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We present calculations of hole Landau levels, cyclotron masses, and far-infrared spectra for strained asym-
metric p-type Ge-SixGe12x quantum wells in a perpendicular magnetic field in order to interpret recent
experimental results by Engelhardtet al. @Solid State Electron.37, 949 ~1994!#. Self-consistent hole subband
calculations are combined with calculations of the Landau levels using a 636 k•p Hamiltonian for the
topmostG8 andG7 bulk valence bands. Our results are in very good agreement with the experimental data.
Taking into account the coupling to the split-off band turns out to be important. The complex spectra of hole
Landau levels in strained quantum wells remind one of the well known quantum resonance spectra of bulk
p-type Ge under uniaxial stress.

I. INTRODUCTION

Since the first successful growth of SixGe12x layers on a
Si substrate using molecular-beam epitaxy~MBE!,1 this tech-
nique has been developed with the objective to open the
possibility of band structure engineering to Si-based
technology.2,3 This endeavor is motivated by the fact that,
compared with metal-oxide-semiconductor structures of the
standard Si-SiO2 technology, MBE grown interfaces have
higher perfection, allowing for much higher mobilities of the
confined carriers, i.e., faster devices. The price for this ad-
vantage is the lattice mismatch between Si and Ge, which
limits the pseudomorphic growth of strained layers to critical
thicknesses of a few atomic layers for the pure materials.
Using SixGe12x alloys, however, the critical thickness can
be increased to several hundred angstroms.4 The high quality
of recently grown heterostructures, quantum wells~QW’s!,
and superlattices using Si, Ge, and SixGe12x has been dem-
onstrated in a series of optical and transport
experiments.2,5–10

The starting point of our investigations are experiments
by Engelhardtet al.7,8 on cyclotron resonance~CR! of holes
in strained Ge layers confined between SixGe12x barriers of
different compositionx. The lower barrier is a graded
SixGe12x buffer layer

3 grown on a Si substrate with a final
Ge content of (12x)50.7. The upper SixGe12x barrier is
d doped with a spacer between the doping layer and the
two-dimensional~2D! hole gas in the Ge well. The structures
were overgrown with a Si cap layer. All relevant parameters
for the two samples C1072 and C1116 of Refs. 7 and 8 are
given in Table I. The experimental CR spectra for the two
samples, measured atT54.2 K with a Fourier spectrometer,
are reproduced in Fig. 1. From these spectra one can extract
the CR energies\vc* or cyclotron massesmc*5eB/vc* ,
which uncover the complex structure of the Landau level
spectrum of holes in strained QW’s. The different Si contents
in the two barriers and thed-doping layer in the upper barrier
result in an inversion asymmetry of the QW, which removes
the spin degeneracy. Thus even the single peak observed in
the ‘‘classical’’ limit of low magnetic fields consists of a
spin-split doublet.8 With increasing magnetic field the dou-

blet splits into several components whose evolution is char-
acteristic for the sample~hole concentration, width of the
QW! as the Fermi energy is moved to Landau levels with
lower quantum numbers. In bulkp-type semiconductors with
uniaxial stress applied in the direction ofB, these Landau
levels are known to be quite irregularly spaced as a conse-
quence of the complex valence-band structure.11–13The cor-
responding cyclotron transitions have been called ‘‘quantum
resonances.’’12 The experimental data of Ref. 8 provide evi-
dence of such quantum resonances in strained 2D hole sys-
tems.

The theory of Landau levels for 2D hole systems has been
developed forp-type inversion layers at the interface of
GaAs-AlxGa12xAs heterostructures

14–17in order to describe
experimental data by Sto¨rmeret al.18 First the subband prob-
lem is solved self-consistently forB50. Then theB50 Har-
tree potential is used for the calculation of Landau levels.
Most of these calculations use Luttinger’s 434 k–p
model14,15,17for the topmost fourfold bulk valence bandG8
of light holes~LH’s! and heavy holes~HH’s!. Only in Ref.
16 was the split-off~SO! valence bandG7 taken into account

TABLE I. Parameters of the two samples C1072 and C1116 of
Refs. 7 and 8.

Sample
C1072 C1116 Parameter

upper SiGe barrier
0.5 0.6 Ge content
5 5 d-doping ~1012 cm22)
75 100 spacer width~Å!

Ge well
75 168a width ~Å!

1.78 1.10 Ns ~1012 cm22)

lower SiGe barrier
0.7 0.7 Ge content

aThe well width of sample C1116 of 168 Å was obtained by TEM
measurements. It deviates from the nominal width of 125 Å~Refs.
7 and 8!.
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with a 636 k–p model. For undoped rectangular QW’s cal-
culations of Landau levels and matrix elements for interband
optical transitions have been performed using a 636 k–p
model, which includes the lowest conduction band.19 All
these studies yield fan charts of Landau levels evolving from
each hole subband, which show a rather complex depen-
dence on the magnetic field as a consequence of the coupling
between LH and HH states, but failed to account for the
experimental results of Ref. 18.

In a recent work by Wonget al.10 CR data onp-type
strained layer SixGe12x-Si heterostructures were presented.
An interpretation of the main resonances was given by a
636 k–p model, assuming a rectangular subband potential
without performing self-consistent calculations for the con-
fined hole states.

In the present paper we use a 636 k–p Hamiltonian for
G8 andG7 as in Ref. 16, taking into account the coupling to
the SO band. In the application to Ge QW’s between
SixGe12x barriers it is important to consider also strain ef-
fects. Therefore, thek–p Hamiltonian is augmented by the
strain Hamiltonian of Bir and Pikus.20 The self-consistent
subband calculations are performed for theB50 case. In
order to calculate the multicomponent envelope function we

solve the coupled integral equations inkz space by means of
a quadrature method.21 Then Landau levels are obtained by
the same procedure, but by using the Hartree potential ob-
tained forB50 and replacing the 2D plane waves by oscil-
lator states. We calculate cyclotron masses, dipole transition
matrix elements, and the full far-infrared~FIR! absorption
spectra, which allow direct comparison with all features in
the complex experimental data of Fig. 1.

II. SELF-CONSISTENT SUBBAND CALCULATIONS
FOR B50

The starting point of our calculations for a 2D hole gas in
a biaxially strained QW between asymmetric barriers~which
may also be strained! is the 636 k–p Hamiltonian acting in
the space of theG8 andG7 bulk valence-band states. Using
as a basis the Bloch eigenstatesuJM& with angular momen-
tum J53/2, M513/2,11/2,21/2,23/2 for G8 and
J51/2, M511/2,21/2 for G7 , the Hamiltonian reads, in
the magnetic-field-free case,

H6365Ev^ 12Hk2H« . ~1!

HereEv is the ~position-dependent! valence-band edge and

Hk5S P1Q S R 0 2S/A2 2RA2
S† P2Q 0 R QA2 SA3/2
R† 0 P2Q 2S S†A3/2 2QA2
0 R† 2S† P1Q R†A2 2S†/A2

2S†/A2 QA2 SA3/2 RA2 P1D0 0

2R†A2 S†A3/2 2QA2 2S/A2 0 P1D0

D , ~2!

with

P5
\2

2m0
g1~kx

21ky
21kz

2!, ~3a!

Q5
\2

2m0
g2~kx

21ky
222kz

2!, ~3b!

R5
\2

2m0
~2A3/2!@~g21g3!k2

2 1~g22g3!k1
2 #, ~3c!

S5
\2

2m0
~22A3!g3k2kz , ~3d!

wherek65kx6 iky . The HamiltonianH« due to the strain
« has the same form asHk in Eq. ~2!, but with P andQ
replaced by

P«52Dd~«xx1«yy1«zz!, ~4a!

Q«5
1

3
Du~«xx1«yy22«zz!, ~4b!

and the other terms set equal to zero.20 In H636 thez axis is
the growth direction@001# and the biaxial strain is in the
xy plane. Due to the layered structure the material specific
parametersEv , D0 , g1 , g2 , g3 , Dd , andDu as well as
the components of the strain tensor« depend onz. This
requires the use of properly symmetrized expressions in or-
der to maintain Hermiticity ofH636 .

21 The bulk valence-
band parameters for Ge and Si are well known.22 The corre-
sponding parameters for SixGe12x are obtained by an
interpolation scheme described in the Appendix. The
valence-band offsets are taken from Ref. 23.

For biaxial strain andki50 the total HamiltonianH636 is
diagonal in the 434 block of theJ53/2 states and in the
232 block of theJ51/2 states. However, the LH and the
SO states, having the samez component of angular momen-
tum (M561/2), are coupled by terms proportional toQ.
The z dependence ofEv and D0 together with the strain-
induced offsets define the carrier-free potential profiles of the
layered structures; they are different for LH, HH, and SO
states.

The samples of Refs. 7 and 8 ared doped in the upper
barrier with a spacer between the doping layer and the 2D
hole gas. Investigations ond-doped GaAs:Si have shown
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that during the growth process the impurity atoms will dif-
fuse and widths of the actual doping layers of up to 200 Å
have been reported.24 This has been considered in our self-
consistent hole subband calculations by assuming several
widths of the doping layer. It turns out that the calculated
FIR spectra do not depend sensitively on this parameter.

The hole subbands are calculated for zero magnetic field
by self-consistently solvingH636 and the Poisson equation
to obtain the Hartree potential, which is superimposed to the
z-dependent band-edge energies. This is done by solving the
coupled integral equations inkz space using a quadrature
method.21,25We apply the axial approximation by neglecting
in Eq. ~3c! the warping term proportional to (g22g3). For
the hole densities of the samples in Refs. 7 and 8 only the
topmost HH subband is occupied. In Fig. 2 we show the
self-consistently calculated potential profiles for the two
samples together with the subband energies atki50. We
remark that for the topmost subband in the wider sample

C1116 the probability of finding a hole in the lower barrier
~in Fig. 2 the barrier on the left-hand side! is negligible.
Therefore our calculations are rather insensitive with respect
to the exact value of the width of the QW, which was some-
what uncertain for sample C1116.7,8 The hole subband dis-
persionE(ki) is displayed in Fig. 3. Note the spin splitting
of the subbands due to the asymmetry of the potential
profile.26 In Fig. 4 we show the density-of-states effective
mass25 of the topmost subband defined by

m* ~E!

m0
5
1

p

\2

2m0
E d@E2E~ki!#d

2ki . ~5!

In the experimental work7,8 it was not well known
whether the well material was fully strained according to the
lattice mismatch between the well and barrier material or
whether the well had relaxed to some extent. We found that
our calculations depend rather sensitively on this effect, i.e.,
the relaxation tends to increase calculated CR masses. There-
fore, we have used the strain as a fitting parameter. Best
agreement was obtained when the strain had 90%~sample

FIG. 1. Experimental cyclotron resonance spectra at different
magnetic fields for the two samples~a! C1072 and~b! C1116 as
specified in Table I. Taken from Refs. 7 and 8.

FIG. 2. Self-consistent potential profiles and hole subband ener-
gies atki50 for the two samples~a! C1072 and~b! C1116. Due to
the biaxial strain on the quantum well and on the upper barrier,
different potential profiles result for heavy-holes~solid line! and
light holes~dashed line!.
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C1072! and 80% ~sample C1116! of its value in a fully
strained system. We note that it is reasonable to have the
larger relaxation in the wider sample.

III. LANDAU LEVELS AND CYCLOTRON MASSES

We consider the magnetic fieldB5~0,0,B! applied paral-
lel to the growth direction on the basis of the self-consistent
calculations atB50. We replacekx ,ky by Landau raising
and lowering operators11–13

a†5
lc

A2
~kx1 iky!, a5

lc

A2
~kx2 iky!, ~6!

wherelc5A\/(eB) is the cyclotron radius. In the axial ap-
proximationHk becomes a 636 matrix operator in the form
of Eq. ~2! but with

P5
\2

2m0
g1F 2lc

2 S a†a1
1

2D 1kz
2G , ~7a!

Q5
\2

2m0
g2F 2lc

2 S a†a1
1

2D 22kz
2G , ~7b!

R5
\2

2m0
~2A3/2!~g21g3!

2

lc
2a

2, ~7c!

S5
\2

2m0
~22A3!g3

A2
lc

akz . ~7d!

Zeeman terms are added in the diagonal and in the off-
diagonal blocks coupling LH and SO states, which are
weighted by the isotropic and anisotropic holeg factorsk
and q, respectively. The matrix operatorHk is identical to
the corresponding 636 block of the Hamiltonians of Ref.
13.

Due to the axial symmetry the total HamiltonianH636

commutes withF̂5a†a1Jz , which corresponds to the con-
servation of total angular momentum.11–13,27Therefore, we
use a basis of spinors whose six components are products of
envelope functions for the confined motion inz direction
j j (z) and oscillator eigenstates for the in-plane motionunj&
( j51, . . . ,6). Inthis basis the Hamiltonian falls into blocks
for fixed eigenvaluesF5nj1M j of F̂, whereM j is the z
component of the angular momentum of thej th spinor
component.28 Each block, together with the self-consistent
Hartree potential of Sec. II, is treated in the same way as the
subband problem forB50, i.e., the corresponding set of
coupled integral equations is solved by a quadrature
method.21

FIG. 3. Hole subband dispersionE(ki) for the two samples~a!
C1072 and~b! C1116.

FIG. 4. Density-of-states effective mass of the topmost subband
for the two samples~a! C1072 and~b! C1116.
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In Fig. 5 we show for the two samples of Table I the fan
chart of Landau levels evolving from the topmost HH sub-
bands together with the Fermi energyEF obtained from the
hole density. From top to bottom the Landau levels belong to

increasingn andM563/2 ~according to the dominant com-
ponent of the eigenvectors! with spin down (M523/2) be-
ing the higher level at small magnetic fields. With increasing
magnetic field the spin-split states tend to change their order.
The spin splitting of the Landau levels is a consequence of
the Zeeman splitting and the asymmetry of the Hartree
potential.14–17The nonlinear dependence of the Landau lev-
els onB corresponds to the nonparabolic dispersionE(ki) of
the topmost HH subband~see Fig. 3!.

From the fan chart of Fig. 5 we obtain cyclotron masses in
the standard way by considering pairs of Landau levels
~separated by\vc* ) between which dipole transitions are
possible due to the occupation factors and the selection rule
DF511 for plus polarization of the circular polarized FIR
radiation. With changing magnetic field the cyclotron mass
mc*5eB/vc* refers to different pairs of Landau levels as
visualized in the lower parts of Fig. 5. For small magnetic
fields ~large filling factors! we find two spin-split cyclotron
masses. As expected, forB→0 they are close to the values
of m* , which for the classical limit of large Landau level
quantum numbers can be read from the density-of-states ef-
fective mass atEF ~see Fig. 4!. With increasing magnetic
field ~decreasing filling factor! the transitions take place be-
tween Landau levels with smallern, which show irregulari-
ties inherent with the top of the valence band.

In Ref. 29 we have presented some preliminary results on
the same subject. There we used a simplified scheme for the
numerical solution of theBÞ0 eigenvalue problem based on
an expansion in terms ofB50 eigenstates. However, for
high magnetic fields the shape of the spinor components
j j (z) differs strongly from the shape of the nonvanishing
j j (z) for B50. Thus it would be necessary to use a basis
consisting of a rather large number ofB50 eigenstates.
However, the lower states in the QW are no longer discrete
because due to the potential profile of these samples they
couple to the continuum of barrier eigenstates. This makes it
difficult to use these states as a basis set. In the present work
we do not use such an expansion, but find the eigenstates by
direct solution of the equations forBÞ0. This more accurate
numerical solution yields considerably better agreement with
experiment than the approach used in Ref. 29.

IV. ABSORPTION SPECTRA

We consider the absorption of FIR radiation with an
electric-dipole fieldE5E0êe

ivt, where ê5(ex ,ey ,ez) de-
notes the polarization vector. The transition probability be-
tween eigenstatesus& and ut& of H636 of Sec. III with
eigenenergiesEs andEt is given by Fermi’s golden rule12

Wst~v!5
pe2E0

2

2\v2 z^suê–vut& z2@d~Est2\v!1d~Est1\v!#.

~8!

HereEst5Es2Et andv5]Hk /\]k is the velocity operator,
which in the present case is a 636 matrix operator. Follow-
ing Ref. 12 we obtain, for the matrix elements in Eq.~8!,

^suê–vut&5
lcEts

\
^sue1a1e2a

†1ezlckzut&, ~9!

wheree65(ex6 iey)/A2.

FIG. 5. Fan chart of Landau levels evolving from the two top-
most heavy-hole subbands~upper parts! together with the Fermi
energy ~bold line!, and corresponding cyclotron masses~lower
parts! for the two samples~a! C1072 and~b! C1116.
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The 2D absorption coefficienta(v) is defined as the en-
ergy absorbed per unit time and area divided by the energy
flux of the radiation field, hence it is dimensionless. With the
energy density of the radiation fieldU5E0

2/(8p) andn the
index of refraction, the energy flux isncU and we get

a~v!5
\vNL

ncU (
s,t

f s~12 f t!Wst~v!, ~10!

whereNL5eB/(2p\) is the degeneracy of the Landau lev-
els per unit area andf s and f t are the occupation factors,
which depend on the 2D hole concentration and on the mag-
netic field. We assume zero temperature. Finally, we obtain

a~v!5
2p

n

e2

\c(s,t ~ f s2 f t!Etsz^sue1a1e2a
†1ezlckzut& z2

3d~Ets2\v!. ~11!

For the present case of an electric-dipole field with circular
polarization in the plus direction we havee25ez50. In our
calculation thed function in Eq.~11! is replaced by a Lorent-
zian broadening with the same phenomenological linewidth
for all transitions. The best agreement with the experimental
data is obtained for a linewidth of 0.7 meV.

The calculated spectra for the two samples C1072 and
C1116 are shown in Fig. 6 and allow direct comparison with
the experimental spectra of Fig. 1. All essential features of
the experimental data are reproduced by our calculation:
wavelength and magnetic-field dependence of the reso-
nances, intensities of the absorption lines, and the character-
istic differences between the two samples. A striking differ-
ence between the two samples is that for high magnetic fields
up to 18 T the cyclotron transition (F50)→(F51) at wave
numbers between 140 and 180 cm21 becomes possible only
for the sample C1116 with the lower 2D charge density.
These results are in close agreement with the experimental
data~see Fig. 1 of the present paper and Fig. 4 of Ref. 8!,
although the interpretation in Ref. 8 in terms of Landau lev-
els of bulk Ge is not correct.

As already mentioned in Sec. II, the calculated FIR spec-
tra of Fig. 6 are not very sensitive to the position and profile
of the d doping for a given hole concentration, and for the
sample C1116 the spectra also do not depend on the assumed
well width. However, for either sample the results change
dramatically if calculated on the basis of the 434 Luttinger
Hamiltonian: the cyclotron masses decrease, the crossing of
the spin-split Landau levels shifts to higher magnetic fields,
and the FIR resonances move up to 20 cm21 towards higher
energies. Thus taking into account the coupling to the SO
bandG7 is essential for the agreement with the experimental
data.

V. CONCLUSION

We have extended the existing theoretical concepts to de-
scribe Landau levels and FIR absorption of confined holes in
order to describe recent experiments of Engelhardtet al.7,8

on strained asymmetricp-type Ge-SixGe12x QW’s. Our cal-
culations reproduce all relevant features in the experimental
spectra for the two different samples of Ref. 8. For this good
agreement between theory and the experimental data, it was

important to consider the effects of strain due to the lattice
mismatch between Ge and SixGe12x and to use a 636
k–p Hamiltonian that includes the coupling between theG8
and theG7 band.
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APPENDIX: INTERPOLATION SCHEME
FOR THE LUTTINGER PARAMETERS

Experimental values for the Luttinger parameters of
SixGe12x bulk material do not exist in the literature.

22 From
empirical pseudopotential calculations Rieger and Vogl23

found a nonlinear dependence of the mass parameters onx.

FIG. 6. Cylotron absorption spectra calculated from the Landau
levels of Fig. 5, for the two samples~a! C1072 and~b! C1116. A
phenomenological broadening of 0.7 meV is assumed for all tran-
sitions.
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Their results are in quantitative agreement with the well
known data for Si but deviate significantly from the values
for Ge. Therefore, we have used a nonlinear interpolation
scheme along the concepts of Lawaetz,30 which exactly re-
produces the experimental values of the Luttinger parameters
of both Si and Ge. The dominant contributions to these pa-
rameters derive fromk• p couplings of the topmost valence
band with thes and p antibonding conduction-band states
with energy gapsE0 andE08 , respectively. This allows the
decomposition

g15
1

3

Ep

E0
1
2

3

Ep8

E08
1ḡ 1 , ~A1a!

g25
1

6

Ep

E0
2
1

6

Ep8

E08
1ḡ 2 , ~A1b!

g35
1

6

Ep

E0
1
1

6

Ep8

E08
1ḡ 3 , ~A1c!

k5
1

6

Ep

E0
2
1

6

Ep8

E08
1k̄ , ~A1d!

whereEp ,Ep8 are ~up to a factor 2/m0) the squared absolute
values of the corresponding momentum matrix elements.
Note that in Lawaetz’s30 notationḡ 1 , ḡ 2 , ḡ 3 , andk̄ are not
independent but can be expressed by two constants (G and
H2 in Ref. 30!. Thus, using the well known Luttinger param-
eters and the gapsE0 andE08 for Si and Ge,

22 we can deter-
mine Ep , Ep8 , ḡ 1 , ḡ 2 , ḡ 3 , and k̄ from Eqs.~A1a!–~A1d!
for x51 and 0.

Regarding thex dependence, the interpolation is based on
the following assumptions: we use a linear interpolation be-
tween theE0 gaps of Si and Ge and follow Lawaetz30 by
scalingE08 according to

E08~x!5E08~1!Fa~x!

a~1!G
21.92

. ~A2!

The dependence of the lattice constanta on x is taken from
Ref. 23:

a~x!5a~1!10.200 36x~12x!1@a~0!2a~1!#~12x!2 Å.
~A3!

We note that the momentum matrix elements are inversely
proportional to the lattice constant. ThereforeEp(x) and
Ep8(x) are obtained by scaling their values for Si with30

d~x!5$111.23@D~x!21#%Fa~1!

a~x! G
2

. ~A4!

The values ofD(x), ḡ 1(x), ḡ 2(x), ḡ 3(x), and k̄ (x) are
obtained by a linear interpolation between those of Si and
Ge. The resultingx dependence ofg1 , g2 , g3 , and k is
shown in Fig. 7.
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