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The band structure of medium-gap semiconductors GaAs and InP is described theoretically using a five-level
k•p model and including far-level contributions as well as polaron effects. A corresponding theory is also
developed to describe orbital and spin properties of charge carriers in both materials in the presence of an
external magnetic field of arbitrary orientation. Field dependence ofg factors, the spin doublet splittings of the
cyclotron resonance, bands’ anisotropies, and the energy dependences of the cyclotron masses are described
and compared with existing experimental data all the way to the megagauss range of magnetic fields. A good
theoretical fit to all the experiments is achieved, which is used to determine the band parameters for GaAs and
InP. Values of the polar constants for both materials are discussed. The determined band parameters are
employed to calculate the hole masses, which turn out to be in agreement with those found by other authors.
It is concluded that the proposed description is adequate for both the conduction and valence bands of GaAs
and InP, although there remains a certain ambiguity between the band-structure effects~related to the far-level
contributions! and the polaron effects.

I. INTRODUCTION

GaAs and InP are medium-gap semiconductors of great
technological importance. For this reason they have been, in
recent years, the subject of numerous experiments, dealing
with their bulk properties as well as with the systems of
reduced dimensionality. In order to interpret correctly these
experiments, one needs to know in detail the band structure
of the materials in question. A three-levelk•p description,
successfully used for narrow-gap semiconductors@Kane
~Ref. 1!, Pidgeon and Brown~Ref. 2!#, is not adequate for
the medium-gap case, which has been convincingly demon-
strated with the use of cyclotron resonance investigations
@Zawadzki, Pfeffer, and Sigg~Ref. 3!#. The reason is that in
medium-gap semiconductors, the fundamental gapE0 be-
tween theG 6

c and G 8
v levels is about 1.5 eV, i.e., it is not

much smaller than the gapE1 between theG 6
c level and the

upperG 7
c conduction level~which is about 3 eV!.

There have been few attempts to go beyond the three-
level model. The published theoretical work can be charac-
terized by two approaches. The first follows the method of
Ogg,4 who used the band decoupling scheme of Luttinger
and Kohn5 to higher orders of thek•p perturbation. This way
one obtains an effective one-band Hamiltonian, which ac-
counts for band’s nonparabolicity~up tok4 terms!, nonsphe-
ricity, and spin splitting. This method has been pursued by
Rossler and co-workers6,7 for problems without and with
magnetic field. It has been demonstrated that the scheme is
useful for the description of anisotropic cyclotron resonance
data.8 This formalism, however, has a fundamental short-
coming. It treats the conduction band alone, a description of
other bands would require separate developments in powers
of k•p perturbation, involving separate symmetry consider-
ations, other band parameters, wave functions, etc.

An alternative approach generalizes the work of Kane and
of Pidgeon and Brown@cf. also Grisaret al. ~Ref. 9! and

Weiler, Aggarwal, and Lax~Ref. 10!# by going from the
three-level model to the five-level model~5LM!, which in-
cludes exactly theG 7

v, G 8
v, G 6

c, G 7
c, G 8

c levels in thek•p
description. This approach has been used by Mycielski
et al.,11 Rossler,12 Cardona, Christensen, and Fasol,13 and
Pikus.14 The most complete treatment along these lines has
been worked out by Pfeffer and Zawadzki,15 who described
in detail various properties of conduction electrons in GaAs
and determined important band parameters. A similar work
has been carried out for InP by Hopkinset al.16 These papers
are concerned with the description of conduction bands, for
which it is enough to account for far-level contributions to
the k•p treatment by adding small constants to the effective
mass and the sping* factor ~cf. Hermann and Weisbuch,
Ref. 17!. However, as emphasized in Ref. 15, the ‘‘bare’’
5LM without proper far-level contributions is not adequate to
describe heavy-hole valence bands, so that its main advan-
tage over the approach of Ogg is lost. In addition, it turns out
that the bare 5LM is not good enough to properly account for
the experimentally observed anisotropy of the conduction
band in GaAs~cf. Ref. 15!.

It is the purpose of the present work to overcome these
deficiencies by including in 5LM description the main con-
tributions from far levels. In this version, our model gener-
alizes that of Kane and of Pidgeon and Brown from three to
five levels. In order to keep the problem tractable, we do not
include all far-level contributions allowed by the crystal
symmetry, but only the important ones. This amounts to in-
troducing modified Luttinger parameters, resulting from the
interaction of theG 8

v valence level with far levels, and the
linear k terms, as they cause qualitatively different band-
structure features. Since our present approach is a generali-
zation of our previous work,15 we refer to it as I and do not
repeat many details discussed there. As before, we try to
describe various magneto-optical data in order to test the
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validity of our model for GaAs and InP and to adjust the
band parameters for the two materials. In particular, we test
the model by comparing the results of the theory with ex-
perimental data at megagauss magnetic fields, at which the
electrons occupy high energies in the conduction band.

It has been recognized that a resonant electron-optic pho-
non interaction in medium-gap semiconductors in the pres-
ence of a magnetic-field results in effects comparable to
those of the band structure.18,19As a consequence, aiming at
a realistic description of conduction electrons in GaAs and
InP, we include resonant and nonresonant polaron effects.

Our paper is organized in the following way. First, we
consider the case of no external field, present thek•p theory,
and describe its results. Next, we turn to magnetic-field ef-
fects, present theP•p theory, mention resonant polarons, and
describe the resulting properties of conduction electrons in
GaAs and InP. In the discussion, we compare the resulting
band parameters for the valence bands with those proposed
by other authors.

II. FIVE-LEVEL k –p THEORY

We first consider the case of no external fields. The initial
one-electron eigenvalue problem reads

F p2

2m0
1V0~r !1

\

4m0
2c2

~s3“V0!•pGC5EC, ~1!

where V0 is the periodic lattice potential,m0 is the free-
electron mass, and the spin-orbit term is written in the stan-
dard notation. We look for solutions of~1! in the form of
Luttinger and Kohn5 ~LK !,

Ck
m~r !5exp~ ik•r !(

l
cl
m~k!ul~r !. ~2!

The summation is over all bands and the indexm indicates
the band of interest. The LK periodic amplitudes satisfy~1!
at a band’s extremum~at k50 in our case!,

F p2

2m0
1V0~r !1

\

4m0
2c2

~s3“V0!•pGul5El0ul , ~3!

whereEl0 is the edge energy of thel th band. The LK func-
tions are orthonormal. Inserting~2! into Eq. ~1!, multiplying
on the left byul 8

* , and integrating over the unit cell, one
obtains

(
l

H FEl01
\2k2

2m0
2EGd l 8 l1 \

m0
k•pl 8 l1Hl 8 l

s.o.J clm50.

~4!

The indexl 851,2,3,... runs over the bands, andpl 8 l are in-
terband matrix elements,

pl 8 l5
1

V K ul 8Up1
\

4m0c
2 ~s3“V0!Uul L .

The second term in the above equation appears to lead to
lineark terms in the energy and it has been often cited in the
literature in this context. However, as shown by Bir and
Pikus,20 this term vanishes forl5 l 8. There exist other
sources of lineark terms~cf. Refs. 21 and 13! and we deal
with them below. If theul amplitudes satisfy rigorously Eq.
~3!, the interband spin-orbit termsHl 8 l

s.o. do not appear in Eq.
~4!. However, we will use the LK functions, which do not
satisfy ~3! exactly, so thatHl 8 l

s.o. remain.
In the following, we consider a 5LM of the band structure

at k50 ~cf. Fig. 1!. The set oful amplitudes used in the
calculations is specified in I. The chosenul functions diago-
nalize the spin-orbit interaction within (G 8

c ,G 7
c) and

(G 8
v ,G 7

v) multiplets. As a consequence, due to inversion
asymmetry of the zinc-blende lattice, there exists a spin-orbit
coupling D̄ between the above multiplets@Pollak, Higgin-
botham, and Cardona~Ref. 22!#.

As mentioned in the Introduction, in addition to the five
levels, we include far levels~higher and lower! in approxi-
mation up tok2 terms. This scheme is due to Lowdin23 and it
has been applied to InSb by Kane.1 It can be considered as a
combination of perturbation theory for quasidegenerate lev-
els ~five levels! and nondegenerate levels~far-level contribu-
tions!. The far-level contributions projected on the five-level
scheme~14 states including spin andG 8

c, G 8
v degeneracies!

result in many additional terms involving a large number of
parameters. In order to keep the problem tractable, we in-
clude the diagonal contributions to the conductionG 6

c band,
the contributions to the Luttinger valencegL parameters, and
the lineark terms. Other far-level terms are neglected.

Taking the LK basis in the order:u1, u9, u3, u11, u5, u13,
u7, u8, u2, u10, u4, u12, u6, u14 ~cf. I!, the matrix takes the
form ~5!,

FIG. 1. Five-level model for the conduction and valence bands
of GaAs and InP, near theG point of the Brillouin zone. The inter-
band matrix elements of momentum and of the spin-orbit interac-
tion, as well as the far-level contributions, are indicated symboli-
cally.
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whereR5\2/2m0 , Ez5\2k z
2/2m0 , andCk represent lineark

terms. Quantitiesgi represent modified Luttinger parameters,
in which thek•p interaction of theG 8

v level with theG 6
c, G 8

c,
G 7
c levels has been subtracted, since it is included explicitly

in the matrix ~5!. ~We include here also the parameterk,
appearing later in the magnetic-field problems.! Thus, we
have

g15g1
L1

EPo

3E0
2

EQ

3~E12E0!
2

EQ

3~E11D12E0!
,

g25g2
L1

EPo

6E0
1

EQ

6~E12E0!
,

~9!

g35g3
L1

EPo

6E0
2

EQ

6~E12E0!
,

k5kL1
EPo

6E0
1

EQ

18~E12E0!
1

EQ

9~E11D12E0!
.

The terms related toF, gi , andCk represent far-level contri-
butions~in I, we used the parameterC52F!. Our parameter
F is not identical with that appearing in the three-level
model. Relations~9! neglect small terms related toD̄.

Thek•p theory in the above form contains three kinds of
parameters: the energy gaps, the matrix elements of momen-
tum and of the spin-orbit interaction, and the combinations
of both. In the following, we use the values of energy gaps
E0, D0, E1, D1 measured experimentally and the values ofD̄
and Ck calculated theoretically by independent methods.
Other parameters are determined by fitting various experi-
mental data, as described below. The lineark terms~propor-
tional toCk! result in very small effects, so that they may be
neglected in most calculations.

III. NONRESONANT POLARONS

In polar materials GaAs and InP, one deals with resonant
and nonresonant effects of the electron-phonon interaction
~polarons!. The influence of resonant polaron on electron
properties is discussed below in sections concerned with the
presence of an external magnetic field. The nonresonant po-

laron affects the band-edge effective mass according to the
relation19

m0* ~exp!5mpol* 5m0*
~11a/2!

~11a/3!
, ~10!

wherea is the polar coupling constant. Knowing the value of
a and the experimentally measured massm0* (exp), one de-
termines the bare massm0* , which is then used in the band-
structure calculations. Finally, the polaron correction is put
back to retrieve the experimental mass value. In the follow-
ing section, dealing with the band structure atB50, we per-
form the calculations for two values of the polar constant:
a50.065 and 0.085. The first is the usually accepted value
~cf. Ref. 18!. We find, however, that some important data are
described better if the bare electron mass is determined with
the use of the second value. The same problem appears in
InP, the corresponding values of the polar constant are
a50.12 and 0.20. This question is considered in the Discus-
sion.

IV. k –p THEORY. RESULTS

In this section, we quote the band parameters and describe
the results of thek•p theory for GaAs and InP. Although we
are concerned here with the band structure atB50, one
should bear in mind that the precise magneto-optical experi-
ments quoted in the following sections are of decisive impor-
tance for the adjustment of band parameters.

A. GaAs

We use the following experimental energy gaps:
E0521.519 eV,D0520.341 eV,E152.969 eV,D150.171
eV, D̄520.061 eV ~cf. I!, andCk523.4 meV Å ~cf. Ref.
13!. The effective mass and the effective sping value at the
conduction-band edge are,

m0* ~exp!50.066m0 , g0*520.44, ~11!

as determined by the cyclotron resonance~cf. Fig. 2!, and the
spin resonance24 ~cf. also Fig. 3!.

For the polar constanta50.065 the bare electron mass at
the band edge ism0*50.0653m0, while fora50.085, there is

FIG. 2. Cyclotron masses of electrons in GaAs versus transition
energy~spin-up and spin-down transitions! for Bi@001#. The solid
lines are calculated. Experimental data: open circles, Hopkinset al.
~Ref. 16!; solid circles, Sigget al. ~Ref. 34!.

FIG. 3. The Larmor frequency for the conduction electrons in
GaAs versus magnetic field. Experimental data are after Hannak
et al. ~Ref. 33!, the solid line is calculated. The dashed straight line
corresponds to the constant Lande´ factorg*520.44.
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m0*50.0651m0. The adjusted values of the interband matrix
elements for the both cases are

EP0
527.86 eV, EP1

52.36 eV, EQ515.56 eV, ~12!

in the standard units ofEP52m0P
2/\2. The adjusted values

of other band parameters for the two cases are quoted in
Table I. ~The parametersN1 and q are related to the band
structure in the presence of magnetic field, see below. Our
value ofN1 is not identical with that appearing in the three-
level model. In I, we used the parameterC852N1 .!

Using the matrices~5!–~8!, we calculateE~k! dispersions
for the seven bands in question. The resulting conduction
band is nonparabolic, nonspherical, and spin split~for a
given direction ofk!. The nonsphericity is related to theQ
terms and the difference betweeng2 andg3 values. The spin
splitting, which is in general due to the lack of inversion
symmetry in zinc-blende crystals, is related specifically to
the nonzero values ofP1 and D̄ ~which vanish for crystals
with inversion symmetry!.

We illustrate our calculations in Fig. 4, which shows the
electron velocitiesv~k!5]E/]\k for ki to the three principal
crystal directions. The velocity maxima correspond to inflec-
tion points ofE~k! dispersion. In the calculations of velocity,
we have neglected small effects of the spin splitting~cf. be-
low!. The dispersionsE~k! for k parallel to the main crystal
directions and the corresponding effective masses have been
shown explicitly in I. Our present calculation gives very
similar results for the conduction band. Also, the explicit
formula for the band-edge electron mass obtained in the
‘‘bare’’ 5LM model @cf. I, Eq. ~12!# remains valid.

In order to describe analytically the band nonparabolicity
and to facilitate calculations, which do not require a high
precision, we introduce an effective two-level formula,

\2k2

2m0*
5ES 11

E

E0*
D , ~13!

in which m0*5m0* (exp) and the effective value ofE0* is
adjusted to fit the meanE~k! value atk55.53106 cm21,
averaged over the threek directions~values forki@001# and
ki@111# are counted twice, as they are spin degenerate!. Our
calculated value of the ‘‘effective’’ gap isE0*50.98 eV. It
indicates that the conduction band in GaAs is considerably
more nonparabolic than it would follow from a two-levelk•p
model with the real gapEg51.52 eV. In other words, it dem-
onstrates the necessity of the five-level model. Equation~13!
is easily applicable to various observable properties and it
has been extensively used to describe the two-dimensional
electron gas in GaAs-GaxAl12xAs heterostructures. These
descriptions confirmed the effective gap value~cf. Discus-
sion!. In the effective two-level description~13!, the momen-
tum mass 1/m*5(1/\2k)]E/]k, defined by the relation
m*v5\k, is given by the formula m* (E)5m0* (1
12E/E0* ) ~cf. Ref. 25!.

The calculated dispersion relation for the conduction band
exhibits a spin splitting. This splitting is due to the lack of
inversion symmetry and it obeys the relationE↓~k!5E↑~2k!.
The splitting at lowk values is proportional tok3 ~cf. I!. The
explicit expression for the spin-splitting parameterg is ob-
tained by perturbation theory of the third order. The result is

g5
4

3

Q

E0E1G0G1
FP0P1~E08E182G08G18!

2
D̄

3
@P0

2~2G181E18!2P1
2~2E081G08!#G1gc , ~14!

where

FIG. 4. The electron velocity in the conduction band of GaAs
versus the electron energy, as calculated fork parallel to the prin-
cipal crystal directions.

FIG. 5. The dispersion relationsE~k! for the valence bands of
GaAs, calculated for twok directions. The corresponding hole
masses are quoted in Tables II and III.

TABLE I. Far-band parameters for GaAs, adjusted to fit the experimental data for two values of the polar
constanta.

g1 g2 g3 k N1 q F

a50.065 0.176 0.421 0.105 0.616 20.0107 0.01 21.075
a50.085 20.586 20.021 20.336 20.465 20.0105 0.01 21.055
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gc52
Ck

)

F3P0~G182E0!2P1D̄

3E0~G12E0!
G2. ~15!

The contribution ofCk terms to the spin splitting of the
conduction band is small. Using our parameters for GaAs,
we calculateg524.21 eV Å3 andgc50.09 eV Å3. The value
of g is in good agreement with experimental estimations~cf.
the discussion in I!. It can be seen from~14! that the sign of
D̄ is of importance for the value ofg. In GaAs the sign ofD̄
is negative and we deal with the sum of the two terms in
square parenthesis of~14!. The term proportional toD̄ con-
tributes about one third of the total value ofg.

In Fig. 5, we show the calculated dispersion relations for
light-hole, heavy-hole, and split-off valence bands for
ki@001# andki@011# crystal directions. The light-hole band is
seen to be strongly spin split forki@011#. The splitting of all
bands vanishes forki@001#. In contrast to the bare 5LM
model described in I, our present treatment aims at a realistic
description of the heavy-hole bands. The calculated light-
hole, heavy-hole, and split-off band masses are quoted in
Tables II and III~cf. Discussion! and compared to the calcu-
lated and experimental values of other authors.

Finally, the lineark terms in the matrix~5! result in the
splitting of theG8 valence bands away fromk50. In GaAs,

TABLE II. Luttinger parameters for the valence bands of GaAs and the resulting heavy and light masses
for two k directions, as calculated or measured by various authors. The values determined in this work for
two polar constants are given at the end.

g1
L g2

L g3
L kL mhh

100/m0 mlh
100/m0 mhh

111/m0 mlh
111/m0

Pollaket al.a 7.39 2.47 2.87 0.40 0.081 0.61 0.076
Vrehenb 7.2 2.5 2.5 0.45 0.082 0.45 0.082
Bowers and Mahanc 5.80 1.22 1.95 0.30 0.122 0.52 0.10
Balslevd 6.77 2.28 2.88 0.45 0.088 0.99 0.080
Lawaetze 7.65 2.41 3.28 1.72 0.35 0.080 0.92 0.070
Seisyanet al.f 7.1 2.32 2.54 0.41 0.085 0.50 0.082
Lawaetzg 7.98 2.58 3.20 0.35 0.076 0.63 0.070
Skolnicket al.h 6.98 2.25 2.88 0.40 0.087 0.82 0.078
Hesset al.i 6.85 2.10 2.90 0.38 0.090 0.95 0.070
Bimbergj 6.85 2.1 2.9 1.2 0.38 0.090 0.95 0.079
Ekardtet al.k 7.05 2.35 3.0 1.28 0.43 0.085 0.95 0.077
Miller et al.l 6.8 1.9 0.33 0.094
Hayakawaet al.m 4.8 1.85 0.90 0.117
Hayakawaet al.m 5.74 1.39 0.34 0.117
Neumannet al.n 7.17 2.88 2.91 1.81 0.71 0.077 0.74 0.077
Molenkampet al.o 6.79 1.924 2.681 0.34 0.094 0.70 0.082
Shanabrooket al.p 6.8 1.9 2.73 0.34 0.094 0.75 0.082
Said and Kanehisaq 7.20 2.15 3.05 0.34 0.087 0.91 0.075
Binggeli et al.r 7.10 2.02 2.91 0.33 0.090 0.78 0.077
a50.065 8.56 2.90 3.74 3.11 0.36 0.070 0.93 0.062
a50.085 7.80 2.46 3.30 2.03 0.35 0.079 0.83 0.069

aF. H. Pollak, C. W. Higginbotham, and M. Cardona, J. Phys. Jpn. Suppl.21, 20 ~1966!.
bQ. H. Vrehen, J. Phys. Chem. Solids29, 129 ~1968!.
cR. L. Bowers and G. D. Mahan, Phys. Rev.185, 1073~1969!.
dI. Balslev, Phys. Rev.177, 1173~1969!.
eP. Lawaetz, Phys. Rev. B4, 3460~1971!.
fR. P. Seisyan, M. A. Abdullaev, and V. D. Drazin, Fiz. Tekh. Poluprovodn.7, 522 ~1993! @Sov. Phys.
Semicond.7, 522 ~1973!#.
gP. Lawaetz, J. Phys. C9, 2809~1976!.
hM. S. Skolnicket al., J. Phys. C9, 2809~1976!.
iK. Hesset al., Proceedings of the 13th International Conference on Physics of Semiconductors, Rome, 1976,
edited by F. G. Fumi~North-Holland, Amsterdam, 1976!, p. 142.
jD. Bimberg,Advances in Solid State Physics, edited by J. Treusch~Vieweg, Braunschweig, 1977!, Vol.
XVII, p. 195.
kW. Ekardt, K. Losch, and D. Bimberg, Phys. Rev. B20, 3303~1979!.
lR. C. Miller, D. A. Kleinman, and A. C. Gossard, Phys. Rev. B29, 7085~1984!.
mT. Hayakawaet al., Phys. Rev. Lett.60, 349 ~1988!; Phys. Rev. B38, 1526~1988!.
nCh. Neumann, A. Nothe, and N. O. Lipari, Phys. Rev. B37, 922 ~1988!.
oL. W. Molenkampet al., Phys. Rev. B38, 4314~1988!.
pB. V. Shanabrook, O. J. Glembocki, D. A. Broido, and W. I. Wang, Phys. Rev. B39, 3411~1989!.
qM. Said and Kanehisa, Phys. Status Solidi B157, 311 ~1990!.
rN. Binggeli and A. Baldereschi, Phys. Rev. B43, 14734~1991!.
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this effect is very weak: the valence maxima occur at
k563104 cm21 for ki@111# and they are 1.431023 meV
higher than theG8 point.

B. InP
We use the following experimental energy gaps:

E0521.423 eV, D0520.108 eV, E153.297 eV, and
D150.201 eV~cf. Ref. 16!. Further, we takeD̄50.08733 eV,
calculated by Gorczyca, Pfeffer, and Zawadzki26 ~note the
difference of sign in comparison with GaAs! andCk5214.4
meV Å ~cf. Ref. 13!.

The experimental values of the electron effective mass
and the electrong* factor are

m0* ~exp!50.079 27m0 , g0*51.26, ~16!

as determined by the cyclotron resonance~cf. Fig. 5 of Ref.
16 and our Fig. 6! and the spin resonance~cf. Ref. 17!.
Again, we consider two different values of the polar coupling
constant:a50.12 ~cf. Refs. 27 and 28! and a50.20. For
a50.12, the bare band-edge mass ism0*50.0778m0, while
for a50.20 one getsm0*50.0769m0. The adjusted values of
the interband matrix elements for the both cases are

EP0
520.93 eV, EP1

50.165 eV, EQ515.56 eV,
~17!

in the standard units. The adjusted values of other band pa-
rameters are quoted in Table IV. As in the case of GaAs, the
resulting energy bands of InP are nonparabolic, nonspherical,
and spin split. The effective gap value, characterizing the
calculated conduction-band nonparabolicity according to the
two-level formula~13!, is E0*50.89 eV, demonstrating the

necessity of the 5LM for InP. For the spin splitting of the
conduction band, due to inversion asymmetry, we calculate
g527.55 eV Å3 and gc50.33 eV Å3. The value ofg is in
good agreement with the experimental estimation@7.26–9.5
eV Å3 ~Ref. 29!, the sign ofg is not determined#. In InP, the
value ofD̄ is positive~cf. Refs. 26 and 13!, so that in square
parenthesis of Eq.~14!, one deals with the difference of the
two terms. In fact, the term proportional toD̄ dominates, so
that the sign ofg becomes negative.

In Fig. 7, we show the calculated dispersion relations for
the valence bands, qualitatively similar to those in GaAs.
The calculated effective masses are quoted in Tables V and
VI ~cf. Discussion!. The splitting of the valenceG8 bands
resulting from the lineark terms is very small: the maxima of
the valence band occur atk51.533105 cm21 for ki@111# and
they are 1.5531022 meV higher than theG8 point.

FIG. 6. Cyclotron masses of electrons in InP versus transition
energy~spin-up and spin-down transitions! for Bi@001#. The solid
lines are calculated. Experimental data: circles, Hopkinset al. ~Ref.
16!.

TABLE IV. Far-band parameters for InP, adjusted to fit the experimental data for two values of the polar
constanta.

g1 g2 g3 k N1 q F

a50.12 0.444 0.458 20.131 1.083 20.022 0.02 21.23
a50.20 20.496 20.152 20.681 0.163 20.022 0.02 21.15

TABLE III. Hole mass of the split-offG7
n valence band of GaAs,

as calculated or measured by various authors. The values deter-
mined in this work for two polar constants are given at the end.

mso/m0

Ehrenreicha 0.2
Braunstein and Kaneb 0.388
Walton and Mishrac 0.133
Vrehend 0.159
Naritaet al.e 0.185
Reineet al.f 0.154
Lawaetzg 0.15
Molenkampet al.h 0.15
Cardonaet al.i 0.18
Cardonaet al.i 0.20
Belov et al.j 0.156
a50.065 0.138
a50.085 0.154

aH. Ehrenreich, Phys. Rev.120, 1951~1960!.
bR. Braunstein and E. O. Kane, J. Phys. Chem. Solids23, 1423
~1962!.
cA. K. Walton and U. K. Mishra, J. Phys. C1, 533 ~1968!.
dQ. H. Vrehen, J. Phys. Chem. Solids29, 129 ~1968!.
eS. Narita, M. Kobayashi, and N. Koike,Proceedings of the 9th
International Conference on the Physics of Semiconductors, Mos-
cow, 1968, edited by S. M. Ryvkin~Nauka, Leningrad, 1968!, p.
347.
fM. Reine, R. L. Aggarwal, B. Lax, and C. M. Wolfe, Phys. Rev. B
2, 458 ~1970!.
gP. Lawaetz, Phys. Rev. B4, 3460~1971!.
hL. W. Molenkampet al., Phys. Rev. B38, 4314~1988!.
iReference 13.
jN. P. Belov, V. T. Prokopenko, and A. D. Yas’kov, Fiz. Tekh. Po-
luprovodn. 23, 2093 ~1989! @Sov. Phys. Semicond.23, 1296
~1989!#.
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V. P–p THEORY

The initial one-electron eigenvalue problem for an elec-
tron in a periodic potential and an external magnetic field
reads

F P2

2m0
1V0~r !1

\

4m0
2c2

~s3“V0!•P1mBB•sGC5EC,

~18!

whereP5p1eA is the kinetic momentum,A is the vector
potential of magnetic fieldB, and the Pauli term is written in
the standard notation. Due to the presence of a magnetic
field, the eigenvalue problem~18! is not periodic. We look
for its solutions in the form

C5(
l
f l~r !ul~r !, ~19!

in which ul~r ! are the Luttinger-Kohn periodic functions sat-
isfying ~3!, and f l~r ! are the envelope functions slowly vary-

ing within the unit cell. The summation is over all energy
bands. Inserting~19! into ~18!, using~3!, multiplying on the
left by (1/V)ul 8

* , and integrating over the unit cell, one ob-
tains

(
l

F S P2

2m0
1El02ED d l 8 l1

pl 8 l•P

2m0
1mBB•sl 8 l1Hl 8 l

s.o.G f l50,

~20!

wheresl 8 l5~1/V!^ul 8usuul&.
Equation ~20! represents a set of coupled differential

equations for the envelope functionsf l . It involves as yet no
approximations, apart from the requirement of slow variation
of A~r ! and f l~r ! within the unit cell. We proceed as in the
no-field case, specifying the five-level model and taking the
basis set of LK functions given in I. Far-band contributions
are included using the perturbation theory up to theP2 terms
according to the Lowdin procedure. We consider an arbitrary
magnetic-field direction in the plane~11̄0!, following the
procedure of Weiler, Aggarwal, and Lax.10 The resulting ei-
genvalue problem takes the form

(
l51

14

~Ĥ l 8 l
a

1Ĥ l 8 l
b

2Ed l 8 l ! f l50 ~ l 851,...,14!, ~21!

FIG. 7. The dispersion relationsE~k! for the valence bands of
InP, calculated for twok directions. The corresponding hole masses
are quoted in Tables V and VI.

TABLE V. Luttinger parameters for the valence bands of InP and the resulting heavy and light masses for
two k directions, as calculated or measured by various authors. The values determined in this work for two
polar constants are given at the end.

g1
L g2

L g3
L kL mhh

100/m0 mlh
100/m0 mhh

111/m0 mlh
111/m0

Bowers and Mahana 5.75 1.39 2.05 0.34 0.117 0.61 0.101
Lawaetzb 6.28 2.08 2.76 1.47 0.47 0.096 1.32 0.085
Leotin et al.c 5.04 1.56 1.73 0.52 0.123 0.63 0.118
Rochon and Fortind 5.15 0.94 1.62 0.12 0.31 0.142 0.524 0.12
Bimberget al.e 4.95 1.65 2.35 0.61 0.121 4.0 0.104
Ekardtet al.f 4.95 1.85 2.55 0.97 0.80 0.116 0.100
Cardonaet al.g 5.05 1.6 1.73 0.54 0.121 0.63 0.117
a50.12 7.5 2.36 2.87 3.0 0.36 0.082 0.57 0.075
a50.20 6.56 1.75 2.32 2.08 0.33 0.099 0.52 0.089

aR. L. Bowers and G. D. Mahan, Phys. Rev.185, 1073~1969!.
bP. Lawaetz, Phys. Rev. B4, 3460~1971!.
cJ. Leotinet al., Solid State Commun.15, 693 ~1974!.
dP. Rochon and E. Fortin, Phys. Rev. B12, 5803~1975!.
eD. Bimberget al., Physica89B, 139 ~1977!.
fW. Ekardt, K. Losch, and D. Bimberg, Phys. Rev. B20, 3303~1979!.
gReference 13.

TABLE VI. Hole mass of the split-offG7
v valence band of InP,

as calculated or measured by various authors. The values deter-
mined in this work for two polar constants are given at the end.

mso/m0

Lawaetza 0.17
Rochon and Fortinb 0.21
Cardonaet al.c 0.20
Cardonaet al.c 0.18
a50.12 0.139
a50.20 0.162

aP. Lawaetz, Phys. Rev. B4, 3460~1971!.
bP. Rochon and E. Fortin, Phys. Rev. B12, 5803~1975!.
cReference 13.
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4 . ~28!

Here, A5 iQ cosQ(2 cos2 Q2sin2 Q)/\, G5 iQ sinQ~1
1cos2 Q!/\, K5 iQ sinQ sin 2Q/\, T5 iQ sinQ~2 cos2 Q
2sin2 Q!/\, in whichQ is the angle betweenB and the crys-
tal direction@001#. The other parameters are defined as fol-
lows ~cf. Ref. 10!:

g85g31
1
4b2~g22g3!,

g95 1
3 ~g212g3!1 1

24b2~g22g3!,

g-5 1
3 ~2g21g3!2 1

6b2~g22g3!,

and

m1523mbFms22 ~aa1a1a1!2sc~a11a!A2mEzG ,
m25)mH mb

2
@s2~a1a1aa1!1aa~32c2!#

1A2mEzsc@a~523c2!2a1b#2Ezs
2bJ ,

m352)m$msc@b~a1a1aa11a1a1!2~523c2!aa#

12bs@A2mEzsa2Ezc#%,

where b53c221, c5cosQ, s5sinQ, and m5~g32g2!/2.
The definitions of small parametersq1 ,...q6 and c1 ,...c7
can be found in Ref. 10.~They have the same form in 3LM

and 5LM formalisms, since they result from the interactions
with distant bands.! Matrix Hl 8 l

a can be solved in terms of a
single column of the harmonic-oscillator functions. For
kz50, this matrix factorizes into two 737 matrices~cf. I!.

The part of the eigenvalue problem given byHl 8 l
b @cf. Eq.

~25!# may not be solved by a single column of the harmonic-
oscillator functions. Since the bands in GaAs and InP are not
strongly nonspherical in the vicinity of theG point, one can
look for solutions of the complete eigenvalue problem~21!
in the form proposed by Evtuhov.30 According to this
scheme, each envelope function of the set~20! is developed
into a series,

f l~r !5exp~ ikzz!(
m

cm
l um&,

whereum& are the harmonic-oscillator functions andcm
l are

numerical coefficients. This may be regarded as the standard
way of transforming an operator eigenvalue problem into an
equivalent set of algebraic equations. The algorithm of find-
ing the eigenvalues has been described in I~we usually set
kz50!. As compared to the bare 5LM~in which the non-
spherical terms are related only toQ!, there appear now ad-
ditional matrix blocks related togi , qi , andci . In the actual
calculations, we used truncated matrices 35335 forBi@001#,
matrices 63363 for Bi@110#, and matrices 42342 for
Bi@111#.

FIG. 8. The Lande´ factor of conduction electrons in GaAs for
the two lowest Landau levels versus magnetic-field intensity, calcu-
lated for three field orientations.

FIG. 9. Spin-doublet splitting of the cyclotron resonance for the
conduction electrons in GaAs versusB2 for three field directions.
The solid lines are theoretical. Experimental data: open circles,
Hopkinset al. ~Ref. 16!; solid circles, Sigget al. ~Ref. 34!.
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VI. RESONANT POLARON EFFECTS

As mentioned in Sec. III, the nonresonant polaron effect is
of importance in the determination of the bare electron mass.
It has been recognized that in medium gap polar materials
GaAs and InP, the resonant polaron effects in the presence of
a magnetic field are comparable to the band-structure effects.
Thus, the resonant polarons must be included in any precise
description of magneto-optical phenomena. Since we have
given an explicit description of the electron-phonon interac-
tion and its effects elsewhere,19 we limit ourselves here to
qualitative remarks.

As the energy separation between two Landau levels be-
comes comparable to the optic-phonon energy\vl , the elec-
tron in the upper state can make a transition to the lower
state with a simultaneous emission of an optic phonon. For
\vc,\v l , such a transition is virtual. Nevertheless, it influ-
ences the energy of the upper Landau state. For\vc>\v l ,
the transition is real and the upper state is unstable, i.e., its
energy broadens.31 In the vicinity of the resonance
\vc'\v l one observes two polaron branches.

In the range of fieldsB,20 T ~i.e., below the resonance!,
the Green-function formalism for the resonant polarons is
equivalent to the improved Wigner-Brillouin perturbation
theory. Even for the fieldsB.80 T ~i.e., high above the
resonance!, the polaron effects are not negligible and we use
the Green-function formalism in their description, including
both nonresonant and resonant contributions~cf. Ref. 19!.

VII. P –p THEORY. RESULTS

We now apply theP•p theory, supplemented by the non-
resonant and resonant polaron effects, to the description of
various magneto-optical properties of conduction electrons
in GaAs and InP. It is the theoretical fit to these data that
mainly determines the above quoted values of the adjustable
parameters.

The cyclotron-resonance~CR! effective massm* is de-
fined by the formula E(N11,6)2E(N,6)5\eB/m* .
Such a mass depends, in general, on the spin orientation, the

intensity and direction of magnetic field, as well as onN.
The spin g value is defined by the relation
E(N,1)2E(N,2)5g*mBB.

A. GaAs

In Fig. 8, we plot calculatedg* factors forN50 and 1, as
functions of the magnetic-field intensity for the principal
field directions. It can be seen that theg values change the
sign from negative to positive, as functions of energy~or
field intensity!. This illustrates the common tendency ofg*
factors in III-V compounds to reach the free-electron value
of 12 at high electron energies.32

Figure 3 shows the experimental Larmor frequency, mea-
sured by Hannaket al.,33 with the use of the quantum beats,
compared to our theoretical valuesnL5(1/2p\)g*mBB.
The sublinear dependence ofnL on B directly indicates that
theg value decreases with increasing magnetic field.

Different g* factors forN50 and 1 Landau levels result
in different energies of the cyclotron resonance for spin-up

FIG. 10. Shifts of mean cyclotron-resonance field for the con-
duction electrons in GaAs versusB2 for different field orientations.
The solid lines are calculated. Experimental data: open squares,
Golubevet al. ~Ref. 8!; open circles, Hopkinset al. ~Ref. 16!; full
circles, Sigget al. ~Ref. 34!.

FIG. 11. Cyclotron mass of conduction electrons in GaAs
spin-up and spin-down transitions versus magnetic field~megagauss
range! for two field orientations. The lines are calculated for the
polar constanta50.065 and corresponding adjusted band param-
eters. Experimental data: squares, Sigg and co-workers~Refs. 34
and 36!; circles, Najdaet al. ~Ref. 35!.

FIG. 12. The same as in Fig. 11, but with the lines calculated for
a50.085 and the corresponding adjusted band parameters.
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and spin-down transitions. In experiments with a fixed light
frequency and swept magnetic field, one observes a spin
doublet of CR, in which the higher-energy transition occurs
at a lower field. The spin doublets are relatively easy to
observe in GaAs since, due to small electrong values, both
ground spin states are populated at low temperatures. The
spin doublets have been used to demonstrate the necessity of
the five-levelP•p model for GaAs3 and the nonsphericity of
the conduction band in this material.8 In Fig. 9, we show
experimental results on the spin-doublet splitting of CR for
the three principal field directions~cf. Refs. 16 and 34!, com-
pared to our theoretical description. The splittingsDB be-
tween two CR peaks are plotted as functions of the average
resonance field intensity~squared!. The theoretical fit to the
anisotropy of the splittings is our main test in determining
the parameterQ and the differenceg32g2 ~parameterQ is
also important for the determination of the band spin split-
ting at B50, cf. Sec. IV!. As argued in Ref. 3, the spin-
doublet splitting is not very sensitive to the polaron effects
~which, however, have been included in our description!.

In Fig. 10, we show differences of average CR fields mea-
sured for different B directions: B[111]2B[001] and
B[110]2B[001] , as functions of magnetic-field intensity
~squared!. These shifts are directly related to the anisotropy
of the electron mass. In contrast to the inadequate description
of the mass anisotropy by the simple five-level model~cf.
Fig. 11 of I!, the inclusion of the far-level contributions in
theP•p theory allows us to account well for this feature~cf.
also Ref. 7!. The experimental data do not have the precision
of those presented in Fig. 9, since they have been obtained
using two separate sweeps of magnetic field, between which
the sample had to be rotated.

In Fig. 2, we show the CR masses for the spin-down and
spin-up transitions versus the resonant energy, as measured
and calculated forBi@001#. The increase of the mass is a
combined effect of the band’s nonparabolicity and the reso-
nant polar interaction~cf. the analysis in I!. It should be
emphasized that almost identical theoretical descriptions are
obtained for the two values of the polar constanta, when
far-band contributions are properly readjusted~cf. Table I!.

Finally, we compare the theory to experiment at
megagauss magnetic fields, as performed by Najdaet al.35 A
plot of CR masses for the two spin orientations versus mag-
netic field is shown in Fig. 11. The discontinuity of the mass
at B'20 T is due to the resonant LO-phonon coupling. Us-
ing the polar constanta50.065, the theory gives, at
megagauss fields, higher masses than those observed experi-
mentally. At high fields, for which\vc@\vL , the polaron
effects are not very important and one deals with almost
‘‘bare’’ electron mass. If one uses a higher valuea50.085,
the bare mass is lower@cf. Eq. ~10!# and the agreement with
the experiment is better, as illustrated in Fig. 12. The value of
a50.085 gave also a better description of CR emission data,
as discussed by Lindemannet al.18 The experimental mass
anisotropy at megagauss fields shown in Figs. 11 and 12 is
somewhat higher than that predicted theoretically. On the
other hand, the situation is reversed at lower fields~cf. Fig.
10!.

Figure 13 plots the CR spin-doublet splitting for two field
directions up toB'100 T. The theory gives a very good
description of the experiments at all magnetic fields. How-

ever, the experimental resolution at pulsed fields is insuffi-
cient to detect a systematic anisotropy ofDB for differentB
directions, observed so well at lower dc fields~see Fig. 9!.

B. InP

Figure 14 shows theoreticalg* factors forN50 and 1
Landau levels as functions of magnetic-field intensity for
two field directions. In contrast to GaAs, the band-edgeg
value in InP is positive and, as a result, its energy~or field!
dependence is weaker~since it tends to the value of12, see
above!. Also the difference ofg values for the two levels is
much smaller in InP than in GaAs. Nevertheless, one can
observe the CR spin doublet in this material.

In Fig. 15, we plot the experimental spin-doublet splitting
measured by Hopkinset al.16 and our theoretical results. As
in the case of GaAs, there isDB;B2, but the actual values
of DB in InP are considerably smaller than in GaAs, due to
the above-mentioned weaker dependence ofg* on N.

Figure 6 shows the experimental and theoretical CR
masses for two spin orientations, as functions of the reso-

FIG. 13. Spin-doublet splittings of the cyclotron resonance in
GaAs versus magnetic field~megagauss range! for two spin orien-
tations. The lines are calculated. Experimental points at'80 T are
those of Najdaet al. ~Ref. 35!.

FIG. 14. The Lande´ factor of conduction electrons in InP for the
two lowest Landau levels versus magnetic field intensity, calculated
for two field orientations.
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nance energy forBi@001#. As in the case of GaAs, the in-
crease of the mass is due to the combined effect of the band’s
nonparabolicity and resonant polar interaction. We obtain al-
most identical theoretical results fora50.12 and 0.20, ad-
justing properly the far-level parameters~cf. Table IV!.

In Figs. 16 and 17, we show the experimental37 and theo-
retical CR masses in the megagauss range of fields. The gen-
erally accepted for InP polar constant valuea50.12 results
in too high theoretical masses at high fields. One gets a good
description takinga50.20 ~cf. Discussion!. The megagauss
results are, to our knowledge, the only data on the
conduction-band nonsphericity in InP. They confirm our
value of the parameterQ for this material, determined
mainly from the fit to the spin splitting atB50 @cf. Eq. ~14!
and the Sec. IV#.

VIII. DISCUSSION

As follows from the previous sections the five-level de-
scription, supplemented by the main contributions from far

levels, correctly describes various magneto-optical properties
of conduction electrons in GaAs and InP. In particular, the
far-level contributions allow us to account correctly for the
anisotropy of the conduction band in GaAs~cf. Fig. 10!,
which was not possible with the use of the bare 5LM.

The nonparabolicity of the conduction band in GaAs is of
importance for the properties of two-dimensional electron
gas in GaAs-GaxAl12xAs heterostructures. It was shown by
Zawadzkiet al.38 ~cf. also Ref. 39! that one can carry a rig-
orous electric and magnetic quantization in such systems us-
ing the effective two-level model for nonparabolic bands, as
described by Eq.~13!. A comparison of various two-
dimensional CR data with this model~in particular, those of
Hopkinset al., Ref. 40 and Warburtonet al., Ref. 41! indi-
cates that our effective gap valueE0*50.98 eV for GaAs is
correct.

The present description accounts also for the megagauss
CR data obtained on GaAs and InP, although it requires
somewhat higher values of the polar constanta than those
usually accepted~cf. Figs. 12 and 17!. The required value of
a50.085 is quite reasonable for GaAs, it was also required
for the CR emission data in this material.18 For InP, we need
a50.20, which was also required for the CR emission data
~cf. discussion in Helmet al., Ref. 28!. Still, the value of
a50.20 for InP seems a little too high. The polar constant is
determined by the difference of inverse dielectric constants
~for low and high frequencies!, so that an even small uncer-
tainty in the determination of one of them may substantially
change the value ofa. It should be mentioned that an equally
good description has been obtained for very recent CR data
taken on GaAs at magnetic fields of about 200 T,42 at which
the upperN51 Landau level is at the energyE'350 meV
above the conduction-band edge. This testifies to the validity
of our model at high electron energies.

As mentioned in the Introduction, one of our main pur-
poses was to develop a theory, which could also describe the
valence bands of GaAs and InP. In our multiband scheme,
the parameters adjusted to fit the properties of conduction
electrons automatically fix the parameters for the valence
bands. In Table II, we quote the values of the valence Lut-
tinger parametersg 1

L, g 2
L, g 3

L, kL for GaAs, as calculated or
measured by various authors, together with our values ad-

FIG. 15. Spin-doublet splitting of the cyclotron resonance for
the conduction electrons in InP versusB2 for Bi@001#. The solid line
is theoretical. Experimental data: Hopkinset al. ~Ref. 16!.

FIG. 16. Cyclotron mass of conduction electrons in InP for
spin-up and spin-down transitions versus magnetic field~megagauss
range! for two field orientations. The lines are calculated for the
polar constanta50.12 and corresponding adjusted band param-
eters. The experimental data: circles, Najdaet al. ~Ref. 37!; squares,
Hopkinset al. ~Ref. 16!.

FIG. 17. The same as in Fig. 16, but with the lines calculated for
a50.20 and the corresponding adjusted band parameters.
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justed for the polar constantsa50.065 anda50.085. @The
Luttinger parameters have been calculated using Eqs.~9!
from those employed above in 5LM description.# It can be
seen that our parameters adjusted fora50.085 are in quite a
good agreement with those proposed directly for the valence
bands by other authors. Our value ofg 1

L is slightly higher,
the other two are within the range of other propositions. The
light-hole and heavy-hole masses for@100# and @111# direc-
tions of k are given by the well-known relations:

mlh
100

m0
5

1

g1
L12g2

L ,
mhh
100

m0
5

1

g1
L22g2

L ,

mlh
111

m0
5

1

g1
L12g3

L ,
mhh
111

m0
5

1

g1
L22g3

L .

The mass values are also quoted in Table II. Our light-hole
masses fora50.085 are at the lower end of the values pro-
posed by other authors. The pronounced nonsphericity of the
heavy-hole masses and their absolute values are described
very well. It can be seen that theg 1

L values adjusted for the
polar constanta50.065 differ more from the results of other
authors. Thus, the band parameters adjusted fora50.085 are
distinctly better for both the high-field conduction-band data
~cf. Figs. 11 and 12!, as well as for the valence-band data in
GaAs. However, one should bear in mind that the experi-
ments concerned with the valence band in this material are
still not very precise. For example, the CR results have been
obtained at liquid-nitrogen temperatures.43 This corresponds
to the ‘‘semiclassical’’ regime in which unequal spacing be-
tween the valence Landau levels~due to theG 8

v degeneracy
of the bands! is not observed. Also, at such temperatures, one
deals with a modified energy gap and with nonparabolic ef-
fects related to the nonnegligible thermal energies of the
light holes.

We derive a formula for the mass of the split-off valence
bandG 7

v, using second-order perturbation theory. The result
is ~the termsD̄2 have been neglected!

m0

mso
5g12

EP0

3G0
1

4D̄AEP0
EP1

9~E12G0!G0
2

2EQ

3~G02G1!
. ~29!

In Table III, we quote hole masses in the split-off valence
band of GaAs, as calculated or measured by various authors.
Again, our description fora50.085 agrees well with other
results.

Tables V and VI quote the hole masses for InP, calculated
from our band parameters, as well as those determined di-
rectly for the valence bands by other authors. It can be seen
that our masses fora50.20 compare quite well with the
other results.

Taking into account that, in contrast to the values deter-
mined by other authors, we adjust the parameters to obtain a
good description of the conduction bands in GaAs and InP
and only then use these parameters to describe the valence
bands, our hole masses should be considered as very satis-
factory.

IX. CONCLUSION

We have used the five-levelk•p model supplemented by
far-level contributions and polaron effects to describe various
magneto-optical data for the conduction bands of medium-
gap semiconductors GaAs and InP. A very good description
has been obtained for both materials all the way to the
megagauss range of magnetic fields. There remains a certain
ambiguity between the band-structure effects~resulting from
the far-level contributions! and the polaron effects. The band
parameters adjusted to fit the conduction-band data give also
good values of the hole masses. We conclude that the pro-
posed band model is adequate for both conduction and va-
lence bands of GaAs and InP near theG point of the Bril-
louin zone.
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