14 bands considered in Sec. II.

When the envelope-function expression Eq.~3.1! is sub-
stituted into the Hamiltonian@Eq. ~2.1!#, a multiband
effective-mass Hamiltonian is obtained. The wave functions
of the bulk states,̂r un,0&, are nearly the same in layersA
andB due to the similarity in the pseudopotentials and mo-
mentum matrix elements for the two materials under
consideration.2,3 The envelope functions are taken to be
slowly varying on the scale of the bulk unit-cell size, and can
therefore be cell averaged. With these assumptions, the
multiband Hamiltonian forK50 can be expressed as

@HA~B!~kx ,ky ,kz→2 i ]/]z!2EL#F~L,K50;z!50. ~3.2!

The envelope functions and energies which are solutions to
Eq. ~3.2! are labeled byL. The boundary conditions for
F(L,K50;z) are obtained by integrating Eq.~3.2! across an
interface, and are consistent with continuity of the cell-
averaged current,24

(
n8

^n,0upzun8,0&Fn8~z1!2
i\

m

]Fn~z1!

]z

5(
n8

^n,0upzun8,0&Fn8~z2!2
i\

m

]Fn~z2!

]z
~3.3!

where ^n8,0upun,0& is the momentum matrix element con-
necting bulk bands. The bulk momentum-matrix elements of
HA(B) contain the effects of the rapidly varying^r un,0& ’s.

Once the superlatticeK50 states have been determined, a
superlatticeK•p theory is used to determine the finiteK
states. A finiteK SL stateuL,K & is expressed in terms of the
K50 states by

^r uL,K &5eiK•r(
N

cLN~K !^r uN,0&

5eiK•r(
n

Fn~L,K ;z!^r un,0& ~3.4!

and the Hamiltonian is applied to this state to obtain a SL
K•p equation for thecLN’s as a function ofK :

(
N

F SEN~0!1
\2K2

2m
2EL~K ! D dNN8

1^N8,0uH8uN,0&GcLN8~K !50. ~3.5!

The dispersion of the SL bands is governed by

^N8,0uH8uN,0&5
\K

m
•^N8,0upuN,0&, ~3.6!

where the momentum matrix elements connecting the super-
latticeK50 states are

^L8,0upuL,0&5
1

V(
nn8

H F E dr Fn8
* ~L8,0;z!Fn~L,0;z!G^n8,0upun,0&1F E dr Fn8

* ~L8,0;z!pFn~L,0;z!Gdnn8J ~3.7!

5 (
n,n8

@an,n8~L,L8!^n8,0upun,0&1Pn~L,L8!dn,n8# ~3.8!

and V is the crystal volume. The terms involvinga are
known2 to be larger by a factor ofm/mC than the terms
involving P. We now adapt the formalism for the effective
8-band model to justify the use of this model in previous
calculations of SL interband transitions,1,3 and to apply it to
intersubband transitions in the SL conduction bands.

The folding-down procedure for the SL’s is analogous to
that presented in detail for bulk bands. The approximations
involved in reducing the effective (838)Hps̄ are also the
same. The superlatticeK50 states can either be written in
the 8-band effective basis or the full 14-band basis,

^r uCSL&5 (
n51

8

Fn
eff~L,K50;z!^r un,0&eff ~3.9!

5 (
n51

14

Fn~L,K50;z!^r un,0&.

~3.10!

The 14-component
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F5FFps̄Fp̄
G ~3.11!

can be expressed for arbitraryK in terms of the 8-component
Feff analogously to Eqs.~2.8! and ~2.9!:

Fps̄~L,K !5Fps̄
eff~L,K !, ~3.12!

Fp̄~L,K !52~Hp̄2EL!21Hps̄- p̄
† Fps̄~L,K !. ~3.13!

The essential elements of the procedure are shown schemati-
cally in Fig. 1. Equation~3.12! leads to the familiar form for
the envelope-function equation

@HA~B!
k•p ~kx ,ky ,kz→2 i ]/]z!2E#Fps̄~L,K50;z!50,

~3.14!

or, explicitly,

1
EG6

~z!
i\Pkz
m

0
i\Pkz

A2m

2
i\Pkz
m

EG8
~z! 0 0

0 0 EG8
~z!2kz

\2

2mHH~z!
kz 0

2
i\Pkz

A2m
0 0 EG7

~z!

2 S Fc~z!

FLH~z!

FHH~z!

FSO~z!

D 5ES Fc~z!

FLH~z!

FHH~z!

FSO~z!

D , ~3.15!

with kz→2 i (]/]z). The z dependence of matrix elements inHA(B)
k•p arises because their values differ in the different layers

A(B). EGn
(z) are the energies of the bulkk50 states. The values ofmHH(z) can be obtained from Eq.~2.16!. They are

similarly layer dependent. The heavy-hole mass term originates fromdHps̄ , and is thus a result of folding down thep̄ states.
Its form

~dHps̄!3,352S Hps̄- p̄S 1

Hp̄2E
DHps̄- p̄

† D
3,3

5
\Qkz
m F 1

2@E2~Ec1Eg!#
1

1

E2~Ec1Eg2Dc!
G\Qkz

m
~3.16!

is thus the same as the empirical expression of Eq.~3.15! used in previous work.
The boundary conditions for the light states~3.3! are

(
n8

^n,0upzun8,0&Fn8~z2!5(
n8

^n,0upzun8,0&Fn8~z1!, ~3.17!

where^n8,0upzun,0& are the momentum-matrix elements among the bulk bands given explicitly by Eq.~B2! in Appendix B.
TheP terms in the SL momentum matrix elements@Eq. ~3.8!# are neglected.

Due to the folding down of thep̄ states, the boundary conditions for the heavy-holeK50 states take another form,

F12
Q2@3Ec~z1!13Eg~z1!2Dc~z1!#

m@Ec~z1!1Eg~z1!#@Ec~z1!1Eg~z1!2Dc~z1!#G]FHH~z1!

]z

5F12
Q2@3Ec~z2!13Eg~z2!2Dc~z2!#

m@Ec~z2!1Eg~z2!#@Ec~z2!1Eg~z2!2Dc~z2!#G]FHH~z2!

]z
. ~3.18!

This justifies the use of the boundary conditions in Ref. 2,

FHH~z1!5FHH~z2! and
1

mHH~z1!

]FHH~z1!

]z
5

1

mHH~z2!

]FHH~z2!

]z
. ~3.19!

The heavy-hole massmHH can be determined for a bulk constituent within the 14-band model from the zone-center band gaps
andQ according to Eq.~2.16!. In our 14-band semiempirical parametrization,Q is chosen to reproduce the experimental value
of mHH , while in the 8-band parametrization the experimental value ofmHH is used directly.

The matrix elements coupling heavy-hole superlattice bands alongKz differ from those of Eq.~3.6!. There are three types
of terms coupling the heavy-hole bands along theKz direction. These are given by
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^N8,0uHz8uN,0&52
\2Kz

2iV E dr FHH* ~N8,0;r !F ]

]z

1

mHH~z!GFHH~N,0;r !

2
\2Kz

2

2V E dr FHH* ~N8,0;r !F 1

mHH~z!GFHH~N,0;r !2
\2Kz

iV E drFHH* ~N8,0;r !F 1

mHH~z!

]

]zGFHH~N,0;r !.

~3.20!

The first term contributes only at the interfaces, where
mHH(z) may be discontinuous. The second term is propor-
tional to the overlap of the envelope functions. The third
term involves an envelope-function derivative and is similar
to aP term.

Having now specified the form of all the matrix elements
in the SLK•p secular equation@Eq. ~3.5!#, it is now possible
to solve this equation for arbitraryK to obtain accurate non-
parabolic band structures. Once the SL energiesEL(K ) and
envelope functionsFps̄(L,K ;z) have been found, thep̄ en-
velope functionsFp̄(L,K ;z) are determined by~3.13!.

In addition to the bulk parameters described in Sec. II, the
empirical valence-band offsetL5EG8

(A)2EG8
(B) and the

layer thicknesses provide the remaining necessary informa-
tion to calculate the band structure of the superlattice. Table
III shows these parameters for the semiconductor systems
analyzed in this paper. The valence-band offset is affected by
strain,8 and differs for the heavy and light holes:

LHH5L1eB
AbA2eB

BbB,

~3.21!

LLH5L2eB
AbA1eB

BbB1
2~eB

AbA!2

DA 2
2~eB

BbB!2

DB .

TheK50 Hamiltonian can be made block diagonal as a
result of the parity symmetry of the 8-band model. This sym-
metry remains in the superlattice for generalK , but was not
utilized in the formalism of Ref. 2, in which the 8-band
effective Hamiltonian only decomposed into two 434
blocks at K i50 because the matriceŝn8,0upxun,0& @Eq.
~B3!# and ^n8,0upyun,0& are not block diagonal.px,ps̄

can be rendered block diagonal through a judicious choice of
basis states. The appropriate conduction band states, for ex-
ample, are3

u18&5~ u1&1u5&)/A2,
~3.22!

u58&5~ u1&2u5&)/A2.

The block diagonalization ofpx,ps̄ into two (434) matrices
reduces the computational requirements by a factor of 8.

Twenty SLK50 bands~forty spin-dependent bands! are
kept for the SLK•p calculation: the five closest to the fun-
damental gap whose characters areC, LH, HH, and SO.
These are not necessarily the highest 15 valence bands, but
are chosen to balance the truncated basis set to improve con-
vergence of theK•p theory.

The above formalism is a highly optimized adaptation of
work begun in Ref. 2. The band structure and optical absorp-
tion ~including excitons! can be calculated for a superlattice
in 5 min of CPU time on a desktop workstation. The optical-
absorption calculations agree with experiment to within 10%
for III-V systems.5 Auger lifetimes, relevant to IR detectors
and lasers, which are calculated using these band structures
agree with measurements within experimental error.25

IV. INTERSUBBAND ABSORPTION FROM CRYSTAL
SUPERLATTICE K –p THEORY

The momentum-matrix elements involvingpz andpx de-
termine both the effective masses and the optical absorption
along or perpendicular to the growth axis, respectively.
Johnsonet al.1 used thef -sum rule

~m/mL!a511(
L8

8
f L8L

a ~4.1!

to show that the 50% difference between theC1 effective
massesmC1

z andmC1
x is almost entirely associated with the

fact that f C2,C1
z @ f C2,C1

x for a particular GaAs/AlxGa12xAs
SL. Here

f L8L
a

5
2

m

u^L,0upauL8,0&u2

EL~0!2EL8~0!
~4.2!

is the oscillator strength,a5z or x andL,L8 are SL subband
indices, and the prime on the summation indicates that
L85L is excluded. The calculated values were shown to be
in agreement with experimental cyclotron resonance
values.14 This fact leads to the conclusion, in agreement with
the present calculations for both 8- and 14-band models, that
theC1→C2 intersubband TM absorption determined bypz

TABLE III. Empirical K•p parameters required~along with
those in Table II! for the calculations of Sec. IV. Values forEg at
300 K are used. All values are from Ref. 23 exceptL, which comes
from Ref. 31. The barrier composition of Ref. 11, Al0.31Ga0.69As,
has identical parameters to Al0.3Ga0.7As with the exception of a
slightly differentEg (1.799 eV!.

GaAs Al0.3Ga0.7As GaAs/
Al 0.3Ga0.7As

Eg energy gap~eV! 1.420 1.786
D spin-orbit splitting~eV! 0.328
mHH* in ~100! direction 0.48
L valence-band offset~eV! 0.138
n0 index of refraction 3.5
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is considerably larger than the corresponding absorption, de-
termined bypx , for the TE mode.

Recently Peng and Fonstad17 have argued that the TE ab-
sorption calculated in a 14-band model was dramatically
larger than the small TE absorption originating from the
spin-orbit interaction in an 8-band model. They also identi-
fied the source of the strong TE absorption to beP1 andQ,
defined in Eq.~2.2!, which appears in the 14-band model.
The TE absorption in the 14-band model is indeed larger by
a factor of 100–1000, but it remains 5–10 times smaller than
the TM absorption and therefore relatively insignificant.

This section begins with a brief summary of the formal
intersubband absorption results using the 14-band model,
and then discusses quantitative results for the above-
mentioned systems of experimental interest~see Sec. I!.

A. Formalism

The expressions for TM and TE intersubband absorption
in SL notation are

ax~z!~v!5
2p2e2

m2cvV(
K

(
L,L8

$ f n@EL8~K !#

2 f n@EL~K !#%u^L,K upx~z!uL8,K &u2

3d@EL~K !2EL8~K !2\v#. ~4.3!

As seen graphically in Fig. 3, the changes in the energies of
the superlattice bands due to inclusion of thep̄ states are
small. Therefore the primary change inax andaz due to the
p̄ states will result from changes in̂L,K upxuL8,K & and
^L,K upzuL,8K &. We now consider the effect of the conduc-
tion p states on these superlattice matrix elements. The ma-
trices containinĝ n8,0upxun,0& and ^n8,0upzun,0& in the 14-
band bulk basis decompose into an 838 px(z),ps̄ , 836
matrix px(z),ps̄- p̄ , and a 636 matrixpx(z),p̄ , @px(z),p̄50.#

Using Eq.~3.10!, the TE and TM matrix elements can be
written in the form

^L,K upx~z!uL8,K &5F†~L,K !px~z!F~L8,K !5Fps̄
† ~L,K !px~z!,ps̄Fps̄~L8,K ! ~4.4!

1Fps̄
† ~L,K !px~z!,ps̄- p̄

† Fp̄~L8,K !1Fp̄
†~L,K !px~z!,ps̄- p̄Fps̄~L8,K !. ~4.5!

The first term ~4.4! is that calculated within the 8-band
model. The next two terms~4.5! are the first-order additional
contributions of the 14-band model.

B. Results

This section will illustrate the intersubband absorption of
three GaAs/AlxGa12xAs quantum-well SL systems using
the present theoretical results. The first two cases deal with
C1→C2 transitions originally studied in connection with
CALM.13,26 The third case involves theC1→(nCn inter-
subband transitions involved in QWIP applications.11 The

K•p parameters are given in Table III. The first case consid-
ers a 80-Å GaAs/160-Å Al0.3Ga0.7As SL with doping
n5531017 cm23 in whichC1 andC2 are both localized in
the well. The optical-absorption coefficientsa(E) at
T5300 K for photons having TM and TE polarizations are
shown in Fig. 4 for both 8- and 14-band models.~The optical
length for this and other absorption results in this paper in-
cludes the entire SL period.! The large maximum absorption
coefficient and the narrowness of the structure for the TM
mode is associated with the nesting of theC1 andC2 sub-
bands: the in-plane masses differ by less than 10%. Since the
C2 mass is larger than that ofC1, the range for which
a(E) is nonvanishing lies between the diffuse subband en-
ergy gap in the vicinity of the Fermi energyEg

C2,C1(KF) and
the sharp energy associated with the maximum value at
K50, Eg

C2,C1(0), aninterval of only about 0.01 eV~cf. Ref.
26, Fig. 4!. The sharp feature is absent in the TE case be-
cause the optical matrix elements increase with the SL mo-
mentum, as pointed out in Ref. 27. As a result, the TE ab-
sorption matrix occurs at a lower energy than the sharp TM
peak.

The difference between the 8- and 14-band models for the
TM case are seen to be small, about 15%, corresponding to a
momentum-matrix element difference of 7%. By contrast,
the TE absorption for the former is about 103 greater than
that for the latter. The large difference is due mainly to the
incorporation ofP1 andQ @Eq. ~2.2!# in the 14-band model,
as first pointed out, to our knowledge, by Peng and
Fonstad.17

Because the result is independent of broadening, the com-
parison between absorption strengths is better made by using

FIG. 4. Absorption for a CALM candidate, in the TE and TM
modes, calculated with 8- and 14-band models. 200a indicates that
the 8-band TE curve is shown 200 times larger than reality.
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the conductivity sum rule28 applied to the narrow absorption
band associated with theC1→C2 transition. The imaginary
part de2

C2,C1@x(z);v# of the dielectric function associated
with TE(x) and TM(z) photon polarizations, respectively, is
given by Eq.~20! of Ref. 2:

de2
C2,C1@x~z!;v#5

4p2e2

m2v2 u^C1,0upx~z!uC2,0&u2rC2,C1~v!,

~4.6!

whererC2,C1(v) is the joint density of states per unit energy
and volume involvingC1 andC2 bands, andv is confined
to the region Eg

C2,C1(K115KF),\v,Eg
C2,C1(0) having

width n/rC2,C1(v); de250 otherwise. Since the carrier den-
sity n is confined to a narrow region aroundK50 of theC1
band, it is sufficient to approximate the momentum-matrix
element by itsK50 value. The conductivity sum rule then
reads

E
0

`

vde2
C2,C1@x~z!;v#dv52

2p2e2n

m
fC2,C1
x~z! , ~4.7!

where f C2,C1
x(z) is given by Eq.~4.2!. For the TM case, Eq.

~4.7! takes the more familiar but approximate form

E
0

`

vde2
C2,C1~z;v!dv'

1

2
pvp*

2 , ~4.8!

wherevp*
254pne2/mC1

x expresses the effective plasma fre-
quency squared in terms ofn, and the in-plane effective
massmC1

x . Equation~4.8! is applicable because the sharp
feature shown in Fig. 4 is well separated from that of higher
conduction subbands. We shall denote the integral having the
form in Eq. ~4.7! as ACn,C1

x(z) to denote the transitions
C1→Cn for the TE(x) or TM(z) mode. The relative absorp-
tion strength~RAS! of TE/TM is then given in the present
case by the ratio

AC2,C1
x /AC2,C1

z 5u^C1,0upxuC2,0&u2/u^C1,0upzuC2,0&u2

5 f C2,C1
x / f C2,C1

z . ~4.9!

RAS is 1024 and 0.096 for the 8- and 14-band models, re-
spectively; i.e., the TE absorption is enhanced by a factor of
860.

In a narrower well the absorption features are broader.
The increased confinement raises the energies of theCn lev-
els. Figure 5 shows the absorption for a 40-Å GaAs/200-Å
Al 0.3Ga0.7As SL with the same doping as in Fig. 4. The two
peaks correspond to theC2 andC3 subbands, which lie
close together near the top of the barrier. The nesting be-
tween theC1 and C2 subbands has largely disappeared;
hencea(E) is much smaller. The right-hand side of Eq.~4.7!
must be generalized to read (22p2e2n/m)(n8 f Cn,C1

x(z) . The
dominant contributions are given by 2<n<5. Note that
since the carrier densityn is entirely associated with theC1
subband, the value ofvp*

2 is unchanged for the TM mode.
As a result the TM total absorption strength is the same as in
Fig. 4. The numerical calculations verify this observation.
The 8- and 14-band TM results still differ little. The relative
absorption strength~RAS! is now given formally by

RAS5F(
n

8
ACn,C1

x Y(
n

8
ACn,C1

z G
5F(

n

8
f Cn,C1
x Y(

n

8
f Cn,C1
z G , ~4.10!

and is calculated for 2<n<5. The values are 331024 and
0.13, respectively, for the 8- and 14-band models due to the
effect of P1 andQ in the latter case. Despite this enhance-
ment, the TE absorption still remains at 13% of the TM
value.

The final case to be considered in detail is a QWIP can-
didate, 40-Å GaAs/300-Å Al0.31Ga0.69As, which isn doped
with 2.431017-cm23 carriers.11 Figure 6~a! shows the TM
absorption measured for this system, and that calculated in
the 8- and 14-band models. The data for the absolute absorp-
tion coefficient in Ref. 11 are for the TM mode. According to
Ref. 12, they are obtained using a waveguide geometry and
the assumption that there is no TE contribution. The calcu-
lated curves have been broadened by 20 meV to account for
plausible61 layer uncertainties in the SL well width used
successfully in previous calculations by the present group
~e.g., Ref. 5!. The quantitative agreement between the 14-
band calculation and experiment is seen to be satisfactory.
~Perfect agreement could be obtained by making small
changes in the broadening, doping, or alloy concentration.!
The 8- and 14-band absorptions differ by 17%, indicating a
difference in the momentum-matrix elements of 8%.

Figure 6~b! shows the calculated TE absorption and TM
absorption coefficients for the 14-band model to emphasize
that the TE process is appreciable but not as large as that
predicted by Peng’s theory17 or some recent experiments.15,16

TheCn states 2<n<5 summed over in Eq.~4.10! all lie in
the continuum. The contribution to RAS forn.5 is small.
The values of RAS for the 8- and 14-band models are 1.6
31023 and 0.19 respectively. Thus, as shown in Fig. 6~b!,
the TE absorption strength is 20% of that due to TM and is
observable as suggested in Ref. 17. However, as pointed out
at the beginning of this section, the two absorption peaks
cannot have equal values because of thef -sum rule~4.2! and

FIG. 5. Absorption for a less-favorable CALM candidate, in the
TE and TM modes, calculated with the 8- and 14-band models.
20a indicates that the eight-band TE curve is shown 20 times larger
than reality.
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the fact that the principal axis values of the effective masses
mC1
x andmC1

z must differ in the anisotropic solid represented
by the SL.

The observation that the TE/TM relative absorption can
be sufficiently large to be seen experimentally in narrow
GaAs QW’s having a width of about 40 Å is noteworthy.
This result comes about because theC1 state is confined
within the QW, and the excited bandsCn (n>2) lie in the
continuum. Furthermore, there are several (2<n<5) bands
that contribute in the same relatively narrow energy range
enhancing the absorption@cf. Figs. 6~a! and ~b!#. Equation
~4.9! indicates that the smaller RAS associated with the re-
sults of Fig. 4 relative to those of Fig. 6~b! is due to the
smaller relative value of the momentum-matrix elements
connectingC1 to another bound state (C2 in Fig. 4! relative
to those involving continuum final states (C2 to C5 in Fig.
6!. Evidently the QW’s on QWIP’s cannot be too narrow
sinceC1 must be bound in the well to prevent conduction
along the growth direction. The barriers cannot be made too
thin for the same reason. In addition, each well should pro-
vide sufficiently large optical absorption to minimize the
number of required SL layers.

Finally we note that the large numerical estimate in Ref.
17 was based on the assumption thatzuC p̄uz; zuCps̄z. The
inaccuracy of this estimate has been explored in Ref. 18.

Our calculations indicate that the experiments reporting
large TE/TM absorption ratios involving 44-Å
In xGa12xAs/250-Å GaAs ~Ref. 15! and 18-Å InxGa
12xAs/50-Å AlAs ~Ref. 16! have RAS values of 2.5% and
0.7%, respectively. The physical effects identified as respon-
sible for the large TE/TM ratios in Ref. 15 are incorrectly
attributed to ingredients of the eight-band model. An evalu-
ation of the effectiveness of surface roughness in inducing
diffuse reflection and therefore affecting the TE/TM ratio
indicates that its influence would be negligible.29 Large
TE/TM absorption ratios have also been observed in systems
having an applied electric field along the growth direction.30

These effects on the momentum matrix elements will be ex-
amined in a future paper.

We conclude that TE absorption should be observable in
narrow GaAs QW systems. However, on the basis of the
f -sum rule resulting inC1 band mass anisotropies observed
by cyclotron resonance experiments and the conductivity
sum rule describing the well-isolated optical frequency range
in whichC1→Cn transitions occur, the limiting TE absorp-
tion is estimated to be no larger than about 20% of that
associated with the TM mode. The significance of TE ab-
sorption on normal-incidence QWIP applications remains
doubtful.
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APPENDIX A: BULK EQUATIONS

The 14 bulkk50 basis stateŝr un,0& being considered
are defined in Table I. The first eight, theps̄ states, are de-
fined in terms of the statesuS&, uX&, uY&, and uZ& using the
notation of Ref. 2. Thep̄ states are defined in terms of the
statesuXc&, uYc&, anduZc& using the notation in Ref. 22.

It is possible to write the 838 Hps̄ in block-diagonal
form,

Hps̄5Fhps̄ 0

0 hps̄
G , ~A1!

where

hps̄5
\2k2

2m
13

Eg
iP0\k

m
0

iP0\k

A2m

2
iP0\k

m
0 0 0

0 0 0 0

2
iP0\k

A2m
0 0 2D

4 . ~A2!

FIG. 6. ~a! TM absorption for a QWIP candidate studied by
Levineet al. ~Ref. 11!, calculated with 8- and 14-band models, and
compared to experiment.~b! TE absorption compared to TM ab-
sorption for the same system in the 14-band model.
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Hps̄- p̄ can be similarly decomposed:

Hps̄- p̄5Fhps̄- p̄ 0

0 hps̄- p̄
G , ~A3!

where

hps̄2 p̄53
iP1\k

m
0

iP1\k

A2m

0 2
Q\k

A2m
0

Q\k

A2m
0 2

Q\k

m

0
Q\k

m
0

4 . ~A4!

Finally, Hp̄ is diagonal, and

hp̄5F Ec1Eg 0 0

0 Ec1Eg 0

0 0 Ec1Eg2Dc

G . ~A5!

The resultantHps̄
eff is block diagonal, like Eq.~A1!, and

hps̄
eff

5hps̄1dhps̄ ,

where

dhps̄5
\2k2

2m 1
P1
2

m F 2

E2~Ec1Eg!

iP1Q

m F A2
E2~Ec1Eg!

1
1

E2~Ec1Eg2Dc!
G 0 2

A2
E2~Ec1Eg2Dc!

G 0

0
Q2

m@E2~Ec1Eg!#
0 2

A2Q2

m@E2~Ec1Eg!#

2
iP1Q

m F A2
E2~Ec1Eg!

Q2

m F 1

E2~Ec1Eg!

2
A2

E2~Ec1Eg2Dc!
G 0 1

2

E2~Ec1Eg2Dc!
G 0

0 2
A2Q2

m@E2~Ec1Eg!#
0

Q2

m@E2~Ec1Eg!#

2 .

~A6!

When the free-electron mass has been neglected, and all features ofdhps̄ except the induced heavy-hole mass term are
neglected, as discussed in Sec. I,hps̄

eff reduces tohk•p, where

hk•p51
Eg

iP0\k

m
0

iP0\k

A2m

2
iP0\k

m
0 0 0

0 0 2
\2k2

2mHH
0

2
iP0\k

A2m
0 0 2D

2 . ~A7!

The heavy-hole mass comes from the~3,3! element of Eq.~A6!, and is
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m

mHH
512

Q2~3Ec13Eg2Dc!

m~Ec1Eg!~Ec1Eg2Dc!
. ~A8!

APPENDIX B: SUPERLATTICE EQUATIONS

The effective 8-band bulk HamiltonianHk•p @Eq. ~A7!# forms the basis for the envelope-function formalism used to
obtain the SL electronic structure. The bulk constituents of the two layers of the superlattice have different zone-center bulk
band energies. Therefore the zone-center energies become position dependent in the resulting multiband effective Hamiltonian.
Because of the dependence ofmHH on bulk band energies@Eq. ~A8!#, the heavy-hole mass is also position dependent. The
offset between the two sets of band energies also must be known. The Schro¨dinger equation with this Hamiltonian is

1
EG6

~z!
i\Pkz
m

0
i\Pkz

A2m

2
i\Pkz
m

EG8
~z! 0 0

0 0 EG8
~z!2kz

\2

2mHH~z!
kz 0

2
i\Pkz

A2m
0 0 EG7

~z!

2 S Fc~z!

FLH~z!

FHH~z!

FSO~z!

D 5ES Fc~z!

FLH~z!

FHH~z!

FSO~z!

D , ~B1!

with kz→2 i (]/]z). Quantities in the Hamiltonian which arez dependent merely depend on the layer thatz is in, which is why
the Hamiltonian is designatedHA(B)

k•p . EGm
(z) are the energies of the bulkk50 states. The formkz@\2/mHH(z)#kz for the

heavy-hole mass term in the Hamiltonian is due to the folding-down procedure, wheredHps̄52Hps̄- p̄(Hp̄2E)21Hps̄- p̄
† . Since

Hps̄- p̄ is proportional tok, and (Hp̄2E)21 has position-dependent energy denominators, the correct form for the heavy-hole
term is that in Eq.~B1!.

The effect of strain is to change the zone-center energies of the bands~the diagonal elements ofHA(B)), so there is no effect
on the structure of the derivation we have presented. Since strain does not affect the momentum-matrix elements of the bulk
crystals, it enters only into the determination of theK50 states. The derivation for the SL electronic structure can be
considered to include strain from the beginning.

The momentum-matrix elements among the 14 bulk bands can be broken down into an 838 matrixpps̄ , an 836 matrix
pps̄- p̄ , and a 636 matrixpp̄ (pp̄50). The boundary conditions@Eq. ~3.17!# on the multiband Hamiltonian Eq.~B1! require
knowledge of

pz,ps̄51
0 iP0 0

iP0

A2
0 0 0 0

2 iP0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

2
iP0

A2
0 0 0 0 0 0 0

0 0 0 0 0 iP0 0
iP0

A2
0 0 0 0 2 iP0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 2
iP0

A2
0 0 0

2 . ~B2!
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For the SLK•p equation@Eq. ~3.5!#

is also necessary. In the choice of basis sets described in Sec. III,px,ps̄ is block diagonal.pps̄- p̄ is required for determining the
momentum-matrix elements@Eq. ~4.5!#

and
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