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Electronic properties of icosahedral quasicrystals have been often discussed on the basis of the valence

band structure of their cubic 1/1 approximants for which the band calculations are available. However,

there exists no a priori justification for the neglect of the difference between the quasicrystal and its
lowest-order approximant. Studies of the hierarchy dependence of the electronic structure and electron

transport properties in a given system are, therefore, highly important. The Al-Mg-Zn system is chosen

in this work, since a thermally stable quasicrystal and its 2/1 and 1/1 approximants can be prepared.
Electronic properties, which include x-ray photoemission spectroscopy and soft x-ray spectroscopy
valence band structure, the electronic specific heat coe%cient, the resistivity, and the Hall coeKcient,
have been measured. We conclude that the electronic structure and electron transport properties of the

thermally stable quasicrystal are substantially different from those of the 1/1 approximant but are essen-

tially identical to those of the 2/1 approximant. It is also shown that the thermally stable icosahedral

quasicrystal, the 2/1 and 1/1 approximants are competing among them as the Hume-Rothery electron

phases, in which an electron concentration e/a and a composition ratio xMg/(xA&+xz„) of a larger Mg
atom over smaller Al and Zn atoms serve as two critical factors to decide their most stable compositions.

I. INTRODUCTION

Since the discovery of quasicrystals, ' substantial pro-
gress has been made in deepening the understanding of
quasiperiodic atomic structure and its effect on electronic
structure and electron transport properties. It has been
now well established that the three-dimensional Penrose
lattice forms the basis for the icosahedral quasicrystals
and can be constructed by projecting a "strip" of a six-
dimensional hypercube lattice onto a three-dimensional
physical space. The strip orientation is chosen such that
an icosahedral basis can be formed in the physical space.
The rational approximant of the quasilattice is also con-
structed, if the golden mean r = ( 1+&5 )/2 associated
with the strip orientation for the icosahedral basis is re-
placed by a rational ratio r„=F„+,/F„, where F„
is the Fibonacci number [r, =—

,',
=( 1+&5)/2].

Icosahedral quasicrystals are often divided into two
families, depending on the structural unit in building up
the quasiperiodic three-dimensional Penrose tiling. The
Mackay-icosahedral-type quasicrystal possesses as its —',

periodic cubic Penrose lattice (hereafter referred to as the
1/1 approximant) the atomic structure of the a-Al-Mn-Si
with 136 atoms in its unit cell. ' As a second family, the
triacontahedron-type quasicrystal possesses as the 1/1
approximant that of the Frank-Kasper or R phase with
162 or 160 atoms in the unit cell. ' Included in the form-
er are quasicrystals like Al-Mn-Si, Al-Cu-Fe, Al-Pd-Re,
and so on. The valence band structure in this family is
dominated by d-electron states of the transition-metal ele-
ments involved. The quasicrystals in the latter are com-

posed of only simple elements like Al-Mg-Zn and Al-Li-
Cu without containing transition-metal elements. Hence,
the valence band near the Fermi level EF is dominated by

sp electrons.
As mentioned above, the Frank-Kasper phase

(Al, zn)49Mg32, the crystal structure of which had been
determined in 1957 (Ref. 8) much earlier than the
discovery of the quasicrystal, is now recognized as the
1/1 approximant to the icosahedral quasicrystal. Indeed,
the discovery of the Al-Mg-Zn quasicrystal in 1985 has
been guided by the presence of the Frank-Kasper phase
in its phase diagram. Since then, the Al-Mg-Zn quasi-
crystal had been thought to be formed only as a metasta-
ble phase. ' ' However, Takeuchi and co-workers'
recently discovered that the thermally stable quasicrystal
can be formed in a very narrow composition range cen-
tered at A1,5Mg44Zn4, .

The band calculation for the quasicrysta1 is not feasi-
ble, since its unit cell is infinitely large. Hence, the
valence band structure for the quasicrystal has been con-
jectured from the calculations for the lowest-order ap-
proximants like 1/1 Al-Mn-Si (Ref. 5) and 1/1 Al-Li-Cu
approximant. All these calculations showed the pseudo-
gap formed close to the Fermi level EI;. These band cal-
culations have been considered to be consistent with the
density of states minimum at EF deduced from the elec-
tronic specific heat' as well as from spectroscopic mea-
surements like x-ray photoemission spectroscopy (XPS)
and soft x-ray spectroscopy' (SXS) for thermally stable
quasicrystals.

Certainly, the x-ray-difFraction spectra approach those
of the quasicrystal with increasing the order of the ap-
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proximant. Indeed, the x-ray-diffraction spectrum of the
2/1 approximant is already quite close to that of the
quasicrystal. ' However, the structural resemblance with
the quasicrystal is rather poor for the 1/1 approximant.
A splitting of the diffraction lines in the 1/1 approximant
is substantial, resulting in the appearance of major
diffraction lines at scattering angles quite different from
those of the quasicrystal. ' Hence, the resulting Brillouin
zone of the 1/1 approximant differs critically from that of
the thermally stable quasicrystal and this difference most
likely results in the stabilization of these two phases at
different electron concentrations in a given alloy system.
Therefore, some caution should be exercised, when the
electronic structure of the quasicrystal is discussed on the
basis of the calculated band structure for the 1/1 approx-
imant.

One may naturally think that the atomic structure and
the related physical properties gradually approach that of
the quasicrystal, as the order n of the approximant in-
creases to an infinity corresponding to the quasicrystal.
The n dependence of the electronic structure as well as
the electron transport properties have been experimental-
ly studied for the (Al„Ga, )2O ~Zn4QQMg3$ 5 system,
where the thermally stable quasicrystal, 3/2-2/1-2/1,
2/1-2/1-2/1, and 1/1-1/1-1/1 approximants were succes-
sively formed over the entire Al concentration range x
O~x ~1.' ' It was shown that the resistivity of the
higher-order approximants is comparable to that of the
quasicrystal, whereas that of the 1/1 approximant is
60—70% lower. Unfortunately, however, the electron
concentration remains constant when x is varied in this
system. Hence, no decisive conclusion was drawn as to
whether the x dependence of various physical properties
reflects the electronic effect through the Fermi surface-
Brillouin zone interaction in this quaternary system.

The band calculation has been extended to higher-
order approximants up to the 5/3 approximant in the
Al-Mg-Zn (Ref. 21) and even the 8/5 approximant in the
A1-I.j-Cu. Hafner and Krajcj calculated the valence
band structure for the 1/1, 2/1, 3/2, and 5/3 approxi-
mants with the composition Al&6Mg39 5Zn44 5 and showed
that the pseudogap appears at Ez for all approximants in-
cluding the 1/1 approximant. Its depth is almost the
same, regardless of the order of the approximants. They
ascribed a failure of finding the heirarchy dependence of
the pseudogap to the absence of a thermally stable quasi-
crystal in this system. As mentioned above, however, a
thermally stable quasicrystal does exist in the Al-Mg-Zn
system.

We consider that a systematic study of the electron
concentration dependence of electronic properties in the
icosahedral quasicrystal and its approximants would
manifest their own characteristic features, since the
difference in the Brillouin zone is not negligible. The Al-
Mg-Zn system is well studied for this purpose. Three
questions are addressed in this report. First, we present
the XPS and SXS valence band structure for the 1/1, 2/1
approximants and icosahedral quasicrystals to establish
the heirarchy dependence of the valence band structure.
Second, a comparison of the electron transport properties
is made among these three phases. Third, we discuss rel-

ative stability and point out that the compositions, at
which a thermally stable quasicrystal, the 2/1, and 1/1
approximants are stabilized, can be understood by taking
into account both an electronic energy gain and the
atomic size factor expressed by the composition ratio for
a larger Mg and smaller Al and Zn atoms.

II. EXPERIMENTAL PROCEDURE
AND SAMPLE PREPARATION

Alloy ingots were prepared by induction melting of ap-
propriate amounts of constituent elements 99.99% Al,
99.9% Mg, and 99.99% Zn in a boron-nitride crucible
under Ar pressurized atmosphere. Ribbon specimens
were fabricated by melt spinning onto a copper wheel at a
tangential speed of 52 m/sec. The structure of as-
quenched ribbons and those after heat treatments were
studied by x-ray diffraction with Cu Ko. radiation. The
composition was analyzed for representative samples by
using inductively coupled plasma photoemission (ICP)
spectroscopy. It agreed well with the nominal composi-
tion within +1%. Hence, the nominal composition is
employed to calculate the electron per atom ratio, e/a, in
the following discussions.

Two series (A) and (B) of samples were prepared.
They are shown in Fig. 1 in the Al-Mg-Zn phase dia-
gram. A first series ( 3 ) of samples was chosen as those
having the compositions A16Q 5 — Mg39 5Zn„(x =10.5,
15.5, 20.5, 25.5, 30.5, 35.5, and 40.5). All these samples
after melt spinning turned out to be a mixture of the
quasicrystal and the 1/1 approximant but crystallized
into the 1/1 approximant single phase by annealing at
300'C for 5 h.

Another series of samples (B) marked as open circle,
double circle, star, and solid triangle in the inset of Fig. 1

consists of a total of 19 samples expressed as
Al„Mg44Zn~6 (x =13, 15, 20, 25) and others including
Al)5Mg43Zn42 and A1,5Mg45Zn~. A quasicrystalline sin-
gle phase was formed by melt spinning for samples
marked by open symbols (0, &, and Q), though the
diffraction linewidth was rather broad. Their thermal
stability was studied, using the differential scanning
calorimeter with a heating rate of 10'C/min. Most sam-
ples crysta11ized into a mixture of the quasicrystal, the
1/1 approximant and other crystalline phases by evolving
a very small exothermic heat upon crystallization at
about 230'C." However, the samples in the very vicinity
of Al&5Mg44Zn4& accompanied two successive endotherm-
ic reactions at about 380 and 450 C in the differential
scanning calorimetry. The occurrence of the endotherm-
ic reaction suggests that the quasicrystalline phase
decomposes into liquid and the remaining phase as a re-
sult of the peritectic reaction. In other words, the quasi-
crystalline phase remains stable up to its melting point
and, hence, we call it a thermally stable quasicrystal. '

Indeed, the Al&SMg44Zn4& sample could maintain the
quasicrystalline single phase even after prolonged anneal-
ing exceeding 5 h at 360'C and improve substantially its
quasicrystallinity.

The Al&5Mg43Zn42 sample transformed into a 2/1 ap-
proximant single phase by annealing at 360'C for 1 h.
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FIG. 1. Present .samples in
the Al-Mg-Zn alloy system. (A):
A16P 5 Mg39 5Zn„(x = 10.5,
15.5, 20.5, 25.5, 30.5, 35.5, and
40.5). (B): Al Mg44Zn56
(x =13, 15, 16, 20, 25) and oth-
ers. All samples in the B series
are shown in the inset. Symbols
0, &, and Q in the inset
represent a quasicrystalline sin-

gle phase after melt spinning,
but solid triangles (A) a mixture
of a quasicrystalline phase and
other phase(s). Physical proper-
ties were measured on samples
shown in the main figure: the
1/1 approximant (Q ), as-
quenched metastable quasicrys-
tal ( 0 ), a thermally stable
icosahedral quasicrystal (00), and
2/1 approximant (Q). The
rI (Al, Zn)49Mg3zI refer to the
1/1 approximant. The phase di-
agram is reproduced from Ref.
27.

But the Al»Mg45Zn40 sample precipitated a small
amount of the hcp Mg phase in the quasicrystalline ma-
trix under the same annealing condition. Similar studies
have been done for all other samples in the vicinity of
A1&5Mg44Zn4&. By taking all these data into account, we
conclude that the thermally stable icosahedral quasicrys-
tal and 2/1 approximant are formed as a single phase at
the compositions A1»Mg44Zn4, and Al&SMg43Zn42, re-
spectively.

The XPS valence band spectra were measured using an
Al Ka monochromated x-ray beam (Surface Science In-
strument, X-probe). The Al Kp (Al 3p distribution;
valence band~ ls) and Mg KP (Mg 3p electrons, valence

band~is) soft x-ray emissions were measured (Shimazu,
EPMA 8705). The energy scale relative to the Fermi lev-
el in the SXS spectra is determined within +0.2 eV by
measuring the binding energy of the Al 2p3/p and Mg
2p3i2 core levels and also the Al Xa (2p3/2~Is) emis-

sion lines.
The low-temperature specific heats were measured in

the range 1.6—6 K and the electrical resistivity in the
range 2—300 K. The Hall coefficient was also measured
at 300 K with the use of the four-probe dc method. The
details were described elsewhere. Numerical data are
summarized in Table I.

TABLE I. Physical properties of icosahedral quasicrystal, 1/1 approximant crystal, and 2/1 approximant crystal in the Mg-Al-Zn alloy system.

Density y
Mg Al Zn e/a a (A) a~ (A) (g/cm ) (mJ/mol K ) yF

P300 K ~H
ea (K) (pQ cm) p2 K/p3QQ K (10 ' m /A s)

1/1 phase 39.5 50.5 10
39.5 45.5 15
39.5 40.5 20
39.5 35.5 25
39.5 30.5 30
39.5 25.5 35
39.5 20.5 40

2.505
2.455
2.405
2.355
2.305
2.255
2.205

14.39 5.23+0.02 2.69
14.45 5.25+0.04 2.83
14.34 5.21+0.01 3.07
14.24 5.17+0.02 3.31
14.19 5.16+0.03 3.53
14.19 5.16+0.02 3.71
14.13 5.13+0.02 3.94

1.48+0.01
1.33+0.01
1.11+0.02
1.07+0.01
1.13+0.01
1.06+0.01
1.04+0.01

0.918
0.919
0.899
0.880
0.868
0.862
0.848

329.3+2.6
346.4+3.7
368.9+5.7
373.8+3.9
388.0+2.5
380.6+4.8
358.7+3.4

38
44
44
52
67
73
76

0.835
0.813
0.843
0.906
0.872
0.835

—9.3+0.9
—12.1+1.2
—16.9+1.7
—28.2+2. 8
—35.7+3.6
—39.7+4.0
—35.9+3.6

I phase 44
44
44
44
44

25
20
16
15
13

31 2 250
36 2.200
40 2.160
41 2.150
43 2.130

5.19+0.10
5.22+0.06
5.16+0.02
5.16+0.04
5.17+0.06

3.48
3.70
3.87
3.90
3.98

0.99+0.01
0.92+0.02
0.77+0.02
0.77+0.01
0.85+0.01

0.873
0.860
0.851
0.851
0.847

325.7+2.4
335.223.8

325.7%3.3
332.3+2.4
331.9%2.7

92
96

123
120
98

—15.3+1.5
—13.8+1.4
—16.3+1.6
—17.0+1.7
—12.921.3

Annealed 44
I phase

15 41 2 150 5.17+0.01 3.90 0.79+0.01 0.851 332.3+2.4 146 1.085 —26.6+2.7

2/1 phase 43 15 42 2.150 22.91 5.14+0.01 3.95 0.84+0.01 0.848 384.6+5.5 140 1.072 —24.4+2.4
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III. RESUI.TS AND DISCUSSION 5.35

A. x-ray difFraction analysis
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The diffraction spectra for the thermally stable quasi-
crystal and 2/1 approximant are shown in Fig. 2, along
with that for the A120 5Mg39 5Zn40 as a representative of
the 1/1 approximant in the (A) series of samples. All
diffraction lines are very sharp and are indexed in terms
of the respective phases concerned. In contrast, the x-
ray-diffraction spectra for metastable quasicrystals with
x = 13, 16, 20, and 25 in the (8) series were rather broad
and could not be sharpened by annealing. Hence, as far
as metastable quasicrystals were concerned, the
physical properties were measured on as-quenched
Al„Mg44Zns6 „(x=13, 16, 20, and 25) samples.

The lattice constant can be easily calculated from the
diffraction spectra for the 1/1 approximant in the (A)
series and also for the 2/1 approximant. Likewise, the
quasilattice constant az can be calculated for the quasi-
crystals in the (8) series. According to the projection
method, the quasilattice constant a~ is interrelated with
the lattice constant a & of the cubic p/q approximant
through the relation

&(2+r)
R 2( + )

+P/q (1)

where r is the golden mean q.=(1+&5)/2. To allow a
direct comparison, we converted the lattice constants
a&&& and a2&& for the 1/1 and 2/1 approximants to the
corresponding quasilattice constant az. The results, to-
gether with the quasilattice constant for the quasicrystals,
are shown in Fig. 3 as a function of the electron per atom

5.3

5.25

gg 5.15
CO

5.1

5.05

5
2.1 2.2 2.3 2.4 2.5 2.6

FIG. 3. Lattice constant az for the metastable icosahedral
quasicrystals (~ ), thermally stable one (Oo), 2/1 approximant
Al„Mg43Zn42 (Q), and 1/1 approximants (Q'). The value of a„
for the approximant is derived from Eq. (1) in the text. An er-
ror bar for the metastable quasicrystal is large, since the
diffraction lines are few and broad.

B. Electronic structure

ratio e/a for samples in three different phases. It is noted
that the error bar for the metastable quasicrystals is
much larger than that for the thermally stable one be-
cause of not only the broadness in the diffraction width
but also the fewer number of lines observed.

The data points for the quasicrystals containing 44
at. % Mg fall on the region consistently higher than those
for the 1/1 approximants containing 39.5 at. % Mg. This
reAects the fact that the atomic radius of Mg is larger
than those of Al and Zn. The value for the 2/1 approxi-
mant containing 43 at. % Mg, though limited to only a
single data point, is found in between them. As men-
tioned in the Introduction, an atomic cluster unit in all
three phases under consideration is built up in common
by stacking icosahedrally two different hard spheres of
larger Mg and smaller Al and Zn atoms. Then, one may
naturally expect the Vegard law to hold. Obviously,
however, the quasilattice constant a~ does not obey a
linear e/a relation for both 1/1 approximants and the
quasicrystals, indicating the breakdown of the Vegard
law. The lattice constant may be affected through the
Fermi surface-Brillouin zone interaction. A drastic
change in the slope of aR occurs at different e/a values:
e/a =2.4 for the 1/1 approximants and e/a =2. 15 for
the quasicrystals. Studies of valence band structures in
the following sections will reveal that the Fermi surface-
Brillouin zone matching occurs at the composition,
where the slope in the lattice constant changes substan-
tially in the respective phases.

20 25 30 35 40 45 50 55 60 65 70

26 (deg)

FIG. 2. X-ray diffraction spectra for (a) thermally stable
icosahedral quasicrystal Al»Mg44Zn41, (b) 2/1 approximant
Al»Mg4&Zn42, and (c) 1/1 approximant Al» 5Mg&9 5Zn».

The XPS valence band spectra in the binding energies
down to 10 eV are shown in Fig. 4 for the thermally
stable quasicrystal Al&5Mg44Zn4& and the 1/1 approxi-
mant A125 5Mg39 5Zn35 The Zn-3d band is located in the
binding energies over 9—11 eV in both cases. The overall
valence band spectra in Fig. 4 are essentially identical to
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FIG. 4. XPS valence band spectra for the icosahedral quasi-

crystal A1»Mg44Zn4& (~ ) and 1/1 approximant A125 5Mg39 5Zn35

(Q). The binding energy is scaled relative to the Fermi level. A
huge peak below 9 eV is due to the Zn 3d band.

each other. To extract fine structures in the density of
states, we accumulated the XPS signals for 2 h for all
samples only in the energy range of +2 eV across EF.
The results for the 1/1 approximants and quasicrystals
are shown in Figs. 5 and 6, respectively.

The Fermi cutoff is broadened by a combination of the
instrumental resolution, thermal broadening of the Fermi
distribution, and the band structure effects. All XPS
spectra in the binding energies higher than about 1 eV
are quite Aat and structureless and cannot be dis-
tinguished from that of pure fcc Al. In order to single
out the band structure effects, we superimposed the spec-
trum of the free-electron-like pure Al onto each spectrum
of the present samples by adjusting the Fermi levels and
the intensities below 1 eV to coincide with each other. A
deviation emerges at the energy marked by an arrow and
extends toward E+.

We attribute the hatched area sandwiched between the
data for pure Al and those for the present samples to the
band structure effect associated with the pseudogap for-
mation. It is clear that the pseudogap is essentially ab-
sent for the 1/1 approximant with e/a =2.505 but grows
gradually with decreasing e/t2 in the ( A) series of the 1/1
approximants. This means that the electronic structure
of the 1/1 approximant is strongly e/a dependent: the
free-electron picture holds at e /a =2. 505 but the gap ap-
pears and grows with decreasing e/a within the range
where the 1/1 approximant is stable. A decrease in e/a
is brought about by replacing Al by Zn while Mg concen-
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FIG. 5. XPS valence band spectra near the Fermi level for

the series of 1/1 approximants A160 5 Mg39 5Zn . A spectrum
for pure Al is superimposed onto each spectrum and the
difference area is shown by hatches. An arrow indicates the on-
set of the deviation from the free-electron-like pure Al.

~ eee r
I i I t I I I I !

20 1 6 1 2 08 04 EF -04 -08
Binding Energy (eY)

FIG. 6. XPS valence band spectra near the Fermi leve1 for
the series of the icosahedral quasicrystals Al Mg44Zn56 „. See
the details in Fig. 5. The spectrum for the thermally stable
x = 15 sample was taken after the heat treatment.



ELECTRONIC STRUCTURE, ELECTRON TRANSPORT. . . 9305

(a)
I

I
I I

I
I

I

(b)

N

C
0

~ + ~ ~ ~ +A '~ '~

~ ~
~ iW+ g i let~

~'~A ~ g ~ ~.~~-,-+eO~~ ~ + ~ ~

~ ~ ~ ~
~ ~ 4

~ ~ ~ ~ ~ ~ 4t
~ ~ ~ )Q ty ~ + $ t g ~ ~

~ 4 Q+g ~ oo ~ ~ + ~ Og
~ ~ ~ ~
~t ~ ~ ~ If

I~

~y~
~ ~ ~ ~ rr ~ po

~l~o go K = P+P
ypete ~

~ ~ ~
'

FICs. 7. Soft x-ray Al KP (o )

and Mg KP (~) emission
spectra for (a) thermally

stable icosahedral quasicrystal
Al»Mg44Zn4& (b) 1/1 approxi-
mant Al» 5Mg39 &Zn35 The cor-
responding XPS valence band
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tration is kept constant at 39.5 at. % Mg. In contrast,
the pseudogap can be observed in all quasicrystals includ-
ing both thermally stable and metastable ones.

The soft x-ray Al ICp and Mg ICp emission spectra
were measured on both the 1/1 approximant and the
thermally stable quasicrystal. The Al ICp and Mg ICp
spectra reAect the Al 3p and Mg 3p electron distributions,
respectively. It can be seen from Fig. 7 that both Al Kp
and Mg Kp spectra are smooth without any fine struc-
tures and extend to the binding energies of about 8 eV
corresponding to the bottom of the XPS valence band
shown in parallel. Note here that this feature holds true,
irrespective of whether the pseudogap is present or not.
Therefore, the SXS spectra proved that the Al 3p and Mg
3p electrons form a free-electron-like common band
without the formation of any particular atomic bonding.
This is in sharp contrast to the formation of bonding and
antibonding states in the Mackay-type quasicrystals like
Al-Mg-Pd and Al-Pd-Re quasicrystals.

By summing up all spectroscopic data, we are led to
conclude that the free-electron-like valence band is
formed for all quasicrystals and the 1/1 approximant in
the Al-Mg-Zn system and that the pseudogap is absent in
the 1/1 approximant with e/a =2.505 but grows gradu-
ally with decreasing e/a down to 2.205 in the series of
1/1 approximants. Thus, the pseudogap may be helpful
but is not a necessary condition for the stabilization of
the 1/1 approximant. It is also emphasized that the elec-
tronic structure changes quite substantially as a function
of e/a in the 1/1 approximant phase. In the case of the
quasicrystals, the pseudogap always exists not only for
thermally stable but also for metastable ones. In contrast
to the 1/1 approximant, the pseudogap is now apparently
needed to allow the quasicrystalline phase to exist even as
a metastable state. As is shown in the inset to Fig. 1, the
range where the metastable quasicrystal is formed by
liquid quenching is limited to 2. 13 ~ e/a ~2.25, suggest-
ing that there exists a maximum Al concentration, below
which the pseudogap is formed at Ez, as is true in the
1/1 approximant.
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FIG. 8 Electron concentration dependence of the electronic
specific-heat coe%cient y,„p for metastable icosahedral quasi-
crystals (~), the thermally stable icosahedral quasicrystal
AI„Mg44Zn4, (&), 2/1 approximant Al&, Mg43Zn„2 (+), and 1/1
approximants (Q). Dashed lines A and B refer to the free-
electron values for the quasicrystal and 1/1 approximant, re-
spectively. The difference originates from that in density.

The electronic specific-heat coefficient y,„ is plotted in
Fig. 8 as a function of e/a for present samples. The
value of y,„ for the 1/1 approximant with e/a =2.505 is
the largest and becomes comparable to the free-electron
value, if the electron-phonon enhancement factor A, =0.3
is assumed. This is consistent with the free-electron-like
XPS valence band profile shown in Fig. 5. The value of
y,„decreases substantially with decreasing e/a in the
1/1 approximants. This agrees again with the growth of
the pseudogap with decreasing e/a, as was observed by
the XPS valence band spectra. Regarding the data for
the quasicrystals, we find that the value of y„reaches
the minimum at e/a =2.15, where the thermally stable
quasicrystal and 2/1 approximant exist.
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C. Electron transport properties

The Hall coe%cient at 300 K is shown in Fig. 9. An
agreement with the free-electron value is again reasonable
for the 1/1 approximant with e/a =2.505. But, a down-
ward deviation becomes substantial with decreasing e/a
due most likely to the growth of the pseudogap. The
Hall coefficients for metastable quasicrystals are found to
be rather close to the free-electron value, in spite of the
existence of the pseudogap. As shown in Fig. 9, anneal-
ing at 360'C for 1 h caused the Hall coefficient for the
thermally stable quasicrystal to shift toward a more nega-
tive value and to fall close to the value for the 2/1 ap-
proximant, having the same e/a value as the thermally
stable quasicrystal. Et is recalled that the 2/1 approxi-
mant can be obtained after annealing and, hence is
characterized by the possession of diA'raction lines as
sharp as those for the thermally stable quasicrystal. A
good agreement in the Hall coefficient between the 2/1
approximant and the thermally stable quasicrystal sug-
gests that the electronic structures are very similar to
each other.

Figure 10 shows the e/a dependence of the resistivity,
p3QQ K, at 300 K. The value of p3QQ K for the 1/1 approxi-
mant with e/a=2. 505 is only 40 pQcm. We consider
this to be quite reasonable, since the free-electron picture
holds in this particular sample. An increase in the value
of p3oo K with decreasing e/a in the 1/1 approximants is
apparently brought about by a decrease in the density of
states at EI; associated with the formation of the pseudo-
gap. The resistivity for the quasicrystal is consistently
higher than that for the 1/1 approximant. This certainly
reflects the destruction of the translational symmetry in
the quasicrystal. More important is a sharp increase in
p3QQ + at the e /a value of 2.15, corresponding to the
thermally stable quasicrystal. This is a clear demonstra-
tion that an improvement in the quasicrystallinity affects
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FIG. 10. Electron concentration dependence of the electrical
resistivity, p300 K at 300 K for metastable icosahedral quasicrys-
tals {~), thermally stable icosahedral quasicrystal Al»Mg44Zn4,
(Oo), 2/1 approximants Al»Mg43Zn42 (Q), and 1/1 approximants
(0).

most significantly the value of p3QQ K. It is again noted
that no meaningful diA'erence in p3QQ z exists between the
thermally stable quasicrystal and the 2/1 approximant.

The temperature dependence of the resistivity over the
range 2—300 K is shown in Fig. 11 for the 1/1 approxi-
mants, 2/1 approximant, and the thermally stable quasi-
crystal. All 1/1 approximants exhibit a positive tempera-
ture coefficient (TCR) over a whole temperature range in
a manner consistent with the behavior of the periodic
metals and alloys. However, the temperature dependence
of the resistivity is essentially identical between the well-
annealed thermally stable quasicrystal and the 2/1 ap-
proximant: a negative TCR dominates over a whole tem-
perature range. This is a characteristic feature observed
in nonperiodic systems having the resistivity exceeding
100 pQ cm. Hence, the 2/1 approximant behaves like a
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FICx. 9. Electron concentration dependence of the Hall
coefficient RH for metastable icosahedral quasicrystals (0),
thermally stable icosahedral quasicrystal Al»Mg44Zn4l (Oo), 2/1
approximant Al&, Mg43Zn~2 (Q), and 1/1 approximants (Q).
Dashed lines A and B refer to the free-electron values for the
quasicrystal and 1/1 approximant, respectively.
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FIG. 11. Temperature dependence of the electrical resistivity
for (a) thermally stable icosahedral quasicrystal Al»Mg44Zn4&,
(b) 2/1 approximant Al]5Mg43Zn42 and (c) 1/1 approximant
A125 ~Mg395Zn35. The value is normalized with respect to the
value at 300 K.
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nonperiodic system in spite of the possession of the lattice
constant of 22. 9 A and can be no longer distinguished
from the thermally stable quasicrystal. ' '

D. Fermi surface-Brillouin zone interaction
and its e8'ect on stability

A hypercubic lattice in the six-dimensional reciprocal
space can be constructed from the hypercubic lattice in
the six-dimensional real space. For example, the I points
corresponding to the center of the first Brillouin zone in
the six-dimensional reciprocal space are distributed
densely everywhere, when they are projected on the
three-dimensional reciprocal space. But their intensities
are modulated by interference effects and the most in-
tense ones appear quasiperiodically in the three-
dimensional reciprocal space. In the absence of the
translational periodicity, no reciprocal lattice vector can
be defined and, therefore, the reduction of the reciprocal
space to a first Brillouin zone is not possible. Instead, the
quasiperiodically distributed sets of I points and other
special points like M and X of high symmetry constitute
the analog to the extended zone scheme of a crystal.

Following the extended zone scheme for the quasicrys-
tal, Hafner and Krajci ' calculated the Bloch spectral
functions and obtained the dispersion relation for the 5/3
approximant to the Al-Mg-Zn quasicrystal. It consists of
a series of the nearly parabolic bands, each being cen-
tered at quasiperiodically spaced intense I points. They
pointed out that, close to the Fermi energy, highly degen-
erate free-electron states exist at quasiperiodically spaced
wave vectors and the pseudogap appears as a result of the
lifting of their degeneracies due to the electron-ion in-
teraction. The zone formed by planes bisecting perpen-
dicularly these wave vectors are called the "quasi-
Brillouin zone" in the extended zone scheme.

The special points like I in the reciprocal space are re-
sponsible for the major diffraction lines shown in Fig. 2.
As will be discussed below, the wave vector correspond-
ing to the (222100) diffraction line in the quasicrystal
turns out to be comparable to the Fermi diameter 2kF.
Hence, the "quasi-Brillouin zone" mentioned above '

would correspond to the zone obtained by bisecting per-
pendicularly the equivalent wave vectors associated with
the (222100) difFraction line in the quasicrystal. It is em-
phasized here that the quasi-Brillouin zone has many
faces and is almost isotropic; thus the pseudogap is found
at almost all directions of the wave vectors. It is noted
further that a pair of special points with identical intensi-
ty, which are separated by a certain distance, can always
be found elsewhere in the reciprocal space. The quasi-
Brillouin zone formed by the sets of these special points
becomes identical and is distributed quasiperiodically in
the reciprocal space. This is the reason why the pseudo-
gap opens at all wave vectors in the reciprocal space. '

In the discussion of the Fermi surface-Brillouin zone in-
teraction, however, one may simply focus on one of the
most intense quasi-Brillouin zones, onto which the Fermi
surface is superimposed. In this way, we can discUss the
Fermi surface-Brillouin zone interaction in the quasicrys-
tal on the same footing as in the approximant crystal, to
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FICx. 12. The magnitude of the reciprocal lattice vector K„
and the Fermi diameter 2kF as a function of e/a for the
icosahedral quasicrystals, 2/1, and 1/1 approximants. The 2k+
value is calculated in the free-electron model by inserting e/a
and density d into the equation 2k„=2I3m'(e/a)dN& /3 I' ',
where 1V~ is the Avogadro number and 3 is an average atomic
weight.

which the ordinary extended zone scheme holds.
As mentioned in the Introduction, the diffraction peak

positions in the 1/1 approximant difFer quite substantially
from those in the quasicrystal. This means that the Bril-
louin zone affects the electronic structure at different
electron concentrations between these two structures.
The Fermi surface-Brillouin zone interaction in both
quasicrystal and approximants may be conveniently dis-
cussed, using the matching condition between the Fermi
wave number 2kF and the wave vector K„responsible for
the major diffraction peaks. By inserting the measured
density d listed in Table I and an average atomic
weight 3 into the free-electron equation 2kF
=5.226(e/a)'~ (d/3)', one can easily find that the
2k~ value in 2. 1 &e/a &2.6 is confined in the range
3.05—3.25 A ' for both quasicrystals and 1/1 approxi-
mants. For the quasicrystal, the only K„value associated
with the (222100) diffraction line is found in this range.
In the case of the 1/1 approximant, the reciprocal lattice
vectors associated with (631), (543)+(710)+(550), and
(640) planes are possible candidates. Among them, (631),
(543), and (710) reciprocal lattice vectors originate from
the splitting of the 60-fold (222100) refiections of the
icosahedral phase. But, the reciprocal lattice vector K63$
is excluded, since it is too short to coincide with 2kF in

the given e/a range. The magnitude of the relevant wave

vector, IC„, for the 2/1 approximant can be obtained only
at e/a =2. 15. Both K„and 2k~ values thus obtained are
plotted in Fig. 12 as a function of e/a for all three
phases.

As is clear from Fig. 12, the 2kF line crosses the E„
curve at e/a =2. 15 for the quasicrystal as well as the 2/1
approximant and at 2.3 —2.4 for the 1/1 approximant. In
the previous sections, we have shown that the pseudogap
at the Fermi level becomes the deepest at e/a =2. 15 for
the thermally stable quasicrystal, whereas it grows with
decreasing e/a below 2.5 for the 1/1 approximant. Fur-
thermore, the great similarity of the electronic structure
and electron transport properties is emphasized between
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the thermally stable quasicrystal and the 2/1 approxi-
mant, both being stabilized at the electron concentration
of 2.15. Obviously, observed electronic structures and
electron transport properties can be consistently account-
ed for in terms of the 2k~=K„matching condition
shown in Fig. 12 for all three relevant phases. This al-
lows us to call them the Hume-Rothery electron phases.
As only one puzzling behavior, we point to the case
where 2kF exceeds E and, hence, the density of states
anomaly associated with L„would be shifted below Ez.
This situation is realized in the 1/1 approximant with
e/a =2.505. However, the XPS valence band spectrum
shown in Fig. 5 indicates no anomaly below E„within
the accuracy of the measurements. One possible reason
for this is that the effect is too weak to be observed when
the Al concentration is high.

Finally, we discuss the relative stability of the quasi-
crystals and two different approximants. As has been ern-
phasized, the 1/1 approximant or the Frank-Kasper
phase is known to exist along a constant 39.5 at %M. g
concentration line. We revealed that the pseudogap is
essentially absent, when the electron concentration is
above e/a =2.50 or 50 at. % Al in the 1/1 approximant.
This means that, at least at this composition, the elec-
tronic energy does not contribute to the stabilization of
the 1/1 approximant. Instead, a constant size ratio of a
larger Mg atom over smaller Al and Zn atoms suggests
that the size factor contribution plays a more important
role in stabilizing the 1/1 approximant along this particu-
lar concentration line. As a matter of fact, the most
favorable packing ratio for two different hard spheres is
believed to be realized in the (Al, Zn)49Mg32 Frank-
Kasper lattice. Hence, the composition ratio of larger
Mg atoms over smaller Al and Zn atoms,
x~s/(x~t+x~g ), equal to 0.65 should be very important
in stabilizing the 1/1 approximant.

The pseudogap appears in the 1/1 approximant, when
the e/a value or the Al concentration is lowered. Now
the electronic energy is lowered by forming the pseudo-
gap and begins to contribute to stabilizing the 1/1 ap-
proximant. From the phase diagram, however, we know
that the 1/1 approximant loses its stability relative to the
C14-Laves phase when the e/a is lowered below 2.2. We
consider that neither higher-order approximants nor a
thermally stable quasicrystal can be formed along the
39.5 at. % Mg line, because the composition ratio of 0.65
would favor only the size of an icosahedral cluster
present in the 1/1 approximant and the icosahedral clus-
ter larger than that in the 1/1 approximant would require
a different Mg concentration.

We found in this experiment that the 2/1 approximant
and thermally stable quasicrystal can be stabilized at
specific compositions of 43 and 44 at. % Mg, respectively,
while keeping the electron concentration to 2.15. As is
clear from all experimental evidence shown in this experi-
ment, the electron concentration of 2.15 is critically need-
ed for the icosahedral quasicrystal and 2/1 approximant.
Thus, the composition in Mg concentration can vary
along the e/a =2. 15 line to reach higher-order approxi-
mants and icosahedral quasierystal. The composition ra-
tio x~s/(x~&+xz„) increases from 0.65 in the 1/1 ap-

proximant to 0.75 in the 2/1 approximant and 0.78 in the
icosahedral quasicrystal. This suggests that a packing
balance of a larger Mg atom over smaller Al or Zn atoms
in building up the 1/1 approximant collapses when the
ratio deviates from 0.65. The 2/1 approximant possess-
ing an icosahedral cluster larger than that in the 1/1 ap-
proximant is stabilized when the ratio reaches 0.75 along
the e/a =2. 15 line. Further increase in the ratio up to
0.78 along the e/a =2. 15 line is apparently needed to
reach the icosahedral quasicrystal. The stability of the
three competing phases, icosahedral quasicrystal, 2/1,
and 1/1 approximants in the Al-Mg-Zn alloy system is,
therefore, decided by the Hurne-Rothery mechanism:
electron concentration and size factor.

Henley and Elser pointed out that the icosahedral
quasicrystal would possess the composition of
(Al, Zn)o 629Mgo 37„provided that smaller Al and Zn oc-
cupy all Z12 or Z13 coordination number sites, while the
larger Mg atoms are all Z14, Z15, or Z16 sites. This is
obviously not consistent with our observation. However,
the Mg atoms may be easily substituted for Al/Zn in the
Z13 sites, as they also suggested. Our ratio of 0.78 can
be obtained, if 75% of Al/Zn atoms in the Z13 are re-
placed by Mg atoms. Further work is of great interest in
pursuing the Mg concentration dependence of the
icosahedral cluster size in the Al-Mg-Zn alloy system.

IV. CONCLUSION

We revealed the existence of a thermally stable quasi-
crystal Al&5Mg44Zn4& and the 2/1 approximant
Al»Mg43Zn42, both characterized by the possession of
e/a =2. 15, whereas the 1/1 approximant exists over a
wide electron concentration range 2.2 & e/a (2.5 in the
Al-Mg-Zn system. All properties we measured are con-
sistent with the conclusion that the electronic structure
and the resulting electron transport properties of
icosahedral quasicrystals are substantially different from
those of the 1/1 approximant but are essentially the same
as those of the 2/1 approximant. The valence band struc-
ture in these three phases can be described by the free-
electron picture with the formation of the pseudogap re-
sulting from interaction with the zone planes associated
with the (222100) planes in the quasicrystal and those re-
sulting mainly from its splitting in the 1/1 and 2/1 ap-
proximants. Their relative stability is decided by the
Hume-Rothery mechanism: electron concentration or
2kF=K„criterion, which measures the lowering of the
electronic energy due to the pseudogap formation and the
size factor or the composition ratio x~g/(xA&+xz„) for a
larger Mg atom over smaller Al and Zn atoms. Hence,
they can all be regarded as being typical of Hume-
Rothery electron phases.
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