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The decay of sinusoidal grooves on solid surfaces due to surface diffusion is studied using Monte Carlo
simulations of a~211!-dimensional solid-on-solid model, focusing on the decay kinetics at temperatures below
the equilibrium roughening transition temperatureTR . We find that the surface relaxation initially follows an
exponential decay with a characteristic time that scales as the fourth power of the grooves’ wavelength. The
scaling behavior breaks down after cusps and plateaus of a sufficient size develop at the top and bottom of the
profile. The time needed for the surface to reach this breakdown point decreases sharply with decreasing
temperature belowTR to the extent that the exponential region is too small to be observable in simulations for
temperature below about 2TR/3. We also present simulation results that show the effect of a surface tilt on the
relaxation kinetics.

I. INTRODUCTION

The decay processes of sinusoidal profiles on crystal sur-
faces have been investigated experimentally to measure the
surface self-diffusion constant and to study the kinetics of
surface relaxation.1–4 The understanding of these kinetics is
of practical importance in surface treatment and epitaxial
film growth. It is known that there exists an equilibrium
roughening transition temperatureTR above which the crys-
tal surface is rough and below which it is smooth.5 This
roughening temperature depends upon the orientation of the
surface. There is consensus that aboveTR , the relaxation
kinetics are well described by Mullins’s theory6 based on the
continuum description of surface diffusion. This theory pre-
dicts that the amplitude of an initially sinusoidal profile de-
creases exponentially with time, with a time scalet propor-
tional to the fourth power of the wavelengthl4, while the
shape of the profile remains sinusoidal. These predictions are
consistent with experimental observations1,2 and computer
simulations.7–10

However, below the roughening transition, Mullins’s
theory is not applicable because the surface energy has a
singularity.11 A variety of modified continuum theories12–15

have been devised to study the kinetics in this regime. These
theories generally predict nonexponential decay with a char-
acteristic time scalet;la. The value ofa ranges from 3 to
5, depending on the detailed mechanisms in the theories.
Recent experiments on surface relaxation at low temperature
have obtained different results. Investigations of the smooth-
ing kinetics of the Cu~100! surface by Zuo and Wendelken16

using time-resolved, high-resolution, low-energy, electron
diffraction ~HRLEED! obtaineda'3 at early times and
a'5 at later times. However, Grossmann and Piercy17 ob-
taineda'4 in a HRLEED investigation of a TiO2 surface,
except at the lowest experimental temperature~750 K!,
where they foundb51/a'0.18. The results of computer
simulations at low temperature are also not conclusive.7–10

Hampered by the slow decay kinetics, the simulations are

generally unable to monitor the decay for long enough times,
although some algorithms have been designed8,9 to speed up
the simulation by assuming the kinetic behavior of individual
diffusing particles.

In a previous paper7 we have reported Monte Carlo simu-
lations of profile decays due to surface diffusion at tempera-
tures above and below the roughening transition temperature.
We used a solid-on-solid model, which is the strongly aniso-
tropic limit of the Ising model and has been widely applied
to study the roughening transition and interfacial growth
phenomena.18,19 We used Kawasaki dynamics,20 which al-
lows moves of randomly selected surface particles to neigh-
boring surface sites. Individual particles move randomly
with probability decided by the energy change accompany-
ing the move. Above the roughening temperature, we found
exponential decay of the profile with a characteristic decay
time t;l4. Below the roughening temperature, we found
that the decay is slower than exponential and thatt;l4

scaling is not valid. Instead, if we insisted on a fit of the
scaling formt;la, we obtaineda'6. However, in a recent
report of Monte Carlo simulations of virtually the same
model, Searson, Li, and Sieradzki10 found that exponential
decay of the profile with a characteristic relaxation time
t;l4 is valid not only atT.TR but also atT,TR . Their
results have motivated us to further investigate the model
with more extensive simulations. In this paper, we report the
results of these investigations, some of which have been
briefly described in an earlier Comment.21

In Sec. II we describe the solid-on-solid model and the
simulation method. In Sec. III we present the results of our
simulations focusing on temperatures belowTR . We will
show that atT,TR , the profile initially decays exponentially
with a characteristic timet;l4. This scaling behavior
ceases to be valid after a certain time when shoulders de-
velop in the decay curves as a consequence of the formation
of cusps and flat plateaus on the top and bottom of the pro-
file, which is no longer sinusoidal. Each successive shoulder
corresponds to a lowering~raising! of the flat top~bottom!
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by one atomic layer. The time at which thet;l4 scaling
breaks down decreases sharply with decreasing temperature
to the extent that it is no longer observable in our simulations
for T less than about two-thirds ofTR . We will also show
the effects of a small tilt angle of the surface on the relax-
ation kinetics. In Sec. IV we discuss the implication and
relevance of our results with respect to recent experiments.

II. MODEL AND SIMULATION METHODS

We use a~211!-dimensional solid-on-solid~SOS! model
for a crystal surface. The model is on a square lattice of size
M3N and has the Hamiltonian

H5
J

2 (̂
i j &

uhi2hj u, ~1!

wherehi , which takes only integer values, is the height of
the surface atom at sitei and ^ i j & denotes a sum over all
nearest-neighbor pairs of lattice sites. The roughening tran-
sition temperature isTR50.62J/kB ,

18 wherekB is the Boltz-
mann constant.

The surface is initially created with a one-dimensional
sinusoidal profile with a wavelength ofl, i.e.,

h~m,n!5 Int@h0sin~2pm/l!#, ~2!

whereh(m,n) is the height at site (m,n) of the lattice and
Int@x# is a function that roundsx to the nearest smaller~in
absolute value! integer. The size of the system isN532 and
M is an integral multiple ofl, ranging fromM5240 to 256;
wavelengths from 4 to 40 have been studied with initial am-
plitudesh055. Periodic boundary conditions are employed
in both directions. In the scaling regime there are strong
deviations from scaling for wavelengths that are too short;

these have all but disappeared forl>20. Results reported
here, with the exception of the profiles in Fig. 4, are averages
over 40–50 individual runs. The relaxation of the surface is
modeled with Kawasaki dynamics in which the atom atop a
randomly picked column or site of the two-dimensional SOS
lattice is moved to the top of a randomly picked nearest- or
next-nearest-neighbor column with probability

FIG. 1. ln@w(t)2weq# plotted against t/l4 at temperature
T50.5J/kB for l520 ~solid line!, 28 ~dashed line!, 32 ~dotted
line!, and 40~dash-dotted line!.

FIG. 2. ln@w(t)2weq# plotted against t/l4 at temperature
T50.4J/kB for l520 ~solid line!, 28 ~dashed line!, 32 ~dotted
line!, and 40~dash-dotted line!.

FIG. 3. Dh* (t)[Dh(t)/2 plotted againstt/l4 for l520 ~solid
line!, 28 ~dashed line!, 32 ~dotted line!, and 40~dash-dotted line!
for T50.4J/kB . The curves are the averages of 40–50 individual
runs; in addition,Dh is averaged along rows parallel to the grooves.
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P5H exp~2DE/kBT! if DE.0

1 if DE,0,
~3!

whereDE is the change of the total energy of the system due
to the move. This procedure, defined as a Monte Carlo trial,
is repeated. The timet is measured in units of Monte Carlo
trials per lattice site.

The normalized width of the surfacew(t) is calculated as

w~ t !5
1

w0
A^h2~ t !&2^h~ t !&2, ~4!

where

^h~ t !&5
1

MN (
i
hi~ t ! ~5!

is the mean height of the surface and

^h2~ t !&5
1

MN (
i
hi
2~ t ! ~6!

is the mean-squared height;w0 is the initial value of the
surface widthw05A^h2(0)&. Also monitored in the simula-
tion is the differenceDh between the maximum and mini-
mum heights, i.e.,

Dh~ t !5hmax~ t !2hmin~ t !, ~7!

wherehmax andhmin are the maximum and minimum heights
obtained by averaging the height of the surface along rows of
sites parallel to the grooves and over a number of distinct
runs.

We have also done some simulations for a tilted surface in
which the initial configuration has sinusoidal grooves super-
imposed on a surface with evenly spaced terraces along the
same direction as that along which the grooves vary. Peri-
odic boundary conditions in the direction ofm are imposed
by changing the height of a particle that moves across the
edge of the system in this direction in an appropriate manner.
The initial terrace width is always commensurate with the
sizeM of the system.

III. RESULTS

At temperatures above the roughening transition tempera-
ture TR , we find the width of the surface decays exponen-
tially with a characteristic timet;l4. This is the same as
reported in our previous paper7 and is consistent with other
simulations. In the remainder of this paper, we will therefore
focus on the results for temperatures belowTR .

Figure 1 displays ln@w(t)2weq# as a function oft/l4 at
temperatureT50.5J/kB with l520, 28, 32, and 40;weq is
the equilibrium width at the given temperature, normalized
by the initial width. This temperature has been used in the
simulations of Searson, Li, and Sieradzki.10 They found ex-
ponential decay with a scaling oft;l4. This is consistent
with the data in Fig. 1 up to a certain point, beyond which
shoulders start to appear in the decay curves and the scaling
behavior no longer holds. The deviation from scaling is
much more obvious in Fig. 2, where the same quantities are
plotted at temperatureT50.4J/kB . At this lower tempera-
ture, the scaling breaks down at an earlier stage of the decay
and successive shoulders appear in the decay curve. Each

FIG. 4. Surface profiles shown att520 000~solid line!, 100 000
~dashed line!, and 200 000~dotted line! time steps forl540 and
T50.4J/kB ; in ~a! the profile is a particular cross section of one
system, while in~b! the profile of a single system has been averaged
over the direction parallel to the grooves.
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shoulder corresponds to lowering~raising! the flat top~bot-
tom! of each groove by one atomic layer, as evidenced in
Fig. 3, whereDh* (t)[Dh(t)/2 is plotted againstt/l4 for
l520, 28, 32, and 40, at the same temperature
T50.4J/kB; Dh* is a simple measure of the amplitude of
the surface profile, normalized so that its value decreases by
unity as the amplitude of the profile decreases by the same
amount. Notice that the plateaus on the curves in Fig. 3 occur
roughly at successive integer values, consistent with lower-
ing ~raising! the flat top~bottom! by one atomic layer. These
curves tend to be less smooth than those for the width in Fig.
2 because in any given system the width changes relatively
smoothly in comparison with the height difference from the
top layer to the bottom one, which must change abruptly by
integral amounts. The averaging we have done smooths this
behavior somewhat, but not completely. The overall time
dependence of the curves in Fig. 3 seems to follow a hyper-
bolic behavior, i.e,Dh* (t)}1/t, which has been predicted in
Ref. 14. However, this conclusion is not unambiguous be-
cause of the existence of the plateaus in the curves.

In Fig. 4~a! we show typical cross sections of surface
profiles at times t520 000, 100 000, and 200 000 for
T50.4J/kB andl540. It is evident that, as time increases,
flat plateaus and cusps develop at the peaks and valleys of
the profile and the average size of the cusps increases with
time. Such cusps have been observed12 in experiments at
temperatures sufficiently far belowTR . Notice that the pro-
files consist mostly of steps of integral height in units of the
spacing between atomic layers. The plateaus are not per-
fectly flat as a consequence of atomic-size defects, as clearly
displayed in Fig. 5, which is a three-dimensional picture of a
typical surface profile during decay. The concentration of
defects is temperature dependent, being considerably larger
at higher temperatures~but still below TR); therefore, the
system is able to sense that the equilibrium configuration of
the surface is globally flat only when the size of the cusps is
sufficiently large. At this point the scaling behavior breaks
down. The time it takes to reach this point decreases sharply
with decreasing temperature, as indicated by Fig. 6, which
shows ln(w2weq) againstT/TR , the width being evaluated at
the time that scaling breaks down. The breakdown is identi-
fied by comparing the decay curves forl520 with those for

l532. The figure is at best qualitative because identification
of the breakdown point depends quite a bit on the amount of
scatter in the results for the width. Finally, Fig. 4~b! displays
the surface profiles averaged over the direction parallel to the
grooves. Because the position of the edges of the terraces
fluctuates, the averaged profiles are much smoother than the
unaveraged ones.

In most experimental situations, surfaces are not exactly
at a perfect crystal orientation, meaning the surface is not
precisely a low-index face such as a~001! face. Rather they
normally deviate from such an orientation by a small angle.
To explore the effect of that on the decay kinetics, we have
done simulations in which the surface is tilted in the direc-
tion perpendicular to the grooves by a small angle. Figure 7
shows ln@w(t)2weq# at l532 andT50.4J/kB for three dif-
ferent tilt angles corresponding to average terrace widths of

FIG. 5. Surface with l540, shown at
t520 000 time steps andT50.4J/kB . This sys-
tem measures 80364 sites.

FIG. 6. Value of ln(w2weq) at which scaling breaks down,
shown as a function ofT/TR .
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4, 16, and 64 lattice spacings. Because these surfaces require
a very long time to reach a global equilibrium,weq here is
not the true equilibrium width but rather the minimum value
of the width observed during the decay. What typically hap-
pens is that the width reaches a minimum as the grooves
decay and then very slowly increases as the surface makes its
way toward global equilibrium. Although this slow relax-
ation introduces some ambiguity into the later stages of the
grooves’ decay, one may see from the plot that the decay is
close to being exponential when the mean terrace width is
much smaller thanl. That is expected because the roughen-
ing temperature of a tilted surface is zero. On the other hand,
when the terrace width is larger thanl, the decay curve is
very similar to the ones for an untilted surface at the same
temperature; the system is unable to sense the tilt in this
case.

IV. DISCUSSION

It clearly emerges from our simulations that at tempera-
ture below the roughening transition, the surface relaxation
initially follows an exponential decay with a characteristic
time scalet;l4, consistent with recent simulations of Sear-
son, Li, and Sieradzki.10 This scaling behavior, however,
breaks down after the cusps on the peaks and valleys of the
profile develop up to a certain size so that the system is able
to recognize that the equilibrium configuration of the surface
is globally flat. At this point flat shoulders start to appear in
the width decay curve; each shoulder corresponds to raising
~lowering! the cusps at the top~bottom! of the profile by an
interlayer spacing. The time needed to reach the breakdown
point decreases sharply with decreasing temperature.

In a recent experiment on a TiO2(110) surface by Gross-
mann and Piercy, it was observed thatb51/a50.2320.25
at temperatures 800–875 K. This result is consistent with the
initial decay observed in our simulations. AtT5750 K, their
data actually show sort of a flat shoulder~see Fig. 2 of Ref.
17! and they obtained an effective exponent ofb50.18. This
exponent is consistent with our previous estimate7 of a56.
It would certainly be interesting to see more experiments at
lower temperatures or for longer times at the higher tempera-
tures.

Recently a paper by Selke and Duxbury22 has come to our
attention. Their simulations of a SOS model with
evaporation-condensation dynamics also show plateaus in
the decay curves at temperatures belowTR ; see Figs. 5 and
6 of Ref. 22. These results, in addition to our results, suggest
that the layer-by-layer kinetics is a very general behavior for
surfaces belowTR .
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