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The method of parent compounds has been used to establish an approximate correlation between the varia-
tion of the critical temperature,Tc , and the variation of the potential difference,DVA , of a hole at the apex and
planar oxygen sites within the superconducting phase region of YBa2Cu3Ox . The resulting model was used to
predict the pressure derivative ofTc under hydrostatic pressure, giving derivatives and standard uncertainties
of dTc/dP56.160.5 K/GPa forx56.6 anddTc/dP520.660.3 K/GPa forx56.93. @S0163-1829~96!05518-
X#

I. INTRODUCTION

Almost since the very beginning of the massive effort to
understand the phenomenon of high-temperature supercon-
ductivity, it has been known that the superconducting char-
acteristics of YBa2Cu3Ox vary significantly with the oxygen
content of the material.1,2 The critical temperature,Tc , pro-
vides the most dramatic illustration of this dependence. The
value of Tc appears to approach a maximum value in the
range 91 to 93 K asx approaches a value of 7, and the value
of Tc falls to 0 K asx decreases to 6.4.

According to the charge transfer model,1 the supercon-
ducting characteristics of YBa2Cu3Ox are varied by the trans-
fer of charge between the CuO2 planes and the CuO chains in
the orthorhombic crystalline structure. Conceptually, the
model appears to be appropriate whether the charge transfer
is produced chemically, by changing the composition, or me-
chanically, by applying an external stress to a specimen of
fixed composition.

Significantly, the crystallographic symmetry and unit cell
dimensions also vary measurably with changes in the oxygen
content.3 In the composition range in which superconductiv-
ity is observed, 6.4<x<7.0, the crystal structure has an
orthorhombic symmetry, while forx,6.4 the crystal has a
tetragonal structure. In these ranges, the dimensions of the
crystallograhic unit cell vary approximately linearly withx.
As the distances between the ions change, the potential en-
ergy at each site changes, and those changes may be ex-
pected to affect quantitative aspects of superconductivity,
such as the magnitude ofTc . This influence has been con-
firmed to some extent by studies of the pressure dependence
of Tc for which a relation of the form

Tc~n,P!5Tc,max~P!2A@n~P!2nop#
2

can be used, wheren is the number of carriers per CuO2, nop
is the optimal carrier density,P is the pressure, andTc,max
andA are adjustable parameters.4 In that work, both the car-
rier density and the maximumTc were found to vary with the
pressure, reflecting the changes in the site potentials resulting
from the compression of the structure.

These observations suggest that there is a correlation be-
tween the quantitative variation ofTc and the variation of the
structure and the associated apical and planar oxygen site

potential energies. Some insight into this correlation may be
provided by considering the Madelung site potentials or,
more specifically, the difference of potential between the api-
cal and planar oxygen sites.

For an ionic crystal, the electrostatic potential energy
V~r i! of chargeqi at thei th ionic position,r i , is given by

V~r i !5(
j

8qiqj /ur j2r i u, ~1!

where the sum is taken over all sites in the crystal except
j5 i . Given the ionic valence states and the coordinates of all
the ions in a unit cell of the material, the sum in Eq.~1! can
be evaluated readily by well established methods.5

For YBa2Cu3Ox , the positions of the ions in the unit cell
may be obtained from studies of the crystallography of the
material. There is a problem, however, in the assignment of
the chargeqi at sitei because of the nonstoichiometry of the
oxygen content. In the structure of YBa2Cu3Ox for x57, Fig.
1 and Table I, the atomic sites are fully occupied. For
YBa2Cu3Ox with 6.4,x,7.0, the average occupancy at the
O@4# site is less than one; i.e., the O@4# site is occupied in
some unit cells of the bulk sample, but unoccupied in other
unit cells. Ordering of the oxygens to produce well defined
superstructures is not clear experimentally except, perhaps,
in the case withx56.5. Consequently, the evaluation of Eq.
~1! is hindered by both the lack of charge assignments at the
oxygen sites and the lack of a well defined superstructure
which is essential to the evaluation of the lattice summation
in Eq. ~1!.

A further difficulty occurs regarding the valence states of
the Cu ions in YBa2Cu3O7. Given the valence states of22
for each oxygen,13 for Y, and 12 for each Ba, charge
neutrality requires that the Cu ions have an average valence
of 12.33. This average valence implies that the one Cu~1!
ion is in the13 state while the two Cu~2! ions are in12
states. Calculations by Iguchiet al.6 confirm that these va-
lence assignments are reasonable. Experimentally, however,
there does not appear to be any evidence to support the oc-
currence of a13 Cu valence in YBa2Cu3O7.

The only case for which these difficulties do not occur is
the case of YBa2Cu3O6.5. For this material, electron diffrac-
tion data indicate that half of the O@4# sites are unoccupied
such that if the site~0,1/2,0! is assumed to be occupied, then
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the site~1,1/2,0! is unoccupied.7,8 In this way, a well defined
supercell of dimensions 2a,b,c is obtained. Futhermore, the
normal valence states of the ions provide the required charge
neutrality: Y~13!, Ba~12!, Cu~12!, and O~22!. Conse-
quently, the evaluation of Eq.~1! for this case is unambigu-
ous.

Since YBa2Cu3O6.5 is a superconducting material, Ohta
et al.9 observed that the essential electronic energy level
structure required for superconductivity must already be
present in the energy level structure for this particular case.
Hence they concluded that energy levels for YBa2Cu3O6.5
should be representative of the entire superconducting phase
region, 6.4,x,7. They further noted that such well defined
cases, which they called parent compounds, can be con-
structed for most of the superconducting cuprates. Based on
the valence states of the parent compounds and the appropri-

ate atomic coordinates, they proceeded to calculate the
Madelung site potentials for selected cases of numerous cu-
prates and to relate those results to the critical temperatures.
In particular, they related the critical temperature that oc-
curred in a superconducting phase region to the difference,
DVA , between the potential of a hole at the apex~O@1#! and
the in-plane~O@2# and O@3#! oxygen sites. They found that
Tc varied approximately monotonically withDVA when the
results for all the cuprates were viewed jointly.

In the present work, we study the variation ofTc within
the superconducting phase region of a single cuprate, namely
YBa2Cu3Ox , and apply the method of Ohtaet al. to obtain
an estimate of the correlation between the variation ofTc and
the variation ofDVA . In proceeding in this manner, there is
an implicit assumption that changes in the charge carrier
density are strongly correlated to dimensional changes and
that the resulting empirical correlation ofTc andDVA ab-
sorbs the absolute differences resulting from using the parent
compound to calculateDVA . While this approach is some-
what heuristic, the utility of the method is shown by using
the relation betweenDVA andTc to calculate the variation of
Tc ~for x56.6 andx56.93! under the isotropic conditions of
hydrostatic pressure. The model is applied further to discuss
the variation ofTc under the anisotropic strain conditions of
uniaxial stress.

II. METHOD

The ideal orthorhombic YBa2Cu3O6.5 is taken as the par-
ent compound for the superconducting orthorhombic phase
YBa2Cu3Ox . Figure 2~a! illustrates the oxygen ordering in
the basal plane that results in the computational supercell
with cell edge lengths of 2a, b, andc. This parent compound
with all ions in their normal valence states is used to calcu-
late the Madelung potentials for selected sites. Special atten-
tion is focused on the difference in the potential of a hole at
the apex oxygen sites and the planar oxygen sites. In the
parent compound, there are two inequivalent Cu@1# ions be-
cause alternate rows of O@4# ions are vacant. Correspond-
ingly, there are two inequivalent O@1# ions, denoted O@1# and
O8@1#, in each supercell. Further, the potentials of the O@2#
and O@3# sites are slightly different in keeping with the
orthorhombic symmetry of the material, and in the supercell,
the sites O@2#, O8@2#, O@3#, and O8@3# should be distin-
guished. In practice, however, it appears that the values ob-
tained from these nearly equivalent sites are highly corre-
lated. Consequently, it is more convenient to consider only
the average potential difference defined as

DVA5~DVA11DVA2!/2, ~2a!

where

DVA15VO@1#2~VO@2#1VO@3#!/2, ~2b!

DVA25VO8@1#2~VO8@2#1VO8@3#!/2 ~2c!

FIG. 1. The structure of YBa2Cu3Ox for x57.

TABLE I. Site notation and atomic coordinates (x,y,z) of the
ions of YBa2Cu3Ox ~Fig. 1! with respect to the orthorhombic~space
groupPmmm! unit cell parameters (a,b,c).

Ion x y z

Y 0.5 0.5 0.5
Ba 0.5 0.5 zBa
Cu@1# 0 0 0
Cu@2# 0 0 zCu@2#

O@1# 0 0 zO@1#

O@2# 0.5 0 zO@2#

O@3# 0 0.5 zO@3#

O@4# 0 0.5 0
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and whereVi is the Madelung potential to introduce a hole at
site i . It is shown in the following section that the quantity
DVA is a sensitive function of the changes in the atomic
coordinates.

For completeness, the calculations are extended into the
tetragonal phase region, 6,x,6.4, by using YBa2Cu3O6 as
the parent compound for that phase region. For YBa2Cu3O6,
the O@4# site is vacant, and the computational cell, Fig. 2~b!,
has dimensions (a,a,c). Charge neutrality requires the aver-
age valence of the Cu ions to be 5/3 which can be achieved
by assuming that the valence of Cu@1# is 11 while the two
Cu@2# ions have valences of12.

III. RESULTS

Calculations were performed for various oxygen contents
using atomic coordinates selected in accordance with the
structural refinements reported in the literature.3,10These cal-
culations determined an effective relation betweenDVA and
oxygen content. Then, given the empirical relation between
Tc and oxygen content,3,10–24 the effective relation between
Tc and DVA was deduced. This relation was then used to
calculate the variation ofTc with hydrostatic and uniaxial
stresses.

The results forDVA are given in Figs. 3–5. The variation
of DVA with oxygen content, Fig. 3, is monotonic but

changes rapidly across the phase boundary nearx56.4. The
influence of various dimensional changes on the value of
DVA is suggested by Fig. 4 in which theDVA is plotted
against the individual lattice parameters and thez coordi-
nates of the Ba, O@1#, and Cu@2# ions. Using the empirical
relation betweenTc and oxygen content allows the effective
relation betweenTc andDVA to be obtained as in Fig. 5.

The results of Fig. 5 provide a basis for calculating the
rate of change,dTc/dP, of Tc with pressure (P). The pri-
mary result of applying hydrostatic pressure to a specimen of
fixed composition is the compression of the material struc-
ture. Thus, from the known pressure dependence of the lat-
tice parameters and the atomic coordinates,DVA vsP can be
calculated and used to evaluate the rate of change,
d(DVA)/dP. Then, the results of Fig. 5 can be used to evalu-
atedTc/d(DVA), and the two rates can be combined to yield
dTc/dP5[dTc/d(DVA)][ d(DVA)/dP].

The pressure dependence ofTc and the structural param-
eters for two compositions,x56.6 andx56.93, are given in
the paper by Jorgensenet al.20 Using these data,DVA was
determined as a function of pressure, Fig. 6, for both com-
positions, and the rates of change,d(DVA)/dP, were deter-
mined to be

d~DVA!/dP50.1660.01 eV/GPa forx56.6, ~3a!

d~DVA!/dP520.0660.02 eV/GPa forx56.93,
~3b!

where the standard uncertainties were estimated from the
least squares fits. From Fig. 5,

dTc /d~DVA!53861 K/eV at Tc558 K for x56.6,
~4a!

dTc /d~DVA!51061 K/eV at Tc591 K for x56.93.
~4b!

Combining these results, we estimate

dTc /dP56.160.5 K/GPa forx56.6, ~5a!

dTc /dP520.660.3 K/GPa forx56.93. ~5b!

FIG. 2. Oxygen ordering in the basal plane~a! YBa2Cu3O6.5 and
~b! YBa2Cu3O6.

FIG. 3. The variation ofDVA with oxygen content (x).
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While the results for these two cases are strikingly different
from each other, they compare very favorably with the ex-
perimental results:25–31

4 K/GPa<dTc /dP<7 K/GPa for x56.6, ~6a!

20.8 K/GPa<dTc /dP<1 K/GPa for x56.93.
~6b!

A more sensitive application of the current model is provided
by the variation ofTc under uniaxial stress. Experimentally,
the stress derivatives of the critical temperature,dTc/dsi for
i5a, b, andc, are found to be22 K/GPa along thea axis,
1.9 K/GPa along theb axis, and20.3 K/GPa along thec
axis for a composition havingTc591.2 K which corresponds
approximately tox56.95.32 It is shown here that the strains

in the lattice parameters and the relative atomic coordinates
can account for these values in the context of the present
approximation. It will be seen that the results are especially
sensitive to the values of the relative coordinates.

The strains in the lattice parameters can be estimated by
using the elasticity tensor33 and the observed conditions of
uniaxial stress. However, there does not appear to be any
experimental data on the strains of the relative coordinates
under uniaxial stress. Based on the results from the study
under hydrostatic pressure, Fig. 7, the strains in the relative
coordinates can be expected to be nonuniform under uniaxial
stress. Attention, therefore, is focused on~1! estimating the
relative influence of the contributing strain factors and~2!

FIG. 4. The variation ofDVA with lattice pa-
rameters~a! a, ~b! b, ~c! c, and relative atomic
coordinates~d! zBa, ~e! zO@1#, and~f! zCu@2#.

FIG. 5. The variation ofTc with DVA . FIG. 6. The variation ofDVA with hydrostatic pressure.
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demonstrating that suitable estimates of the strain values can
be made yielding stress derivatives in agreement with the
experimental results.

The relative contributions of the contributing strains can
be obtained by noting that the change in the magnitude of
DVA with strain is relatively small. Consequently,DVA may
be considered as a function,f ~j!, of the atomic coordinates,
j, and may be expressed as an expansion series about its zero
strain value

DVA5 f ~j!5 f 01(
i

~] f /]j i !0dj i1••• , ~7!

where the summation is over all the spacial coordinates of all
the ions in the unit cell. The Y, Cu@1#, and O@4# ions occupy
special sites whose relative coordinates are constrained by
symmetry. Thus, for example, the Y ion contributes to the
sum in Eq.~7! only the quantity

~] f /]@xYa# !0d@xYa#1~] f /]@yYb# !0d@yYb#

1~] f /]@zYc# !0d@zYc#

5~] f /]a!0da1~] f /]b!0db1~] f /]c!0dc,

and likewise for Cu@1# and O@4#. The remaining ions occupy
sites with symmetry constraints on the relative coordinates

along thea axis and theb axis, but not along thec axis.
Thus, the relative coordinates of the Ba, Cu@2#, O@1#, O@2#,
and O@3# ions along thec axis can change with uniaxial
stress. Thus, for example, the Ba ion contributes the quantity

~] f /]@xBaa# !0d@xBaa#1~] f /]@yBab# !0d@yBab#

1~] f /]@zBac# !0d@zBac#

5~] f /]a!0da1~] f /]b!0db1~] f /]c!0dc

1~] f /]zBa!0dzBa,

and similar contributions occur for the Cu@2#, O@1#, O@2#,
and O@3# ions. Consequently, Eq.~7! can be written as

DVA5 f 01g1da1g2db1g3dc1~] f /]zBa!0dzBa,

1~] f /]zCu@2#!0dzCu@2# ,1Sk51,2,3~] f /]zO@k#!0dzO@k# .

~8!

Equation~8! provides an explicit representation of the in-
dividual contributions toDVA that result from the strain in
the lattice parameters and the relative atomic coordinates.
The coefficients in Eq.~8! may be evaluated readily using
the parent compound model calculations. The coefficients
evaluated in this manner are given in Table II. It is evident
from these results that small changes in the relative coordi-
nates can have significant effects on the value ofDVA .
While the currently available experimental data are not suf-
ficient to determine the strains in the relative coordinates
uniquely, Table III shows one possible set of strains that
result in stress derivatives in agreement with the experimen-
tal values.

FIG. 7. The change in the relative atomic coordinates,z, under
hydrostatic pressure@based on the data of Jorgensenet al. ~Ref.
20!#.

TABLE II. The parameters of Eq.~8! for YBa2Cu3O6.93. ~The
values were computed to an uncertainty of one unit in the last
displayed digit.!

Parameter@unit# Value

f 0 @eV# 3.4217
g1 @eV/Å# 0.904
g2 @eV/Å# 20.467
g3 @eV/Å# 0.221
~] f /]zBa!0 @eV# 2163.6
~] f /]zCu@2#!0 @eV# 2193.9
~] f /]zO@1#!0 @eV# 76.4
~] f /]zO@2#!0 @eV# 135.8
~] f /]zO@3#!0 @eV# 132.0

TABLE III. One possible set of the lattice parameters and relative atomic coordinates for the indicated
conditions of uniaxial stress,s, yielding dTc/ds522 K/GPa along thea axis, 1.9 K/GPa along theb axis,
and20.3 K/GPa along thec axis. ~The numbers of digits given in these values were selected to yield a
computational accuracy of 1% in the computed value ofdTc/ds.!

s, GPa a, Å b, Å c, Å zBa zCu@2# zO@1# zO@2# zO@3#

0 3.8181 3.8840 11.6832 0.18230 0.35435 0.1608 0.37447 0.37629
0.1, a axis 3.8157 3.8837 11.6882 0.18260 0.35453 0.1609 0.37467 0.37649
0.1, b axis 3.8177 3.8818 11.6880 0.18235 0.35440 0.1609 0.37457 0.37639
0.1, c axis 3.8197 3.8857 11.6678 0.18245 0.35445 0.1609 0.37462 0.37643
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IV. CONCLUSION

The method of parent compounds has been used to estab-
lish an empirical correlation between the variation ofTc and
the variation of the difference in potential energy,DVA , of a
hole at the apex and planar oxygen sites. The model success-
fully predicted the pressure derivative ofTc under hydro-
static pressure, giving derivatives and standard uncertainties
of dTc/dP56.160.5 K/GPa forx56.6 anddTc/dP 520.6

60.3 K/GPa forx56.93. It was shown further that the values
of the stress derivatives are sensitive functions of the strains
in the relative atomic coordinates. The model, the elasticity
tensor, and the experimental uniaxial stress derivatives ofTc
were used to show that strains in the relative atomic coordi-
nates of only a few parts in 104 were significant in account-
ing for the values of the stress derivatives ofTc under
uniaxial stress.
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