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X-ray-scattering study of higher harmonic satellites near the antiferromagnetic phase transitions
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We present resonant x-ray magnetic scattering studies of the temperature dependence of the magnetic
order parameters of Dy, Ho, Er, and Tm single crystals near their antiferromagnetic phase transitions.
The experimentally determined values of the critical exponent P of Er and Tm, which have c-axis modu-
lated structures, are nearly equal and consistent with the mean-field value (P=0.47+0.05 and
P=0.49+0.06, respectively). The measured values of Dy and Ho, which have spiral magnetic structures,
are lower (P=0.36+0.04 and P=0.41+0.04 respectively). In addition to the primary magnetic order
parameters, we have measured the temperature dependence of the intensities of up to four higher har-
monics. The exponents of the higher harmonic satellites of Er and Tm exhibit mean-field-like scaling,
while those of Ho do not. We discuss these results within the context of simple corrections to mean-field
scaling, based on the three-dimensional XY model. We also report measurements of the temperature
dependence of the c-axis lattice constants and magnetic wave vectors of all four metals. It is found that
the magnetic correlation lengths are reduced near transitions to ferrimagnetic and ferromagnetic phases.

I. INTRODUCTION

The magnetic structures of the heavy rare-earth met-
als, observed near their Neel temperatures T&, are among
the simplest incommensurate antiferromagnets known.
Dy and Ho have basal-plane, spiral structures, while Er
and Tm have c-axis modulated (CAM) structures. ' The
occurrence of the magnetic structures generally rejects
the balance among single-ion crystal-field interactions,
which are characteristic of the hexagonally closed packed
lattice, and the two-ion exchange interaction, which is
mediated by the conduction electrons. Below Tz, the
temperature dependence of the exchange and crystal-field
interactions, in addition to that of the accompanying
magnetoelastic interactions, modify the balance, and in
some cases lead to incommensurate-commensurate trans-
formations. Many qualitative features of the magnetic
phase behavior of rare-earth metals are well understood,
and have been successfully modeled using mean-field
theory.

Despite this progress, the magnetic critical behavior
exhibited by the rare-earth metals is unresolved. The an-
tiferromagnetic phase transitions near T& are generally
believed to be continuous, although hysteresis and
other indications of weakly first-order behavior have been
reported in some experiments on Ho (Refs. 7 and 8) and
Dy. There are at least two proposed universality classes
for the spiral rare earths: Bak and Mukamel' have sug-
gested a symmetric O(n) model with n =4, whereas
Kawamura" has proposed a chiral universality class.
Barak and Walker' have proposed that the transforma-
tion is driven first order by fluctuations, and Azaria, Del-

motte, and Jolicover' that the critical behavior is con-
trolled by tricritical points in the phase diagram. Fewer
theoretical studies have been made of the nature of the
antiferromagnetic transition in the CAM materials. Both
the three-dimensional (3D) XY and mean-field universali-

ty classes have been proposed for Er.
The set of critical exponents ()t3, y, v) as determined by

neutron-scattering measurements is shown in Table I.
The exponents predicted by the 0 (n =4), ' chiral, " and
3D XY models' are (P, y, v) = (0.39, 1.39,0.70),
(0.25, 1.10,0.53), and (0.35,1.32,0.67), respectively. As
may be seen, none of the proposed models satisfactorily
accounts for all of the measured exponents. Complicat-
ing matters further, there are discrepancies among the
experimental values, for example, for P of the staggered
magnetization of erbium. More recently, high-resolution
x-ray- and neutron-scattering studies of the magnetic
correlations have revealed evidence of a second length
scale near T& in a variety of materials including Ho, Tb,
NpAs, and others. ' ' The origin of this additional
scattering is not understood, although it is believed to be
related to the presence of random strain fields near the
surface.

In this paper, we present high-resolution, resonant x-
ray magnetic scattering studies of the temperature depen-
dence of the magnetic order parameter at the antiferro-
magnetic ordering transitions of bulk Dy, Ho, Er, and
Tm single crystals. A motivation for the application of
x-ray-scattering techniques in these experiments is the
largely extinction-free character of the x-ray magnetic
cross section, in contrast to neutron diffraction, where ex-
tinction has complicated measurements of the exponent

0163-1829/95/52(13)/9446(9)/$06. 00 Qc1995 The American Physical Society



X-RAY-SCATTERING STUDY OF HIGHER HARMONIC. . . 9447

TABLE I. Some parameters for the rare earths studied in this experiment and values of their critical
exponents reported in the literature.

Sample Dy Ho Er Tm

Dimensions/mm
Crystal mosaic
LIri energy/eV

T~/K
a/A (300 K)
c/A (T )
~/c* (Tg)
P (theory)
P (earlier expt. )

P (this expt. )

y

8x2.5X2.5
& 0.08'
7790

180.6
3.590
5.645
0.243

039~ 025b
0 335+0 01
0 39+0 04"

0.36+0.04
1.05+0.07'

0.57+0.05'

9x4x4
& 0.014'
8072(E1)
8064(E2)

131.4
3.577
5.603
0.279

0.39'

0.41+0.04
1.14+0.10'
1.24+0. 15"
0.57+0.04'
0.54+0.04"

9x4x3
& 0.04
8358

87.7
3.559
5.562
0.283

0.35+0.03
0.39'

0.48+0.02'
0.47+0.05
0.73+0.06
0.96+0.06'
0.41+0.04
0.49+0.02'

0.35'

4.3x7x3.6
& 0.07
8648

56.0
3.538
5.515
0.271

0.25 —0.30g

0.37+0.03

0.49+0.06
0.90+0.04

0.43+0.02

'Reference 10.
Reference 11~

'Reference 5.
Reference 35.

'Reference 36.
Reference 6.

Reference 21 ~

"Reference 34.
'Reference 37.
'Reference 4.
"Reference 15.

p. Another important feature of the x-ray-scattering re-
sults is the characterization of the temperature depen-
dence of up to four higher harmonic satellites, in addition
to that of the primary order parameter. For the spiral
rare earths, these harmonics are resonant in origin, aris-
ing from the dipole and quadrupole allowed transitions
near the L»i absorption edge. ' ' They are a unique
property of the x-ray cross section. For the CAM struc-
tures, the higher eUen harmonics originate in the charge
scattering arising from lattice modulations, ' ' and have
escaped detection by neutron scattering. It has been
shown previously that for some systems with incommens-
urate wave vectors these higher harmonics represent
secondary order parameters, which are related to the pri-
mary order parameters via crossover exponents. The
identification of such crossover exponents for the rare
earths may facilitate identification of their universality
classes.

Briefiy, we have found that the exponents /3 for the or-
der parameters of Dy and Ho are approximately equal to
within the error bars, with values 0.36+0.04 and
0.41+0.04, respectively. The temperature dependence of
the higher resonant harmonics of Dy and Ho also exhib-
its power-law behavior, but their exponents are incon-
sistent with mean-field scaling (that is, the exponent for
the nth harmonic p„Wnp) In contrast, th. e exponents p
found for Er and Tm are consistent with the mean-field
value P=0.47+0.05 and P=0.49+0.06 respectively.
Further, the second- and fourth-order charge scattering
harmonics exhibit mean-field scaling. In addition, we
present results of comprehensive, high-resolution studies

of the temperature dependence of the magnetic wave vec-
tors and c-axis lattice constants obtained for all four ma-
terials in their antiferromagnetically ordered phases. For
the most part, these results are consistent with the results
of earlier studies, including the observations of lock-in
transformations, etc. However, other trends emerge
when these results are plotted versus T/T&, and com-
pared.

The details of our experiments are described in Sec. II.
Our results and a discussion are presented in Sec. III.
We surnrnarize in Sec. IV.

II. THE EXPERIMENT

Our x-ray-scattering experiments were performed on
the bending magnet beam line X22C and the wiggler
beam line X25 at the National Synchrotron Light Source.
X22C and X25 are doubly focused beam lines with
double-crystal Ge(111) and Si(111) monochromators, re-
spectively. Both were equipped with Ge(111) analyzing
crystals. In this configuration, X22C delivers approxi-
mately 10" photons/sec at 8 keV photon energy with
about 5 —10 eV energy resolution in a —1 mm spot at the
sample. The Aux at X25 is approximately ten times
greater. The intensities of the incident and scattered
beams were monitored using NaI scintillation counters.
A typical experimental resolution obtained near the pri-
mary magnetic satellite at momentum transfer Q =1.8
A ' was 7X10 A, 4X10, and 2X10 A ' full
width at half maximum (FWHM) in the longitudinal,
transverse, and out-of-scattering plane directions, respec-
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tively. All of the x-ray magnetic scattering experiments
were performed at the I », absorption edges of the
respective rare-earth metals. These are 7790, 8072, 8358,
and 8648 eV for Dy, Ho, Er, and Tm, respectively. Typi-
cal x-ray penetration depths at these energies are about
0.5 pm. All of the rare-earth samples were obtained from
the Materials Preparation Center at Ames Laboratory.
Their surfaces were mechanically polished and chemical-
ly etched in a passivating solution, as has been described
elsewhere. The sample mosaics obtained at the (0,0,2)
refIections are all excellent, and listed in Table I. The
samples were mounted inside closed-cycle He refrigera-
tors and the temperature monitored using Si-diode ther-
mometers.

The crystal structures of all of the elements in the
second half of the lanthanide series are hexagonally
closed packed. However, the competition among single-
ion crystal-field interactions and two-ion exchange in-
teractions, together with the magnetoelastic coupling
which accompanies magnetic ordering, give rise to a
variety of distinct magnetic structures. Just below T&,
the result is a magnetic spiral structure along the c axis in
the elements Dy and Ho and a sinusoidally modulated,
c-axis magnetic structure in Er and Tm. At lower tem-
peratures, the increasing importance of the hexagonal an-
isotropy leads to first-order transformations in all of the
rare earths, e.g., to a planar ferromagnetic structure in
Dy, to a commensurate CAM ferrimagnet in Tm, and to
sequences of lock-in transformations to various com-
mensurate structures in Ho and Er. The details of these
structures and of their commensurate-incommensurate
transformations have been the subject of numerous ear-
lier neutron- and x-ray-scattering studies. '

The diffraction patterns of the metals studied in this
paper consist of pairs of magnetic satellites split symme-
trically along the c axis about each of the chemically al-
lowed charge scattering Bragg peaks. The splitting of the
magnetic peaks relative to the charge peaks corresponds
to the magnetic wave vector v, which is inversely propor-
tional to the wavelength of the ordered magnetic struc-

ture. It has been shown earlier that the magnetic cross
section is resonantly enhanced when the incident x-ray
energy is tuned near an L», edge, with increases in the
measured intensity as great as a factor 50. ' ' X-ray res-
onant magnetic scattering has been described on the basis
of electric dipole and quadrupole transitions between 2p
core states and the Sd and 4f valence levels, respective-
ly. Specifically, the incident photon promotes a core
electron to an unoccupied, symmetry-allowed valence
state, which subsequently decays. The photon emitted in
this decay corresponds to the elastic, magnetic scattering.
For the particular case of a magnetic spiral, first- and
second-order harmonics occur at the dipole resonance,
and are located in reciprocal space along the c* axis at
positions Q/c =2mkr and 2m+2'(m =1,2, . . . and
c =2m/c = l. 13 A '), respectively. ' For quadrupole
excitations, which occur at a slightly lower incident x-ray
energy, there are four resonant harmonics at
Qlc*=2m+nr, where n =1, 2, 3, or 4. The detailed en-
ergy and polarization dependence of these processes is
well understood in rare-earth metals. ' ' ' Similar
resonant magnetic, higher order harmonics have not been
observed for the CAM structures. More easily observed
in Er and Trn are lattice modulations which produce
second- and fourth-order charge scattering satellites
along the c axis. Charge scattering harmonics of even or-
der are not allowed along the c axis in spiral structures,
and have not been observed in Ho or in Dy.

III. RESULTS AND DISCUSSIGN

A. Qrder parameter and higher harmonics

Figure 1 sho~s scans obtained at the L»I edge of Er
taken in the CAM phase along the (O, O, L) direction
through L =2+ ~, 2+ 2~, 2+ 3~, and 2+4~. ~ is the mag-
netic wave vector in c* units. There is a difference in in-
tensity of about two orders of magnitude between the
magnetic satellites of first and third order. A similar ra-
tio was found between the intensities of the second- and
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FICy. 1. Scans taken along the (O, O, L) direction for Er at T=60 K. The peaks are located at Q =(2+nr)c with n =1, 2, 3, and
4. Here, c =1.13 A ' and the magnetic wave vector ~=0.292. A11 scans were taken at the L«& absorption edge of Er.
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fourth-order satellites which arise from charge scattering.
The integrated intensities calculated from longitudinal
(similar to those shown in Fig. 1) and transverse scans of
the primary and higher order harmonics exhibited by Dy,
Ho, Er, and Tm are shown on a logarithmic scale versus
temperature in Fig. 2. The temperature scales have been
normalized by the respective Neel temperatures Tz (see
Table I). In each case, the scattering from the first har-
monic corresponds to the magnetic scattering obtained at
the dipole resonance of the respective L,„, absorption
edge. In this regard, it should be noted that the dom-
inant contribution to the cross section arises from a two-
spin correlation function analogous to neutron
diffraction. The second- and third-order harmonics
exhibited by Ho are resonant harmonics arising from the
dipole and quadrupole excitations, respectively. The
latter were obtained at a slightly lower energy (E=8064
eV) than the former, but are believed to have a tempera-
ture dependence which predominantly mirrors that of the
dipole excitations near T~. The data for Ho have been
discussed previously. '

The second and fourth-order harmonics exhibited by
erbium and thulium correspond to charge scattering aris-
ing from lattice modulations. ' ' lt is important to
note that the temperature dependence of the second- and
fourth-order harmonics observed for both Er and Tm was
also obtained at incident x-ray energies removed from
their respective L,

&&& edges. No differences were found
when compared to the data obtained at resonance. In
our opinion, the third-order harmonic for erbium is a
structural harmonic of the first, corresponding to a dis-
tortion of the c-axis magnetic modulation from perfectly
sinusoidal behavior. A similar third harmonic has been
observed by neutron diffraction, reduced by three to four
orders of magnitude in intensity. ' It is also possible
that this scattering could arise from the quadrupole reso-
nance, although we believe that contribution would be
very small and should take its maximum at a slightly
lower energy.

We first discuss the temperature dependence of the in-
tegrated intensity of the primary harmonic, which is
shown for all four crystals on a log-log plot in Fig. 3.
The best fits of the intensities to a power law, I (t) CC t ~,
in the interval 10 —0.2 of the reduced temperature
t =(T& T)—/Tz, are shown by solid lines. The fitted ex-
ponents are summarized in Table I. All the exponents
were calculated from more data sets than are shown in
Fig. 2. Minor differences among the transition tempera-
tures T& and the critical exponents P were found when
data from different runs on a sample were analyzed. The
best-fit values of P given below represent averages of the
results taken for at least two decades in t. The error bars
represent the maximum variation which was found when
allowing also for an uncertainty of about +0.05 K in the
value of T~.

Our best-fit value for the exponent P of Dy,
P=0.36+0.04, agrees to within the error bars with the
value P=0.39+0.04 measured in neutron-scattering ex-
periments by du Plessis, van Doom, and van Delden,
and with P=0.335 found by Loh, Chien, and Walker ~

from Mossbauer techniques. The value P=0.41+0.04
found for Ho, which has the same magnetic structure as
Dy, appears slightly larger than the value found for Dy,
but agrees comfortably to within the error bars. It is also
consistent with the value found in earlier neutron-
scattering measurements. Both of our measured ex-
ponents are significantly higher than the value P=0.25
predicted for the chiral universality class, " but agree
with the value P=0.39 predicted by Bak and Mukamel
for the O(4) model. ' The prediction of the 3D XY model
P=0.345 (Ref. 14) lies within the experimental range
determined for Dy, but outside that for Ho. Unfortunate-
ly, it is difficult to characterize exponents with accuracy
better than +10%.

The values of the critical exponent P of Er and Tm are
nearly the same, P=0.4760.05 for Er and P=0.49+0.06
for Tm, and are equal to the mean-field value P=0.5 to
within the error bars. Our value of P for Er is higher
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lite of Dy, Ho, and Tm, and the (0,0,2+~) satellite of Er on
log-log plots as a function of the reduced temperature. The best
fits to power-law behavior are shown as solid lines.

FIG. 4. Integrated intensity vs temperature of the higher
harmonic satellites. The solid lines show the best fits to power-

'~n
law behavior I„~(TN —T) ". (a) Second harmonics with ex-
ponents Pz=0. 80, 0.95, 0.97, and 0.90 for Dy, Ho, Er, and Tm,
respectively. (b) The curves (from top to bottom) show the third
harmonic of Ho, the third and fourth harmonics of Er, and the
fourth harmonic of Tm. Their exponents are P,(Ho)=1.85,
P3(Er) =1.8, P4(Er) =2.2, and P~ (Tm) =2.1.

than that reported by Hagen et al. (p=0. 35), but is in
good agreement with recent neutron-scattering rneasure-
ments by Lin, Collins, and Holden (p=0.48+0.02).
Crossover behavior from mean-field exponents away from
Tz to P=0.39 near r& has been reported previously for
Er, but was not observed in the present studies. Several
different values of p have also been reported for Tm (see
Table I). The value p=0.49 found in our x-ray-scattering
experiment is in good agreement with the value we found
for Er, which has a similar magnetic structure, but is
larger than earlier published values.

We turn now to a discussion of the temperature depen-
dence of the higher harmonics of the rare earths. Near
T~, the integrated intensities of the higher harmonics
shown in Fig. 2 decrease much faster than their respec-
tive primaries. The intensity vs temperature of the
second-order satellites is shown in a double-logarithmic
plot in Fig. 4(a) and the third and fourth harmonics are
shown in Fig. 4(b). As can be seen in Fig. 4, the integrat-
ed intensities of the higher harmonics show power-law
behavior as functions of the reduced temperature. How-
ever, due to the weakness of the higher harmonics for
temperatures close to T&, we were unable to find reliable
values of T~ from these curves. The Neel temperatures
were therefore fixed at the values found from the primary
magnetic satellites and only the exponents p„were fitted.

Higher order satellites, which represent secondary or-
der parameters, have previously been measured by neu-
tron scattering in experiments on Er (Ref. 33) and in
structural phase transitions. The temperature depen-
dence of incornrnensurate higher order satellites reflects
the crossover exponents due to the respective symmetry-
breaking perturbations in the Hamiltonian of the spin
system. The order parameter exponents p„are related to
the primary critical exponents of the particular model
system via p„=2 —a —p„, where a is the specific-heat ex-

ponent and P„ is a crossover exponent. For example, for
the 3D XY model, the exponent p2 (or equivalently p2)
measures the crossover caused by perturbations of uniaxi-
al anisotropy, and p3 (or p3) may be associated with per-
turbations having the symmetry of the three-state Potts
model. A clear demonstration of the significance of
secondary order parameters at a continuous phase trans-
formation was presented in an x-ray-scattering study of
liquid crystal films by Brock et al. In their experi-
ments, up to nine Fourier components C6„of the hexatic
order present in the liquid crystal films were resolved.
These secondary order parameters were related to the
primary order parameter C6 via C6„=(C6) ". For the
XY model, the theory ' predicts that the e6'ective ex-
ponents o.„=p„ /p& should have the form

cr„=n+An(n —1),
where n is the order of the harmonic and A, is a
temperature-independent parameter which depends only
weakly on n. Brock et al. deduced a value A, =0.3 for
the 3D XY model describing their liquid crystal data in
excellent agreement with theoretical calculations.

In our earlier studies of Ho, ' we found that the best-fit
exponents obtained for the higher order satellites of Ho
do not appear to exhibit mean-field scaling, that is,
p„Anp Specifica. lly, we reported that p=0.41+0.04,
Pz=0. 95+0.10 and P3=1.85+0. 10 for Ho. In order to
analyze the scaling of the higher harmonics, we used a
scaling assumption similar to that employed in Ref. 39,
namely, that the intensity of the nth order harmonic

I„,(t) ~ [I,(t)] ",
at a reduced temperature t. It was found that the value
of o.„ for n =2 and 3 showed an n dependence similar to
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Eq. (1) with the best-fit value of the parameter A, given by
A, =0.22+0.08. ' However, the assumption that Eq. (1)
for the scaling of the higher harmonics may be applied to
spiral antiferromagnets, for which the universality class is
still unclear, has not been proven.

For the magnetic, second-order satellite of Dy shown
in Fig. 4(a), we find that P2=0. 80+0. 10 tshown by a
solid line in Fig. 4(a)]. The similarity of the magnetic
structures near T& of Dy and Ho suggests that they be-
long to the same universality class and show similar scal-
ing behavior. Since the error bars of the fitted exponents
for Dy are large, 1.8 &P2/P&2. 8, we are unable to rule
out a mean-field-like scaling of the exponents P„. One
should note, however, that the values of both exponents P
and P2 are smaller than their mean-field values. By ap-
plying Eqs. (1) and (2), it was observed that the value of A,

found for Ho also gave reasonably good scaling of I and
I2 for Dy. However, since the temperature dependence
of a possible third-order satellite of Dy was not studied in
these experiments, we are unable to draw clear con-
clusions about the scaling of the harmonics in Dy.

The best-fit values for the exponents of the higher or-
der satellites of the c-axis modulated rare earths are
Pi=0.97+0.10, P&=1.8+0.3, and P&=2.2+0.3 for Er
and P2=0.90+0. 15, P4=2. 1+0.3 for Tm. Since the
mean-field values P„=n/2 fall well within the error bars
of our measured exponents, these results support the sug-
gestion of Lin, Collins, and Holden that Er exhibits
mean-field behavior. Our results indicate that this is also
the case for Tm. This conclusion differs from that of
another recent neutron-scattering study which support-
ed a 3D XFuniversality class for both Er and Tm.

A mean-field-like scaling of the higher order exponents
P„as was suggested by the best-fit values found for Er
and Tm corresponds to A, =O in Eq. (1). Unfortunately,
attempts to extract a statistically significant value of A,

directly from our data on Er and Tm using Eqs. (1) and
(2) were unsuccessful, which refiects the limited data
available near T&. Nevertheless, we believe that these
first scaling results for higher harmonics of rare earths
are interesting and hope that they may provide motiva-
tion for more work on this problem, especially, experi-
ments at more intense synchrotron sources.

B. c-axis lattice constants
and magnetic wave vectors

The temperature dependence of the c-axis lattice con-
stants and magnetic wave vectors of each of the samples
studied in this work is plotted versus the normalized tem-
perature T/T& in Fig. 5. These parameters were deter-
mined at each temperature from measurements of the
(0,0,2), (0,0,4), and (0,0,2 —r) Bragg peak positions. The
lattice constants c have also been normalized in each case
by their values at Tz, c(T&) (see Table I). As is well
known, ' ' there are clear correlations between the
temperature evolution of the c-axis lattice constants,
which reAects the strain, and the magnetic wave vectors.
These are particularly pronounced at the first-order
transformations of the magnetic structure.
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On cooling below T&, the relative expansion of the c-
axis lattice constant is largest for Dy and Ho, little
changed for Er, and negative for Tm. At T=0.55T»
Dy undergoes a first-order transformation to a ferromag-
netically ordered state, which is accompanied by a large
jump in c (b.c/c =2X10 ). In Ho, the temperature
dependence of the c-axis 1attice constant changes slope at
about 0.5T& and jumps discontinuously at 0.13T& ( =17
K). The latter corresponds to a lock-in transformation to
a ferromagnetic cone structure with magnetic wave vec-
tor equal to ( —,')c*. Below T=0.6T&, the c-axis lattice
constant of Er starts to increase smoothly, but apparently
nonlinearly, and then exhibits discontinuous jumps at
about 0.28 and 0.20T& (52, 25, and 17 K, respectively}.
The behavior at 0.6T& corresponds to the transformation
from a CAM structure to a cycloidal structure, possess-
ing both c-axis and basal-plane antiferromagneti. c com-
ponents. It is accompanied by a lock-in transformation
to the wave vector ( —,')c'. The two discontinuities at
lower temperatures correspond to lock-in transforma-
tions to wave vectors ( —,

' }c' and ( —,', )c' as can be seen in

Fig. 5(b). In contrast to the behavior of Dy, Ho, and Er,
the c-axis lattice constant of Tm apparently decreases
smoothly with decreasing temperature.

By correcting the measured lattice constants c ( T)
below T& for the normal thermal expansion [assumed to
be constant and equal to the expansion coefficient k above
T~ (Refs. 43 and 45)], we have estimated the change in
lattice constant hc=c(T) c(T&)+k(T&——T) due to
magnetic ordering. Figure 6 shows the relative changes
of lattice constant b,c/c(T~) plotted vs the intensity
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102
Dy (slope= 1.4)

~ Ho (slope= 1.1)

103—

0.7 TN

Dy are also similar to earlier studies. The wave vector of
Ho shows an inflection point near T=0.5 Tz [with
w=( —,

' )c'] and a lock-in transformation to ( —,
' )c ' at about

0.13T&. At the ferromagnetic transformation in Dy near
0.55T&, the wave vector jumps discontinuously to 0. It is
intriguing that the first indications of commensurate
behavior are manifest in each sample between about 0.5
and 0.6T~.

104—
104 103 102

Integrated intensity [arb. units]

FIG. 6. The magnetic contribution to the change in lattice
constant, hc, vs the integrated intensity I, of the primary mag-
netic peak, as discussed in the text. The best fits of Ac to a
power law of I, are shown as straight lines.

I,( T) of the primary magnetic peak in a double logarith-
mic plot. The figure contains data for the temperature
range 0.7—0.99T~, corresponding to the helical phases of
Dy and Ho and the CAM phase of Er. For Dy, we find
Ac —(I,)' '-M —+

, since't—he integrated intensity
I -M, where M is the sublattice magnetization. Simi-
lar estimates give Ac-M +— for Ho and M * for
Er. These results are qualitatively consistent with the
simplest theory, in which the magnetoelastic contribu-
tions to the free energy are linear in the strain and the
elastic contributions are quadratic. Since the coefficients
of the magnetoelastic terms are even functions of the
magnetization, minimizing the free energy leads to a
quadratic dependence of Ac on M. A similar behavior
has been found for Ho-Lu alloys. In contrast, the
behavior of Tm is rather surprising [Fig. 5(a)]. c de-
creases approximately linearly with temperature below
T~ at a rate nearly triple that above T&.

The variations of the magnetic wave vectors with tem-
perature are shown in Fig. 5(b). Our results are in
reasonably good agreement with the results of earlier x-
ray- and neutron-scattering studies. We will therefore
comment only brieAy on them. At T& the values of the
wave vectors of Ho, Er, and Tm are clustered near
0.28c*, while that of Dy is smaller, &=0.243c*. The
wave vectors of both Er and Tm increase below T& until
about 0.6 and 0.5T~, respectively, where each locks to
the value ( —', )c'. The spin-flip structures in each case are
ferrimagnetic, ' ' with basal-plane and CAM antifer-
romagnetic components. In Tm, the wave vector remains
locked at ( —,')c* for all lower temperatures, while in Er
there are several more lock-in transformations, to ( —,', )c',
( —,')c*, and ( —,', )c*, at lower temperatures. Still other
lock-in transformations observed in earlier studies of Er
were not observed in the present experiments as a result
of the relatively larger temperature steps taken here. The
temperature dependence of the wave vectors of Ho and

C. Peak widths and magnetic correlation lengths

The temperature dependence of the widths of the pri-
mary magnetic satellites measured in scans along the
(O, O, L) direction is shown in Fig. 7. The instrumental
resolution has not been deconvolved from the data shown
in the figure. A minimum in the width of the instrumen-
tal resolution for longitudinal scans occurs for wave vec-

0
tors near Q = 1.8 A ', which happens to be near the po-
sition of the (0,0, 2 —w) magnetic satellite in the rare
earths. ' As an approximate indication of the resolution,
the FWHM widths of the (002) reflections are
8 5X10 c*, 1 2X10 c, 1 3X10 c*, and
1.4X10 c* for Ho, Er, Dy, and Tm, respectively (see
horizontal, dotted lines in Fig. 7).

Between T& and 0.6T&, the longitudinal widths are all

3.0
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2.0—
I ~l~a Es8 g gg

1.5—
O

70
& 2.5— Tm

2.0—c

c 1.5—
0
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0.5— 0

0.0
0.0
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0.2 0.4 0.6 0.8 1.0

FIG. 7. Longitudinal FWHM vs temperature for the
(0,0,2 —~) magnetic peaks of Dy, Ho, and Tm and the
(0,0,2+~) peak of Er. (Note the break in the y axis between the
Er and the Tm curves. ) The solid lines are guides to the eye.
The horizontal, dotted lines at the left axis show the widths of
the (0,0,2) charge peak for Tm, Dy, Er, and Ho (top to bottom).
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approximately constant or increase slightly with decreas-
ing temperature. For the case of Ho, the width of the
magnetic peak at (0,0, 2 —r) is resolution limited near T&
and broadens below, as has been discussed elsewhere. '

This corresponds to a decrease in the magnetic correla-
tion length from more than 5000 A at T& (which equals
the x-ray penetration depth), to about 1000 A at 0.13T&.
The shortest correlation length is observed just above the
transition to the conical ferromagnetic phase when
r=0. 18c'. Just below the transition to r=( —,')c*, the
magnetic peak width decreases again, which presumably
reflects the growth of domains in the conical phase.

The longitudinal width of the magnetic peak at
(0,0,2+r) of Er is nearly resolution limited in the c-axis
modulated phase, and reaches its minimum in the
r= ( —,')c ' ferrimagnetic, cycloidal phase below
T=0.6T&. The FWHM broadens considerably when the
magnetic wave vector decreases below the commensurate
value ( —', )c*. It decreases again for temperatures below
0.55T&, except at 0.37 and 0.28T&, where it exhibits
sharp excursions over a narrow temperature range.
These temperature ranges correspond to the transitions
to the commensurate, ferrimagnetic phases with wave
vectors equal to ( —,', ) and ( —,

' )c*, respectively, and involve
coexistence of commensurate and incommensurate peaks.
For the temperatures at which two peaks can be cleanly
resolved, the commensurate peak widths are close to the
resolution width and the incommensurate peaks are
broad. The sharp increases shown with dotted lines in
the figure occur prior to each commensurate transition;
the subsequent decreases reAect the formation of the
commensurate phase. The magnetic peak width of Er in-
creases one last time near 0.2T+ at the transition to the
conical ferromagnetic phase with wave vector r=( —,', )c'.
In this phase the magnetic peak FWHM reaches its larg-
est value, corresponding to a correlation length of about
1000 A, and does not decrease. The broadening observed
in Tm at 0.5T& is very similar to that observed in Er at
0.6T&, the temperatures at which both magnetic struc-
tures exhibit transitions from c-axis modulated phases to
ferrimagnetic cycloidal phases with r = ( —,

' )c *.
For Dy, the longitudinal width of the primary magnet-

ic satellite is broader than the instrumental resolution at
all temperatures, corresponding to a maximum correla-
tion length on the order of a few thousand angstroms.
The width of the magnetic peak broadens further at
about 0.65T&, and increases by nearly 30% at the transi-
tion to the ferromagnetic phase at 0.5T&. It is interest-
ing that in every case the transitions to structures with
ferromagnetic components, whether conical spirals, cy-
cloids, or ferromagnets, are apparently preceded by

broadening of the magnetic peaks. All of these transi-
tions are first order and, except for Tm, accompanied by
significant changes in the c-axis lattice constants as
shown in Fig. 5. It seems clear that the broadening sig-
nals the loss of long-range magnetic order as a result of
the increasing magnetoelastic strain in the lattice, which
ultimately leads to the ferrimagnetic and ferromagnetic
.transitions.

The transverse widths of the primary magnetic satel-
lites (data not shown) are all larger than the experimental
resolution and are nearly independent of temperature.
For the Ho sample, the width corresponds to in-plane
correlation lengths exceeding 6000 A; ' for Dy, Er, and
Tm it is considerably less ( —1000 A). These differences
are related to the much better crystal mosaic of the Ho
sample (see Table I) as compared to the other samples.

IV. CONCLUSIONS

We have performed new measurements of the critical
exponents p describing the antiferromagnetic phase tran-
sitions of the heavy rare-earth metals using high-
resolution x-ray-scattering techniques. It has been possi-
ble to obtain critical exponents for secondary order pa-
rameters up to order four, derived from the temperature
dependence of higher harmonic satellites. Although
there are minor differences between our measured critical
exponents P for Ho and Dy, they are (to within the error
bars) consistent with each other and with the values
found earlier from neutron-scattering experiments. The
values of P for Er and Tm are different from those of the
spiral rare earths. Instead, p and the exponents p„of the
higher harmonics are consistent with mean-field
behavior, which was not expected from theoretical argu-
ments. High-resolution measurements of the changes in
lattice constants induced by the antiferromagnetic order-
ing showed a nearly quadratic dependence on sublattice
magnetization for Ho and Dy, consistent with the sim-
plest theory. Reduction of the magnetic correlation
lengths were observed near all the transitions to fer-
romagnetic or ferrimagnetic phases with commensurate
magnetic wave vectors.
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