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Successive structural phase transitions in K3Na~SeO4!2 at Tc'329 K andT0'346 K were studied by
adiabatic calorimetry, thermal expansion, linear birefringence, differential scanning calorimetry, and optical
observations of domains. The experimental results in this paper together with x-ray and elastic measurements
in the literature are interpreted by means of a theoretical model based on the Landau phenomenological

approach. This model gives aP3̄m1 →
346 K

B2/m →
329 K

C2/c phase transition sequence with second~346 K! and
first ~329 K! character, respectively. Because of histeresis effects, the intermediate phase tends to appear as a
mixture of both monoclinic phases.@S0163-1829~96!01118-6#

I. INTRODUCTION

Among the compounds with anA3C(BX4)2 general for-
mula, whereA, C5Li, Na, K, Rb, and Cs andBX4
tetrahedra5SO4, SeO4, and CrO4, the K3Na~BO4!2 subfam-
ily ~KNB for short!, the members of which show the glaserit
structure (3̄m), remains a subject of traditional investigation
for ferroelastic phase transitions.1–6 Two members of this
subfamily with B5Cr ~KNCr! and Se~KNSe! show some
common features:~1! A hexagonal 6/mmmstructure at high
temperature;~2! the presence of ferroelasticity, but the ab-
sence of other types of properties related to structural change
such as piezoelectricity, ferroelectricity, or piroelectricity;
~3! order-disorder structural phase transition sequences
which seem to be a consequence of the spatial ordering of
the tetrahedra in the crystal lattice. This sequence for KNCr
compounds is~6/mmm→unknown→3̄m→2/m!, but it was
pointed out that KNSe probably has a different phase transi-
tion sequence.1,4

X-ray studies show that KNSe presents a glaserit (3m̄)
structure above 346 K.3 However, when the temperature is
lowered, different phase transition sequences were sug-
gested, depending on which experimental technique was
used. High-resolution Brillouin spectroscopy1 suggests a
phase transition at 346 K involving an unknownQ mode
followed by a 3̄m→2/m phase transition at 329 K. Macro-
scopic measurements~thermal, elastic, and dielectric! as well
as optical observations of domain structures4 suggest two
improper structural phase transitions at 346 and 329 K. This
last temperature has been adopted conventionally, since its
actual value is somewhat uncertain due to histeresis effects.
In this case the point-group sequence proposed was
3̄m→3̄m→2/m. Based on recent x-ray results, the space-
group sequenceP3̄m1→P3̄c1→(P21/a, P2/a, or C2/c)
was proposed in the same paper.4

An analysis of the theoretical and experimental results in
Refs. 1 and 4 shows that the phase transition sequences of

KNSe are far from being well understood. A phenomeno-
logical approach using an effective free energy which in-
volves a coupling term between the 3m̄→2/m order param-
eter and an additional 3̄m→3̄m modeQ was carried out in
Ref. 1. In this approach the order parameterQ was intro-
duced without any symmetry arguments. As we shall see
later, additional x-ray measurements as well as new experi-
mental results seem to be in disagreement with this phenom-
enological approach.

The purpose of this paper is to give an insight into the
experimental and theoretical description of the phase transi-
tion sequences in this interesting glaserit type of crystal.
Various experimental techniques such as adiabatic calorim-
etry, birefringence, thermal expansion, and optical observa-
tions of domains in the temperature range from 290 to 380 K
have been used. Experimental techniques are described in
Sec. II, whereas the experimental results are examined in
Sec. III. A theoretical analysis is carried out in Sec. IV,
where a model based on the Landau phenomenological ap-
proach which explains the ferroelastic phase transition se-
quence in this crystal is presented.

II. EXPERIMENTAL DETAILS

Single crystals of K3Na~SeO4!2 were grown from a satu-
rated, aqueous, stoichiometric solution by the steady-state
method7 at 305 K. Chemically pure K2SeO4 and Na2SeO4
stock reagents were used for synthesis. The synthesis product
was purified by recrystallization using distilled water. The
obtained crystals of size 1.031.031.0 cm3 were colorless,
transparent, and of good optical quality. Their chemical com-
position was confirmed by atomic spectroscopy. Samples of
three different orientations were prepared from untwinned
parts of the crystal in order to study the physical properties.
The heat capacity measurements were made with an adia-
batic calorimeter previously described.8 The calibration of
the experimental system gives aCp accuracy better than
0.1% throughout the whole measured temperature range
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~20–360 K!, and the temperature control is better than 1 mK.
94.2364 g of the powder sample of KNSe were used to fill
the calorimeter vessel. Low-pressure~10 mm Hg at room
temperature! helium gas was added in the sample vessel as a
heat interchange, which provides short equilibrium times af-
ter each heating period. Two measuring methods were used:
the discontinuous heating procedure~pulse! and the thermo-
gram technique. Birefringence measurements were made us-
ing two experimental techniques: an authomatic Senarmont
method, which allows a direct recording of the optical path
against temperature, and the classical compensator method
using a polarizing microscope with a cooling setup. The
same microscope was used for the measurement of the opti-
cal axis and angle~E or V! for the optical observation of
ferroelastic domains. Thermal expansion was measured us-
ing a standard dilatometer in the conditions of dynamic tem-
perature changes. Cooling and heating measurements were
carried out with rates of 1 and 2 °C/min along the three main
crystallographic axes.

III. EXPERIMENTAL RESULTS

Figure 1 shows the specific heat curve~a! in the 250–365
K temperature interval. The experimental points were ob-
tained by the discontinuous heating method. A clear specific
heat anomaly can be observed at 346 K which is similar to
those depicted in Ref. 4. On the other hand, we have noticed
small anomalies in the equilibrium times around 329 K.
These anomalies appear at the same temperature in the spe-
cific heat curve. In order to define more accurately the shape
of the specific heat curve and analyze the anomalous thermal
relaxation times interval, three independent thermograms
were made between 310 and 360 K. The results in Fig. 1
@curve~b!# show a new specific heat anomaly at 329 K. This
anomaly is in agreement with those detected by direct obser-

vations of domain structures and softening of some elastic
moduli in Refs. 1 and 4. The values of the thermodynamic
functions for these phase transitions were determined with
the help of an approximate specific heat base line by extrapo-
lation of the low-temperature specific heat curve. This ap-
proximation was necessary because we have not sufficient
spectroscopic information at this moment. Using numerical
integration we obtained the following values for the phase
transition thermodynamic functions:@DH/(RK)50.586 and
DS/R50.0019# for the first phase transition and@DH/(RK)
517.63 andDS/R50.05# for the phase transition at 346 K
~see Table I!.

Figure 2 shows the optical path measurements along the
@0,0,1# direction in the temperature range 300–353 K. The
experimental values show that the birefringence goes to zero
above the phase transition at 346 K. The continuous change
in the optical path curve together with the absence of thermal
hysteresis confirms the second-order character for this phase
transition in agreement with the specific heat curves in Fig.
1. This result is in disagreement with a previous theoretical
model1 which considered a 3m→3m phase transition at this
temperature. A small anomaly at 329 K is in agreement with
those showed in the specific heat curves~Fig. 1! at the same
temperature. Both results confirm, in agreement with other
experimental results,1,4 the existence of the new phase tran-
sition at 329 K. However, in this case, both distorted phases

FIG. 1. Experimental specific
heat of K3Na~SeO4!2 obtained by
means of the discontinuous pulse
technique. The heating rate was 6
K/h; the inset shows the superpo-
sition of two measurements ob-
tained by continuous heating
method ~thermogram! with heat-
ing rates of 2 and 2.5 K/h. Two
specific heat anomalies were ob-
served at 329 and 346 K.

TABLE I. Temperature, enthalpy, and entropy associated with
the two phase transitions in K3Na~SeO4!2.

Temperature~K! DH/(RK) DS/R

T15346 17.63 0.05
T25329 0.586 0.0019
Total sequence 18.22 0.052
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show birefringence, which is in disagreement with the previ-
ously proposed 3̄m→3̄m→2/m sequence.1 These optical re-
sults are confirmed in Fig. 3, where we show the optical
angle [V(T)].9 V(T) is a function of the temperature depen-
dence of the birefringence and the thermal expansion. There-
fore, in the framework of the Landau theory for ferroelastic
crystals,V(T) is given by a complicated, but continuous
function of the order parameter. In this way the curve in Fig.
3 shows a second-order phase transition at 346 K from a
nonbirefringent to a birefringent phase.

In order to clarify the intermediate structure between the
high-temperature hexagonal structure and the monoclinic (2/
m) phase, both confirmed with previous x-ray measure-
ments, we have carried out a careful domain observation.
Ferroelastic domains structure and conoscopic figures for the
crystal plates oriented in the@001# direction were made in
the temperature range from 290 up to 370 K. The ferroelastic

domain walls observed in the temperature range from room
temperature up to 329 K have orientations characteristic for
the crystal with the 3̄mF2/m ferroelastic phase transition.10

The domain wall orientation may be described asY50 and
Y56)X.7 The application of a small shear stress causes
the domain walls to move.

In the temperature region 329–348 K the image of the
domain structure becomes blurred, confused, and highly de-
pendent on the thermal history of the sample. The coexist-
ence of the extinction zones at 90°~Ref. 7! with the domain
structure present up to 329 K has also been observed. Above
T5346 K the domain structure pattern observed for this
crystalographic direction of crystal samples has disappeared.

In agreement with the birefringence measurements, im-
ages typical for a biaxial crystal were observed in the whole
temperature range from room temperature up to 348 K using
the conoscopic method in a monodomain zone of the sample.

The thermal expansion measurements were carried out on
a crystal oriented along the three main crystallographic di-
rections. The experimental results together with the thermal
expansion coefficients are given in Fig. 4. The results are in
agreement with those in Ref. 4 fora3 and show some dis-
crepancies fora1 anda2. The experimental results in Fig. 4
show a clear phase transition in thea3 curve, but no anoma-
lies are present at 329 K. This fact is in complete agreement
with the theoretical model in the next section, where we
obtain that for some crystallographic directions the thermal
expansion effects tend to cancel out. This result is also in
agreement with the domain observations.

IV. PHENOMENOLOGICAL THEORY

Previous phenomenological models for the trigonal
→monoclinic ferroelastic phase transitions in K3Na~SeO4!2
~Ref. 1! and K3Na~CrO4!2 ~Ref. 2! were based solely on the
knowledge of the point-group symmetries. In both cases the
change is 3̄m→2/m, which was attributed to theG point
~K50! two-dimensional representationEg . An additional or-
der parameter of unspecified symmetry was added to the
model in an attempt to explain the two successive phase
transitions observed in K3Na~SeO4!2.

More recently, the structure of K3Na~SeO4!2 has been ob-
tained atT5390 and 291 K. According to Ref. 3, the high-
and low-temperature space groups are given byP3̄m1 and
C2/c, respectively, with theOZ axis doubling its length in
the monoclinic phase. This reduction in the translational
symmetry requires a representation withKÞ0. Standard
group theoretical considerations show that there are only two
possibilities. We can have a combinationEg(q1,0)1A 2

1(Q),
whereA 2

1 is an irreducible representation~IR! at theA point
~K5 1

2g1; see Ref. 11 for notation! of the first Brillouin zone
andEg is theG-point two-dimensional IR mentioned above.
The order parameter components which are nonzero in the
low-symmetry phase are indicated between brackets:

P3̄m1 ——→
Eg~q1,0!1A2

1
~Q!

C2/c. ~1!

Alternatively, the transition can be explained by a single
two-dimensional IRA 3

1(0,q2) at theA point:

FIG. 2. Temperature dependence of the birefringence (Dn) of
K3Na~SeO4!2 measured along thec axis.

FIG. 3. Temperature dependence of the optic angle of
K3Na~SeO4!2. The optical angleV(T) is given byD5KnsinV(T),
whereD is half the scalar distance between the optic axes,n is the
index of refraction, andK is Mallard’s constant~see Ref. 9!. These
measurements confirm the second-order character for the phase
transition at 346 K.
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P3̄m1 ——→
A3

1
~0,q2!

C2/c. ~2!

Depending on which of the order parameters is activated
first, there are two possible sequences associated with~1!:

P3̄m1 ——→
second order

A2
1

~Q!

P3̄c1 ——→
first order

Eg~q1,0!

C2/c, ~3a!

P3̄m1 ——→
first order

Eg~q1,0!

B2/m ——→
second order

A2
1

~Q!

C2/c. ~3b!

The A 2
1-phase transition may be continuous, whereas the

one corresponding toEg must necessarily be of first order.
Since the intermediate phase is observed to be monoclinic,
the sequence in~3b! seems to be selected. However, the
trigonal→monoclinic transition shows a very marked
second-order character, which is incompatible with the exist-
ence of a cubic invariant forEg .

12

This difficulty disappears if one considers instead the rep-
resentationA 3

1 in ~2!. SinceKÞ0, but 2K[0, only even-
degree invariants are allowed, and the transition can be con-
tinuous.~One can easily check that Lifshitz’s condition for
the existence of a second-order phase transitions12 is also
fulfilled.! This solves the problem of explaining the second-
order trigonal→monoclinic phase transition atT0'346 K.
However, we still have to account for the very weak
monoclinic→monoclinic phase transition observed at
Tc'329 K. This can be done very naturally by noting that
A 3

1(q1,0) takes us fromP3̄m1 to B2/m:

P3̄m1 ——→
second order

A3
1

~q1,0!

B2/m ——→
first order

A3
1

~0,q2!

C2/c. ~4!

Since the order parameter ‘‘jumps’’ from (q1,0) to (0,q2) at
T5329 K, this phase transition is necessarily first order.
Also note that unlike in~3b! the doubling along theOZ axis
takes place during the trigonal→monoclinic phase transition
at 346 K.

In order to construct the free energy corresponding to~4!,
it is convenient to use polar coordinates
(q1 ,q2)[q~cosu,sinu!. The only quartic invariant (q4) is
isotropic, and we have to include higher-order terms. These
are two sixth-order invariantsq6 andq6 cos 6u. If the coef-
ficient of q6 cos 6u is negative, (q1,0) will be a minimum
and (0,q2) a maximum. AtTc'329 K the situation must be
reversed. This will happen if the coefficient of the eighth-
order invariantq8 cos 6u is positive, since this term will
eventually dominate asq2 increases. We thus consider the
free energy

Fq5
1
2aq21 1

4q
41 1

6g~u!q61 1
8r~u!q8, ~5!

wherea5a(T2T0) with a.0, and

g~u!5g02g1cos6u, r~u!5r01r1cos6u,

with g0, r1, r0, andr1 positive andr0.r1. The quartic term
coefficient has been normalized by a rescaling of the order
parameter. Note that, as usual in Landau’s phenomenological
description of structural phase transitions, only the tempera-
ture dependence of the second-degree terma(T) has been
taken into account. Rather than by an explicit change of sign
for the anisotropic sixth-degree term, the sequence of transi-
tions is caused by the fact that the coefficient of sixth- and
eighth-degree anisotropic terms haveconstant but opposite
signs.

The monoclinic→monoclinic transition temperatureTc
can be found by imposingFq(u50)5Fq(u5p/2). This
cannot be solved explicitly due to the presence of sixth- and

FIG. 4. Volume expansion co-
efficient b as a function of tem-
perature. The inset shows the ther-
mal elongation and expansiona i

( i51,2,3) along the three main
crystallographic axes, obtained by
the standard push-rod dilatometric
method. Measurements were car-
ried out with cooling and heating
rates of 1 and 2 °C/min.
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eighth-order terms in~5!. However, we can give an approxi-
mate expression forTc if we assume thatq2(Tc)[q c

2 is
‘‘small,’’ in the sense that higher-order terms are relatively
unimportant, i.e., ifug(u)q c

2u!1 and ur(u)q c
2u!1. This is

supported by the facts that only 10°–12° separate the two
phase transitions and that the very weak specific heat
anomaly atTc'329 K ‘‘rides’’ on the anomaly atT'346 K.
Under these assumptions we find

Tc'T02
4

3

g1
2

ar1
, ~6!

which is valid for g0g1!r1. Similarly, the change in the
norm ofq2 at Tc is given by

dq2

q2
[
q2
22q1

2

q1
2 '

8

9

g1
2

r1
2 !1. ~7!

Since the entropy is proportional toq2,

S52
]fq

]T
52

1

2
aq2, ~8!

Eq. ~7! implies a very small latent heat for the phase transi-
tion at 329 K. This is consistent with calorimetric studies of
the material. Note that in this approximation the minima of
~5! are given by

q2'a~T02T!, u5n
p

3
, n50–5 for Tc,T,T0 ,

~9a!

q2'a~T2T0!1dq2, u5
p

2
1n

p

3
,

n50–5 for T,Tc . ~9b!

Different values ofu correspond to different domains. In
order to describe the effect of the phase transitions on the
elastic properties of the crystal, we consider the dependence
of the free energy on the strains$ei%:

F5Fq1Fe1Fq2e . ~10!

HereFq is given by~5! andFe is
13

Fe5
1
4 ~C11

0 1C12
0 !~e11e2!

21 1
2C33

0 e3
21C13

0 e3~e11e2!

1 1
4C44~e4

21e5
2!1 1

4 ~C11
0 2C12

0 !@~e12e2!
21e6

2#

1C14
0 @e4~e12e2!1e5e6#. ~11!

The behavior of the physical magnitudes is dominated by the
lowest-order couplings with the order parameter. These are
of the formq2e:

Fq2e5
1
2m1q

2~e11e2!1 1
2m3q

2e3

1 1
2m4~e4cos2u2e5sin2u!

1 1
6m6@~e12e2!cos2u2e6sin2u#. ~12!

There are also 13 coupling terms of the formq2e2. Their
effect is less important, and they will not be written explic-
itly. Miniminization of ~10! with respect toei yields

ei'2 1
2q

2(
j51

6

Si j
0l j , T,T0 , ~13!

whereSi j5C i j
21 and

l15m11m6cos2u, l25m12m6cos2u, l35m3 ,

l45m4cos2u, l552m4sin2u, l652m6sin2u.
~14!

Using ~13!, ~15!, and the symmetries ofSi j
0 , we can give

explicit expressions fore1 , e2 , and e3 , which have been
studied experimentally:

e11e2'Aq2, e3'Bq2, e12e2'Cq2cos2u, ~15!

where A52(S11
0 1S12

0 )m12S13
0 m3 , B52S13

0 m1
2 1

2S33
0 m3 , and C52(S11

0 2S12
0 )m62S14

0 m4 . Notice that
e12e2 depends on cos 2u, which reverses its sign atTc'334
K @see Eq.~9!#. As a consequence, the optical indicatrix will
turn 90° at that temperature. This will cause the coexistence
of extinction zones at 90°. This is in agreement with our
optical observations and also explains the image in Fig. 6 of
Ref. 7.

Elastic measurements on polydomain samples will tend to
average overq. Assuming equal contributions from the three
types of ferroelastic domains, we have^cos 2u&5^sin 2u&50.
In particular, the anomaly ine12e2 at Tc will be difficult to
detect in elastic expansion measurements. This is consistent
with the experimental results. Moreover, sincedq2!q2, the
transition atTc will have little influence on the expansion
coefficients.

The main anomaly in the elastic constants is given by

Ci j5Ci j
02 1

2l il j , T,T0 . ~16!

This implies a discontinuous behavior atT0 , even for a
second-order phase transition. Note that fori5 j we have a
drop inCii . This is consistent with the measured curves for
Cii in Refs. 1 and 4, but not with the temperatures at which
the anomalies are supposed to be observed. However, since
the results in Refs. 1 and 4 are mutually inconsistent to a
great extent, the experimental situation is still unclear in this
respect.

Equation~16! gives only the main anomaly in the elastic
constant. If one includes the 13e2q2 terms neglected in~12!,
we find an additional temperature dependence inCi j , pro-
portional toq2. This dependence is domain independent for
the six elastic constants compatible with 3m̄, but is a func-
tion of u for the seven remaining constants compatible only
with 2/m. These last will tend to average to zero in polydo-
main samples, and the anomaly atTc will show only through
the change inq2, Eq. ~7!.

The structure of K3Na~CrO4!2 at T5290 and 230 K has
been recently determined.14 Since the space groups for the
trigonal ~T.Tc;239 K! and monoclinic (T,Tc) phase are
given by P3̄m1 andC2/c, respectively, our model can be
used for this material as well. Ifr1 in ~5! is negative, only
one phase transition will take place.
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V. CONCLUSIONS

The following conclusions concerning the structural phase
transitions occurring in KNSe can be drawn.

~I! Our experimental results confirm the existence of two
structural phase transitions at temperatures 346 and 329 K in
KNSe. This last temperature has been adopted convention-
ally, since its actual value is somewhat uncertain due to his-
teresis effects.

~II ! The intermediate phase is optically biaxial and, due
to histeresis effects, tends to appear as a mixture of two
monoclinic phases. This explains the coexistence of extinc-
tion zones at 90°.

~III ! Our theoretical model based on Landau’s phenom-
enological approach predicts a second-~first-! order charac-
ter for the phase transition at 346 K~329 K! and a mono-
clinic B2/m symmetry for the intermediate phase.

Calorimetric, thermal expansion, optical, and elastic constant
measurements are consistent with our phenomenological
model.

ACKNOWLEDGMENTS

This work was partially supported by the University of
Basque Country Grant Nos. UPV-EHU 063.310-EB119/92
and UPV-EHU 063.310-EB109/92, and by CICYT Grant
No. AEN-93-1435. The authors would like to thank Dr. A.
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