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Third-order nonlinear optical spectrax~3! of conjugated polymers are theoretically studied within the treat-
ment of double-excitation configuration interaction for the Pariser-Parr-Pople model. We consider a realistic
situation of dephasing rates being much larger than depopulation rates. It is shown that, on the low-energy side
of the one-photon resonance, the absolute value ofx~3!~2v;v,2v,v! is approximately proportional to the
linear absorption spectruma~v!. Additional peaks show up in thex~3! spectrum at frequencies corresponding
to energy differences among excited states. Their intensities can become comparable to and even stronger than
ordinary two-photon absorption peaks in the same energy region. The same is true for the electromodulation
spectrumx~3!~2v;v,0,0!. In this situation the product ofx~3!~2v;v,0,0! anda~v! is shown to be approximately
proportional tox~3!~2v;v2v,v!.

I. INTRODUCTION

Conjugated polymers accommodate delocalizedp elec-
trons, which are responsible for many interesting electronic
and optical properties. The relatively large optical nonlinear-
ity of this class of materials makes it possible to obtain in-
formation about the nature of electronic excited states
through various nonlinear spectroscopic measurements such
as degenerate four-wave mixing, two-photon absorption,
electroabsorption, and third harmonic generation.1–5 Impor-
tant issues discussed in the past included the energy locations
and symmetries of low-lying excited states,3 the excitonic
nature of one-photon excited states,4–8 and the role of biex-
citons in two-photon resonances.9–11

In a previous paper10 two of the present authors calculated
x~3!~2v;v,2v,v! of conjugated polymers by use of the
double-excitation configuration-interaction method for the
Pariser-Parr-Pople model to find the electronic excited states,
focusing on the biexciton-related two-photon absorption
peaks located below the exciton resonance energy. We used
the Orr-Ward formula12 for x~3!, in which damping was in-
corporated by adding imaginary parts to the energies of ex-
cited states. Although this approach was suitable for a dis-
cussion of two-photon excited states, there is a certain
limitation in its applicability: it cannot be used for the im-
portant frequency region of the one-photon resonance, and
also it neglects contributions of dephasing induced extra
resonances.13,14 In order to deal with these effects, in the
present paper we employ an alternative expression ofx~3!

derived from the Liouville equation of motion for the density
matrix.13 We discuss the role of longitudinal and transverse
relaxation rates inx~3!~2v;v,2v,v! as well as in the elec-

tromodulation spectrumx~3!~2v;v,0,0!. We will demon-
strate that, when the transverse relaxation~or dephasing! rate
is much larger than the longitudinal relaxation~or depopula-
tion! rate as in a usual situation, the contributions of extra
resonances can become comparable to or even stronger than
those of two-photon resonances. This implies that one has to
be very careful in interpreting experimental data.

Another issue we discuss in the present paper is the rela-
tionship between the magnitude ofx~3!~2v;v,2v,v! and the
linear absorption spectruma~v!5Im@x~1!~v!# around the
one-photon resonance peak. Bubecket al.15 analyzed their
degenerate four-wave mixing data for various materials and
various frequencies, and proposed scaling laws betweenx~3!

anda: in the case of conjugated polymers,x~3!~2v;v,2v,v!
is almost proportional toa~v!. They interpreted this result on
the basis of the phase-space filling model and the assumption
of large inhomogeneous broadening. We will demonstrate
here that the linear relationship betweenx~3!~2v;v,2v,v!
and a~v! approximately holds even for a single chain of
polymer without inhomogeneous broadening, if the trans-
verse relaxation rate is much larger than the longitudinal one.

II. THEORETICAL APPROACHES FOR x„3…

There are two main approaches to derive an expression
for x~3! on the microscopic basis. The first one utilizes the
time-dependent perturbation theory to find a solution of the
Schrödinger equation, which is supposed to be suitable to
describe the behavior of the quantum system under consid-
eration. The formula obtained in this way is usually called
the Orr-Ward formula.12 Clearly, the use of a wave function
to describe the system does not allow us to take rigorously
into account the process of the radiation absorption, because
the latter necessarily involves an interaction of the system
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with a reservoir. The absorption can be included here by
simply allowing the energies of the system to be complex
numbers. The Orr-Ward formula forx~3! is relatively com-
pact, valid for the treatment of two-photon resonances,12 and
easy to compute. That was the reason why we used it in Ref.
10 to calculate two-photon absorption spectra.

The Orr-Ward approach treats only the resonances that do
not produce a significant excited-state population.12 That is
why the Orr-Ward formula is not applicable, for example, in
such an important frequency region as the region of absorp-
tion saturation. Also, we should not expect it to give correct
results if the photon energy is close to other resonant transi-
tions involving long-living one-photon excited states. To
analyze such cases we can use another approach, namely the
density-matrix formalism, which correctly allows for interac-
tion with a reservoir. A general scheme to calculate nonlinear
susceptibilities is based on a perturbation expansion of the
density matrix of the quantum system.16 The damping relax-
ation is supposed to be governed by the following equations
for the off-diagonal and diagonal density-matrix elements:

S ]rnm
]t D

damping

52Gnmrnm ~nÞm!, ~1!

S ]rnn
]t D

damping

52Gnn~rnn2rnn
0 !, ~2!

whereGnm (nÞm) andGnn are the transverse and longitudi-
nal damping constants, respectively. Inverse values of the
damping constants are called the transverse and longitudinal
relaxation times, respectively. It should be noted that, in gen-
eral, in a multilevel system with all levels participating in the
relaxation of the excess population in the givennth level, Eq.
~2! is not correct, but can be considered a good approxima-
tion in the case for optically excited states.17

A completely general expression for
x~3!~2v1,2v22v3;v1,v2,v3! can be found, for example, in
Ref. 18. In this work we are interested specifically in
x~3!~2v;v,2v,v! andx~3!~2v;v,0,0! spectra, expressions of
which can be found from the general one choosing properly
the values ofv1, v2, andv3. The former susceptibility is
responsible for such important nonlinear processes as degen-
erate four-wave mixing, two-photon absorption, and absorp-
tion saturation. The latter determines the change of optical
constants such as refractive index and absorptivity under an
applied static electric field. A complete expression for
x~3!~2v;v,2v,v! can be found, for example, in Ref. 19, and
we present it in Appendix A~blocks are labeled in accor-
dance with the corresponding terms in Ref. 18! for the case
of zero temperature. Here we deal with a polymer ring, so
that we consider only the case of all the relevant dipole op-
erator components parallel to some specified axis. An expres-
sion for x~3!~2v;v,0,0! is given in Appendix B. Unlike the
Orr-Ward formula, the triple summation here cannot be re-
duced to the product of ordinary series, therefore the numeri-
cal computation time is drastically increased. This is the rea-
son why here we consider polymer rings with smaller
number of sites than in Ref. 10.

FIG. 1. The real~dashed line! and imaginary~solid line! parts of
x~3!~2v;v,2v,v! as functions of photon energy for the polymer
ring of N530 sites withdt50.1t. Through the whole paper the
electron-electron potential used is the Pople potential withU52t
and V5t. ~a! is calculated using the Orr-Ward formula with\G
50.02t, and ~b! is obtained in the density-matrix formalism with
\G15\G250.02t.

FIG. 2. The resolved two-photon absorption region of the spec-
tra presented in Fig. 1.
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III. TWO-PHOTON ABSORPTION
AND SCALING RELATIONSHIP

Certainly it is interesting to compare results obtained with
the Orr-Ward formula10 and in the density-matrix formalism.
However, in doing so one must be aware of the qualitative
difference between these two approaches, because in intro-
ducing the damping in the Orr-Ward scheme it is, for ex-
ample, impossible to make a distinction between the longi-
tudinal and transverse dampings. To avoid such a problem
we take the same values for all damping constants in both
approaches. Figures 1 and 2 showx~3!~2v;v,2v,v! per site
of a polymer ring withN530 sites. Here we use the same
designations for parameters of the polymer chain and the

same procedure for eigenstates calculation as in Ref. 10:t is
an averaged magnitude of the transfer integral,dt is its
modulation,U andV are the on- and off-site Coulomb po-
tentials of the electron-electron interaction~all the data pre-
sented here were calculated using the Pople potential with
U52t andV5t!, G is the broadening constant in the Orr-
Ward formula, andG1 andG2 are the longitudinal and trans-
verse damping constants, respectively, in the density-matrix
formalism. Normalization constantsx0

~1! andx0
~3! are defined

as

x0
~1!5e2a2/t,

~3!
x0

~3!5e4a4/t3,

wheree is the electron charge anda is the averaged distance
between adjacent sites. Figure 1 clearly demonstrates the
failure of the Orr-Ward formula to describe the region of the
saturation absorption. In the two-photon absorption region,
which is resolved in Fig. 2, the difference is tiny, and the
spectrum obtained in the density-matrix formalism demon-
strates only some additional peaks, which are the result of
the additional resonances corresponding to the energy differ-
ence between one- and two-photon excited states~see be-
low!.

However, such good agreement fails to be satisfied if we
drastically decrease the ratio ofG1 to G2. To demonstrate this
we show in Fig. 3 the spectra ofx~3!~2v;v,2v,v! calculated
using the density-matrix formalism for a relatively small~N
56! polymer ring~to avoid a complexity in the assignment

FIG. 3. The real~dashed line! and imaginary~solid line! parts of
x~3!~2v;v,2v,v! as functions of photon energy for the polymer
ring of N56 sites withdt50.2t, and \G250.020t. The vertical
arrow points the lowest one-photon resonance.~a! \G150.020t. ~b!
\G150.002t. ~c! \G150.001t.

TABLE I. Excitation energies~in units of t! of one- and two-
photon excited states for the polymer ring ofN56 sites withdt
50.2t. Electron-electron interaction is modeled by the Pople poten-
tial with on- and off-site Coulomb potentialsU52t and V5t,
respectively. A transition between the one-photon-excited level of
2.721t and the two-photon excited level of 4.876t contributes to the
resonance peak in Fig. 3 at\v52.155t.

One-photon excited states Two-photon excited states
Number Energy Energy Half-energy

1 2.721 2.140 1.070
2 3.481 3.202 1.601
3 4.848 4.088 2.044
4 5.864 4.447 2.223
5 6.039 4.509 2.255
6 6.344 4.876 2.438
7 6.975 5.337 2.669
8 9.277 5.457 2.729
9 5.645 2.822
10 5.825 2.912
11 6.341 3.170
12 6.471 3.236
13 6.729 3.365
14 6.764 3.382
15 6.913 3.456
16 7.564 3.782
17 7.780 3.890
18 8.481 4.240
19 9.728 4.864
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of resonant peaks!. Excitation energies of the one- and two-
photon excited states are presented in Table I. Figure 3~a! is
for \G15\G250.020t, while Figs. 3~b! and 3~c! are for
\G150.002t and 0.001t, respectively, keeping\G250.020t.
The vertical arrow points out the lowest one-photon reso-
nance~at \v52.721t!. In Fig. 3~a! the largest peak in the
region below the one-photon resonance~at \v52.438t! cor-
responds to the two-photon excited state with an excitation
energy of 4.876t, but the doubled photon energy of another
resonance peak lying 0.3t lower ~at \v52.155t! does not
match with any two-photon excited state. This resonance en-
ergy equals the energy difference between the one-photon
(2.721t) and two-photon (4.876t) excited states, and the cor-
responding resonance comes from blocks~b1!, ~a2!, ~c2! and
~d1! in the expression ofx~3!~2v;v,2v,v! ~Appendix A!.
This kind of resonance is called additional resonance, be-
cause it is not present in the Orr-Ward formula. WhenG1 is
rather small compared withG2, the intensities of some addi-
tional peaks can be much larger than those of two-photon
resonances. This is clearly demonstrated by Fig. 3~c!, where
reducingG1 to the value of 0.001t results in a drastic increase
of the additional peak, which considerably exceeds the un-
changed two-photon resonance peaks. Moreover, at a photon
energy near 0.5t a negative resonant peak is observed, which
certainly cannot be assigned to a two-photon resonance. In-
deed, experiments have shown that in conjugated polymers
G1

21 is typically 1–3 ps,20 whereasG2
21 is less than 50 fs,21

implying thatG1 is an order of magnitude smaller thanG2.

Therefore one has to be careful in interpreting experimental
data of two-photon absorption.

To understand Figs. 3~b! and 3~c!, one should analyze the
contribution of the first and third terms from blocks~A3!,
~A4!, ~A6!, and~A7! in the expression ofx~3!~2v;v,2v,v!
~Appendix A!,

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~vnl1 iG ln!~gq2v lg1 iG lg!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~vnl1 iG ln!~2v2v lg1 iG lg!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~vnl1 iG ln!~v1vng1 iGgn!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~vnl1 iG ln!~2v1vng1 iGgn!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~vnl1 iG ln!~v1vng1 iGgn!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~vnl1 iG ln!~2v1vng1 iGgn!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~vnl1 iG ln!~v2v lg1 iG lg!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~vnl1 iG ln!~2v2v lg1 iG lg!

, ~4!

where n and l label one-photon excited states,m numerates two-photon excited states,g means the ground state, and
v i j5(Ei2Ej )/\. This can be reduced to

2 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&F 1

~v1vng1 iGgn!~2v2v lg1 iG lg!
1

1

~2v1vng1 iGgn!~v2v lg1 iG lg!G
3

@vng2v lg1 i ~G lg1Ggn!#@vnl22vnm1 i ~G lm2Gmn!#

~vnl1 iG ln!~v1vnm1 iGmn!~v1vml1 iG lm!
. ~5!

The additional resonances come from the terms withn5 l , in
which the last multiple is

2
4G2

G1

vnm

~v1vnm1 iG2!~v2vnm1 iG2!
, ~6!

where we assume all transverse damping constants to be the
same and equal toG2. It is apparent that additional reso-
nances can be both positive and negative depending on the
sign ofvnm . TheG1

21 dependence is easy to see if one com-
pares Figs. 3~b! and 3~c!.

FIG. 4. The spectra of the figure of merit and linear absorption
for the polymer ring ofN520 sites withdt50.2t, \G150.001t, and
variousG2.
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The existence of extra resonances was discussed in the
past in a different context. Bloembergen, Lotem, and Lynch13

pointed out the presence of dephasing-induced Raman-type
extra resonances in the general expression of four-wave mix-
ing, x~3!~2vp ;v1,2v2,v3!. The effect was later observed in
Na vapor as a pressure-induced resonance.14 This type of
extra resonance occurs when thefrequency differencev12v2
or v32v1 corresponds to an energy difference between two
initially unpopulated excited states. Obviously it is different
from the one discussed here for degenerate four-wave mix-
ing, where the extra resonance condition is that the fre-
quencyv itself corresponds to an energy difference between
excited states. Furthermore, theG1

21 dependence in expres-
sion ~6! is specific to the present case, and is absent in the
Raman-type resonance. To our best knowledge there have
been no experimental studies of the type or extra resonances
discussed here.

A figure of merit is always a matter of interest in search-
ing for nonlinear optical materials. In Fig. 4 we present thev
dependence of the ratio Re@x~3!~2v;v,2v,v!#/Im@x~1!~v!#
for various G2, together with the linear absorption

Im@x~1!~v!#. It is easy to see that the ratio has a considerable
magnitude in the relatively wide spectral region~usually,t is
about 2 eV! just below the one-photon resonance. Such a
wide region adds another attractive feature to conjugated
polymers as promising candidates for future applications.

Another interesting issue related to the figure of merit is a
so-called scaling law15—a relationship between
ux~3!~2v;v,2v,v!u and Im@x~1!~v!#. Examples of the two
quantities are plotted in Fig. 5~a! as functions ofv for vari-
ousG2. The dependence ofux

~3!~2v;v,2v,v!u upon Im@x~1!#
is presented in Fig. 5~b!. The solid lines correspond to the
low-energy side of the linear absorption peak, and the dashed
ones to the high-energy side. As a whole these lines indicate
a power-law behavior

ux~3!~2v;v,2v,v!u'c$Im@x~1!~v!#%p. ~7!

The exponentp is close to 1~p;1.2! on the low-energy side,
while it is much larger than 1~p;1.7! on the high-energy
side. What should be noted here is that the coefficientc
rapidly decreases upon increasing the transverse damping
constantG2. Due to the relative simplicity of measuring the
absolute value ofx~3!~2v;v,2v,v!, this fact can be useful
for an estimation ofG2.

IV. ELECTROABSORPTION

The electromodulation spectrumx~3!~2v;v;0,0! obtained
in the density-matrix formalism also demonstrates some spe-
cific features, which are lost in the Orr-Ward approach. Fig-

FIG. 5. ~a! The absolute value ofx~3!~2v;v,2v,v! and the
imaginary part ofx~1!~v! as functions of photon energy in the re-
gion of the lowest one-photon resonance for the polymer ring of
N520 sites withdt50.02t, \G150.001t, and variousG2. ~b! The
absolute value ofx~3!~2v;v,2v,v! as a function of the imaginary
part ofx~1!~v!. The solid lines correspond to the low-energy side of
the resonance peak and the dashed lines correspond to the high-
energy side.

FIG. 6. The spectra of the electroabsorption~solid line! and
linear absorption~dashed line! for the polymer ring ofN520 sites
with dt50.2t and\G250.020t. ~a! \G150.001t. ~b! \G150.020t.
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ure 6~a! presents the electroabsorption spectrum together
with the linear absorption for a polymer ring withN520
sites and damping constants\G150.001t and \G250.02t.
What we want to pay attention to at this stage is a group of
small peaks in the photon energy region below the one-
photon resonance. They are the same sort of additional reso-

nances as seen in the two-photon absorption spectra of Fig.
3, each resonance corresponding to an energy difference be-
tween excited levels. To make it clear, we consider the sum
of the last terms in the four blocks~B3!, ~B4!, ~B6!, and~B7!
of the expression forx~3!~2v;v,0,0! presented in Appendix
B:

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~vnl1 iG ln!~2v lg1 iG lg!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~vnl1 iG ln!~vng1 iGgn!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~vnl1 iG ln!~vng1 iGgn!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~vnl1 iG ln!~2v lg1 iG lg!

. ~8!

This can be reduced to

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~vng1 iGgn!~2v lg1 iG lg!

@vng2v lg1 i ~Ggn1G lg!#@vnl22vnm1 i ~G lm2Gmn!#

~vnl1 iG ln!~v1vnm1 iGmn!~v1vml1 iG lm!
. ~9!

The resonances come from the terms withl5n, the contri-
bution of which, using notationsG1 and G2, can be repre-
sented as

2
8G2

G1
(
m,n

z^guPun&u2u^nuPum& z2

~vng1 iG2!~2vng1 iG2!

3
vnm

~v1vnm1 iG2!~v2vnm1 iG2!
. ~10!

The peaks corresponding to the additional resonances can be
observed only whenG1 is small enough. Similar to the case
of two-photon absorption, in which the intensity of addi-
tional resonance peaks is drastically reduced whenG1 is in-
creased, the same effect occurs for the corresponding reso-
nances in the electroabsorption spectrum as well. Figure 6~b!
shows the electroabsorption spectrum calculated with only
one parameterG1, changed referring to the case presented in
Fig. 6~a!. In Fig. 6~b!, \G15\G250.02t, and small peaks
below the one-photon resonance are so strongly decreased
due to largeG1 that they just cannot be seen.

An analysis of both the expression forx~3!~2v;v,0,0! and
calculated spectra shows that forbidden transitions to two-
photon excited states@more specifically,A2 ~uK u50,2! states;
see Ref. 10# practically do not reveal themselves as strong
peaks in the electroabsorption spectra. The reason is that
allowed one-photon transitions and additional resonances
discussed here contribute tox~3!~2v;v,0,0! through the
terms proportional toG2

22 ~the first term in the expression of
Appendix A! andG1

21, respectively, while the forbidden tran-
sitions only throughG2

21. An observation of the additional
resonances can be assured by taking a very smallG1, but a
signal due to a forbidden transition is always much smaller
than that due to an allowed one. It should be noted here that
such a conclusion is valid only until an applied static electric
field becomes very large and makes a perturbation solution
inapplicable.

As already mentioned, a direct measurement of transverse
relaxation time in conjugated polymers is a challenging sub-
ject for experimentalists because of a large inhomogeneous
broadening existing in actual systems. Various indirect meth-
ods can facilitate an evaluation of such an important param-
eter. That is why here we have analyzed the evolution of the
electroabsorption spectrum with varyingG2. Since the inten-
sity of the electroabsorption spectrum in the region of the
one-photon resonance is proportional toG2

22, a signal here is
expected to be rather sensitive to the magnitude of the trans-
verse damping constant. Figures 6~a! and 7, which corre-
spond to\G2 increasing from 0.02t @Fig. 6~b!# to 0.10t,
clearly corroborate such an assumption. A very intense posi-
tive peak just below the lowest one-photon resonance@Fig.
6~a!# practically disappears after an increase of\G2 from
0.02t till 0.06t. This peak can be a good indicator for a
magnitude of the transverse broadening.

The extra resonance discussed here is an effect of damp-
ing in x~3! processes. There is a completely different method

FIG. 7. The electroabsorption spectra for the polymer ring of
N520 sites withdt50.2t, \G150.001t, and variousG2. The verti-
cal arrow points the lowest one-photon resonance.
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of calculating electroabsorption without using thex~3!

formula—by calculating linear absorption spectra with and
without a finite electric field and by taking the difference
between them.22 This approach does not give any extra reso-
nance, because it can take damping into account only in lin-
ear absorption processes. Which of the two approaches is a
better description of real experiments may depend on the
strength of the electric field and the magnitude of the damp-
ing.

V. RELATIONSHIP BETWEEN x„3…
„2v;v,2v,v…

AND x„3…
„2v;v,0,0…

There is one more interesting feature ofx~3!~2v;v,2v,v!
andx~3!~2v;v,0,0! spectra that is worth mentioning. In cases
when the transverse damping constant is about two orders of
magnitude larger than the longitudinal one, we numerically
observe the relations

N Re@x~3!~2v;v,2v,v!#x0
~1!

'CR Re@x~3!~2v;v,0,0!#Im@x~1!~v!#, ~11a!

N Im@x~3!~2v;v,2v,v!#x0
~1!

'CI Im@x~3!~2v;v,0,0!#Im@x~1!~v!#, ~11b!

FIG. 8. ~a! The real ~dashed line! and imaginary~solid line!
parts ofx~3!~2v;v,2v,v! divided by Im~x~1!! as functions of pho-
ton energy for the polymer ring ofN520 sites withdt50.2t,
\G150.001t, and\G250.100t. ~b! The real~dashed line! and imagi-
nary ~solid line! parts ofx~3!~2v;v,0,0! as functions of photon en-
ergy for the same polymer ring.~c! The ratios of~a! plots over
corresponding~b! plots multiplied byN; that is, the proportionality
factorsCR andCI . The vertical arrow points the lowest one-photon
resonance.

FIG. 9. The proportionality factorsCR ~dashed line! and CI

~solid line! as functions of photon energy for the polymer rings with
dt50.2t, \G150.001t, \G250.100t, and various number of sites,
N. ~a! N56. ~b! N512. ~c! N522.
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where all susceptibilities are those per site, and the propor-
tionality factorsCR andCI are practically equal and do not
depend uponN andv in a very wide range of photon ener-
gies. In other words, we can write an approximate equality

Nx~3!~2v;v,2v,v!x0
~1!'Cx~3!~2v;v,0,0!

3Im@x~1!~v!#, ~12!

with a real factorC independent ofN andv. This relation
can help in the evaluation ofx~3!~2v;v,2v,v! for materials
with G2@G1 on the basis of linear and electromodulation
spectra, which are relatively easier to measure.

To become convinced of this, one should look at Fig. 8.
Figure 8~a! shows real and imaginary parts of
x~3!~2v;v,2v,v! divided by Im@x~1!~v!# for a polymer ring
with N520 sites,\G150.001t and\G250.100t. Figure 8~b!
givesx~3!~2v;v,0,0! for the same polymer ring. Obviously,
these two figures are very alike. Figure 8~c! shows ratios of
~a! plots over corresponding~b! plots multiplied byN, i.e.,
the factorsCR andCI . Up and down leaps of the plots in
Fig. 8~c! take place for photon energies at which the corre-
sponding plots in Fig. 8~a! and 8~b! cross a zero line, and
since they cross it at slightly different photon energies the
leaps occur. Setting aside these leaps we can conclude that,
as a whole;CR and CI coincide and do not change with
photon energy. This is especially true for the spectral region
of two-photon absorption below 1.9t. To show the indepen-
dence ofCR andCI fromN, here we present their spectra for
rings withN56, 12, and 22 sites@Figs. 9~a!, 9~b!, and 9~c!,
respectively#, all other parameters being the same as in Fig.
8~c!. Again ignoring the leaps we can see that all plots are at
the same level, about 53103. For relatively largeN522 @Fig.
9~c!# there is rather a wide region just above one-photon
resonance~shown by vertical arrow!, where a deviation from
that level does not look like a sharp splash, but for the range
of two-photon absorption all the features are still satisfactory.
Unfortunately, an analytical derivation of relation~11! seems
to be too cumbersome for such a wide spectral region; there-
fore in this work we have restricted ourselves to a numerical
consideration.

VI. CONCLUSIONS

We have studied thex~3! spectrum of conjugated polymers
within the Pariser-Parr-Pople model. Several interesting as-
pects ofx~3! have been elucidated. First of all, the linear
relationship between the magnitude ofx~3!~2v;v,2v,v! for
degenerate four-wave mixing and the linear absorption spec-
truma~v! approximately holds on the low-energy side of the
exciton peak, when the transverse relaxation rateG2 is much
larger than the longitudinal relaxation rateG1. The linearity
coefficientx~3!/a is strongly dependent onG2, and approxi-
mately inversely proportional toG2. Under the same condi-
tion G2@G1, additional peaks due to extra resonances among
excited states appear, and can be much larger than the ordi-
nary two-photon absorption peaks. This implies that we have
to be very careful about the interpretation of observedx~3!

spectra as two-photon absorption. Similar additional
resonances show up in the electromodulation spec-
trum x~3!~2v;v,0,0!. Finally we have shown numerically
an approximate relationship x~3!~2v;v,2v,v!
'a~v!x~3!~2v;v,0,0!. All these features are dependent on
the ratioG2/G1, hence a systematic experimental investiga-
tion of x~3! spectra with a determination of the relevant re-
laxation rates would be strongly desirable.
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APPENDIX A

The third-order nonlinear optical susceptibility
x~3!~2v;v,2v,v! per site of anN-site molecule is written
with the dipole operatorP as follows:

x~3!~2v;v,2v,v!5
1

6N\3 H 22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v2vng1 iGng!~2vmg1 iGmg!~v2v lg1 iG lg!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v2vng1 iGng!~2v2vmg1 iGmg!~v2v lg1 iG lg!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v2vng1 iGng!~2vmg1 iGmg!~2v2v lg1 iG lg!

~A1!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~2vmg1 iGmg!~v2v lg1 iG lg!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~2v2vmg1 iGmg!~v2v lg1 iG lg!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~2vmg1 iGmg!~2v2v lg1 iG lg!

~A2!
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12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~vnl1 iG ln!~v2v lg1 iG lg!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~2v1vnl1 iG ln!~v2v lg1 iG lg!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGnm!~vnl1 iG ln!~2v2v lg1 iG lg!

~A3!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~vnl1 iG ln!~v1vng1 iGgn!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~2v1vnl1 iG ln!~v1vng1 iGgn!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~vnl1 iG ln!~2v1vng1 iGgn!

~A4!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~vmg1 iGgm!~v1vng1 iGgn!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~2v1vmg1 iGgm!~v1vng1 iGgn!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~vmg1 iGgm!~2v1vng1 iGgn!

~A5!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~vnl1 iG ln!~v1vng1 iGgn!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~2v1vnl1 iG ln!~v1vng1 iGgn!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~vnl1 iG ln!~2v1vng1 iGgn!

~A6!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~vnl1 iG ln!~v2v lg1 iG lg!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~2v1vnl1 iG ln!~v2v lg1 iG lg!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~vnl1 iG ln!~2v2v lg1 iG lg!

~A7!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1v lg1 iGgl!~vmg1 iGgm!~v1vng1 iGgn!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1v lg1 iGgl!~2v1vmg1 iGgm!~v1vng1 iGgn!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1v lg1 iGgl!~vmg1 iGgm!~2v1vng1 iGgn!

J . ~A8!
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APPENDIX B

The third-order nonlinear optical susceptibilityx~3!~2v;v,0,0! per site of anN-site molecule at zero temperature is written
as follows:

x~3!~2v;v,0,0!5
1

6N\3 H 22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v2vng1 iGng!~v2vmg1 iGmg!~v2v lg1 iG lg!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v2vng1 iGng!~v2vmg1 iGmg!~2v lg1 iG lg!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v2vng1 iGng!~2vmg1 iGmg!~2v lg1 iG lg!

~B1!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~v2vmg1 iGmg!~v2v lg1 iG lg!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~v2vmg1 iGmg!~2v lg1 iG lg!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~2vmg1 iGmg!~2v lg1 iG lg!

~B2!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~v1vnl1 iG ln!~v2v lg1 iG lg!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~v1vnl1 iG ln!~2v lg1 iG lg!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~vnl1 iG ln!~2v lg1 iG lg!

~B3!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~v1vnl1 iG ln!~v1vng1 iGgn!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~v1vnl1 iG ln!~vng1 iGgn!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vnm1 iGmn!~vnl1 iG ln!~vng1 iGgn!

~B4!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~v1vmg1 iGgm!~v1vng1 iGgn!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~v1vmg1 iGgm!~vng1 iGgn!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~vmg1 iGgm!~vng1 iGgn!

~B5!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~v1vnl1 iG ln!~v1vng1 iGgn!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~v1vnl1 iG ln!~vng1 iGgn!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~vnl1 iG ln!~vng1 iGgn!

~B6!
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22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~v1vnl1 iG ln!~v2v lg1 iG lg!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~v1vnl1 iG ln!~2v lg1 iG lg!

22 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1vml1 iG lm!~vnl1 iG ln!~2v lg1 iG lg!

~B7!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1v lg1 iGgl!~v1vmg1 iGgm!~v1vng1 iGgn!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1v lg1 iGgl!~v1vmg1 iGgm!~vng1 iGgn!

12 (
l ,m,n

^guPun&^nuPum&^muPu l &^ l uPug&
~v1v lg1 iGgl!~vmg1 iGgm!~vng1 iGgn!

. ~B8!
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