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Synchronization and phase locking in two-dimensional arrays of Josephson junctions
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We report numerical studies of phase locking in two-dimensi@) arrays of Josephson junctions. In the
conventional 2D arrays biased with dc current in the horizoialdirection, the phase-locked solution is only
possible in arrays with no disorder. In the presence of disorder in the junction critical currents, we see vertical
(YY) columns of phase locked clusters form in the array with no intercolumn locking. As an extension, we
introduced a geometry calledY-biased array, where the array is biased in b¥ttand Y directions. In
XY-biased array we found a dynamical state, where all junction voltages are strictly dc and the only oscillating
components are the supercurrents in each junction. This dynamical state is stable against experimentally
achievable disorder in the junction critical currents.

I. INTRODUCTION have a net dc voltage across them and therefore do not have
sustained Josephson oscillations. Small amplitude plasma

Studies of synchronization phenomena in coupled nonlinescillations;> however, can affect the coupling among the
ear oscillators have broad scientific and technologicaBctive X junctions, especially in the underdamped regime.
interest'~” Josephson-junction arrays, when biased in thdndeed, Geigeniiller et al*® showed that the small ampli-
voltage state, are well-characterized coupled oscillator sygude “spin fluctuations” in 2D underdamped arrays play a
tems with important potential for high-frequency applica- profound role in the vortex dynamics of this system.
tions. One of the major challenges in building practical The method we use in this paper is largely based on the
Josephson-junction array oscillators is getting all the juncimethod used by Sakagucki al* Here we will briefly out-
tions in the array to synchronize, in order to get coherentine it.
high power outpuf 1 Consider a pair of nearest-neighbor junctiongnd m.

In this paper, we use numerical simulations to investigaté'he phasedifferencesin the superconducting order param-
phase locking in two-dimension&2D) arrays of Josephson eter across each junction asg and y,,, respectively. We
junctions. In our analysis, we do not include a load circuit.consider the two junctions synchronized if the difference be-
This enables us to study the intrinsic phase-locking capabiltween thephase differences\ yp = yn— ¥m, Stays constant
ity of the array due to internal coupling of the junctions.  with respect to time. This would guarantee that the two junc-

Our initial interest in this problem was inspired by the tions have identical voltages, i.e.,
work of Aoyagi and Kuramotd. These authors studied a
general nearest-neighbor-coupled oscillator lattice with ran- v—D :d(A?’nm) _
domly distributed frequencies. Their numerical results indi- noom dr
cated a frequency locking transition in two-dimensional lat- . .
tices as the coupling strength between nearest—neighbérr] practice, we require,
oscillators is increased.

Previously, Hadley and co-workéPshave analyzed the [Avan(7o+ 1) = Aynn( 7o)l <, @
linear stability of the in-phasésynchronizedl solution in  for a smalle and a long timer. In our simulations, we
Josephson-junction seri¢sD) arrays and found that the in- choosee=10° and varyr.
phase solution is neutrally stab{meaning that a perturba- Imagine we apply the criterion, Eq1), to all nearest-
tion would neither grow nor shrink within a linear approxi- neighbor-pair junctions in the array. Each time we find a pair
mation for small perturbations. They generalized their resultthat is synchronizefiaccording to Eq(1)], we put an imagi-
to 2D arrays by noting that the vertica¥) junctions in an  nary bond connecting the two junctions in that paiAfter
array biased in the horizontaK]j direction are inactive and we are finished, we might expect to see one or more synchro-
the activeX junctions across a column share a common volt-nized clusters in the array. Within each cluster all junctions
age. This led them to conclude that in an unloaded 2D arragre synchronized to one another and are interconnected by
the in-phase solution is also neutrally stable. the imaginary bonds. Figure 1 illustrates a possible scenario.

More recently, the analytic calculations of Wiesenfeld We now follow Sakaguchét al2 and define a synchroni-
et al’® and the numerical simulations of Katftzshowed zation order parameter
similar behavior. In Kautz’'s simulation, he explicitly re-
moved the inactivey junctions and connected the neighbor-
ing islands with pure inductors. This approach still leaves
open the question of the role played by tigunctions, or,
for that matter, if they play any role at all. Théjunctions  whereNs is the number of junctions in thrgestsynchro-
are considered inactive in the sense that they normally do natized clusters andll is the total number of junctions on the

=i Ns 2
r= |mW, 2
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FIG. 2. A sketch of a %6 2D array biased in thX direction.
Each cross represents a Josephson junction.
X
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FIG. 1. A sketch illustrating synchronized clusters and the defi- oSy

nition of the order parameter Each pair of nearest-neighbor junc-

tions are connected by a borideavy lineg if they synchronize to  Here i denotes the external current injected at each node.
one another according to the criterion in the text. In this figure,For our X-biased array,

there are three synchronized clusters. The largest cluster is cluster 2

and it contains 15 junctions. Therefore the order parameter i if n eleft boundary

r=1§/24. Note here we count tﬁé junctions only, since ther iﬁ"‘: —i if n eright boundary. (5)
junctions have no sustained oscillations.

lattice. In the case of complete synchronizatios,1. Oth- Tthe gorya_llllﬁatlon co?ventlon we T_avg ?d;g’ted here IIS fairly
erwise, in generalf<1. In principle,r should be averaged Standard. 1hecurrents are normalized todueragesingle-

over a statistical ensemble, but in practice we often averagéinction critical currentl. and voltages are normalized
it on 3-5 samples, which nevertheless appears to give red0 |cR. HereR is the single-junction resistance which is
sonable results. In order to compute the order paranmeter gssumed to be_ the same for all junctions. We also assume all
the synchronized clusters need to be labeled. We use an dinction capacitances are the same. _
ficient algorithm due to Hoshen and Kopelmto automate ~_ The only disorder we consider here is the spread in the
the cluster labeling procedure. junction critical currents, which we expect to be the domi-
In the next section, we discuss a conventional 2D arra)nating factor in most experimental situations due to their
design, which is current biased in tedirection, and study €Xponential dependences on the barrier thickness in tunnel
the synchronization with and without disorder in the criticaljunctions. We characterize this disorder using Gaussian-
currents. In Sec. Ill, we introduce an array design, where thélistributed random numbets,
array is current biased in botk andY directions, and dis-
cuss the dynamical states that are made available by this
simple extension. Section IV is a brief summary and conclu-
sions.

Inm
C

Anm= = (6)

with meana,,= 1, and standard deviation.

In Eq. (3), ynm is the phase difference of the supercon-
ducting order parameter across the junction connecting is-
In Fig. 2, we show a sketch of a conventional 2D arraylandsn andm, and the overdots denote time derivatives with

biased in theX direction, with equal amount of curremt  respect to the normalized time= w t=2mxl Rt P,. B¢ is
injected into each node of the column on the left-hand SIthe average Stewart-McCumber parameter of the Sing|e junc_
and extracted from the corresponding nodes on the rightions,

hand side. Each junction is described by the usual

II. X-BIASED ARRAY

resistively-capacitively shunted junctiofRCSJ) model'® 271 R2C
For example, for the junction connecting islamdsaind m, ﬂc=?o- (7)
we have

i . . ) We solve the complete array dynamical equations, Egs.
Inm=BcYom YamT anmSIN(Yam), (3)—(5), using a simple Euler method assisted by an efficient
(3)  fast-Fourier-transform  capacitance  matrix  inversion
I schemé®2° During the integration process, we can compute
nm— Yam: and monitor the order parametefr), defined in the previ-
and on each node current conservation is enforced, i.e., ous section. When applying the synchronization criterion,
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FIG. 3. Synchronization order parameteplotted against time
for an 8x 8 array made of identical junctiong-& 0.0). The param-
eter values arg8-=9.0 andi =1.20. Noticer ~1.0 throughout the X
observation period, indicating that a complete synchronization is
possible for a uniform array.

FIG. 5. Synchronized clusters in a disordebédbiased 1& 16
Eg. (1), we will only consider theX junctions, since they ~ array. Hereo=0.10, 8c=9.0, andi=1.20. The snapshot is taken
junctions, in general, will have no sustained ac Josephso@t 7= 3500.
oscillations.

In Fig. 3, we show am vs 7 plot for an array of size value much less than unity. We did a similar calculation for
8% 8 with no critical current disorder, i.eq;=0.0. The pa- ¢=0.01. The result is essentially the same, except the decay
rameter values ar8.=9.0 andi=1.2. We see from Fig. 3 of r is less rapid, which seems to indicate that the synchro-
that in a uniform array of identical junctions, the order pa-nized solution is always unstable in the presence of finite
rameter always stays close te=1, indicating that none of amount of disorder.
the junction phases grow relative to their nearest neighbors. In the disordered array, it is instructive to look at the
Therefore, a synchronized solution can and does exist in theicture of the actual synchronized clusters after the order
system as long as the junctions are identical. parameter has settled to a final value. Figure 5 is a snapshot,

The synchronized solution becomes unstable when we irtaken atr= 3500, of the clusters in the array that corresponds
troduce some disorder in the junction critical currents. Figurdo Fig. 4. If the entire array is synchronized, we should see a
4 is a plot similar to Fig. 3, but for a disordered array with single cluster spanning the whole array. Instead, what we see
0=0.10. The array size is »616, and3-=9.0, i=1.20. in Fig. 5 are vertical lines connecting junctions along the
There is obviously no synchronization in this disordered arcolumns, indicating that the junctions along thiedirection
ray, since the order parameter rapidly decays and reachesase mostly synchronized, despite the spread in the critical

currents. We do not see any horizontal lines connecting the
vertical column clusters, which means that the columns are

1.2 ‘ ‘ ' decoupled from one another and no longer synchronize. Thus

10 | | we conclude that in this nonuniform 2D array biased in the
= X direction, the final solution of the system is made up of
% 08 | 16 x 16 array | synchronized columns along thé direction. The intercol-
g ] umn locking is broken by disorder. Although other authors
g 06 | c=0.10 | have previously reached similar conclusitfi$**our clus-
a ter analysis explicitly demonstrates how synchronization is
g 0.4 | destroyed by disorder.
O

0.2 ¢ 1 lll. XY-BIASED ARRAY

As we saw in the previous section, ¥rbiased arrays the

0.0 : : ‘
0 1000 2000 3000 4000 intercolumn locking is broken by disorder even though

within aY column the junctions do tend to synchronize. This

is not very useful in practice, since real arrays always have
FIG. 4. Synchronization order parameteplotted against time ~Some disordetwith current technologyg =0.01 perhaps is

for a 16x16 array with disordered junction critical currents, the limit), and without intercolumn locking each column can

o=0.10. The other parameter values @e=9.0 andi=1.20. No-  oscillate completely independently and the entire array will

tice r decays rapidly towards a value much smaller than one, indibe incoherent.

cating lack of synchronization in this disordered array. Although complete synchronization in a disordered

T
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is plotted as a function of time for a>44 array. The parameter
values areBc=10 andi=2.0. From the figure, we see that

X XY-biased array approaches a phase-locked state after some tran-
sient, and moreover, this state is stable even in the presence of

FIG. 6. Sketch of arXY-biased array. An equal amount of cur- disorder. Here we chose the normalization such that the saturated

rent is injected into every node at the left and top boundaries anaalues of{(Ay) is one.
extracted from the remaining two.e., right and bottombound-  Thjs |atter point is of great importance, since any dynamical

aries. state of the system has to be stable against disorder in order
to be experimentally relevant.
X-biased array is difficult to achieve, the fact that tie To get a better understanding of the nature of this phase

junctions in the same column prefer to be locked gives udocked dynamical state, we consider the simplest nontrivial
some hint on how the design might be improved. SiXce case—a X2 XY-biased array. Figure 8 shows the variance
bias induces synchronization aloNgcolumns, by symmetry of the phase differenceg\ y), along with all four junction
we would expect tha¥ bias should induce synchronization voltages, as functions of time. The parameter values in Fig. 8
along X rows. Then the next natural question is what hap-are the same as in Fig. 7. As we can see, the junction volt-
pens if we bias the array along bothand Y directions, as ages oscillate in the transient state, but in the locked state
shown in Fig. 6. This design, which we cXll-biased array, junctions have the same constant dc value2. In general
has the advantage that every junction in the array is biased i#fie constant voltage is given by=i in our normalized units.
the voltage state and therefore oscillating. Thus we can tredthis means once the system reaches the locked state, there is
both theX junctions and the¥ junctions on an equal footing. N oscillating voltage anywhere in the system. There is, how-
This also brings us closer to the model originally studied byever, oscillating supercurrent sip(). Since the voltage
Kuramoto and co-workers® v=i is a constant, we have

To proceed, we define a quantity to measure phase coher- i 9
ence, the variance of all nearest-neighbor junction phase dif- Yn=17H ©)
ferences,

1.2

(A W)):A(% [Yn(7) = (112 (8)

2i

Here the summation is over all nearest-neighbor pairs of
junctions andA is a constant chosen to normaligky) to a
convenient value. Note we are consideraigjunctions here,
instead of only th&X junctions as we did foK-biased arrays

in the previous section.

In Fig. 7, we show{A y(7)) vs 7 plot for a 4x4 array
with and without disorder. The parameter values are
Bc=9.0 andi=2.0. The solid curve in Fig. 7 corresponds to 0.0
a uniform 4x 4 array, while the dashed curve corresponds to
a disordered arraywith ¢=0.10) of the same size. From
Fig. 7, we see that the system reaches a phase-locked stater|g. . Time dependences 64 y) and all the junction voltages
after some transient oscillations, sindey(7)) saturatestoa in a 2x2 XY-biased array. The array geometry is shown in the
constant value and stays there. Moreover, this phase-lockegset. Notice that once the system reaches the synchronized state,
state is reached in the presence of a fairly large disordethe voltages on all the junctions cease to oscillate and there are only
0=0.10 (notice the dashed curve in Fig. 7 also satunates dc voltages.

= V2 2i
——— 2 . J2
0.2 —-— v /2

<Ay> and junction voltages

500 1000 1500 2000
T
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where s, is an arbitrary constant. The corresponding super-
current 23 i

Sin(yn) =sin(i 7+ ), (10

is a pure sine wave with the frequency determined by the dc
bias current.

In the simple case of a22 uniform (c=0) array, we
can demonstrate analytically how such a special type of so- i 2sin(it) i
lution occurs. A 22 XY-biased array consists of four junc-
tions and four nodes, as sketched in the inset of Fig. 8. Note
at the nodes on the upper left corner and lower right corner,
the bias currents along andY directions add and givei2 ‘
and —2i respectively. At the other two nodéapper right ' 2i
and lower left corneds the bias currents cancel. The dynami- i
cal equations for this system are

(12) FIG. 9. lllustration of the special phase locked state inxa22
XY-biased array. All junction voltages ave=i and there is a cir-
(12) culating supercurrent 2sin i) in the loop.

i1=Bcyit y1tsin(ys),

i1=BcYy2t v2tsin(y,),
drawback as other Josephson oscillators with few junctions.

i2=Bcyst yatsin(ys), (13)  The maximum power available for radiati¢to free spackis
_ L ) on the order of 1 nW.
i2=BcYat yat+Sin(ya), (14 For arrays larger than>22, the phase locked solution is
o ) much more complicated. First of all we cannot have every
I +i=2i, (19 plaguette maintaining a circulating sinusoidal supercurrent
L and keep all of them in phase from plaquette to plaquette. If
Y1t v2=v3t Vs (16)  this were to happen, we are left with a situation where all

internal oscillating currents cancel and the only supercurrent
oscillations are confined to the boundaries. However, we saw
in Fig. 8 that every junction carries a constant dc voltage,

We first eliminatei; andi, in the above set of equations
and solve for they’'s. The locked constant voltage solution

V1= Vo= Y3= Ya=i, (17) therefore a]l the supercurre_nts have to oscillate according to
Josephson’s second equation, E).
can exist if the following conditions are satisfied: Another complication arises due to the symmetry in the
_ _ i . uniform array. In a large uniform array, there are many dif-
sin(yy) +sin(ys)=sin(yz) +sin(y4)=0,  (18)  ferent relative phase configurations that an array can lock to,
. . . . even for a single bias current value. One might expect some-
Sin(y1) = sin(yz) =Sin(ys) —sin(y,) = 0. (19 thing similar to the attractor crowding phenomena observed
The final solution, in terms of/’s, is in series array’s may also occur in this case. The exact
phase configurations in larger arrays are unclear at present
y1=vo=17+ g, (20 and need further investigation. Our preliminary results sug-
gest that the system tends to “hop” or even drift very slowly
V3= ya=iT+ 7+ i, (21 between equivalent phase configurations, while still main-

where iy is an arbitrary constant. One can easily check tha{ammg constant voltages on each individual junctions.

this solution guarantees that all junctions have constant volt: SO far in this paper, we have ignored inductive effects
: 9 _— J . . .~ ““altogether. In real samples there will inevitably be some in-
agev=i. The oscillating supercurrents give rise to a sinu-

soidal circulating current ductance, which includes the cell inductance, mutual induc-
9 tance among different cells, and junction parasitics. The cell

=11~ i,=2sini 7+ ) (220  inductances and the mutual inductances can be reduced by
. _ _ _ _ _ putting down a superconducting ground plane underneath the
in the loop. Figure 9 illustrates this special solution. sample. The parasitics, on the other hand, are more difficult

If we convert Eq(22) back to our original units, we have, to eliminate?? Darulaet al?® have studied linear Josephson-
junction arrays closed into a superconducting loop. They

leire= cl cire= 21 SN[t + ), (23 \were able to find a stable phase-locked state in their system
with in a wide range of inductance parameters. Their system,
when simplified to the smallest nontrivial unit with four
2elR junctions, is equivalent to our smallest X2) XY-biased
o =loc=——. (24 array with the cell inductance included. Therefore we know

that at least in the 2 XY-biased array, our special syn-
Therefore a X2 XY-biased array is a purely sinusoidal cur- chronized state survives when cell inductances are included.
rent dipole oscillator with the frequency conveniently tunedFor larger arrays, analysis including inductance is not avail-
by the dc bias current. However, it suffers from the sameable at the moment.
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Experimentally, Beuveret al?* studied 22 high-T, To improve the coupling among junctions, we propose an
junction arrays with large inductances. Using additional cur-array design in which one biases the 2D square array along
rent compensation, they found a range of total bias currerttoth X andY directions. In thisXY-biased array, we found a
where all junctions have the same dc voltage. Largesynchronized dynamical state, where all junction voltages
XY-biased arrays have yet to be implemented. One mighstay purely dc while all currents oscillate. More importantly,
wonder whether th& Y-biased array is simply equivalent to the dynamical state is stable in arrays with disorders up to
the diagonally biased square array, such as those studied ly=0.10. This level of uniformity can be easily achieved
Sohnet al?® While an infinite sizeX Y-biased array should with current fabrication technology. For a smallx2
be equivalent to diagonally biased array, they are different aKY-biased array, we obtained an analytical expression for
finite size due to extra constraints applied by the boundaryhe dynamical state, which consists of a sinusoidal circulat-
conditions at alfour edges of theXY-biased arraysee Fig. ing loop current acting like a dipole current oscillator with
6). It is not clear, however, whether such a distinction isthe frequency directly tuned by the dc bias current. The de-

crucial for the existence of the locked state. tailed nature of the dynamical state in larger arrays is cur-
rently unclear and needs further investigation. Other interest-
IV. CONCLUSION ing directions for future investigations include taking into

. o . . account all the inductances in the circuit, as well as the ef-
We have studied phase locking in two-dimensional arraysects of magnetic field and thermal noise.

of Josephson junctions by numerically solving the full 2D
array dynamical equations. In a conventional 2D square ar-
ray biased along th¥ direction, we found that a completely
synchronized solution is possible only for a uniform array. We thank Fred Wellstood and Ulrich Geigenlheu for a
When a small amount of disorder is included in the junctioncritical reading of the manuscript. This work was supported
critical currents, the synchronized array is broken into synby the U.S. Air Force Office of Scientific Research under
chronized column clusters along direction with no inter- Grant No. F49620-92-J-0041, and the State of Maryland
column locking alongX direction. through the Center for Superconductivity Research.
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