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We present the results of a theoretical investigation of the electromigration wind force for adatom migration
in a number of migrator-substrate systems. The theoretical background for our study follows from previous
work done on bulk electromigration using the linear-response formalism of Kubo. We treat the electronic
structure of the substrate using the layer Korringa-Kohn-Rostoker method, which allows us to examine, not
only the general diffusion bias of the migrating ion, but also the variation of the wind force between adsorption
sites. The interpretation of our findings in terms of a ballistic model of the wind force is discussed.@S0163-
1829~96!00119-1#

I. INTRODUCTION

When an electrical current flows through a conducting
solid, the migration of ions and point defects within the ma-
terial can result.1 This motion, known as electromigration, is
manifest as a bias in the diffusion of defects and impurities
through the material in a direction parallel, or antiparallel, to
the applied electric field. Prior theoretical investigations of
this phenomenon, in bulk materials, have exposed fundamen-
tal questions regarding the nature of the forces involved,2–7

of particular interest being the screening of the direct inter-
action between the ion and the applied field. Nevertheless,
experimental and theoretical studies of electromigration in
bulk materials have lead to a general consensus concerning
the dominant contribution to the driving force.2

Recent experimental studies have demonstrated that elec-
tromigration also occurs at the surfaces of solids and can
have a profound influence upon the development of surface
morphology in the presence of an electric field.8–11 The
theory of the driving force in surface electromigration has,
however, received comparatively little attention with, to our
knowledge, just four studies done to date.12–15 In this paper,
we present a theoretical and computational study of the wind
force in electromigration at the surfaces of metals. This in-
vestigation utilizes a layer Korringa-Kohn-Rostoker~LKKR !
method to compute the electron-scattering states and thereby
the driving force, due to electronic conduction, experienced
by an isolated adatom at a surface. Preliminary results of this
work have been presented elsewhere.15

From the earliest stages in the development of bulk elec-
tromigration theory, the force acting upon the migrating ion
has been separated into two components to which effective
valences can be assigned,16,17

F5eE~Zd1Zw!. ~1!

The first term on the right-hand side of this equation repre-
sents the force acting on the ion through its ‘‘direct’’ inter-
action, with the external applied fieldE. This component of
the net driving force is usually referred to as thedirect force.
The other contribution to the driving force,the wind force, is
associated with the momentum exchange between the current
carriers and the migrator.

For bulk electromigration in a free-electron metal, the
magnitude of the wind valence,Zw , can be estimated from a
ballistic model:16,17 Zw52n0ls tr , wheren0 is the electron
concentration,l is the electronic mean free path, andstr is
the transport cross section of the adatom evaluated at the
Fermi energy. For a typical metal@n0;1021 Å23, l;100 Å

and str;1 Å2 ~Ref. 18!#, the ballistic model predicts that
Zw;210, a result which suggests that the wind force domi-
nates the direct component of the driving forceuZdu;1. Al-
though multiple scattering of the conduction electrons be-
tween the migrator and the host modify this simple picture,
the wind force is generally the dominant force in bulk elec-
tromigration and consequently there has been considerable
theoretical effort expended in the quantitative calculation of
Zw for many migrator-host systems.3,17,19–24

In this work, we present a quantitative calculation of the
wind force experienced by an isolated adatom at the surface
of a metal in the presence of a time independent applied
electric field. The organization of this paper is as follows: In
Sec. II, we review the basic theory of the driving force in
electromigration, which is based upon the linear-response
formalism of Kubo and was developed originally for bulk
electromigration by Kumar and Sorbello,12 Lodder and
co-workers,20,25 and Gupta.21 In particular, we show that the
force can be expressed in terms of the single-particle states
of the substrate the representation and computation of which,
by a layer-KKR method, is described in Sec. III and IV.
Section V covers some further aspects of the computation
and Sec. VI details the application of this theory to several
different migrator-substrate systems. The results are com-
pared to previous work13 and to the ballistic model of elec-
tromigration at surfaces.

II. THEORETICAL BACKGROUND: LINEAR-RESPONSE
THEORY

We seek an expression for the force experienced by an
isolated adatom located on a metallic surface in the presence
of a constant applied electric fieldE. Following Kumar and
Sorbello,12 the force on a single adatom is defined as the rate
of change of the expectation value of its momentumP,26
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d^P&
dt

52 i ^@P,H#&, ~2!

whereH is the Hamiltonian of the adatom-surface system in
an applied electric fieldE(t). We writeH, assuming a sepa-
ration of the substrate charge density into localized and itin-
erant parts, as

H5He1Ha1V 1eS (
m

rm2ZRD •E~ t !. ~3!

The first two terms,

He5T e1V e
s ~4!

and

Ha5T a1V a
s , ~5!

include the interactions of the adatom,V a
s, and substrate

conduction electrons,V e
s, with the static charge associated

with the substrate ion cores.V is the interaction potential
between the adatom and the conduction electrons of the me-
tallic substrate. The last two terms on the right-hand side of
Eq. ~3! represent the interaction of the migrating adatom and
the conduction electrons with the electric field. The sum is
over the coordinates of the conduction electrons andR is the
position vector of the adatom, of valenceZ.

Substituting forH @Eq. ~3!# in Eq. ~2!, we obtain the total
force experienced by the adatom,

d^P&
dt

5ZeE~ t !2^¹RV a
s&2^¹RV &. ~6!

In this expression, the first term on the right may be identi-
fied as the force, due to the ‘‘direct’’ interaction of the ada-
tom with the applied field, the second term describes the
force on the migrating adatom, due to interaction with the
substrate ion cores. The third term is the component of the
driving force generated by the interaction of the adatom with
the conduction-electron charge density.

To evaluate the term,^¹RV &, appeal is made to the linear-
response formalism of Kubo.27 The equation of motion of a
state operatorr(t) in the presence of a time-dependent per-
turbationH8(t) is

i
]r~ t !

]t
5@H01H8~ t !,r~ t !#2

i @r~ t !2r0#

t
, ~7!

where we have introduced a time constant,t, that sets the
time scale of relaxation of the electronic charge density. The
perturbed state operator is written as

r~ t !5r01Dr~ t !, ~8!

where limt→2`r(t)5r0 is the state operator in the absence
of the perturbationH8(t). Solving this equation and retain-
ing only terms linear in the perturbation gives

Dr~ t !52 i E
2`

t

eiH0~ t82t !

3@H8~ t8!,r0#e
2 iH0~ t82t !e@~ t82t !/t#dt8. ~9!

Thus, the expectation value of an observableA is

^A&~ t !5Tr@r0A#1Tr@Dr~ t !A#. ~10!

In the spirit of the Born-Oppenheimer approximation, we
assume that time scales of the variations in the total state
operator, due to the perturbation of the electronic configura-
tion under the applied field and due to the motion of the ion
are disparate. This allows us to treat the position of the ada-
tom,R, as a fixed parameter and perform the calculation in a
basis of electronic states. We note that, in this approxima-
tion, the term^¹RV a

s& in Eq. ~6! contributes a constant to
]r(t)/]t for a given R. Defining A5¹RV and
H8(t)5eE(t)•Smrm and substituting into Eq.~10!, we ob-
tain directly

^¹RV &5Tr@r0¹RV #2 i E
2`

t

Tr$eiH0~ t82t !

3@eE~ t8!•Smrm ,r0#e
2 iH0~ t82t !¹RV %

3e@~ t82t !/t#dt8, ~11!

where the traces are over many-body states of the electronic
system. Asr0 represents a state with no net electron flux, the
second term on the right contains all contributions to the
force, due to charge motion, and therefore, can be identified
as the wind force experienced by the adatom. To proceed
further we assume that the Hamiltonian of the electronic sys-
tem may be written as a sum over a single-particle Hamilto-
nians, allowing us to write the trace over single electron
states:

Fw5 ieE
2`

t

dt8 tr†@E~ t8!•r ,f0#e
2 iG~ t82t !¹Rv‡e

@~ t82t !/t#,

~12!

with

f05@eb~h2EF!11#21. ~13!

G is a Liouville operator with the propertyGV5@h,V# andv
is the interaction energy of a single electron with the migra-
tor. Taking the time dependence of the applied electric field
to beE(t)5E cos(vt) the integral over time may then be
performed to give limitv→0,

Fw5 ie trF S 1

iG1t21D @E•r ,f0#¹Rv G . ~14!

By expanding thef0 operator and employing the identity

@V,e2bh#5e2bhE
0

b

elh@h,V#e2lhdl, ~15!

Eq. ~14! may be written as

Fw5 ie trF S 1

iG1t21D ~12f0!E
0

b

dl~2 i !E• ṙ ~2 il!f0¹RvG ,
~16!

whereṙ is the electron velocity operator. Taking the trace in
eigenstates ofh yields the usual working expression for the
wind force,25
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Fw~R!52(
k
g~k!^cku¹Rv~ uR2r u!uck&, ~17!

with

g~k!5et„E~k!…ṙ ~k!•E
] f 0
]Ek

, ~18!

where we have assumed that the electronic relaxation time is
purely energy dependent and have neglected higher-order
distortions of the Fermi surface through terms in powers of
~2i tG! in the trace. In the low temperature limit,
]f 0/]Ek→2d~E2EF! and we may rewrite Eq.~17! in the
form

Fw~R!5
eV

4p3 E E
FS

d2k

u¹Eku
tEvF~k!•EE E E d3rck* ~r !¹Rv~ uR2r u!ck~r !, ~19!

where the electron states are normalized toV, the volume of
a substrate unit cell.

For the surface electromigration of an adatom, the wind
force will, in general, be anisotropic and dependent upon the
location of the adatom within the surface unit cell. Therefore,
we represent the wind force, given by Eq.~19!, by an effec-
tive valence tensorZI w , defined such that

Fw~R!5eZI w~R!E. ~20!

Comparing Eqs.~19! and ~20!, the components of the~Car-
tesian! effective valence tensor are defined as

~Zw! i j5E E
FS

d2k

u¹kEku
tE@vF~k!• x̂j #I i~k,R!, i , j5x,y,

~21!

where

I i~k,R!5
V

4p3 E E E ck* ~r !ck~r !@¹Rv~ uR2r u!• x̂i #d3r .

~22!

Evaluation of the wind force experienced by an adatom
requires the evaluation of the one-electron scattering states of
the substrate,ck . Our approach, utilizing a LKKR calcula-
tion, is described in the following sections.

III. REPRESENTATION OF THE
ELECTRON-SCATTERING STATES

To evaluate the conduction electron states in the vicinity
of the adatom, we adopt the muffin-tin approximation and
confine the atomic potentials to nonoverlapping spheres with
a constant interstitial potential. The scattering properties of
each atom are characterized by a set of phase shifts, which
we denote bydl for substrate atoms and byd l

a for the ada-
tom. This allows us to expand the electron states in a partial
wave basis,

ck~r !5
4p

AV
(
lm

i lAlm~k!Rl~r !Ylm~ r̂ !, ~23!

whereRl is the radial solution of the Schro¨dinger equation.
In the interstitial region surrounding the adatom, the elec-
tronic wave functions are spherical waves, so that Eq.~23!
becomes

ck~r !5
4p

AV
(
lm

i lAlm~k!@ j l~kr !1hl
~1!~kr !

3 ieid l
a
sind l

a#Ylm~ r̂ !, ~24!

wherek5A2Ek, j l is a spherical Bessel function,h l
(1) is a

spherical Hankel function of the first kind, andYlm is a
spherical harmonic. The coefficients of the spherical wave
expansion,Alm , are obtained from the layer-KKR calcula-
tion described in Sec. IV.

Having obtained the expansion ofck in spherical waves,
we substitute into Eq.~22! giving, with the adatom located at
the origin of coordinates,

I j~k!5
4

p (
lm

(
l 8m8

i l 82 lAlm* Al 8m8

3E dr r 2Rl* ~r !Rl 8~r !
dV~r !

dr

3E E d2r̂ Ylm* ~ r̂ !Yl 8m8~ r̂ !~ r̂• x̂j !. ~25!

The angular integral is

E Ylm* ~ r̂ !Yl 8m8~ r̂ !~ r̂• x̂!d2r̂

5E E Ylm* ~ r̂ !Yl 8m8~ r̂ !sin
2u cosf du df

5~21!mA2p/3~Cl ,2m; l 8,m8;1,212Cl ,2m; l 8,m8;1,11!

~26!

and

E Ylm* ~ r̂ !Yl 8m8~ r̂ !~ r̂• ŷ!d2r̂

5E E Ylm* ~ r̂ !Yl 8m8~ r̂ !sin
2u sinf du df

5~21!miA2p/3~Cl ,2m; l 8,m8;1,211Cl ,2m; l 8,m8;1,11!,
~27!

whereC is a Clebsch-Gordan coefficient.
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The radial integral of Eq.~25! is a standard result from the
theory of the electron-phonon interaction,28,29

E r 2Rl* ~r !Rl 8~r !
dV~r !

dr
dr564ei ~d

l 8
a

2d l
a
! sin~d l

a2d l 8
a

!,

l 85 l61. ~28!

Combining these results@Eqs.~29! and~25!#, we find our
final expression forI ~k! in terms of the spherical wave ex-
pansion coefficients,Alm of the electron scattering states:

I j~k!5(
lm

(
l 85 l61

(
m85m61

~21!mAlm* Al 8m8

3sin2~d l
a2d l 8

a
!Bj~ lm,l 8m8!, j5x,y, ~29!

where

Bx~ lm,l 8m8!5~Cl ,2m; l 8,m8;1,212Cl ,2m; l 8,m8;1,1!,

By~ lm,l 8m8!5ı~Cl ,2m; l 8,m8;1,211Cl ,2m; l 8,m8;1,1!.

Thus, to calculate the wind force from Eq.~29!, the
spherical-wave expansion coefficients,Alm of the conduction
electronic states must be evaluated. This part of the calcula-
tion is performed by the layer-KKR method described in the
next section.

IV. LAYER-KKR CALCULATION

The LKKR method constructs the scattering properties of
the substrate by assembling single atoms into atomic planes,
which are then combined into a semi-infinite stack represent-
ing the bulk termination of the solid. The theoretical basis of
the method has been described in detail elsewhere.30,31Here,
we review the basic computational procedures relevant to the
computation of the wind force experienced by an adatom on
a current carrying substrate.

The procedure is to partition a model surface potential,
calculate the substrate scattering properties and then embed
the molecule into the surface barrier; each stage requiring the
solution of a multiple-scattering problem for which we use
standard computational techniques from the theory of low-
energy electron diffraction.32 For computational conve-
nience, the surface potential is separated into three regions
by two planes oriented parallel to the surface. The first,PS ,
is positioned a distance of one half of the bulk interplanar
spacing above the top layer of substrate atoms; the second,
PM , passes through the center of mass of the molecule. Re-
gion III contains the crystalline substrate consisting of a
stack of atomic planes, regionsI and II contain the surface
barrier ~see Fig. 1!. At each plane, the electronic states may
be expressed as a linear combination of the substrate Bloch
states,

c~r !5(
ki

(
g
Ag

1~ki!ei ~ki1g!•r ieiKgz
1z

1Ag
2~ki!ei ~ki1g!•r ieiKgz

2z, ~30!

whereki is the component of momentum parallel to the sur-
face,g is a reciprocal-lattice vector of the substrate, the elec-
tron wave vector is

Kg
65~ki1g,6Kgz!, ~31!

whereKgz is the component of momentum perpendicular to
the substrate,

Kgz5A2E2uki1gu2. ~32!

The substrate scattering may be evaluated efficiently by
first determining theki-resolved reflection coefficients of the
substrate,r gg8

III (ki). The substrate is represented as a stack of
atomic planes parallel to the surface. After determining the
atomic phase shifts, the scattering paths within one atomic
layer parallel to the surface are summed, using the Kambe
method.33–35 The atomic planes are then assembled into the
semi-infinite termination of the crystal surface, using the
layer doubling algorithm30 to sum the interlayer multiple-
scattering paths. Theki-resolved reflection and transmission
coefficients of the barrier regions,r gg8

I (ki), tgg8
II1(ki),

r gg8
II12(ki), r gg8

II21(ki), andtgg8
II2(ki) are evaluated, for a given

position,za , of the adatom relative to the upper atomic plane
of the substrate, by numerical integration of the Schro¨dinger
equation.

Given these quantities, thek-resolved reflection coeffi-
cients, of the right and left half spaces,RR~k! andRL~k!
relative to the plane containing the molecule (PM) may be
obtained by summing the multiple-scattering series by matrix
inversion,

RL5r I , ~33!

RR5r II
211t II

2r III ~12r II
12r III !

21t II
1 . ~34!

The surface scattering operator, for a givenki , is found
by summing over all scattering paths originating and ending
on the adatom:

FIG. 1. Schematic representation of the adatom-surface system
illustrating the operator notation used in the text.PA and PS are
planes lying parallel to the surface located at the adatom and one-
half layer spacing above the surface, respectively. Ther and t de-
note the reflection and transmission operators of the substrate and
surface barrier.
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t lm,l 8m8~ki ,E!5(
g

(
g8

L̃lm,g
6 ~ki!tgg8Lg8,l 8m8

6
~ki!,

~35!

tgg8~ki ,E!5@~12RRRL!21~RR1RRRL!

1RL~12RRRL!21~11RR!#gg8 , ~36!

where the operatorL projects outgoing spherical waves into
a plane-wave basis,

L lm,g
6 ~ki!5

2p i

VkuKgzu
Ylm~K̂g

6!, ~37!

and the inverse operatorL̃ projects plane waves into an an-
gular momentum basis.36

L̃g,lm
6 ~ki!54p i lYlm* ~K̂g

6!. ~38!

The full scattering matrix of the surface is then obtained by
integration of t over the two-dimensional Brillouin zone
~areaV! containingki

S lm,l 8m8~E!5
1

V E E
V

t lm,l 8m8~ki ,E!d2ki . ~39!

Multiple scattering between the plane containing the ada-
tom and the substrate is described in an angular momentum
basis, where the substrate scattering is defined by the surface
scattering operator,S , describing the reflection of an outgo-
ing spherical wave by the surface into a set of incoming
waves outside of the muffin-tin sphere centered on the ada-
tom,

hl
~1!~kr !Ylm~ r̂ !→hl

~1!~kr !Ylm~ r̂ !

1 (
l 8m8

S l 8m8,lmj l 8~kr !Yl 8m8~ r̂ !.

~40!

If the conduction electronic states in the absence of the ada-
tom are expanded about the origin as

ck
0~r !5

4p

AV
(
lm

i lAlm
0 ~k! j l~kr !Ylm~ r̂ !, ~41!

the introduction of the adatom modifies the spherical wave
coefficients as follows:

Alm~k!5~12taS !21Alm
0 ~k!, ~42!

whereta is the operator describing scattering by the adatom.
The principal modification of the standard LKKR calculation
is the evaluation the surface scattering matrixS , using
multiple-scattering theory. The computation of the conduc-
tion electron states of the substrate, and more specifically,
their expansion coefficientsA lm

0 are achieved by a straight-
forward modification of the standard LKKR method and,
consequently, will not be discussed in detail here.

V. COMPUTATIONAL DETAILS

For the substrates considered in this paper, the surface-
barrier potential was obtained from the saturated image po-

tential model of Jennings, Jones, and Jepsen,37 with param-
eters fitted to the binding energy of image states,38

Vb~z!5
e2l~z2z0!21

2~z2z0!
, z.z0 , ~43!

2U0

Aeb~z2z0!11
, z,z0 . ~44!

The presence of the adatom locally distorts the surface bar-
rier and such a distortion could be modeled by performing a
Fourier expansion of the barrier potential and then separately
numerically integrating each Fourier component of the elec-
tron wavefield through the barrier. However, in the case of
an isolated adatom, such a procedure requires a large number
of Fourier components to obtain a convergent description of
scattering by the~distorted! surface barrier, in addition to the
introduction a large number of free parameters into the de-
scription of the surface barrier. To limit the number of such
parameters introduced into the calculation, the surface barrier
was assumed to be uncorrugated and fixed, such that the
origin ~z50! of the barrier potential was located one half of
a bulk interlayer substrate spacing beyond the adatom.

In the treatment of atomic scattering@see, for example,
Eq. ~29!#, we employed partial wave contributions up to
lmax53. In order to evaluate the surface scattering matrix, it
is necessary to add a small imaginary partV0i to the inter-
stitial potential. This imaginary part of the potential serves to
damp the electron wavefield in the surface and ensures con-
vergence of the layer doubling algorithm. In the calculations
reported in this paper, 0.02<V0i5<0.04Ha. The integral
over the surface Brillouin zone@Eq. ~39!# was performed
using the method of special points;39 we include 134 quadra-
ture nodes within the irreducible wedge of the zone.

VI. RESULTS

Introduction

Utilizing the LKKR method described above, we have
calculated the wind force acting upon isolated adatoms along
typical migration pathways that link high-symmetry surface
binding sites. We have determined the averaged effective
valence for migration between these sites and computed the
variation of the wind force, as a function of the adatom
height and lateral position. Using these results, we have ex-
amined the validity of a ballistic interpretation of the wind
force for the surface electromigration of adatoms.

In Sec. VI A 1, we present the results of a LKKR calcu-
lation for adatom self-electromigration on Na~100!. Our
findings are compared with those of a prior theoretical inves-
tigation by Duryea and Huntington, who employed the jel-
lium model to determine the wind force for surface elec-
tromigration on Na~100!.13 In Sec. VI A 2, we consider the
self-electromigration of isolated adatoms on the low Miller
index faces of copper; Cu~110!, Cu~100!, and Cu~311!. The
self-electromigration of adatoms on Cu~111! was the subject
of a prior publication.15 Finally, in Sec. VI A 3, we present
the results of a study of impurity electromigration on a cop-
per substrate.

For each system investigated, it was assumed that the sub-
strate consisted of an unreconstructed cleavage of the bulk
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lattice. The Cartesian components of the wind force were
calculated as the isolated adatom was stepped along pre-
defined migration paths. The migration paths were chosen to
lie between continuation sites of the crystal surface and rep-
resent plausible diffusion routes. As an adatom moves along
a migration path, the height of the adatom above the sub-
strate changes. In order to approximately model this varia-
tion, at each discrete point on a migration pathway for which
the driving force was computed, the adatom height was ad-
justed so that the nearest-neighbor distance was the mean of
the metallic radii of the adatom and substrate atom. For
Cu~111!, this simple procedure yielded adsorption heights
that were not significantly different~60.1 Å! from those
obtained from an embedded-atom method calculation of lo-
cal geometry of the adatom.15

In order to generate the Cartesian components of the wind
valence tensor,Zw , calculations were performed for an ex-
ternal electric field applied in two orthogonal directions in a
plane parallel to the substrate. The calculated wind force was
expressed as an effective valence,Zw , normalized to the re-
laxation timet. As temperature dependence enters the prob-
lem primarily through the substrate resistivity, this represen-
tation has the virtue of being temperature independent. The
quoted absolute values ofZw employed publishedbulk val-
ues oft. Clearly, if the relaxation time at the surface differs
significantly from the bulk value then this procedure pro-
vides only an estimate of the absolute valence andZw/t of-
fers a more appropriate, quantitative, measure of the driving
force.

1. Self-electromigration on Na(100)

Using the ballistic, momentum-transfer, theory of Hun-
tington and Grone17 and Fiks,16 Duryea and Huntington13

computed the wind force for a sodium atom interacting with
a jellium model of a sodium substrate. These prior results
predict that the effective valence of a Na migrator in bulk
jellium is 28.6>Zw>213.8 at 85 °C. As the adatom passed

through the jellium edge, into the vacuum region, the mag-
nitude of the wind force increased beyond its bulk value and
exhibited a maximum, whereZw increased by a factor of
approximately three over its bulk value. As would be ex-
pected for a jellium calculation, the wind force was strictly
antiparallel to the direction of electron flow.

In Fig. 2, we display the effective valence, determined by
a LKKR calculation, of the wind force for adatom self-
electromigration on Na~100!. The migration pathway consid-
ered lies parallel to the@010# direction and links two fourfold
hollow sitesvia the twofold bridge site~see schematic ac-
companying Fig. 2!. In order to compare our results with
those of the prior jellium model, the wind force was com-
puted for the same three sets of Na adatom scattering phase
shifts employed by Duryea and Huntington.40 For each ad-
atom position along the migration pathway, the components
of the driving force parallel and perpendicular to the applied
field were computed. These two components of the force,
computed separately for electric fields parallel to the@010#
and@001# directions, yield the elements of the Cartesian va-
lence tensor.

Figure 2 displays the variation of the diagonal elements of
the effective valence tensor coupling applied fields and wind
forces in the@010# @Fig. 2~a!# and @001# @Fig. 2~b!# direc-
tions. In essence, these are the components of the driving
force parallel to the electric field when the field is applied
parallel to either the@010# or @001# directions. The off-
diagonal elements of the effective valence tensor, which de-
scribe the components of the driving force perpendicular to
the applied field, were found to be approximately two orders
of magnitude smaller than the diagonal elements.41 This re-
sult indicates that, to a very good approximation, the wind
force for self-electromigration on Na~100! is antiparallel to
the applied field, for any adatom location on the migration
pathway considered. Further, since the magnitudes of the
diagonal elements ofZw shown in Fig. 2 are almost identical,
the calculated wind force is found to be highly isotropic.

FIG. 2. Calculated effective wind valence for adatom self-electromigration on Na~100!, shown as a function of the distance along the
migration pathway~see schematic!, parallel to the@010# direction and linking two hollow sites~A andC! via a bridge site (B). Zw is
normalized to the bulk relaxation timet. The component ofZw/t coupling the appliedE to the wind force in the same direction is given.~a!
The applied field is in the@010# direction.~b! The applied field is in the@001# direction. The calculated effective valence is shown for three
sets of adatom phase shifts employed by Duryea and Huntington~Ref. 13!: set 1~solid curve!, set 2~dashed curve!, and set 3~dot-dashed
curve! ~see text!.
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These features would be expected from a simple ballistic
model of the driving force where the direction of the wind
force would be strictly antiparallel to the field and the mag-
nitude of the wind force would be independent of the direc-
tion of the E. This result suggests that the wind force for
self-electromigration on Na~100! is highly ballistic in nature,
as would be anticipated for a simple metal such as sodium.

Although the magnitude of the wind force is dependent
upon the location of the adatom on the migration pathway,
its variation is qualitatively similar for each of the three sets
of adatom phase shifts. In agreement with Duryea and
Huntington,13 we find that the choice of adatom phase shifts
significantly affects the calculated magnitude of the force.
Using published values for the bulk resistivity of sodium,42

we estimated the electronic relaxation time to bet'1495
a.u. and computed the average wind valence between the
fourfold symmetric hollow sitesvia the proposed migration
path. We note that since the electromigration the wind force
serves to bias a thermally activated diffusion process, the
relevant valence is that averaged along the segment of the
path between the initial binding site~hollow site! and the
saddle point~bridge site!. Using this procedure, averaged
effective valence of the adatom was found to be
28.4>^Zw&>213.6 at 295 K, independent of the direction
of the applied field. The range of values arises, because three
different sets of phase shifts were employed in the calcula-
tion. The calculated value of effective valence for surface
self-electromigration in Na~100! obtained by the LKKR
method agrees well with thebulk valence determined by
from the jellium calculation performed by Duryea and Hun-
tington @28.6>Zw>213.8 at 85 °C~Ref. 13!#.

In order to show how the wind force depends upon the
adatom height, in Fig. 3, we display the calculated variation
of theZw/t as a function of the height of the adatom above
the first atomic plane of the substrate. The applied field is
parallel to the@010# direction andZw/t calculated when the
adatom was located above the hollow and the bridge sites of
Na~100! are shown. From Fig. 3, we observe that the mag-
nitude of the wind force passes through a maximum~for
an adatom-surface separation of'1.5 Å!, before decreasing
rapidly as the adatom is moved away from the substrate. It is
also interesting to note that the magnitude of driving force
becomes independent of the adsorption site as the adatom is
moved further than'2.5 Å from the substrate. For adsorp-
tion heights lower than 2.5 Å, the force at the bridge site was
found to be slightly larger than at the hollow site.

These observations are consistent with a simple ballistic
description of the wind force, whereZw is directly propor-
tional to the local density of conduction electrons at the ada-
tom, n~r !, a quantity that rapidly decreases outside the sub-
strate. The observed convergence of the wind forces for
distinct adsorption sites, as the adatom moves away from the
surface, is then a manifestation of the ‘‘smoothing out’’ of
the lateral corrugation inn~r ! far from the surface. Careful
comparison of Figs. 2 and 3 then leads us to the conclusion
that the lateral variation of the wind force seen in Fig. 2 is a
consequence of the variation of the adsorption height of the
adatom~2.1 Å at the hollow site and 3.0 Å at the bridge site!,
and, therefore, the local density of conduction-electron
states, as the Na atom is moved along the migration path.
Thus, for the case of self-electromigration on Na~100!, the

wind force is found to be ballistic in origin and multiple
scattering of conduction electrons between the adatom and
host ~substrate! is of little importance in determining the
driving force.

2. Self-electromigration on low-Miller index Cu surfaces

In this section, we present the results of the application of
the LKKR method to the case of adatom self-
electromigration on Cu~100!, Cu~110!, and Cu~311!. Figure
4 displays the calculated effective valence, normalized to the
relaxation time~Zw/t!, for the migration of a Cu adatom a
Cu~100! substrate. The corresponding pathway for adatom
migration on this substrate is illustrated in the accompanying
schematic. Calculations were performed for an electric field
applied in the orthogonal@010# and the@001# directions and,
in each case, the components of the wind force were com-
puted parallel and perpendicular to the field. As was the case
for sodium self-electromigration, discussed in the previous
section, the calculated off-diagonal elements of the valence
tensor were approximately two orders of magnitude smaller
than the diagonal elements. Consequently, Fig. 4 displays
only the diagonal elements ofZw/t, plotted as a function of
the lateral position of the adatom along a migration path that
links a pair of fourfold hollow sitesvia the bridge site~see
schematic!.

Comparing Figs. 3 and 4, we see that the qualitative be-
havior of the wind force self-electromigration on Cu~100! is
similar to that observed for Na migration on Na~100!. In both
systems, the valence tensor is almost diagonal and the diag-
onal elements are almost identical. This implies that the wind
force is parallel to the electronic current and has a magnitude
that is almost independent of the direction ofE. Using the
room-temperature bulk electronic relaxation time~t'1030
a.u.!, we estimate the effective valence for self-
electromigration on Cu~100!, averaged between the hollow
and bridge sites, to bêZw&5228.1. This value is somewhat
larger than the value of̂Zw&5221.4 computed for self-
electromigration on Cu~111!.15 Given the apparent ballistic
nature of the wind force for Cu migration on Cu~100! and
Cu~111!, this difference then reflects the difference in the

FIG. 3. Effective valence versus height above first substrate
atomic plane for a hollow adsorption site~dashed line! and bridge
adsorption site~solid line!; sodium on sodium~100!. This calcula-
tion utilized the third of the given sets of scattering phase shifts.
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local density of conduction-electron states in the vicinity of a
Cu adatom on Cu~100! and Cu~111!. Since an adatom on
Cu~100! is more highly coordinated than an adatom on
Cu~111!, one anticipates thatn~r ! and, consequently,Zw will
be greater for Cu~100! than for Cu~111!.

When the adatom is located above the hollow site of
Cu~100!, the fourfold symmetry of the substrate implies that
the wind force is identical when the field is applied in
~equivalent! @010# and the@001# directions. For other posi-
tions along the migration pathway, the forces for these two
field directions are expected to be inequivalent. Conse-
quently, we observe a slight~'3%! difference in the magni-
tude of the two diagonal elements ofZw/t, which is maximal
at the bridge site. The variation represents the influence of
the local scattering geometry of the adatom, which changes
as the adatom is moved along the migration path.

In Fig. 5, we show the calculated wind force for self-
electromigration on Cu~100!, plotted as a function of the
adatom adsorption height. Results are shown for the adatom
located above the fourfold hollow and twofold bridge sites.
In contrast to the case of Na electromigration on Na~100!, for
a range of Cu adatom adsorption heights~3.4>h>1.2 Å!,
we observe a substantial difference in the magnitude of the
wind force calculated for the distinct sites. While the force is
ballistic in origin, the local density of conduction-electron
states outside of Cu~100! is not well described by the free-
electron model. Specifically,n~r ! for Cu~100! is more
strongly site-dependent than for Na~100!.

Figure 6 shows the calculated effective valence for the
migration of a Cu adatom on Cu~110!. In this case, we dis-
play the diagonal elements ofZw/t calculated for the electric
field applied parallel the@1̄10# and @001# directions. As for
Cu~100!, the calculated valence tensor is almost diagonal and
the diagonal elements are negative. The difference between
the diagonal elements ofZw/t varies by'2% when the ada-
tom is located at the hollow site and'10% at the long
bridge site. We note that the wind force is almost parallel to
the field and has a magnitude that is almost independent of
the field direction, even though the Cu~110! substrate unit
cell is rectangular, so that the directions in which the field is
applied are inequivalent. The calculated effective valence,
averaged between the hollow and bridge sites, is found to be
Zw5229.1 for the applied field and migration path parallel
to the @1̄10# direction.

Figure 7 displays the calculated effective valence for self-
electromigration on Cu~311!. We considered a migration
pathway that links together two continuation hollow sites,
labeledA and C, via another, inequivalent, hollow siteC
~see schematic!. The Cu~311! substrate is a slightly stepped
surface on which the steps are parallel to the@011̄# direction.
The migration pathway crosses a step edge on the segment
linking pointsB andC shown in Fig. 7. Therefore, this sys-
tem allowed the investigation of the influence of simple step
structures upon the electromigration wind force.

Effective valences were computed for electric fields ap-
plied parallel and perpendicular to the step edge that lies
parallel @011̄# direction. For all position on the migration
pathway, the valence tensor was diagonal dominant; the off-
diagonal elements were approximately two orders of magni-
tude smaller than the diagonal elements. The averaged diag-
onal elements of the valence tensor for distinct segments of
the migration pathway are presented in Table I.

Our results demonstrate a significant asymmetry in the
wind force as the Cu adatom traverses the step edge on a
Cu~311! substrate. First, we note that there exists a marked
asymmetry in the calculated valence tensor under the simul-
taneous reversal of the migration path and the applied field.
Specifically, consider the path that crosses the step edge to

FIG. 4. Component of the effective valence
versus distance moved along given migration
path on copper~100!. Z@011# and Z@0 1̄1# are the
valence tensor elements corresponding to wind
forces in the@011# and @01̄1# directions for ap-
plied electric fields in the same~@011# and@01̄1#,
respectively! directions. The schematic shows the
investigated migration pathway.

FIG. 5. Effective valence versus height above the first substrate
atomic plane for a hollow adsorption site~solid line! and bridge
adsorption site~dashed line!; copper on copper~100!.
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link the sites labeledB andC ~see Fig. 7!. If the electric field
is applied parallel to the step fromB→C ~@23̄3̄#!, the calcu-
lated wind force experienced by the adatom is antiparallel to
E and favors migration fromC→B. The valence, averaged
along the pathC→B is found to bê Zw&222.9, see Table I.
When the field is applied in the opposite direction,C→B,
migration occurs alongB→C with a average valence of
^Zw&227.7. Thus, we observe a significant difference in the
magnitude of the electromigration wind force, experienced
by adatoms that cross a step edge, when the field is applied
in the ‘‘up-’’ or ‘‘down-step’’ directions.

We also observe that the magnitude of the average wind
force for migration between two sites on the same terrace,A
andB, is always greater than that experienced by an adatom
along a path that the crosses a step edge,B toC. This reflects
the fact that diffusion between the sitesB andC involves
transfer across the low coordination step edge, where the
adatom experiences in a region of reduced conduction-
electron density, compared to motion along a terrace.

Finally, it is informative to compare the results of the
LKKR calculation applied to copper self-electromigration re-
sults to the quantitative predictions of the ballistic model of

the wind force.16,43According to this simple model, the wind
force acting upon an adatom is parallel to the electronic cur-
rent and is proportional to the transport cross section of the
adatomstr(EF),

44 the local density of conduction electrons,
n~r !, and the mean free pathl :

Fw5EeZw5Ee~2n0ls tr!. ~45!

For electromigration in bulk Cu,n58.4531022 Å23,18

l5393 Å at 293 K~Ref. 18! and the transport cross section,
computed from the Cu phase shifts employed in our layer-
KKR calculation and found to bestr51.29 Å2 at the Cu
Fermi energy. It follows that the ballistic estimate for the
effective valence in bulk Cu isZw5243.2. Therefore, for all
of the Cu surfaces and migration pathways considered, we
find that the calculated effective valence for the surface elec-
tromigration of Cu adatoms is significantly smaller than that
for bulk self-electromigration. Given the qualitatively ballis-
tic nature of the calculated forces, this difference may be
attributed to the reduction of conduction-electron density,
n~r ! at a Cu surface, relative to that of the bulk. Further, we
find that there is a direct correlation between the coordina-

FIG. 6. Component of the effective valence
versus distance moved along given migration
path on copper~110!. Z@001# and Z@ 1̄10# are the
valence tensor elements corresponding to wind
forces in the@001# and @1̄10# directions for ap-
plied electric fields in the same~@001# and@1̄10#,
respectively! directions. The schematic shows the
investigated migration pathway.

FIG. 7. Components of the effective valence versus distance moved along given migration paths on copper~311!. The schematic shows
the investigated migration pathway.~a! The pathway from pointA to pointB ~see schematic!. ~b! The pathway from pointB to pointC. In
each case, we consider the diagonal valence element coupling an applied field along the migration direction to the wind force in the same
direction.
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tion of an adatom and the magnitude of the average wind
valence for similar migration pathways. Specifically, the
magnitude of the wind force increases as the substrate be-
comes more open.

3. Impurity electromigration at Cu surfaces

In this section, we describe the results of the LKKR cal-
culation applied to the computation of the wind force acting
upon impurity adatoms on Cu substrates. Figures 8~a!, 8~b!,
and 8~c! display the normalized wind valence for the elec-
tromigration of Al, Na, Si, and W adatoms on Cu~100!,
Cu~110!, and Cu~311!, respectively. The figure shows diag-
onal element of the valence tensor corresponding to the wind
force acting in the same direction as an field applied in the
@011# direction. For every adatom considered, the off-
diagonal elements of the effective valence tensor were
smaller than the diagonal elements by at least two orders of
magnitude. The qualitative behavior of the wind force, as a
function of the adatom lateral position, is similar for each of
the adatoms and substrates, displaying a small variation be-
tween distinct adsorption sites.

According to the ballistic model of the electromigration,
the magnitude of the wind valence is proportional to the
transport cross section of the migrator and the density of
conduction electron states in the vicinity of the adatom. In
order to explore the correlation betweenZw andstr , we dis-
play in Fig. 9 the calculated average wind valence for Al, Na,
Si, W, and Cu electromigration on Cu~110!, Cu~100!, and
Cu~311!, plotted as a function of the transport cross section
of each migrator. The transport cross sections, computed us-
ing the phase shifts used in our LKKR calculations, were for
Na,str50.014 Å2; for Cu,str51.30 Å2; for Al, str51.91 Å2;
for Si, str52.91 Å2; and for W,str55.85 Å2.

From Fig. 9 we observe that, to a good approximation, the
average wind valence is proportional to the transport cross
section of the adatom, in agreement with the predictions of
the simple ballistic model. The slope of the line, equal in the
ballistic model tonl/t, is found to have its highest value for
the ~311! surface and lowest value for the~100! surface.
Therefore, the results presented in Fig. 9 are suggestive of
the reduction of electron density, along the surface migration
paths, for closer packed surfaces.

VII. CONCLUSIONS

We have presented a quantitative investigation of the
electromigration wind force at metallic surfaces, using a
layer-KKR method to evaluate the electron-scattering states.
For self-electromigration and impurity electromigration on
Cu and Na substrates, our results suggest that the wind force

FIG. 8. Components of the effective valence versus distance
moved along the migration pathway for inhomogeneous electromi-
gration on copper~100! ~a!, copper~110! ~b!, and copper~311! ~c!.
Results are given for sodium~solid line!, aluminum~dotted line!,
silicon ~short dash-dotted line!, and tungsten~long dash-dotted
line!. For each surface orientation, we give one~diagonal! element
of the valence tensor for each species in order to illustrate the dif-
ferences in behavior between them. For the~100! surface: applied
field and force in the@011# direction. For the~110! surface: applied
field and force in@1̄10# the direction. For the~311!: applied field
and force in the@011̄# direction.

TABLE I. Effective wind valences calculated for the different
path segments shown in Fig. 7. In each case, the applied field is
parallel to the path.

Diffusion step Effective valence

A→B 233.5
B→A 229.4
B→C 222.9
C→B 227.7
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experienced by an isolated adatom is quite well described by
a simple ballistic model if the reduction of the electron den-
sity at the surface, relative to the bulk, is taken into account.
The conclusion is supported by the strong dependence of the
magnitude of the calculated wind force upon the adatom
height, a result which suggests a correlation of the wind

force with the decreasing electronic density of states outside
of the substrate.

The apparent success of the free-electron ballistic model
in predicting the qualitative features of surface electromigra-
tion on Cu substrates is perhaps surprising given that the
layer-KKR calculation includes a quantitative model of the
full electronic band structure. In addition, it is well known
that the ballistic model fails to provide a quantitative descrip-
tion of the wind force for bulk electromigration in transition
and noble metals, since it is applicable only within free-
electron model.43 Nevertheless, the agreement between the
ballistic model and the layer KKR calculation, and, in par-
ticular, the isotropy of the computed wind force, suggests
that the low coordination of an adatom relative to a substi-
tutional impurity in the bulk plays a significant role in reduc-
ing the contribution to the wind force from multiple electron
scattering in the vicinity of the adatom. The generality of this
result will be explored in calculations of self-
electromigration and impurity electromigration on Ag sub-
strates, to be reported in a subsequent publication.
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