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Conductivity in quasicrystals via hierarchically variable-range hopping
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This paper takes the structure example of the AIPdMn quasicrystal, as determined from diffraction data, to
derive useful self-similarity rules in consistency with composition and atomic valence constraints. These rules
are then accounted for to explain inelastic-neutron-scattering data and thermal conductivity behavior. Basically,
three regimes can be identified: extended low-energy phonon conductivity at low temperature following
roughly aT? power law which transforms into a plateau of constant conductivity and, at higher temperature, a
phonon assisted localized-state hopping mechanism witf?gower law and hierarchically distributed hop-
ping distances. Electrical conductivity is also briefly analyzed along the same approach: accordingly, pure
perfect quasicrystals should showréT)=T behavior with deviation ifT° at low temperature and ifi®? at
high temperature coming from quasiperiodicity breaking.

[. INTRODUCTION density of almost flat optic branches corresponding mostly to
standing mode&!® Experimental result§~2 partially sup-
Quasicrystals are materials presenting a new type of longaort the theoretical derivations as long as low-energy acous-
range order. Their diffraction pattern shows sharp Bragg retic modes are concerned. The point will be elaborated further
flections revealing symmetries which are incompatible within the body of the paper.
periodicity! That quasicrystalline alloys are highly ordered  The available information on physical propertiésclude
systems was demonstrated with “perfect” quasicrystals ofdata on electricAf~2° and thermal transpoff;?’ the com-
the AICuFe and AIPdMn systenis. These quasicrystals ex- plete electrodynamic respon&ethe low-temperature ther-
hibit extremely sharp Bragg reflections corresponding to cormodynamic and magnetic propertf@s’ results from photo-
relation lengths of several tenths of a micrométsimilar to  emission and x-ray spectroscofy’?as well as mechanical
what is obtained for good periodic crystals. Moreover, cenbehavior (elasticity/plasticity pattern, friction coefficient,
timeter size grains can be grown in the AIPdMn system viasurface hardness, tribology, etts
classical method¥.’ The quality of these large grains is such  The present paper is intended to focus on relations be-
that dynamical diffraction is observed on a macroscopidween structure, atomic vibrations, and anomalous transport
scale? properties of icosahedral quasicrystals, exemplified with the
The atomic structure of icosahedral quasicrystals is nowAIPdMn system. Basically, the very unexpected behavior of
well understood via higher-dimensional crystallography. Fol-icosahedral quasicrystals is their very high electri@ad
lowing this approach, atomic models have been proposed faherma) resistivity, practically that of an insulatdt,untypi-
AlCuFe (Ref. 8 and AIPdMn(Refs. 9 and 1Picosahedral cal indeed for materials containing about 70 at. % of alu-
phases. The result is only a “low resolution” image in that minium. Moreover, and conversely to usual metallic alloy
the details of the atomic structure are not yet specified. Howproperties, impurities, structural defects, and increase of the
ever, clear insights are obtained about the existence of weltemperature improve the conductiviySo far, most of the
defined atomic clusters, which are packed quasiperiodicallgttempts to explain the origin of high resistivity in the stable
into hierarchical aggregatés. quasicrystals have been linked to a combination of the exist-
The calculation of the dynamical response of quasicrysence of a deep pseudogap in the electron density of state at
tals remains difficult, however, since atomic surfaces are nathe Fermi level with a localization tendency of electrons near
pointlike objects and the Bloch wave expansion is not arthe Fermi levef® Along the same line of extrapolation of the
appropriate description in a quasilattice. Beyond one- or twomodels which are usually invoked for crystalline or amor-
dimensional toy models realistic calculations have beerphous systems, the presence of a pseudogap has been as-
proposed?~1*for the derivation of the density of states and cribed to Hume-Rothery stabilizatidfwhile the temperature
the dispersion law in periodic approximants of the icosahedependence has been suggested to come from Anderson
dral phase. From these calculations, well-defined acoustiweak localization and electron-electron interactions. But
modes are predicted to show up close to the strong Bragthese theories are unable to fully explain the experimental
reflections which can be selected as some sort of Brillouirbehavior of the best highly resistive quasicrystals: the very
zone centers. Accordingly, quasi-Brillouin zone boundariedow density of state at the Fermi level and small mean free
are attached to high symmetry points in the reciprocapath are unacceptable for quantum interferences and Ander-
spacé>t®and are packed hierarchically around the zone censon localization to be sensibly evoked while the thermal be-
ters. Far from strong reflections, acoustic modes broadehavior or imperfection effects on conductivity just goes the
significantly}” Gap openings in the acoustic branches areother way of that predicted by Hume-Rothery-like
also predicted when crossing the quasi-Brillouin zone bordescriptions®3°The alternative approach is to consider hop-
ders. At higher energy, the calculations produce a very largping conduction between strongly localized states. This has
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low level resolution only, the structure reveals several build-
ing rules which appear as astonishingly simple, with both
chemical and geometrical order.

First of all, everything in the structure is based on atomic
units containing 51 atoms in total, named pseudo-Mackay
icosahedraPMI) hereafter, and made of three centrosym-
metrical shells as shown in Fig. 1: an inner small centered
cubic core of 9 atoms, an intermediate icosahedron of 12
atoms, and an external icosidodecahedron of 30 atoms. The
last two shells have practically equal radii and constitute al-
together the boundary of the PMI whose diameter is slightly
less than 10 A. Apart from this well-defined geometry, the
PMI’s show two different chemical compositions: one family
(PMI-A) has 6 manganese plus 6 palladium atoms on the
icosahedron sites and 39 aluminium atoms elsewhere while
the second family(PMI-T) exhibits 20 palladium atoms
among the 30 of the icosidodecahedron, the (@tatoms$
being aluminum atoms. The calculated atomic density of an
individual PMI is 0.064 atoms/A which compares quite
well with the measured density of the bulk material, within
experimental accuracy. It is, however, fair to say that several
ingredients in the description of the PMI's do not show up
directly from diffraction data. The Patterson analysis
strongly suggests that the PMI cores are made of about 8—9
atoms distributed into pieces of dodecahedra; it is indeed a
speculation to state that these pieces are arranged in centered
cubic geometry. Similarly, it is not yet possible to be defini-
tive about the exact PMI compositions. We will see in Sec.
Il B that the ones proposed above allow self-consistency be-
tween structure and overall chemical composition of the al-
loy.

Then, these PMI units combine to reproduce a similar

FIG. 1. Successive atomic shell of a pseudo-Mackay icosahegeometry within |nf|€_;1t|pn by a S(_:ale_factaﬁ‘(7-=2 €0s36° is
dron (PMI). the golder_1 mean This is shown in Fig. 2 which presents the

cut of a piece of the structure by a plane perpendicular to a
been qualitatively suggested by several authbf&35:404% fivefold axis. In the figure.center, the equatorial section of a
is one purpose of the present paper to elaborate on such &M! shows up. Around this central PMI, there are 42 PMI's
approach, using both structure and phonon data to design'4h0se centers are distributed on the combined sites of the
variable range hopping mechanism based on anharmonic ]
phonon assistance and compatible with self-similarity prop- Ypar®)
erties. Strong localization in quasicrystals is in particular
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demonstrated via the observed magnetic-field dependence of PSRRI PR A A AR A,

the conductivity and has recently been related to the direct
observation by tunneling spectroscopy that the pseudogap at
the Fermi level is actually very narro@~50 me\j,304243 20
confirming an estimate based previously on thermal conduc-
tivity data?’

II. QUASICRYSTAL STRUCTURE AS A HIERARCHY
OF LOCALIZATION WELLS
201
A. The structure from diffraction data °
Details about preparation and characterization of the
AIPdMn quasicrystals, including in the form of perfect big 4o
centimeter size single grains, have been published
elsewheré=" Techniques relevant to quasicrystallography
were also extensively and critically presented on several
occasions:®~*We will then restrict the content of this sec-  FIG. 2. Example of a planar section of the AIPdMn quasicrystal
tion to the practically useful part of the structure, as obtainedtructure. Rings of ten atoms are equatorial sections of a PMI. The
from x rays and neutron diffraction data, for the AIPdMn 7 inflated ring is also visible, as well as thé inflated ring of
icosahedral quasicrystals. Though being known at a rathesverlapping PMI's(* Al; », Mn) (Refs. 10 and 11
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icosahedron plus the icosidodecahedron of a big PMI with averlapping truncated®-PMI. Pentagonal “tiles” at various
radius 7 as large as that of the base ufiibout 42 A,  scales are also visible in the figure; they come from PMI and
namely. An intermediate shell, with? inflated radius, is inflated PMI whose equatorial plane is not in the figure. In
also visible in Fig. 2. This shell does not reproduce the ceneonclusion, at any inflation stage, we have a cluster of PMI
tered cube of a PMI and is made of 42 overlapping pieces oflusters.
PMI units. Each of these PMI pieces contributes to the total
number of atoms in the inflated-PMI with 9 atoms in the
cubic core, 12 atoms in the icosahedron which do not overlap
with others, and 1%instead of 3D in the icosidodecahedron
which ha a 5 atom truncation in its bonding with the exter- The archetype of icosahedral structures is based on
nal shell and in which 12 atoms contribute only one halfPenrose-like tiling. Fivefold symmetries and self-similarity
because of the overlapping geometry. Thus, theshell  force the numbers of the different prototiles to be in ratios
brings 42<40 atoms to the inflateef-PMI, in addition to the equal to power of the golden mean(this is merely the
43x51 atoms which come from the® shell of PMI's (42  extension to quasicrystals of the relations between chemical
x51) and from the central PM[1Xx51). This amounts to compositions and structures as currently observed in regular
75.941 effective elementary PMI8 873=51X75.941. It  crystalg. Then, it can reasonably be conjectured that ideal
demonstrates that the big-PMI keeps the atomic density of compositions for quasicrystals should obey such®daw.
its PMI units, with a very small residual fractality. Indeed, The simplest chemical description of the AIPdMn quasicrys-
the 7-PMI volume is°=76.013 . .. as large athat of the  tals would assume that we have two types of species in it: the
elementary PMI and contains 75.941 as many atoms; thAl atoms in the one hand, the transition atom the other
calculated fractal dimension is then 2®9.., which is  hand combined into AT, _, with x=7"(1—Xx). Experimen-
equivalent to vacancy concentration of less thanl@ . tally, the best AIPdMn quasicrystals are obtained witin

The structure subsequently develops via successive stefise vicinity of 0.7, suggesting that we have a** quasi-
of exact7inflation operations. Figure 3 shows a planar pro-crystal(7#/1+7=0.723% . . .) whose ideal composition may
jection of a layer of atoms presenting the result of& >  be refined as Al;,35To 2762 NOW, if the self-similar structure
inflation, with a7>-PMI in the center, a shell of 42-PMlon  described in the previous section is a robust view of reality,
a X 7 radius “sphere” and the®x 7 intermediate shell of the relative concentrations of the two types of P{®MI-A

B. Self-similarity constraints for composition
and atomic valences
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concentratiom, , PMI-T concentratiomy) should also obey One can even go further and take benefit of the self-
the 7 law (n,=72n;). If so, we should have consistency similarity properties to calculate the apparent atomic va-
relations satisfied to account for PMI chemical compositionlences of the three metals in the compound. This is based on

and structure altogether such that the idea that metallic clusters with icosahedral symmetry can
be stable entities to the point that they mimic the chemistry
39+ 31y of atoms, with the valence electrons distributed in states
———F =0.7236 ; :
51 which are the energy levels of the cluster instead of those of
the atoms. Such an idea has been supported by self-
and consistent quantum-mechanical calculatfSwshich demon-
strate the point. Independently it has also been verified that
1na+ 2007 —0.2764 strong resonances occur when such an icosahedral cluster is
51 ' immersed into a free electron gas, thus confirming the stabil-

, B _ _ ) ity of the cluster level§’ Formally, these cluster energy lev-
with n,=0.7236 andh;=0.2764; these are indeed compat- ¢|s can be obtained by solving the problem of the valence

ible within less than 1%. Interest in such a conclusion iSgjecirons into the potential due to ionized atoms in the clus-
twofold. First, it contains a consistent validation of both theo, o equivalently, to find the electronic eigenstates of an

structure described above and tifelaw for composition. appropriate potential well. In a naive jelliumlike approxima-
But it also allows to calculate individual concentrations Oftion of this promerﬁl it has been shown that the cluster

manganese and palladium in the alloy by using the compoy,oyid have very stable structure, comparable to that of

sition of the PMI's(A andT), namely rare gas atoms with saturated levels containing
2,8,20,40,92,138,156. . electrons into the cluster states. As
CMH=%=0.0828, far as the PMI clusters of the AIPdMn quasicrystal are con-
51 cerned, with their 70 at. % or so of aluminum, and their 51
atoms, the state corresponding to 92 electrons must be rea-
6N+ 20N sonably selected. However, to be bonded to each other, the
CPdZT:0-1935- PMI must contain slightly more or slightly less electrons

than the 92 saturated configuration. Moreover, we have, as

The ideal composition of the perfect quasicrystal thuswe know, two types of PMI'S(A and T) which are con-
should be A} 7P 193dVINg 0828 strained to self-similarity and, then, must reproduce the be-

[Note: an interesting and somewhat mysterious fact may'laViOf' of the atomic species. It means that the two prototypes
be worth being mentioned here. Writing the chemical for-0f PMI's contain 92-V, and 92+V electrons, respectively,
mula ALPd,Mn, of the quasicrystal, we assumed without in Which V, =3 is the aluminium atomic valence av} is
proper justification that the” rule applied in cascade, the average atomic valence of palladium and manganese, i.e.,

namely:
0.2764/1=0.0828/y,+ 0.1936/py.

= 2 =
y=r'z x=r(y+2) Proper balance of electrons, as written for PMband PMI-

with T, gives
X+y+z=1. 92+ Vp=3Np+6Vynt6Vpq,

There is, then, a single solution such as 92+ V=31V + 20V py.
Al g 7238 th.2000MNo 0764

A similar rule, applied to the AlFeCu quasicrystal which The only unknown quantities aiéy,, and Vpy, the atomic
is a 7 compound instead of?, gives Al fCly3F & 145  Valences of the two transition metals; going through the
None of these compositions correspond exactly to those exarithmetic givesVpy=—0.107 andVy,,=—3.559.
perimentally deduced from phase diagrth® The AIPdMn As by products of the calculation we get also the average
real quasicrystal has slightly less aluminum and slightlyatomic valence of the transition metd;=—1,141 and the
more palladium while the AlFeCu one contains 2% less irorglobal average atomic valen¢¥®)=1.855. Interestingly, we
and 2% more copper; these experimental compositions argee thatV,=—7°V;, which means that the? rule would
very close to that of the 3/2 and 2/1 periodic approximantsapply here for both concentrations and atomic valences. This
respectively, when calculated with the above cascade rule big in favor of the existence of a very strong chemical order
with 3/2 or 2/1 instead of.. At this stage, it is difficult to with ionocovalentlike self-similar bonding between atoms
reach definitive conclusions. The experimental compositionsand cluster at any inflation stage. Noteworthy, if both the
after all, are partly mastered and corrupted by noncongruertoncentration and the valence rules are taken for granted
melting effects and kinetics of the phase transitions. The besCx=7Ct and V=—7V; or Vq=—1.1459, there is no
AlFeCu quasicrystals, with the so-called canonical composineed of any model anymore to fix the number of electrons
tion, are even prepared via a procedure which associates métto saturated PMI cluster levels; the value 92 emerges natu-
guenching and annealing in sequence, far enough from equially from calculations in wonderful consistency with the
librium casting. AIPdRe and AICuRu quasicrystals havemodel. To summarize the electronic structure of these quasi-
compositions that obey more closely theand 7 rule, re-  crystals: 51 atoms are packed into PMI's, each Al atom giv-
spectively] ing 3 electrons to the cluster and eathatom “trapping”
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—1.1459 electrons from the pool; the remaining “free” elec- usual spectroscopy methods: the momentum transfer to the
trons are distributed into cluster levels, 92 of them being intcsolid being not properly defined, eigenmodes in the current
saturated states to stabilize the cluster and bonding betweegnse cannot be measured; a distribution of enevgyre-
cluster being ionocovalentlike with again3 and —1.1459  quency values are found in the response to fixed momentum
effective cluster valences; the same scheme repeats for tlexcitation, and vice versa, the width of the distributions scal-
PMI's at subsequent inflation steps: saturated cluster levelisig with either|k| or E (or w).

plus electrons for bonding and generating the next inflated An equivalent definition for the critical state of wave
clusters. The elementary PMI’s, as we said, have 51 atomfsinction ¢ (Ref. 49 is expressed in the answer to the fol-
and 92 electrong* valencey the inflated PMI's have 76 lowing question: How system size dependent is the number
PMI's of the previous generation and then 138 electron®f sitesn(e) on which|y|? is larger than any small valus?

(= valenceg which, being also a saturated configuration,For a strictly localized state(e) is bounded and does not
adds to the self-consistency of the electronic and atomiincrease when the system expam$e)=n,d° whered is a
structures described above. length typical of the system size. For an extended stfats,

The negative effective valences for the transition atom®bserved equivalently at any site; thug) is proportional
are not surprising and currently understood for intermetallido the system volumen,,(e)=d>. The critical state is just
compound$® They manifest the strong interaction of the  formally in between withn(¢)=d* where 6<B<1 is a
states with the conduction band. These negative valenceseasure of the criticality of the state. The coherent commu-
have not “universal” values and depend on both the cheminication between sites where vibrations or electrons are in
cal species and the structure in which they are engageddentical states forces the wave function to be space trans-
Thus, it is agreeable to have them derived from a physicamitted with nothing else than some damping, i.e.,
analysis of the structure.

In conclusion, the quasicrystal appears as some sort of a Pad(X) ~2Z(X) thg(X) 1)
hierarchically packed pseudomolecular solid, with strongly.
localized states into PMI clusters; any wandering particle
(electrong or quasiparticle§phonon$ are then expected to . """ . )
have mostly very short mean-free pathof the order of the ?t:[;efrcl)?g:c structure. Solutions of the above equation are of
PMI diameter; small and decreasing fractions of them
(12048, ..., 1°",...) have a hierarchy of increasing

n which z(x) is the damping factor and we have accounted
or identical zones of extensiah being A apart in the qua-

mean-free paths (©°A,7°A, ... @"A, ..., respectively. Pa(X)~ % )
Consequences on properties are expected to be fairly dra- d
matic.

with a(x) =—Inz/In2 [for an extended mode we would have
z(x) =1 anda=0 since there is no dampihdt is interesting
Ill. ATOMIC VIBRATIONS AND THERMAL to emphasize that in the case of critical modes, the wave
CONDUCTIVITY functions decay as a power law of the distance instead of the
exponential decay typical of strictly localized modes. The
conductivity is expected to be proportional to the overlap of
In periodic crystals, atomic vibrations and electronictwo identical states at isomorphic sites and then to decrease
states are analyzed in terms of independent plane waves ang a power law H*. A macroscopic piece of quasicrystal,
Bloch waves, respectively. Any wave of that sort with waveconsequently, is an insulator at 0 K. This is consistent with
vectork propagates ad infinitum except for wave vectors thathe description of the structure in terms of stable atomic clus-
obey the Bragg law i2-G+|G[?=0 for which one has stand- ters, trapping most of the electrons into their own energy
ing waves, steady state, zero group velocity, and gap openirigvels, rigidly bonded into a self-similar packing such that
in the dispersive lawo(k) or band structur€(k). This is a  the chargdor thermal carrier density decays as a power law
rather rare circumstance and remains, in any case, an egf their mean free pattnumber of electrons that can travel
tended state in real space since the Bragg law can be satisfieuer distances scaling liké" scales liker °" as explained
with a singleG for a givenk (exceptionally with a small in the previous sectign
number ofG as deduced, for instance, from the classical Eigenfunctions of the form given by Eqgl) and(2) ap-
Ewald sphere constructipn ply to one-dimensional systems only. But extension to three
In quasiperiodic structures, ti@ vectors define a dense dimensions is straight-forward. Short-range propagation
set of points. FormallyG depends on more than three lin- without damping in a three-dimensional medium gives rise
early independent basis vectorésix for icosahedral to spherical waves whose total intensity integrated on a
quasicrystals* As a consequence the Bragg law is satisfiedsphere of any radius must remain constant, i.e.,
for any k vector with a subset o5 which extends roughly
like the Ewald sphere size. Thus, the steadylike state be- 47r?|y(r)|?=const
comes the rule rather than the exception: there is no actual
propagation(zero group velocity but all the atoms contrib-
ute collectively. It looks like localized states that would re- w(r)~ 1.
peat coherently again and again at distances scaling with
1/k|: this may be a simple description of what is currently Damping results iny(r) scaling asr ¢ with «>1. In the
called critical states. The important consequence is observeghse of the hierarchical structure of the AIPdMn quasicrystal,
when states or excitations are tentatively analyzed using théne density of modes per atom is divided by when the

A. A heuristic description of the critical states
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length scale for localization is multiplied by’. The flux of o
ly(r)|* must be damped accordingly, i.e.,

o2 y(n) 2= (7)) |

or

~
7~ 9r2(1—a)— 6(1-a) 2(1-a) —————— J >~
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B. Phason jumps and thermally activated transport

In mcommensur{.ﬂe modulated CrySta.lls phason modes cor- FIG. 4. Schematic diagram of the nonlinear anharmonic interac-
respond to fluctuations of the phase difference between the | phonont“fracton” —*fracton”. The wavy symbol is the pho-
periodic structure and the modulation function. For quasic-

3 o 3 . ; ~>7”non, arrows in dashed lines are the fracton states.
rystals this translates easily in the high-dimensional periodic

image of the structuréphasons are due to fluctuatiofo- phononlike and extended. Conversely, at high enéngve-
sitions or/and shapgsf the atomic surfaces in the comple- jonaih smaller than or of the order of an isolated fractal

mentary(perpendicular space. The resulting observable ef- «pJ.» ) the vibrations are localized and dubbed fractons.

fects of phason_s are jJumps of atoms over positions which arﬁccordingly, fractons would not contribute to transport prop-
almost energetically equivalent and at short distance apart, iag and, for instance, thermal transpeff) would only
As an example it is very easy to check on a Fibonacci Sepe accomplished by the extended normal modes(T) is
quence of largel() and short §) segments that permuting o0 1ated under these conditiong(T) increases with in-

nearez’g-ntlaighbots seg(rjnelrllts inF;SL ' gqttjires (r)]nly small creasing temperature because both mode-density occupancy
atom displacements and allows | ent'@ morp ig ZON€S " and Bose factor increase. This will continue until all of the
to communicate directly instead of being twice their Siz€gyianqded phonon states are exhausted. The thermal conduc-
apart. As a consequence, '.f p_hason jumps are thermally aCtt!l'vity from phonon transport will then saturate in the Dulong-
vated, the conductivities will increase with temperature.  pqiit regime(ksT>%wyy). This is not the case actually and

Looking back at Figs. 2 and 3, one remember that the 1y continues to increase above the phonon saturation in

structure of the AIPdMn_quasicrystal isa se!f-sim_ilar packing e, fractal material2’ To explain such a peculiar and unex-
of atomic clusters, with intermediate zones in which the clus-

d and | llv. The critical rpected experimental fact, nonlinear anharmonicity effects
ters are truncated and overlap partially. The critical states arg,\ e peen evoked. Nonlinearity allows vibrational modes to
within the rigid nonoverlapping full clusters which form in-

X __interact(Fig. 4) and, in the particular case of phonon-fracton
sulator zones at 0 K. The sandwiched zones of overlappin (Fig. 4 P P

i J upling, may result in fracton “hopping” in much the same
pieces of cluster are softer and may be reasonably credited g ping, may pping

abl o here i h h nse as the “phonon-assisted electronic hopping” of Mott
a sizable conductivity. AQ K there is no exchange whatso- ¢, |ncalized electronic states. Calculations demonstrate that,
ever between insulator and conductive zones and the who

kina beh insul L temperature greater than the crossover energy, the thermal
pag mgh ehaves ?3 anb||nsu ator. NOW’. we can s:ade In I:'.gbsl"(,20nductivity from fracton hopping increases linearly with
and 3 that sort of double atomic positions would possiblyiemperature, which is reasonably well in agreement with ex-
accommodate short-distance thermally activated atom JUMPSerimental dat&

thus allowing in particular the boundaries to fluctuate be-" 5. may be tempted to formally use the same derivation
tween insulator(solid clusters and conductive(pieces of ¢, 4 asicrystals, just substituting some “localized modes”
clusters zones. Such a mechanism would at least accounf, pyj cjusters to fractons. But it is not as simple as that. In
qualitatively for improved c_:ondu_c_tlwty with temperaturg In- quasicrystals the nonextended states are critical rather than
crease. Static defects or impurities would also help in by ongiy Iocalized, such as fractons. This implies, as derived
passing msu!ator Zones. . _ . in the previous sections, that the eigenfunctions decay as a
If phason jumps are obviously involved in thermal actlva-power law of the distance and not exponentially. On the
tion of the conductivity mechanism for quasicrystals, theyginer hand, the Mott-like calculation must here account for

may be not strictly. at the origin o_f the phe.nomena.. In th.ishopping distances being strictly defined and hierarchically
section, anharmonicity effects which describe nonlinear inyjgyinyted due to the deterministic self-similarity of the

teractions between phonons and may initiate phason j”mpﬁtructure; the most probable hopping distance of Ratits

are going to .be. considered. _ original sense relies instead on some random disorder.
The self-similar structure of quasicrystals and the pres-

ence of “big molecules”-like atomic clusters suggest indeed

that transport phenomena may be mastered by phonon-
assisted delocalization effects. Such an approach is reminis-
cent of what has been proposed to explain the dynamical In good consistency with the analyses presented in the
properties of fractal structuré8.In fractals, a crossover is previous sections, inelastic-neutron-scattering measure-
predicted, and sometimes observed, in the dynamical specentg®?!show that extended phonons are observed only for
trum. At low energy (large wavelength excitations are very small wave vectors in the vicinity of strong Bragg re-

C. Experimental data for vibrational modes
and thermal conductivity
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. FIG. 6. Vibrational density of states of the icosahedral AIPdMn
o quasicrystal measured with thermal neutron energy loss spectros-
200 |- ~~ '.o'.. ;\ 1 copy (Ref. 52 (courtesy of J. B. Sugk
@ [ ] ... >
.'.'s" %e® %\ . vector scans originating from a strong Bragg peak, at con-
o o stant energies, give several flat branches in the dispersion
100 . '.\\ . curves with some intensity modulation. Interestingly, the
|||||||?' minimum wavelengthlor maximum wave vectgrat which

true unbroadened acoustic modes can be obséh&A and
0.35 A2, respectively corresponds to the largest standing
wave that can settle into a cavity of ab@uA size, which is

FIG. 5. Energy dependence of the inelastic-neutron-scatterin%{ery closedto tf;e dlargetetr) qf th(;’; F?II:/I.I utnhlts. POSS|bI.e standing
sighal measured at constant wave vectors, at two different places | aves and oplic modes being bullt in thé SUCCESSIVE genera-

the reciprocal space, away from any strong Bragg peak. tio_ns of inflated clusters have not been observeql actua_lly. But
this may be hampered by experimental resolution which al-
flections. These phonon modes have an acoustic charactésw one to pick only the “low-hanging fruit.” The modes
The corresponding dispersion curves allow one to deduce thalso recover, to some extent, extendedlike character when the
sound velocity and Young modulus which compare quitelocalization length scale reaches 50-100 A or so, i.e.,
well with those obtained directlyfrom ultrasonic and me- roughly after the second inflation step. In conclusion, we
chanical investigationsand with values typical of aluminum observed extended phonons with small wave vedssller
metal (vs=3593 ms?! and 6520 ms’ for transverse and than 0.35 A and low energybelow 1.5 THz-6 meV) and
longitudinal modes, respectively; Young modulus of 70—80fractonlike critical(“localized”) modes at larger energies.
GPa in compressionWhen wave vectors larger than about  Such a reduced range of real extended phonons should
0.35 A1 are selected by the triple axis spectrometer, thaesult in very poor thermal conductivity of the quasicrystals,
observed excitations broaden in energy; they also broaden inith a temperature dependence showing a saturation behav-
wave-vector space if scans are carried out at constant energgr in the Dulong-Petit regime as previously explained. The 6
This strongly confirms that plane wave modes are not relmeV limit for existing phonons would then force the thermal
evant anymore to describe the atomic vibrations in quasiceonductivity x(T) to keep a constant value above about 60
rystals, except for the acoustic small domain close to strongl. These predictions are partially verified experimentally.
Bragg reflections. The point may even be better illustrated’he observed«(T) values are indeed very small, much
with Fig. 5, which shows the energy dependence of scatteresimaller than expected from purely metallic compounds: at
intensities at constant wave vector, somewhere in reciprocabom temperatura(T) for an AlFeCu or AIPdMn quasicrys-
space, away from any sizable Bragg peak. The observed sigal is more than two orders of magnitude smaller than for
nals cover an energy range which resembles and is as largduminum, more than one order of magnitude smaller than
as that corresponding to the total “phonon” density of statefor steel, and about half that of zircon, which is currently
(Fig. 6).52 This is obviously due to a lack of momentum considered as one of the best thermal insulatbrs.
conservation which allows the interaction of neutrons not On the other hand, the phonon saturation plateau has also
only with one selected “phonon” but with all vibrational been observed in AIPdM(Ref. 26§ and AlFeCu(Ref. 27
excitations. However, the excitation intensity appears asjuasicrystals(Fig. 7), covering a temperature range from
strongly modulated in the reciprocal space, contrary to whaabout 25 to 100 K again in good agreement with the energy
would be observed for strictly localized states: criticality range of extended phonons. But at higher tempera(€s
contains a certain amount of coherent interference effecteesumes its increasing trend, though with another
which show up here in the reciprocal space modulation. Thislependencé®?” x(T) follows the power lawd™ with n ap-
has also been observed in infrared spetiral) modes be- proximated by 2.5 below 0.1 Kj=2 between 0.4 to a few K
coming active regardless of selection rules, which is a direcandn=3 above room temperatur@ig. 9. It is then rather
experimental evidence of the charge transfers between Adlear that we have all ingredients in hand to try to extrapolate
and transition-metal atoms as resulting from the hierarchicathe fracton hopping mechanism to an appropriate variable-
cluster structure described in the previous section. Waverange hopping scheme.
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FIG. 7. Thermal conductivity measured with AIPdMRef. 26
(a) and AlFeCu(Ref. 27 (b) icosahedral quasicrystals as a function
of temperaturdredrawr).
D. A variable-range hopping conductivity for quasicrystals
A formal simplified expression for the thermal conductiv-
ity is
k(T)=3CvA 4

in which C is a specific heay; a velocity, andA a mean free
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cate within the network of equivalent sites of the structure, in
a way similar to that of fracton hopping. For the sake of
simple wording we will call clustrons the hopping modes in
quasicrystals. Their contribution to the thermal conductivity
is given by a formula similar to that of E¢4), which can be
rewritten as

®)

in which A is here the distance over which clustron jumps
occur andrj ! is the jump frequency. If the overlap between
initial and final states is writtefy(A)[> and if AE is the
energy barrier to be overcome, the jump frequency is for-
mally given by

AE
7 = [g(A)|? exp(—kB—T)-

We have demonstrated that the self-similarity of the structure
forces Y{A) to scale as a power law Af [Eq. (3)]. In the
structure of the AIPdMn quasicrystal distances between
equivalent sites scale ad" andAE as 7 ®"; thus,AE is a
power lawB/A? of the jump distance\ which, in turn, can
take any value in the serie,7". A new expression for the
jump frequency is then

ki(T)=32CA%7 1,

(6)

1 —B
F Az FHRBGT
Jump distances which are effectively explored are tempera-

ture dependent; at a given temperature, jump distances are
selected to produce the maximum jump frequency, i.e.,

@)

Tfl

B 1
2 7=
Amax_a kBT (8)
and
-1 @ “ a
’7'|,maxoC EkBT exr(—a)OCT . (9)

The specific heat to be considered here is the one of phonons
in the Dulong-Petit regime, i.e., a constant value, the contri-
bution from the clustrons being zero since initial and final

path for the thermal transport modes of interest. An exact
calculation would require a summation over the mode distri-
bution. At low temperature, only the low-energy modes can
be excited. We are in the linear regime and thermal transport
occurs via the existing extended phonons. In a mean-field
Debye-like approximation, the specific heat scale3 %she
mean free path a3 %, and the velocity is constant. This
gives correctly the observetf law for «(T), which culmi-
nates to a plateau when all available phonons are saturated in
the Dulong-Petit limit(both C and A keep constant values
when kgT=fiw, na). At very low temperature, the mean
free path tends to become constant when limited by extrinsic
defects(surfaces, grain boundaries, defects. ); then theT?

law changes progressively inig(T)« T3,

To explain the further increase of(T) at temperature
above the saturated phonon state, we must now enter the
nonlinear regime corresponding to interaction of the high-
energy critical modes with the low-energy extended

4

3

K(T)

»

25 50 T(K)

FIG. 8. Schematic presentation of temperature dependence of

phonons. This interaction allows critical states to communi-+the thermal conductivity in quasicrystals.
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states are identical and, thus, have equal energies. The num- g
ber of sites corresponding to a given hopping distaice I g
decreases as the power law 3 but the number of atoms s
concerned and, thus, the number of modes concerned, in-
creases as\>. Accordingly the weighting factor for indi-

vidual phonon-clustron modes in E¢) does not depend on ': 3r 10! -
temperature. Substituting the temperature dependencés of 2 -

and 7, ! [Egs.(8) and(9)] into the expression of the thermal g2t 100 /
conductivity givesk(T)~T% 1 or «(T)~T!® when the ] )
value of a is accounted fofEq. (3)]. i e 5

However, theT® power law should not hold ad infini-
tum; A decreases a$ Y [Eq. (8)] down to its minimum
value A, corresponding to the distance between two el- ©

ementary PMI; at this stage, both the energy batiErand ° ! T(K) ?
Y(A) stop injecting temperature effects into the jump fre-

quency 7; * [Eq. (6)]; then the thermal conductivity in- FIG. 9. The low-temperature part of to€T) curves for AIPdRe
creases exponentially up to saturation such that quasicrystals showing thex=T behavior for a perfect icosahedral

phase(A) and theg=T%5 law for a slightly less good sampld).
E A log-log plot is also shown in the inset fdr<2 K. Redrawn from
K(T) = Krmax exp( - ﬁ) . (10)  Ref. 56.
° phonons since electron hopping occurs between identical ini-
Of course, the various regimes may overlap in certain temtial and final statesy is basically a constant sindgT is
perature ranges because of a distribution of the effectivalways small with respect to the electron kinetic energy; the
modes involved. The exponential regime has not been obmean free-path\ can be calculated as previously done for
served actually, perhaps because of structure changes cldée thermal conductivity derivation and is then given by Eq.
to the melting point, as suggested by recent diffraction meat8); the number of hopping modes with mean-free path
surementgunpublished, by this author and co-workeri-  scales as 3. The result isA 2 or equivalently a lineaf
nally, it is fair to say that, at least at high temperature, elecdependence ot(T). This o(T)xT law should hold over
trons should also contribute to thermal conductivity andmost of the temperature range for very pure and perfect qua-
modify the T*® law. sicrystals. It may be corrupted at low or very low tempera-
The analysis which has just been carried out for the therture if extrinsic effects due to defects of some sort bound the
mal conductivityx(T) can easily be extended to understandmean-free path to a maximum value; then the hopping prob-
the temperature dependence of the dc electrical conductivitgbility decreases as the number of states having the energy
o(T). As previously explained in the paper and detailedE=E-—kgT, i.e., as JVE,® or 1/A, which gives a
elsewheré?! valence electrons of the atoms are distributed ina'(T)OCTlIE The linears(T) behavior may also be corrupted
hierarchical cluster levels; most of them, being in the relato some extent with the overall wedl’? semi-metal-like
tively narrow levels of the elementary PMI’s, are “localized” contribution already mentioned. Finally, we should also ob-
in these PMI's(mean free path of about 10)Asmaller and  serve the very high-temperature behavior correspondirg to
smaller parts of them scaling asr1¥ (n any integerare less  having reached its minimum valuge., distance between
and less localized with mean free paths increasing®asip  elementary PMI's, so that(T) saturates exponentially ac-
to some extrinsic limitation due to symmetry breakiride-  cording to a law similar to Eq(10).
fects, disorder, impurities, surfaces.). Localization, or From the experimental point of view, one cannot say that
more precisely hierarchical localization, occurs because tha universal behavior ofc(T) has been reported so
atomic valence electrons are in resonance with the clustdar??-253435555Byt for the best quasicrystals of the AIPdRe
energy level®4 while the Coulomb repulsion prevents the systent® those having the more pronounced insulator char-
electrons to coalesce and forces them to occupy all equivaacter 4 0 K exhibit aT" electrical conductivity witm~1 at
lent localization sites. The density of states then shows &w or medium temperature amd~1.2—1.3 anywhere above
very spiky self-similar profile with a steep square-root enve-cryogenic temperature up to the highestL000 K). Samples
lope towards the Fermi levét.In such a description, intrin-  with slightly lower resistivity have exponent~0.5—0.6 be-
sic conduction states cannot exist at all and all electrons rdew 3 K (Fig. 9). If one accepts that the~1.2—1.3 values
main paired into the self-similar distribution of the result from a corruption of the(T)~T basic intrinsic law
hierarchical cluster levels. Unavoidable symmetry breakingy the weak extrinsid@*? contribution, there is a reasonably
by surface or other structural defects may create a very flagjood agreement between experiment and modeling. Recent
conduction band, right beyond the Fermi level, inducing aresults with x-ray spectroscopy investigation of the same
weak semimetal contribution with thus a very small conduc-AlPdRe quasicrysta?$ also support the present model by
tivity scaling roughly asr®2! But most electronic transport showing an almost vanishing “conduction band” beyond the
should come from phonon-assisted collective electron hopFermi level.
ping between sites of the same generation of inflation. According to this hierarchically variable-range hopping
For electron hopping, in a Drude-like approximation, themechanism, the frequency dependence of the conductivity
conductivity o(T) is still given by a formula similar to Eq. o(w) at a given temperature should show a broad resonance
(4); C is only the specific heat for the low-energy assistingcentered awv,= 7 }(T) with 7, * given by Eq.(9). Such a
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behavior has actually been observed with the AIPdRe and IV. CONCLUSION

. 53 . .
AlPdMn good qugsmrysta"i%_ (F_|g. 10): Assumlng that the The description of quasicrystals in terms of hierarchical
electron energy is purely kinetic during hopping, one can.|ysiering of atomic clusters in a self-similar structure as
easily derive the relation between the observed resonance jequced from diffraction data appears to be self-consistently

o(w) and the most represented hopping distance, i.e., related to composition and atomic valences. Such a structure
12 1 2 implies that electrons and vibrational states have mostly lo-
Ee=2mue=3mAvc=hu calized characters. A hierarchical variable-range hopping

or mechanism, compatible with inelastic-neutron-scattering
data, gives a satisfying explanation of the thermal and elec-
2h \ 12 tronic transport phenomena in quasicrystals. The electronic

:(my ) conductivity in particular should be basically a linear func-

¢ tion of the temperature, but witfT and T%? contributions

If v, is taken equal to 9679 cm or 290.2 THz as measured coming from extrinsic effects due to symmetry breaking.
by Degiorgiet al.?® one getsA\=22.4 A, which is very close Strong deviation from the law(T)~T and absence of a
to the distance between two PMI centers in the AlIPdMnthermal conductivity plateau at some temperature are defini-
structure. tive good reasons to suspect sample quality.
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