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Sum rules for magnetic x-ray dichroism, relating the signals of the spin-orbit split core level absorption
edges to the ground-state spin and orbital operators, are expressed inj j -coupled operators. These sum rules can
be used in the region of intermediate coupling by taking into account the cross term between thej5 l61/2
ground-state levels and are, therefore, particularly useful in the study of actinides. The calculated expectation
values for the ground-state moments of the actinide ions in intermediate coupling show that the spin-orbit-
induced operators, such as the magnetic-dipole term, differ strongly from their Hund’s rule ground-state values.
We also prove the general rule that, when there is a perturbing interaction which is weak compared to the
spin-orbit interaction, the ratio of operators with the same total moment remains constant. This condition is
usually fulfilled for the crystal-field interaction in the lanthanides and actinides. The values of the ground-state
moments as a function off count give rise to an interesting trend in the dichroism of the spin-orbit split-core
edges. The branching ratio of the 3d and 4d circular dichroism signal gradually increases from nearly zero for
5 f 1 to ;0.4 for 5f 5 and is close to unity for a more than half-filled shell. The unusual behavior of the
branching ratio can be related to the higher~lower! value of the magnetic dipole term,Tz , for a less~more!
than half-filled shell of the actinides in the presence of spin-orbit interaction. Uranium compounds will have a
much larger value ofTz than the corresponding 4f compounds. Its precise value can be used as a measure for
the f count.@S0163-1829~96!02521-0#

I. INTRODUCTION

The basic properties of magnetism depend strongly on the
spin and orbital components of the magnetization. These mo-
ments are determined by the interplay of the hybridization,
exchange, and Coulomb interactions, crystal-field and spin-
orbit coupling. Actinides are characterized by a strong spin-
orbit interaction and a variable degree of localization of the
5 f electrons which induces a wide variety of magnetic be-
havior, such as Pauli paramagnetism, itinerant magnetism,
heavy fermions, quadrupolar Kondo effect, and exotic
superconductivity.1–6 Not only in ionic compounds but also
in dilute alloys the 5f electrons are relatively localized.7,8

The magnetic ordering is often caused by an indirect cou-
pling of the 5f moments through the valence electrons in the
compound, such as in the Ruderman-Kittel-Kasuya-Yosida
~RKKY ! coupling.9 The electrostatic interactions in the 5f
configuration for the actinide ions are comparable to those in
the 4f configuration for the rare-earth ions. However, the 5f
spin-orbit interaction is about twice as large as the 4f spin-
orbit interaction. Therefore, aj j -coupled ground state is bet-
ter approximated by the actinides than by the rare earths,
which have an almostLS-coupled ground state. But since the
electrostatic interactions cannot be neglected the ground state
should in reality be expressed in intermediate coupling.

Actinide compounds display large white lines at the
threshold for 3d and 4d core excitation in x-ray-absorption
spectroscopy~XAS!. These lines originate from the dipole
transitions 5f n→d95 f n11, where the core hole spin-orbit in-
teraction splits the final states into two parts which are well
separated in energy. Kalkowskiet al.10 measured the isotro-

pic 3d and 4d absorption structures for a number of U sys-
tems and a few Th compounds, and observed very strong
white lines with hardly any fine structure within each line, in
agreement with calculated results.11 The interest in dichroic
core-level spectroscopy of magnetic actinide compounds was
prompted by the observation of 5–6 orders of magnitude
enhancement in magnetic x-ray diffraction at the 3d edges of
uranium arsenide,12 resulting in intensities of about 1% of
the charge scattering. As in the case of XAS the resonance
enhancement at the U 3d edge is due to the electric-dipole
transitions from the spin-orbit split core levels into the nar-
row 5f band. More recently strong magnetic x-ray dichroism
~MXD ! was observed in the U 3d edge of uranium
monosulphide13 and USb0.5Te0.5 and UFe2.

14 Whereas the
dichroism signal is very strong at the U 3d3/2, there is only a
small signal observed at the U 3d5/2 edge.

The information about the magnetic moments can be ex-
tracted by using the sum rules,15 which relate the integrated
intensities of the spin-orbit split core levels to the one-
electron operators of the ground state. The spectral distribu-
tion further contains information about the correlation be-
tween the electrons,16 but if, as in the sum rules, we integrate
over all final states these effects are averaged out. For a core
level which is split into two well-defined spin-orbit splitj
levels the relative intensities give information about spin-
dependent quantities, such asSz andTz . When core-valence
electrostatic interactions are of the order of the core spin-
orbit interactions, they transfer spectral weight between the
two spin-orbit split levels. However, this effect is small in
the 4d→5 f transitions, and even smaller in the 3d→5 f
transitions.
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Previously, the sum rules have been expressed inLS-
coupled operators. In this paper we will express them in
j j -coupled operators, which helps in understanding theun-
usual branching ratios which have been measured in ac-
tinides. It also provides new insights in the way spin-orbit
coupling influences the spectral distribution. We will com-
pare the j j -coupled properties with those obtained inLS
coupling. By taking into account the cross terms between the
two ground-state levelsj 1,25 l61/2 the formalism can be
used in any region of the intermediate-coupling scheme.

This paper serves a dual purpose. It introduces the sum
rules for j j -coupled operators and it treats the properties of
the f -shell ground-state operators. The outline is as follows.
In Sec. II the tensor operators inLS and j j coupling are
defined and in Sec. III they are expressed in terms of each
other. In Sec. IV the expressions for the sum rules are given.
In Sec. V we present a general rule relating operators that
couple to the same total moment. This rule remains valid in
the presence of a small perturbing interaction. In Sec. VI we
discuss the ground-state moments for thef shell coupled in
the different schemes. As an illustration we discuss in Sec.
VII the trends in the XAS spectra and the dichroic branching
ratio over the actinide series. Conclusions are drawn in Sec.
VIII.

II. TENSOR OPERATORS

To treat any moment of a shelll containing one or more
holes one can define theLS-coupled double tensors16

wz
xyz[ (

m1m2s1s2jh
l m1s1

† l m2s2
~2 ! l2m1S l x l

2m1 j m2
D

3~2 !s2s1S s y s

2s1 h s2
D

3~2 !x2j1y2hS x y z

2j 2h z
D nlx21nsy

21nI xyz
21, ~1!

where the operatorl ms
† ( l ms) creates~annihilates! an l -shell

electron with orbital componentm and spin components.
The normalizationsn, which remove the square roots, are
defined as

nlx5
~2l !!

A~2l2x!! ~2l111x!!
, ~2!

nabc[S a b c

0 0 0D , ~3!

nI abx5 i gS ~g22a!! ~g22b!! ~g22x!!

~g11!! D 1/2
3

g!!

~g22a!!! ~g22b!!! ~g22x!!!
, ~4!

with g5a1b1x. Wheng is even anda, b, andc are inte-
gers we havenI abx5nabx but wheng is odd nabx50. The
nI abx can also be used for half-integer arguments.

The coupled tensorswxyz are the one-particle operators
for the orbital~x50,...,2l ! and spin~y50,1! moment of the
shell coupled to a total moment (z). The systematic notation
which denotes the moments withxyz is useful to derive gen-
eral equations for XAS,16 ~resonant! photoemission,17–20and
Raman scattering.21 The relation between some of the tensor
operatorswxyz and the more common operators, such asLz
andSh , is given in Table I. The moments withx1y1z odd
describe axial couplings between spin and orbit, such as
w111522l21( l3s). The wz0z with z even describe the
shape~the 2z pole! of the charge distribution and thewx1z

describe spin-orbit correlations.
Similar to the operatorsw for electrons, which contain

l 1
†l 2 in Eq. ~1!, we can define operatorswI for holes, contain-
ing l 1l 2

† . The difference between these operators is a factor
of 21 except for the number operator for which we have
wI 00054l122w000, stating that the number of electrons plus
holes is 4l12. For the ground-state moments we will use the
electron operatorsw. However, in spectroscopies, such as
XAS, where a core electron is excited into an unoccupied
state, the hole operatorswI appear naturally.

Alternatively, we can definej j -coupled tensors for the
shell l with angular quantum numbersj 15 l21/2 and
j 25 l11/2:

nz
j 1 j 2z[ (

m1m2

aj 1m1

† aj 2m2
~2 ! j 12m1S j 1 z j2

2m1 z m2
D ñ j 1 j 2z

21 ,

~5!

with the normalization

ñ j 1 j 2z
5D~ j 1 j 2z!S j 11 j 2

z D , ~6!

D~ l 1l 2l 3!5S ~L22l 1!! ~L22l 2!! ~L22l 3!!

~L11!! D 1/2, ~7!

TABLE I. The relation between some of the tensor operatorswxyz and the common operators for the
ground-state magnetic moments.

Significance wxyz d shell f shell

Number operator w0005n n n
Spin-orbit coupling w1105( ls)21S i l i•si l •s 2

3 l •s
Spin moment wh

01152s21Sh 22Sh 22Sh

Orbital magnetic moment w j
10152 l21Lj 2

1
2 Lz 2

1
3 Lz

Magnetic dipole term w z
21152(2l13)l21Tz 2

7
2 Tz

23Tz

Quadrupole moment w 0
20253[ l (2l21)]21Qzz

1
2 Qzz

1
5 Qzz
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where L5 l 11 l 21 l 3 and the last coefficient in Eq.~6! is
Newton’s binomial. Note also thatñ j jz5njz .

Usingajm
† ajm5njm , Eq. ~5! gives in the case of electrons

in a singlej level

n j j 05(
mj

njm[nj , ~8!

n0
j j 15 j21(

mj

nmj
mj[ j21J0

j , ~9!

n0
j j 25@ j ~2 j21!#21(

mj

nmj
@3mj

22 j ~ j11!#, ~10!

where Eqs.~8! and ~9! give the number operator and total
angular momentum, respectively.

III. TRANSFORMS

The tensor operators can be converted into each other
using the transformations

wxyz5(
j 1 j 2

Cj 1 j 2xyzn j 1 j 2z[(
j 1 j 2

n j 1 j 2z@ j 1 j 2#
1/2ñ j 1 j 2znlx

21nsy
21nI xyz

21~2 ! j 22 j 1H l x l

s y s

j 1 z j2
J , ~11!

n j 1 j 2z5(
xy

Cxyzwxyz[(
xy

wxyz@xy#@ j 1 j 2#
1/2ñ j 1 j 2z

21 nlxnsynI xyz~2 ! j 22 j 1H l x l

s y s

j 1 z j2
J . ~12!

Table II expresses theLS-coupled operatorswxyzas linear
combinations of thej j -coupled operatorsn j 1 j 2z. The number
operatorw000 and the spin-orbit operatorw110 are diagonal in
j , so that

^w000&5^n&5^nj 1&1^nj 2&, ~13!

^w110&5~ ls!21^ l •s&

5
1

2
~ ls!21 (

j5 j6
^nj&@ j ~ j11!2 l ~ l11!2s~s11!#

52
l11

l
^nj 1&1^nj 2&. ~14!

Other operators generally contain crosstermsj 1Þ j 2 . The
cross operators are non-Hermitian:n j 1 j 2z5(2) j 22 j 1n j 2 j 1z.
Therefore, Hermitian operatorswxyz with x1y1z even,
which have real coefficients, contain the differencen j 1 j 2z

2n j 2 j 1z. Since

Cj 1 j 2xyz52Cj 2 j 1xyz, ~15!

only the values ofC(5/2)(7/2)xyz have been tabulated, but the
C(7/2)(5/2)xzy are of course also present in the transformations
given by Eq.~11!. The coefficientC(7/2)(7/2)xyz is ~21!z. For
axially coupled tensorswz1z, which are not included in Table
II, the coefficientsC of the crossterms are imaginary:

wz1z52 i
2l12

2l11
~n j 1 j 2z1n j 2 j 1z!. ~16!

Some examples will make the use of Table II clear. Com-
bined with Table I forf shells

^Lz&523^w101&5
20

7
^n~5/2!~5/2!1&2

12

7
^n~5/2!~7/2!1&

13^n~7/2!~7/2!1&,

TABLE II. The values of the coefficientsCj 1 j 2xyz in the trans-
formations wxyz5( j 1 j 2

Cj 1 j 2xyzn j 1 j 2z for the f shell operators.

C(7/2)(5/2)xyz52C(5/2)(7/2)xyz.

wxyz C(5/2)(5/2)xyz C(5/2)(7/2)xzy C(7/2)(7/2)xyz

w000 1 0 1
w110 24/3 0 1
w101 220/21 2/7 21
w011 5/7 212/7 21
w211 12/7 9/7 21
w202 6/7 23/7 1
w112 210/21 15/14 1
w312 215/7 210/7 1
w303 25/7 4/7 21
w213 2/7 216/21 21
w413 55/21 11/7 21
w404 11/21 25/7 1
w314 21/7 15/28 1
w514 222/7 212/7 1
w505 22/7 6/7 21
w415 1/21 212/35 21
w615 26/7 13/7 21
w606 0 21 1
w516 0 1/6 1
w617 0 0 21
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^Sz&52
1

2
^w011&52

5

14
^n~5/2!~5/2!1&1

12

7
^n~5/2!~7/2!1&

1
12

7
^n~7/2!~7/2!1&,

^Tz&52
1

3
^w211&52

4

7
^n~5/2!~5/2!1&2

6

7
^n~5/2!~7/2!1&

1
3

7
^n~7/2!~7/2!1&, ~17!

we can obtain other operators which contain no cross opera-
tors j 1Þ j 2 :

^Lz&1^Sz&5^Jz
5/2&1^Jz

7/2&5^Jz&,

^Lz&22^Tz&5
8

5
^Jz

5/2&1
2

3
^Jz

7/2&,

^Sz&12^Tz&52
3

5
^Jz

5/2&1
1

3
^Jz

7/2&. ~18!

Table III expresses thej j -coupled operatorsn j 1 j 2z as lin-
ear combinations of theLS-coupled operatorswxyz, which
gives the reverse relations of Eq.~17!,

^Jz
5/2&5

5

14
^Lz&2

5

7
^Sz&2

15

7
^Tz&,

^Jz
7/2&5

9

14
^Lz&1

12

7
^Sz&1

15

7
^Tz&, ~19!

whereJj has been defined in Eq.~9!.

IV. SUM RULES

We abstain here from giving a derivation and present di-
rectly results for the general sum rules inLS- and j j -coupled
operators. For theQ-pole excitation from a core level
j5$ j65c61/2% to the empty levelsj 1,25 l61/2 we obtain
the signal of thez spectra integrated over thej edge as

I j
z5(

xy
~2 !z1y1 j1s@xycl j#H s y s

c j cJ H l x l

c y c

Q z Q
J nQz

21nlxnsynxyẑ wI
xyz&

5(
j 1 j 2

~2 ! j 12 j@cl j #@ j 1 j 2#
1/2H j 2 z j1

Q j QJ H j Q j 1

l s c J H j Q j 2

l s c J nQz21ñ j 1 j 2z^nI
j 1 j 2z&, ~20!

where thez spectra are connected to the spectraI q measured

with q polarized light in a collinear geometry19

I z5I qnQz
21~2 !Q2qS Q z Q

2q 0 q D . ~21!

Thus, e.g., for dipole transitions with left~q51!, right ~q5
21! circularly polarized andZ perpendicularly polarized~q
50! light we have the isotropic spectrumI 05I 11I 01I21,
the circular dichroismI 15I 12I21, and the linear dichroism
I 25I 11I2122I 0 .

A. LS-coupled operators

From Eq.~20! we can obtain the well-known sum rules in
LS-coupled operators. In particular forl5c11, which in-

cludes the most common transitionsp→d andd→f, we ob-
tain a simple expression for the integrated signal over the
two edges

rz5@c#^wI z0z&, ~22!

and for the weighted difference over the spin-orbit split core-
levels

dz[2
c11

c
I z~ j2!1I z~ j1!, ~23!

we obtain

d05@c#^wI 110&, ~24!

TABLE III. The values of the coefficientsCxyz in the transforms
n j 1 j 2z5(xyC

xyzwxyz for the f -shell operators.

n j 1 j 2z Cz0z C(z21)1z C(z11)1z

n~5/2!~5/2!0 3/7 0 23/7
n~7/2!~7/2!0 4/7 0 3/7
n~5/2!~5/2!1 23/7 1/7 2/7
n~5/2!~7/2!1 1/14 24/21 5/42
n~7/2!~7/2!1 227/49 212/49 210/49
n~5/2!~5/2!2 3/7 26/35 29/35
n~5/2!~7/2!2 21/7 9/35 24/35
n~7/2!~7/2!2 25/49 18/49 6/49
n~5/2!~5/2!3 23/7 9/49 12/49
n~5/2!~7/2!3 3/14 215/49 9/98
n~7/2!~7/2!3 222/49 2165/343 224/343
n~5/2!~5/2!4 3/7 24/21 25/21
n~5/2!~7/2!4 22/7 22/63 24/63
n~7/2!~7/2!4 18/49 88/147 5/147
n~5/2!~5/2!5 23/7 15/77 18/77
n~5/2!~7/2!5 5/14 230/77 5/154
n~7/2!~7/2!5 213/49 2390/539 26/539
n~5/2!~7/2!6 23/7 3/7 0
n~7/2!~7/2!6 1/7 6/7 0
n~7/2!~7/2!7 0 21 0
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d15@c#H 13 ^wI 011&1
2

3
^wI 211&J , ~25!

d25@c#H 25 ^wI 112&1
3

5
^wI 312&J . ~26!

Table IV gives the separate integrated signals for the
j253/2 and j155/2 core edges as a sum overC j

xyz^wI xyz&
where theC are coefficients for thed→ f transition.

B. j j -coupled operators

Table V gives the integrated signals for thej53/2 and 5/2
core edges as a sum overCj

j 1 j 2xyz^nI j 1 j 2z& for thed→ f tran-
sition, where using Eq.~15! the crossterms have been col-
lected into a single term. Forz50 there are no crossterms
between the two ground-statej levels, because the number
operatorw000 and the spin-orbit operatorw110 are diagonal in
j :

r05@c# (
j5 j6

^nh
j &, ~27!

d05@c#H 2
l11

l
^nh

j 1&1^nh
j 2&J , ~28!

wherenh is the number operator for holes.
Combining Tables IV and V we obtain the useful equa-

tions

d0

r0
5

^wI 110&

^wI 000&
5

24^nh
5/2&13^nh

7/2&
3^nh&

, ~29!

d1

r1
5

^w011&12^w211&
3^w101&

5
29̂ n~5/2!~5/2!1&112̂ n~5/2!~7/2!1&221̂ n~7/2!~7/2!1&

220̂ n~5/2!~5/2!1&112̂ n~5/2!~7/2!1&221̂ n~7/2!~7/2!1&
,

~30!

d2

r2
5
2^w112&13^w312&

5^w202&

5
2155̂ n~5/2!~5/2!2&1105̂ n~5/2!~7/2!2&2102̂ n~7/2!~7/2!2&
90̂ n~5/2!~5/2!2&1105̂ n~5/2!~7/2!2&290̂ n~7/2!~7/2!2&

,

~31!

where the first part of the equalities is valid generally for
l5c11 and the second part only forf shells. In Eqs.~30!
and ~31! we have chosen electron operators in order to sim-
plify the analysis given in the following sections.

V. PROPORTIONALITY RULE

We will give a general rule which deals with the influence
of a small perturbation on anaJ level. Assume that, e.g., a
crystal or magnetic field splits the level producing a ground
stateuaJg&5(McMuaJM&. Then

TABLE IV. Sum rules inLS-coupled operators ford→ f transitions.

I z
(
xy

C3/2
xyz^wI xyz& (

xy
C5/2
xyz^wI xyz&

I 0 2^wI 000&22^wI 110& 3^wI 000&12^wI 110&

I 1 2^wI 101&2
2

3
^wI 011&2

4

3
^wI 211& 3^wI 101&1

2

3
^wI 011&1

4

3
^wI 211&

I 2 2^wI 202&2
4

5
^wI 112&2

6

5
^wI 312& 3^wI 202&1

4

5
^wI 112&1

6

5
^wI 312&

TABLE V. Sum rules inj j -coupled operators ford→ f transitions.

I z
(
j1j2

C3/2
j 1 j 2xyz^nI j 1 j 2z& (

j 1 j 2

C5/2
j 1 j 2xyz^nI j 1 j 2z&

I 0
14

3
^nI ~5/2! ~5/2! 0&

1

3
^nI ~5/2! ~5/2! 0&15^nI ~7/2! ~7/2! 0&

I 1 2
14

3
^nI ~5/2! ~5/2! 1& 2

2

21
^nI ~5/2! ~5/2! 1&1

20

7
^nI ~5/2! ~7/2! 1&25^nI ~7/2! ~7/2! 1&

I 2
14

3
^nI ~5/2! ~5/2! 2& 2

8

21
^nI ~5/2! ~5/2! 2&2

30

7
^nI ~5/2! ~7/2! 2&15^nI ~7/2! ~7/2! 2&
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^aJguOz
zuaJg&5 (

MM8
cMcM8^aJMuOz

zuaJM8&

5^aJiOziaJ& (
MM8

cMcM8

3~2 !J2MS J z J

2M z M 8
D

[^aJiOziaJ&Uz
z , ~32!

where we used the Wigner-Eckart theorem. Equation~32!
shows that different operatorsO with the same rankz are all
proportional to a tensorU z

z. The proportionality factor is the
reduced matrix element which is different for each operator.
For example, forz51 we may takeO5L,S, or T. These
vectors are always parallel and have a constant ratio, inde-
pendent of thecM , i.e., of the crystal field. They are only no
longer proportional when the crystal field becomes of the
order of the spin-orbit coupling and so mixes in otheraJ
levels. Similarly, the operators withz52 are proportional to
a single tensor.

The rule implies that also in intermediate coupling the
ratios of the moments with the samez is fixed, as long as the
crystal field is smaller than the electrostatic and spin-orbit
interactions. Relating the moments to integrated intensities
by the sum rules we get that for changing crystal field the
integrated intensity of the dichroism changes, while the
branching ratios in both the isotropic and the dichroism spec-
trum have to remain the same. The exact ratio of the mo-
ments is determined by the Coulomb and spin-orbit interac-
tions. This works nicely for the actinides and rare earths but
breaks down for thed transition metals, which have typical
crystal fields of a few eV and a spin-orbit coupling of a few
hundredths of an eV. The moments are then not necessarily
parallel, except when the magnetization is along a high-
symmetry direction of the crystal lattice, and they can be
pulled apart by a sufficiently strong magnetic field.22

VI. f -SHELL GROUND-STATE MOMENTS

In Fig. 1 we compare the momentswxyz for the Hund’s
rule state~Table VI!, the j j -coupled ground state~Table
VII !, and the actinide ground state in intermediate coupling
~Table VIII!. The latter were calculated using the atomic
Hartree-Fock code of Cowan23 where the Slater integrals
were reduced to 80% to account for intra-atomic relaxation.
The Hartree-Fock values for the parameters have been tabu-
lated in Ref. 11. The Hund’s rule state is expected to be a
reasonable approximation in the case of rare earths.

The atomic moments were obtained for an infinitely small
magnetic field and without crystal-field interaction. Indepen-
dent of the coupling this always yields a total moment

M5Jz5Lz1Sz523^w101&2
1

2
^w011&

5
5

2
^n~5/2!~5/2!1&1

7

2
^n~7/2!~7/2!1&. ~33!

A. Hund’s rule ground state

Table VI gives the expectation values of theLS-coupled
operators withz50,1,2 for the Hund’s rule state~short-
dashed lines in Fig. 1!. All wI xyz values are unity forl 4n11

LSJ(M5J), thus apart from the number operator,
wxyz521. For M52J, the sign changes whenz is odd.
Note also that the columnswxyz in Table VI for f 1 ~one f 5/2
electron! and f 13 ~one f 7/2 hole! with M5J are equal to the
rowsC5/2,5/5xyz andC7/2,7/2xyz respectively, in Table II.

For a more than half-filled shell the ground state hasJ5L
1S, and forM56J, the wave function is a single Slater
determinant. The expectation values of the operators can
then be simply obtained from Lz5Sm, Sz5Ss,
Qzz5Sm221/3 l ( l11). Because for all holess is the same,
operatorswxyzwith the samex are equal in this state except
for a factor ~21!z, and so, e.g.,
Tz53(2l21)21(2l13)21Qzz. For a less than half-filled
shell, J5L2S, and the wave function is a linear combina-
tion of Slater determinants, so that the expectation values
include crossterms between determinants, and are not ex-
pressible in only occupation numbers. Although operators
with the samex are not equal anymore, the sign relationship
is still as it was for more than half-filled shells.

We will now discuss the trends of the specific operators.
The expectation value of̂w110& is always negative because
the spin-orbit interaction couplesl and s antiparallel. The
value of^w101& is always positive whereas^w011& is negative
~positive! for a less~more! than half-filled shell. This is be-
cause we take a negative value ofM in Eq. ~33! for the
magnetic ground state. Forn<5, the orbital contribution is
larger than the spin contribution, so that the antiparallel cou-
pling of their moments results in a positive value for^w101&
and a negative value for^w011&. The configurationf 6, where
only ^w110& is nonzero, has no net magnetic moment. The
configuration f 7 has no orbital moment, so that^w011& is
positive. Forn>8 the parallel coupling of spin and orbit
makes^w101& and ^w011& both positive.

The quadrupole moment^w202& changes sign for quarter-
filled shells. A positive value is obtained when high values of
umu are occupied which makes the ion flat in theXY plane. A
negative value is obtained when predominantly low values of
umu are occupied which corresponds to an elongation along
theZ axis. The values in Table VI are for spherical symme-
try and give the quadrupole moment induced by a small
magnetic field and spin-orbit coupling. In the presence of an
anisotropic electrostatic field larger than the magnetic inter-
action these values will be different.

B. j j -coupled ground state

The expectation values of thej j -coupled operators of the
f shell with z50,1,2 for thej j -coupled ground state can be
found from Eqs.~8!–~10!, where first all j55/2 levels are
filled with mj525/2,23/2,...,5/2, respectively, and then the
j57/2 levels. In the limit ofj j coupling the cross operators
are all zero. Note that by this procedure theJ value obtained
for the ground state is the same as the Hund’s ruleJ value in
LS coupling. In practice the ground state has always this
sameJ value also in intermediate coupling@cf. Eq. ~33!#.

53 14 463X-RAY-ABSORPTION SUM RULES INj j -COUPLED . . .



Table VII gives the values ofwxyz for the j j -coupled
ground state~long-dashed lines in Fig. 1!. The linear behav-
ior of w110 can be understood by combining Eqs.~24! and
~28! where we obtain

^w110&5
l11

l
^nh

j 1&2^nh
j 2&. ~34!

The values for operators withz51 ~z52! are symmetric~an-
tisymmetric! around f 3 and aroundf 10. For n>6 all opera-
tors with the samez have the same value. Forn<6 they have
a ratio different from unity. Because we keepJz constant
~52J!, Eq. ~33! shows that the difference inw101 between
the j j -coupled and Hund’s rule ground state has to be com-
pensated by a six times larger opposite change inw011.

FIG. 1. Thef -shell momentŝwxyz& for the Hund’s rule state~short dashes!, the j j -coupled ground state~long dashes!, and the actinide
ground state calculated in intermediate coupling~drawn line!.
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C. Actinides in intermediate coupling

Table VIII give the expectation values of the ground-state
operators calculated in intermediate coupling~continuous
lines in Fig. 1!. The operators with eitherx50 or y50 only
change in second order and their values remain close to the
LS-coupling values. In intermediate coupling for less~more!
than half-filled shellŝ w101& is slightly lower ~higher! and
^w011& is slightly higher~lower!, of course obeying Eq.~33!.

The expectation value of the operators withxÞ0, y51
change in first order and their values are about midway be-
tweenLS and j j coupling. The negative value of^w110& in
the Hund’s rule state becomes more negative in intermediate
coupling due to the increasing 5f spin-orbit interaction. The
value of ^w211& in intermediate coupling is much lower
~higher! for less~more! than half-filled shells. The value of
^w112& is always higher. One way to understand why opera-
tors withy51 have to change strongly is that inLS coupling,
as a function ofn, wxyz changes likewx0x while in j j cou-
pling it behaves likewz0z.

The strong difference in behavior between spin-orbit-
dependent and independent operators can also be understood
as follows. Consider the intermediate-coupling states as

LSJ-coupled states perturbed by the spin-orbit coupling,
which mixes in otherLSJ states. A first-order change in the
expectation value of an operatorw is only possible when
there are excited states which are coupled to the ground state
both by w and by the spin-orbit coupling. The spin-orbit
coupling only interacts with states ofDL,DS50,61 andDJ
50. Sz and Lz only have matrix elementsDL,DS50 and
DJ50,61. Therefore, these operators only change in first
order if there are other states withDL,DS,DJ50. For the
Hund’s rule state there are no such states andSz andLz can
only change in second order. We can even make a slightly
stronger statement for the Hund’s rule state. Inspection of the
possibleLS terms shows that for the Hund’s rule state there
are no terms withDS50 andDL50,61. Only DS521 is
possible. Becausewxyz obeysDL52x•••x, DS52y•••y,
andDJ52z•••z, only ^wz1z& can change in first order and
^wx0x& can only change in second order. Note that, as an
exception to the general ones forwxyz, the selection rules for
L(w101) and S(w011) are stricter. We may say that in the
Hund’s rule state the spin and orbit operators have extreme
values ~either maximum or minimum! such that spin-orbit
coupling cannot change them directly, but can only turn on a
correlation of their movement.

TABLE VII. Expectation valueŝwxyz& for the j j -coupled ground state.

^w000& ^w110& ^w101& ^w011& ^w211& ^w202& ^w112& ^w312&

1 24/3 20/21 25/7 212/7 6/7 210/21 215/7
2 28/3 32/21 28/7 296/35 24/35 28/21 212/7
3 24 12/7 29/7 2108/35 0 0 0
4 216/3 32/21 28/7 296/35 224/35 8/21 12/7
5 220/3 20/21 25/7 212/7 26/7 10/21 15/7
6 28 0 0 0 0 0 0
7 27 1 1 1 1 1 1
8 26 12/7 12/7 12/7 8/7 8/7 8/7
9 25 15/7 15/7 15/7 5/7 5/7 5/7
10 24 16/7 16/7 16/7 0 0 0
11 23 15/7 15/7 15/7 25/7 25/7 25/7
12 22 12/7 12/7 12/7 28/7 28/7 28/7
13 21 1 1 1 21 21 21

TABLE VI. Expectation valueŝwxyz& for the Hund’s rule statesLSJ(M52J) of the configurationf n.

^w000& ^w110& ^w101& ^w011& ^w211& ^w202& ^w112& ^w312&

f 1 2F5/2 1 24/3 20/21 25/7 212/7 6/7 210/21 215/7
f 2 3H4 2 22 8/5 28/5 2104/75 728/825 256/55 0
f 3 4I 9/2 3 27/3 21/11 227/11 263/121 42/121 214/11 168/121
f 4 5I 4 4 27/3 28/15 216/5 28/55 2196/605 2196/165 784/605
f 5 6H5/2 5 22 10/7 225/7 26/21 213/21 25/7 0
f 6 7F0 6 24/3 0 0 0 0 0 0
f 7 8S7/2 7 0 0 7 0 0 0 0
f 8 7F6 8 21 1 6 21 1 21 21
f 9 6H15/2 9 25/3 5/3 5 21 1 25/3 0
f 10 5I 8 10 22 2 4 22/5 2/5 22 1
f 11 4I 15/2 11 22 2 3 2/5 22/5 22 1
f 12 3H6 12 25/3 5/3 2 1 21 25/3 0
f 13 2F7/2 13 21 1 1 1 21 21 21
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VII. ILLUSTRATION

Figures 2 and 3 show the 4d absorption spectra for the
different 5f n configurations calculated in intermediate cou-
pling using Cowan’s code.23 To see specifically the differ-
ences as a function ofn, all spectra in Fig. 2 are given for
92U and those in Fig. 3 for100Fm. The other elements in the
actinide series have similar shapes as in Figs. 2 and 3 de-
pending on their value ofn. Also the shapes of the 3d spec-
tra are similar to those in Figs. 2 and 3, despite the fact that
the ratios of core-valence interaction to core spin-orbit inter-
action are different, e.g., for the U 3d and 4d edge
F2(d f )/z(d) is 0.035 and 0.29, respectively. This shows
that in the first instance the ground state is governing the
overall spectral shape, whereas the fine structure is specific
to the final-state parameters. Since for both core levels the
intrinsic lifetime broadening is aboutG52 eV,10 the fine
structure is not resolved. The sign of the spectra is defined by

Eq. ~21!: in the I 1 spectrum the signal is positive~negative!
for transitionsq511 ~21! and in theI 2 spectrum the signal
is positive~negative! for transitionsq561 ~0!.

The branching ratioBz of the spin-orbit split core levels,
which is the fraction of the spectral weight of thej1 signal,
is related tosz/rz as

Bz[
I z~ j1!

I z~ j2!1I z~ j1!
5

1

@c# S c111c
dz

rzD . ~35!

For a transition into anf 7/2 hole Eqs. ~29!–~31! give
Bz5dz/rz51, which are the values found forf 13, i.e.,
I z( j2)50 ~cf. Figs. 2 and 3!. For an f 5/2 hole dz/rz524/3,
229/20,231/18, so thatBz51/15, 1/50,28/90 forz50,1,2,
respectively.

These unusual branching ratios find their origin in theD j
selection rules. The angular dependent part of the dipole
transition probabilityu j &→u j i& is

FIG. 2. Isotropic spectrumI 0, circular dichroismI 1, and linear dichroismI 2, calculated in intermediate coupling for the 4d absorption
edges of92U 5 f 1 to f 5. Convolution byG52 eV ands50.2 eV.

TABLE VIII. Expectation valueŝwxyz& for the 5f n ground state in intermediate coupling.

^w000& ^w110& ^w101& ^w011& ^w211& ^w202& ^w112& ^w312&

1 21.333 0.952 20.714 21.714 0.857 20.476 22.143
2 22.588 1.566 21.397 22.428 0.792 20.662 21.227
3 23.562 1.857 22.140 21.978 0.250 20.716 0.880
4 24.170 1.802 22.810 20.781 20.392 20.569 1.957
5 25.104 1.295 22.767 0.302 20.679 20.105 1.650
6 26.604 0 0 0 0 0 0
7 22.812 0.110 6.343 20.225 0.067 1.240 20.030
8 23.865 1.147 5.119 20.251 0.971 0.490 20.225
9 24.106 1.822 4.065 0.559 0.876 20.147 0.654
10 23.612 2.107 3.358 1.228 0.248 20.815 0.722
11 22.754 2.041 2.752 1.421 20.492 21.394 0.178
12 21.906 1.678 1.932 1.411 21.034 21.461 20.593
13 21 1 1 1 21 21 21
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I ~ j→ j i !5@ jcl #H j 1 j i

l
1

2
cJ 2

. ~36!

For l5c11 we have the allowed dipole transitions to
j 15 j21/2 andj 25 j11/2

D j50: I ~ j1→ j 1!51/l ,

D j51: I ~ j2→ j 1!5~2l11!~ l21!/ l ,

D j51: I ~ j1→ j 2!52l21. ~37!

The transitionj2→ j 2 is forbidden, and Eq.~37! shows
that the transition probability forj1→ j 1 is much smaller
than the transitionsj2→ j 1 and j1→ j 2 which are governed
by D j51. Therefore, thej2 edge only probes thej 1 level,
and thej1 edge probes mainly thej 2 level. Since the signal
from the j2 edge contains no terms withj 2 ~Table V!, we
obtain the simple expression

I z~ j2!

I 0~ j2!
5~2 !z

^nI j 1 j 1z&

^nh
j 1&

, ~38!

which generalizes the result forz51 given by Strange and
Gyorffy.24 From Table V it is evident that such a simple
relation does not exist between thej1 signal and thej 2 mo-
ments. The complication is not so much due to the transition
probability j1→ j 1 , which is weak, but primarily to the large
crossterm.

The intensity integrated over each edge can be obtained
from the sum rules given in Table IV. Without 5f spin-orbit
coupling the isotropic branching ratio has the statistical value
3/5. The relative weight transferred between the edges is
measured byd0/r0, which by Eq.~29! is related to the spin-
orbit interaction per hole. Therefore, the isotropic branching
ratio increases strongly withn, as is seen in Figs. 2 and 3.
The sum rule does not take into account the mixing of thej

levels between both edges due to electrostatic interactions.25

This effect is small as long as the cored spin-orbit interac-
tion is much larger than thed f electrostatic interactions.

The integrated signal of theI 1 spectrum isr155Lz/3,
which will be statistically distributed over the edges in the
absence of otherz51 moments. The relative weight trans-
ferred between the edges is proportional to
d1/r15[2Sz1(2/3)Tz]/Lz . Therefore, the dichorism is
strong in thed5/2 edge whenTz andSz are parallel toLz , and
strong in thed3/2 edge whenTz andSz are antiparallel toLz .
Similarly, the branching ratio in theI 2 spectrum depends on
the relative values ofw112 and w312 with respect tow202.
Since the quadrupole moment reverses for the quarter-filled
shell also the integrated intensity has to reverse.

Table V expresses the edge signals in terms ofj j -coupled
operators. TheI 1 signal of thed3/2 edge is proportional to
^n~5/2!,~5/2!1&, which is only large for less than half-filled
shells, reaching its extreme value atn53. Note that
^n~5/2!,~5/2!1& becomes positive forn57 and 8 ~Fig. 3!. The
d5/2 signal is mainly related tôn~7/2!~7/2!1& but with cross-
terms that cannot be neglected. Thed5/2 signal increases with
n up to the point that thef 7/2 shell is half-filled, after which
it reduces. In theI 2 spectra the edge signals reverse in sign
for quarter-filled shells just as the value of^nj j 2&.

Figure 4 shows the values ofd1/r1 for the Hund’s rule,j j -
and intermediate-coupled ground states of the actinides. In
the j j -coupled ground state a partly filledf 5/2 level ~n.6!
results mainly in a large positive dichroism for thed3/2 edge
~B150.02 ord1/r15229/20!. A partly filled f 7/2 level ~n,6!
gives a large positive dichroism in thed5/2 edge
~B15d1/r151!. In the other coupling schemes also holes with
the otherj value are present, making the branching ratio less
extreme. The change ind1/r1 between the different coupling
schemes can be understood from the change in^wxyz& due to
the 5f spin-orbit interaction. Sincêw101& and ^w011& do not
vary much as a function of the spin-orbit interaction, the
variation in d1/r1 is proportional to^w211&. For a less than
half-filled shell the value of̂w211& becomes more negative if

FIG. 3. Isotropic spectrumI 0, circular dichroismI 1, and linear dichroismI 2, calculated in intermediate coupling for the 4d absorption
edges of100Fm 5f 7 to f 13. Convolution byG52 eV ands50.2 eV.
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the spin-orbit interaction is increased~Fig. 1!, thusd1/r1 will
be lower than in the Hund’s rule state~cf. Fig. 4!. For n.7
the value of̂ w211& becomes more positive, so thatd1/r1 will
be higher than in the Hund’s rule state. An exception isn57
where the small value of̂w101& makesd1/r1518.

From Fig. 1 we saw that for 5f 2, f 3 and f 4 in intermediate
coupling Tz is strongly enhanced compared to the Hund’s
rule state~as for rare earths 4f n! so that it will be the domi-
nant factor ind1. Due to the proportionality rule this will also
be the case in a weak crystal field. From the experimental
results of Collinset al.13 on US it was found that in this
cubic compound the momentsLz , Sz , and Tz are about
equally reduced to 50% of their ground-state values in inter-
mediate coupling. Moreover, since the value ofTz changes
strongly betweenn52 and 5, it can be used as an indicator
for the f count to reveal the mixed valent character of the
uranium compounds. In the case of US,26 Tz suggests anf
count of around 2.5.

VIII. CONCLUSIONS

We have presented sum rules inj j -coupled one-electron
operators which relate the core level spin-orbit split signals

of the magnetic x-ray dichroism to the ground-state opera-
tors. Thesej j -coupled operators also include a crossterm be-
tween the two one-electron ground-state levelsj 1,25 l61/2
which cannot be neglected. Inclusion of the crossterms al-
lows us to use the sum rules forj j -coupled operators in the
region of intermediate coupling on an equal footing with the
LS-coupled operators. We have presented conversion tables
between both kinds of coupled operators.

In the case of anf shell, transitions from ad3/2 core level
are only allowed to thef 5/2 level, so that the dichroism signal
over this edge is directly proportional to the magnetic mo-
ment of this level. The transition probability from thed5/2
core level to thef 7/2 level is much larger than to thef 5/2
level, but the dichroism is strongly influenced by the cross-
terms.

The ground-state moments of the actinides have been cal-
culated in intermediate coupling and compared to the values
obtained for the Hund’s rule states. Although the spin mo-
ment, orbital moment, and quadrupole moment are not much
different, those ground-state moments^wxyz& for the ac-
tinides which are directly induced by spin-orbit interaction
~xÞ0, y51! differ considerably from the Hund’s rule state
values. For instance, in uranium compounds the value ofTz
is strongly increased in intermediate coupling.

The weak crystal-field interaction in the lanthanides and
actinides can be included by using our rule which states that
the ratio between moments with the samez remains constant
in the presence of a perturbation which is small compared to
the spin-orbit interaction.

The unusual branching ratios which have been observed
in the magnetic dichroism and magnetic scattering of the
actinides find their origin in the strong 5f spin-orbit interac-
tion. The branching ratio of the dichroism is near zero for a
less than half-filled shell, and near unity for a more than
half-filled shell, as expected forf 5/2 and f 7/2 holes, respec-
tively. Since ^Lz& and ^Sz& do not change much when the
spin-orbit interaction is increased, the change in the branch-
ing ratio of the dichroic signal is mainly due to^Tz&. Since
this operator changes strongly as a function off count this
branching ratio can be used as a probe for the covalency of
the actinides.
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