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Validity of generalized scattering equations and corresponding inelastic-cross-section expressions
for comprehensive electron diffraction conditions
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Generalized scattering equations for electron diffraction in a crystalline environment have recently been
derived with the assumption that the zeroth-order Laue 2@ Z) lies parallel to the crystal surfader
alternatively that the zone axis is parallel to the crystal surface npfinal. Allen and T. W. Josefsson, Phys.

Rev. B52, 3184(1995]. The contribution from higher-order Laue zong#OLZ's) was not considered. We

show that these scattering equations are in fact valid for general orientations of the ZOLZ with respect to the
crystal surface, except for the specific case where the ZOLZ lies perpendicular to the surface. Furthermore, a
widely applicable expression for the cross section for any type of inelastic scattering in a crystal is shown to
be valid for any orientation of the ZOLZ and allows the inclusion of reflections in the HOLZ's.

I. INTRODUCTION tion expression depends critically on the fact that the crystal
is of finite thickness.
General dynamical equations for electrons incident on a

crystal of finite thickness which are a generalization of those Il. THEORY
given by Yoshiok& have recently been derivédrhese fun- . . _ .
damental equations follow from a Schlinger equation in The generalized scattering equations for fast electrons in-

integro-differential form containing a nonlocal kernel which cident on a crystal of finite thicknessare given by
represents the inelastic scattering. Based on this formulation,
a general expression for the cross section for any type of
inelastic scattering in a crystal was derived which has wide
general applicability®

Dudarevet al.” have addressed the problem of scattering
of high energy electrons by solids on the basis of a kinetic
equation for the one-particle density matrix. They pointed
out that, unlike their approach, most theoretical approachewhere V,_j, and ngh are coefficients related to the local
to the problem of diffraction and inelastic scattering of high-crystal potential, and the nonlocal inelastic scattering poten-
energy electrons by crystals have been developed in formsal, respectively. These scattering equations can be solved in
which are suitable for specific diffraction geometries. Thea self-consistent way to obtain the coefficients in the stan-
fundamental scattering equations in Ref. 2 were derived foflard Bloch state expansion of the elastic scattered electron
the specific diffraction conditions where the zeroth-orderwave functiony(r) in the solid, i.e.,
Laue zone(ZOLZ) lies parallel to the crystal surface, i.e.,
where the zone axis was parallel to the crystal surface nor- _ i i o
mal. In addition the contribution from higher-order Laue ’700(”_2 “Eg Coexdi(ki+g)-r], 2.2
zones(HOLZ's) was not considered. In this Brief Report we
show that the fundamental Scattering equations are in fa%hereg and h are reciproca| lattice vectors and is the
valid for any orientation of the ZOLZ with respect to the gmplitude of theith Bloch state with wave vector
crystal surface, excepting for the case where the ZOLZ liegi =K + \'A. The incident electron wave vector in the crystal
perpendicular to the crystal surface, provided that HOLZs denoted by andf is an inwardly directed crystal surface
contributions are ignored. However, to a good approximatiothormal. The complex quantitiea’' can be written as
(for gll but the thinnest of crysta)!ahe fast.elec'gron wave \i—=,iijy wherey are theanpassungmatching coeffi-
function obtained from the scattering equations is not greath(:iems) and ' are the absorption coefficients. The thickness

affecteq by the gssumption that the crystal is infinite. Thedependent terrh /i (t) in the scattering equations is a special
scattering equations then reduce to the well known.gge of

Yoshiokd equations and hold for all ZOLZ orientations and

also allow HOLZ reflections to be included. C -
A widely applicable expressidrfor the cross section for Li(t)= exp:[!(k M-

any type of inelastic scattering in a crystal is shown to be I =Nt

valid for all diffraction conditions, i.e., orientations of the B

ZOLZ and allows inclusion of HOLZ effects. Unlike the  The L"(t) were obtained as a by-product of evaluating

scattering equations, the derivation and use of the cross setfe integral
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crystal we do not obtain & function in thez direction. This
=t M TR e assumption is pivotal in the derivation of E@.1).
Evaluation of Eq.(2.5 for other diffraction conditions,
where the zone axis is not parallel to the surface normal, is
S problematic because tlgeandh vectors have components in
(b) both thez direction andxy plane. To circumvent this we

1
I=—f exgi(h—g)-ry]dr
K yIMxy
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[
ERRERRRRERR RERRRRRRRRRE
| T T S O O T T T O B | | (B

7OLZ ol consider a new Cartesian coordinate syst8m[see Fig.
4 fane 1(b)], where the crystal surface normalnow defines the
e N RN RN RN | BRSO z' direction and the crystal surface is parallel to they’
RN RRRRRR. LA VA plane. For any arbitrarg and h vectors pertinent to the
Vi et ARG ey diffraction conditions(i.e., corresponding to reciprocal lat-
OO T OO RO tice points lying in the ZOLZ we can write
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FIG. 1. S_chematlc m|xt_ad real-spac_e an_d reupro_cal-space dia- X_j exfdi(k'+h—ki* —g)-z']dz’
grams showing the scattering geometries discussed in the text. The tJo

crystal is of thickness with surface normah. K is the wave vector

. ; 1t . )
of the incident electron beafeorrected for refraction Real-space =5 J' N j* ' '
= —| exdi(N'=A"*+h,—g,)z']dZ.
diffracting planes are indicated by the dashed lines. The ZOLZ hreyn@ eyt ), FLi( 2~ 92)7']
plane is indicated by the dotted lin@) The restricted diffraction
geometry with the ZOLZ plane parallel to the crystal surface as (2.6)

defined in Ref. 2, and the associated coordinate sySieth) The  The surface Kronecke#, &y, gr..., SEEMS to impose a
X'y 9Ty

more general diffraction geometry is discussed here with the ZOL%eSS stringent constraint than that in E@.5), namely that
plane at some arbitrary angle to the crystal surface, and the aSSO%He integr%l is zero unle —g, andh " g, y
g§<! - X! y! - y! .

ated coordinate syste® . Heref is a vector normal to the ZOLZ W ider the implicati f th f K
plane as discussed in the text. € Nnow consiaer the implications o IS surrace Kro-

neckeré$ function in evaluating the above integral. We rep-
resent any arbitrary reciprocal lattice vecttr&indg corre-

1 . . sponding to points in the ZOLZ in th®' system as
':VJ exdi(ki+g—ki*—h).rdr. (2.4 oPondngop Y
v h:hxr)’\(,‘f'hyrg/"f'hzril, (27)
It was assumed in Ref. 2 that the crystal slab effectively 9=Gx X" +0yy' +9,7', 28

extends to infinity along the surface of incidence while beingand consider a vector normal to the ZOLZ plane given by
of finite thicknesg. In addition, it was assumed that all the

reciprocal lattice vectorg andh pertinent to the diffraction f=f X +f,y +f,2". 2.9
conditions lie in a plane parallel to the c.rystallsurface.j.'hisAny two vectorsg and h corresponding to points in the
plane corresponds to the ZOLZ of a diffraction condition 75| 7 must satisfy
with zone-axis normal to the crystal surface. Any contribu-
tion from g andh vectors corresponding to reciprocal lattice cf=hxg, (2.10
points in HOLZ’s was ignored. i i

The Cartesian coordinate syste®n shown in Fig. 1a), for some constant. Now_we impose the co_nstral_nt that
was used to evaluate the integral. Snthe unit vectors and hx’:glx’ andhy, =gy required byéh'fx'y"g'rx'y’ if the inte-
¥ define thexy plane in which all the ZOLZ reciprocal lattice 9ral | is not to be zero. We obtain
points(and vectorslie, and the diffraction zone axis defines
the z direction. For the specific case considered in Ref. 2 the
xy plane lies parallel to the crystal surface and thdirec- +(hyhy —hy g,y
tion parallel to the surface normal. Factoring the integral in (2.1
Eq. (2.4) into components along they plane and: direction, ’
we write giving

CfX/)A(' + ny/9, + CfZ/2, = (hy’gz’ - hzrhy/)s\(’
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cfu=hy (g, —h,), (2.12 process under consideration, e.g., inner-shell ionization, Ru-
therford backscattering. This important general result takes

cfyr=hy(hy—g,), (2.13 into account all othefbackgrounaiinelastic scatter.ing in the
crystal leading to absorption from the dynamical Bragg-

cf,=0. (2.19 reflected beamsin practice mainly due to thermal diffuse

scattering. There is a contribution to the cross section from
all absorbed electrons as well as from the dynamical elec-
. trons. Contrary to the scattering equations, the assumption of
Ehe?zalsgu;rrw%th?zt igcetizttonelnf orhy,#0 we seefrom g e thickness manifested in thel (t) is crucially impor-
q- (e q.{e. tant, and this has been previously emphasfZetiThe as-
g, =N, (2.15  sumption of an infinitely thick crystal in this context is tan-
tamount to assuming that the detectors in an experiment are
and hencén= g if the integrall is not to be zero. Hence Eq. inside the crystal and this leads to incorrect results.
(2.6) reduces to the same result that E2,.5) does. The derivation of the above cross section expression in
Now let us examine the assumption we made in coming tqRef. 2, was made with the unnecessary assumption that the
this conclusion. First we assuméd #0. If in fact f,,=0  zOLZ was parallel to the surface. This assumption need not
then the ZOLZ is perpendicular to the crystal surféce.,  have been made, as the andg,, components that occur in
the zone axis is perpendicular to the crystal surface ngrmal Eq. (2.6) are removed by a subsequent further integration
Secondly we assumed that at least onehpfh, #0. If  [over the initial states of the solid, E¢A24) in Ref. 2]. This
hy=hy,=0 thenh=h,z" andg=g,/z', once again corre- integration is independent of any particular scattering geom-
sponding to the case where the ZOLZ is perpendicular to thetry. The inelastic scattering cross section is therefore valid
crystal surface. Hence, with this one exception, the scatterings it stands for any orientation of the ZOLZ and, without the
equationdEq. (2.1)] are valid for general orientations of the |imjtation of the h and g vectors in Eq.(2.17 having to
ZOLZ with respect to the crystal surface. We point out thatcorrespond to reciprocal lattice points in the ZOLZ only,

to a good approximatioexcept for very thin crystalsthe  contributions from HOLZ'’s are readily included.
fast electron wave function obtained from the scattering

equations are not greatly affected by the assumption that the
crystal is finite in thickness. For an infinite crystal the scat-
tering equations reduce to the well known results of We have shown that recently derived generalized scatter-

With the assumptior{to be discussed shorjlythat f,, #0,
Eqg. (2.14 implies c=0 and hence thal is parallel tog.

Ill. CONLUSION

Yoshioka ing equations for fast electrons incident on a crystal of finite
om thicknes$ are valid as they stand for general orientations of
K2— (K +q)21C+ —- V. . Ci+>S w..cil=o0. the d_|ffract|on zone axis with respect to the crystal surface

[ ( 9] 9 pe Zg g-h™h Eh: g.h™h (provided HOLZ effects are not includedrhe only excep-

(2.16 tion is for the specific case where the ZOLZ lies perpendicu-
lar to the crystal surface. This restriction on the orientation of
the ZOLZ and the inclusion of HOLZ reflections is removed
if the thickness is considered to approach infinity so that
oshioka’s generalized scattering equations are recovered.
urthermore, a widely applicable expression for the cross
section for inelastic scattering in a cryStélvhere the finite
thickness of the crystal is crucjails shown to be valid for
Mo,0 any orientation of the ZOLZ, and in addition contributions
from HOLZ reflections may be included in the inelastic cross
- o section expression. Therefore, in practice, the use of Yoshio-
+> Bl CCh Mh,g]. (217  ka’s fundamental scattering equations coupled with the in-
t oh elastic cross section expression given by Ej17) makes
where B(t)=a'a!*LI(t) and the u, 4 are the inelastic possible the calculation of thetal cross section of scatter-
scattering coefficients for the particular inelastic scatteringng for any diffraction condition.

In this case the integral in questidiqg. (2.5] reduces to
dn,g for anyh andg vectors which may each correspond to a
reciprocal lattice point lying in the ZOLZ or any HOLZ.

The inelastic scattering cross section, discussed at leng
in Ref. 2, is given by

a:ch”l—Z Bl(t)> CiCl*
1] g
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