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A general method based on the plane-wave expansion for calculating the transmittance and the
Bragg reflectivity of two-dimensional photonic lattices is presented. According to this method, the
transmission and the Bragg reflection spectra of a triangular and a square lattice of circular rods
were numerically calculated for two independent polarizations. In addition to the opaque frequency
ranges accompanied by the photonic band gaps, the existence of an uncoupled mode which cannot
be excited by an external plane wave, a large amount of energy transfer to the Bragg waves, and
pronounced interference structures were found. These three properties are not accounted for by the
band calculation and the theoretical investigation which fully allows for the boundary condition at
the surface of a specimen is necessary for proper understanding of experimental observations.

L. INTRODUCTION

Periodic dielectric structures, which are called pho-
tonic crystals or photonic lattices, have attracted much
interest in recent years.' !® One of the reasons for the
intense investigations, both theoretical and experimen-
tal, lies in the possibility of the substantial control of
the radiation field by means of those structures. As was
shown by Yablonovitch, Gmitter, and Leung,? a photonic
band gap, or a frequency range in which the existence of
any electromagnetic modes is forbidden, appears if the
geometrical structure and the dielectric constant of the
photonic lattice are appropriately chosen. Many peculiar
physical phenomena due to the photonic band gap have
been theoretically predicted: the suppression of sponta-
neous emission! and energy transfer,’ the bound state
of photons,® localized donor and acceptor modes,?1° etc.
Among these predictions, the localized modes were ob-
served for specimens that have a disorder in their regular
lattices.?'° To my knowledge, experimental confirmation
of the other phenomena has not been done yet.

The experimental investigation of the band structure
of photonic lattices has mainly been carried out by ob-
serving the transmission spectra of the specimens. The
observed opaque frequency ranges have been successfully
compared with the band gaps obtained by the band cal-
culations on the infinite periodic lattices,>” for which
Bloch’s theorem is applicable to the relevant Maxwell
equations and the computational task is much reduced.
In usual analyses, the amount of the coupling between
the external and the internal fields at the surface of the
specimen is not taken into consideration at all.

However, the theoretical investigation on the boundary
value problems, which allows for the external field, is nec-
essary for the precise analysis of the transmission spectra.
In fact, we have solved the boundary value problem for
a two-dimensional (2D) triangular lattice in a previous
paper!® and shown that (1) the strength of the coupling
between the incident/transmitted radiation and the in-

0163-1829/95/52(12)/8992(11)/$06.00 52

ternal field at the surface of the specimen substantially
modifies the spectrum. Particularly, there is an uncou-
pled mode that cannot be excited with an external plane
wave at normal incidence. (2) A considerable amount
of the energy transfer to Bragg waves is expected for an
incident wave whose wavelength is shorter than the lat-
tice period parallel to the surface. (3) The transmission
spectrum has quite pronounced structures due to the in-
terference between the front and the rear surface of the
specimen. [Item (1) was also discussed by Robertson
et al. from the viewpoint of the symmetry of the wave
functions for the relevant infinite lattice.8] Therefore, the
simple analysis based on the band calculation is not suf-
ficient and the theoretical investigation on the specimens
with finite thickness is important for proper understand-
ing of the experimental observation.

Several authors have calculated the transmission
and reflection spectra of periodic dielectric structures.
Ohtaka formulated the layer iteration method for vector
electromagnetic waves to calculate the transmission and
reflection coefficients of an array of dielectric spheres.”
The reflectivities of monolayers of dielectric rods and
spheres were calculated by Ohtaka and Numata,'® and
Inoue, Ohtaka, and Yanagawa,!® respectively. The trans-
mission coefficients of seven layers of a square array of di-
electric rods was calculated by Pendry and MacKinnon
by means of a finite-element method.® The last authors
showed the agreement between their calculation and the
experimental observation by Robertson et al.®

In the previous paper,'® we presented a brief descrip-
tion of the method for calculating the transmission spec-
tra of the 2D triangular photonic lattice that is composed
of circular rods and the background dielectric with mutu-
ally different dielectric constants. We also showed some
results of the numerical calculations of the transmission
spectra. Our method is based on the plane-wave expan-
sion of the electromagnetic field and is applicable to any
2D photonic lattice. It gives the transmission, the spec-
ular reflection, and the Bragg reflection coefficients. The
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existence of an uncoupled mode, for which the electric
field is parallel to the rod axis (E polarization) and the
wave vector lies in the I-J direction?® in the first Bril-
louin zone, was concluded from the fact that there is
a spectral range where the calculated transmittance is
extremely low although the state density is nonzero. Re-
cently, the existence of this uncoupled mode was con-
firmed experimentally for a 2D air-rod lattice formed
in a block of methylpentene polymer in the far-infrared
region.?!

In this paper, we will present the full description of the
calculation and apply it to 2D triangular and square lat-
tices. In addition to the transmission spectra, the Bragg
reflection spectra will be numerically calculated and dis-
cussed in detail. In Sec. II, the boundary value prob-
lem will be formulated in a manner that is suitable to
the plane-wave expansion. Both the field equations and
the dielectric constant will be expressed in Fourier se-
ries. The results of the numerical calculations with an

estimation of the convergence will be presented in Sec.
II1.

II. THEORY
A. Field equation

Our method is based on the Fourier expansion of the
internal field and the dielectric structure, and is appli-
cable to any 2D photonic lattice. We assume that the
specimen is uniform along one spatial direction, which
we denote by z axis, and the wave vector of the incident
plane wave is perpendicular to this direction.

An example of the configuration for our calculation,
where the specimen is a 2D triangular assembly of cir-
cular rods, is shown in Fig. 1 of Ref. 16. The exter-
nal plane wave in region 1 is incident on the left (front)
surface of the specimen located in region 2, which con-
sists of 2N, layers of circular rods with radius of R and
the background dielectric. The dielectric constant of the
rods and the background is denoted by €, and €, respec-
tively. The lattice period parallel and perpendicular to
the surface is denoted by a; and a», and the distance
between the surface and the first layer of the rods by d.
The dielectric constant of regions 1 and 3 is €; and e3,
respectively. The total thickness L of the specimen is
L = (Np — 0.5)az + 2(R + d) in this example.

The electromagnetic field in region 1 is the superposi-
tion of the incident plane wave and the reflected Bragg
waves, whereas that in region 3 is composed of the trans-
mitted Bragg waves. Here we consider the specular re-
flection and the straight transmission as the reflected and
the transmitted Bragg waves of the zeroth order. The
2D wave vector of the incident plane wave is denoted by
k; = (k1sin8, kq cos0) = (ks, k1y), where 6 is the angle of
incidence and k; = /éiw/c. w is the angular frequency
of the incident field and c is the light velocity in vacuum.
The wave vectors of the reflected and the transmitted
Bragg waves of order n, k{™ and k{™, are given by

kM =k = k™ =k, + G, 1
T t,x x
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G, = 2mn/a; (n=0,£1,+2,...), (2)

L) — k2 — (k§)2 if ky > kS

Yy (n) (3)
—iy/ (ks )2 — k? otherwise,

Y 4/ (k§M)2 — k2 otherwise.

Here, k3 = \/esw/c. Because of the spatial periodicity
along the z axis, the reflected and the transmitted Bragg
waves receive a momentum along the z axis that is a
multiple of 27 /a; in Eq. (1).

The vector wave equations derived from Maxwell’s
equations can be reduced to two independent scalar
equations when the wave vector lies in the 2D plane,
or in other words, the fields are independent of the 2
coordinate.'712 These two modes are called H polariza-
tion, for which the magnetic field is parallel to the z axis,
and F polarization, for which the electric field is parallel
to the z axis, respectively. Because of the continuity con-
dition for the tangential component of the magnetic or
the electric field at each boundary, the fields in regions 1
and 3 are also characterized by these polarizations. The
field equation and the boundary conditions for H po-
larization under the plane-wave expansion were given in
Egs. (17), (18), and (19) in Ref. 16. Here, we will derive
them for E polarization.

The electric field in region 2 (E,,) satisfies the
following equation, which is derived from Maxwell’s
equations:?

1 62 62 w?
colad = [ (o + ) + 2B =00 @

where €(z,y) is the position-dependent dielectric con-
stant of the specimen. The electric fields in region 1
(E1.) and region 3 (E3,) are given by

oo

Ei.(z,y) = Eoexp (iki-x) + Y R exp (ik{™-x),
(6)
Es.(z,y) = Y T8 exp {ik{” (x - L)}, (7)

where FEy, R,(EE), and T,(LE) are the amplitude of the elec-
tric field of the incident wave, the reflected Bragg wave,
and the transmitted Bragg wave, respectively. x stands
for the 2D position vector, (z,y), and L = (0,L). We
should note that we have to include in Egs. (6) and (7)
the localized waves with imaginary wave vectors in order
to satisfy the boundary conditions at the two surfaces
of the specimen. Now, we introduce a boundary value
function fg(z,y):
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fe(=z,y) Z {yT® + (L - y)

n=—oo

X (6n0Ho + R(HE))} exp (ik;")m), (8)

where 6,,,,, is the Kronecker’s §. Then, fg is equal to E;,
or E3, on each surface of the specimen:

fe(z,0) = E1.(z,0) and fg(z,L) = Es.(z,L).  (9)
Moreover, we define ¥z as
Ye(z,y) = E2:(2,y) — fe(2,9). (10)
Then, from Egs. (5) and (10),
LelYe] = —Le(fE]; (11)
Ye(z,0) = ¢Yg(z,L) = 0. (12)

By means of this mathematical trick, we have converted
J

w2 oo oo ,
Sane 3 S {eeoy

n'=—ocom'=1
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the boundary conditions for E5, into the field equation of
¥ .22 By this procedure, we can relate the internal field
in region 2 to Ey at the first stage of the calculation,
thereby we can obtain the solution of the forced oscilla-
tion and exclude the free oscillation. The choice of fg is
arbitrary as long as Eq. (9) is satisfied.

Now, we expand ¥ g(z,y) and 1/¢(z,y) in Fourier se-
ries:

YE( Z Z A(E) exp( k(")m) sin —y, (13)

n=—oom=1

Z Z ﬁnmexp[(G w+T)] (14)

n=-—00 M=—00

e(m, )

Substituting Eqgs. (8), (13), and (14) into Eq. (11) and
comparing the independent Fourier components, we ob-
tain the following equation after a simple but lengthy
calculation:

2
m'n E
+ (T) }(Kﬂn—n’,m+m’ — Kp—n!, m—m’|)A§117)nl

20? (—1)™ 17" 4+ R + 5noE0

2 Z (k(n ))2 Z (K/n n',lm—m'| — K'n—n’,m+m’)

T me? m

X

(=)™ T + R + 6,00Eo

n'——oo

m/'

In deriving Eq. (15), the following two relations were
used:

2L K (-1)™ Y ma
e Y S? S N 16
y=23 Cl (16)

2 = 1—(-1)™ . mn
1=— B E— —. 17
25 L, )

The remainder boundary conditions are the continuity
of the x component of the magnetic field and the y com-
ponent of the magnetic flux density. The latter proves to
be equivalent to the continuity of the 2 component of the
electric field and does not have to be considered. Then,
the former condition at both boundaries leads to

Y mAL) = (iLk{?) + 1)RE) — T\
m=1
+6n0Eo(iLkyy + 1), (18)
3 m(-1)"AE) = RP +(iLk{?) — 1)T{E)
m=1
+6n0FEo. (19)

(15)

f

Equations (15), (18), and (19) determine the unknown
coefficients, A&‘?,Z, RSLE), and T,SE).

B. Fourier transform of the dielectric constant

Now, the next task is to calculate the Fourier coeffi-
cients of the 2D position-dependent dielectric constant.
We will show two cases as examples. They are a trian-
gular and a square lattice of circular rods.

1. Triaengular lattice

We will calculate the Fourier coefficients of the config-
uration shown in Fig. 1 of Ref. 16. In this case,

1 1 (1 1)
— =4 ===
E(J:,y) €b €a €p

4 co Np-1
x; > > S(x—u(,Ll),  (20)

l=—o00 I'=0

where u(7,1,1') is the center of each rod,
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u(1,,,l") = (a1l,axl’ + R+ d), (21)
u(2,,) =[a1(I +1/2),a2(I' +1/2) + R+ d], (22)
u(3,,!') = (a1l, —a2l’' — R — d), (23)

u(d, ) = [ay(I + 1/2), —ax(l' +1/2) —R—d],  (24)

and
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1 (x| <R
s ={ (x5 5. @)

Note that 1/e(xz,y) is extended symmetrically to the re-
gion of negative y (—L < y < 0) in order to calculate the
Fourier coefficients. Then,

Kn,m = 2a11L /oa1 dz /_I; dy E(Tl,y—) exp [——i(Gnm + %y)]

co N
1

—oco U'=0

1 1 1 1

= —6,00m —_ - —
€ 09mo + 2a1L (ea b) £

b

4
o) 2
=11
4 L—
1 1 1 1
= 26,46 - _ =
€ n09mo + 2a1L(ea € )]z_:l

where G,m = (Gn,mn/L).
Fourier transform of S(x),

Now,

/ da:/ dy S(x) exp (—iGpnm Xx)

= /OR dr /0'2" dy T exp [iGnmrsin (<p - g)]

we calculate the

L—1 ay L
Z / d:):/ dy S(x —u(j,,1")) exp (—iGpnmx)
0 -L

1 oo oo
E exp [—iGnm~u(j,0,l')]/ dz/ dy S(x) exp (—iGpm-X), (26)
I'=0 =9 —oo

r

27R
Gnm

/:: dr [—00 dyS(x) exp (—iGpmXx) = J1(GrnmR).
(30)

Next, we calculate the summation over j and !’ in Eq.
(26). We define S; (j =1---4) as

Np—1
i o - _ S; = 2_: exp [~iGpm-u(j,0,1')]. (31)
= / dr/ der Z Ji(Gpmt) exp [il(cp — 5)] =0
0 0 l=—o0 Then,
R
= 27r/ dr rJo(Gnmr), (27) exp [—itmn(R + d)/L]
0 1—exp [—imNpaan/L]
S1 = - m#0 32
where J; is the Bessel function of the lth order and N 1—exp [—imazm /L] (m #0) (32)
Grnm = |Gnm| = [GZ + (mm/L)?]Y/2. We have used the L (m =0),
following relation to derive Eq. (27):
.masm
oo Sy = (—1)"exp (—z 2L2 )Sl, (33)
exp (fwsin @) = Z Ji(w) exp (ilg). (28)
l=—o0
53 = SI and 54 = S;. (34)
Using the relation
Finally, we obtain
{wJi(w)} = wo(w), (29)
Ko.o = f + 1-A (35)
we obtain ’ €a e
]
2fi (1 _ 1 m . agmm sin(aamNym /L) J1(Gan,2mR)
N \e€q € (=1)™ cos 2L sin(agmn /L) Gan2mR (m #0)
Kan,2m = (36)
af (L — L )JuGmE (n#0,m=0
L €q €p G2nR M = )’
2f1 (1 1 m—1 . a2(2m — 1)w sin{[az(2m — 1)Np7]/2L} J1(G2n—1,2m—1R)
_ 1= — — - — -1 s
Fin-1,2m-1 Np, (ea eb)( ) s 4L sin{[az(2m — 1)x]/2L} Gon—1,2m-1R ’ (37)
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where f; is the filling factor of the triangular lattice:

2N mR?

fi= oL

(38)

Other K, m,’s are zero.

2. Square lattice

Next, we will calculate the Fourier coefficients of
the configuration shown in Fig. 1. Notations in Fig.
1 are similar to those in Fig. 1 of Ref. 16 and
L = (Ng —1)az + 2(R + d). In this case,

1 1 (1 1)
- =4 ===
e(z,y) e € €

oo Np—1

XZ: Z Z S(x—v(_j’l,l’)), (39)

ll=—o00 U'=0

where v(37,1,l') is given by
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FIG. 1. A configuration for the calculation of the transmis-
sion and the Bragg reflection spectra (top view). See text for
detail.

v(1,,l') =
v(2,,l') =

(a1l,a2l' + R+ d), (40)
(a1l, —a2l' — R — d). (41)

A similar calculation as for the triangular lattice leads to

° ’ J1(GnmR)
1 1 n,m
Kn,m = 2f, gl— — a ‘IG.” R (n #0,m = 0) (42)
2fr (1 _ 1 mmr sin[(aamNym)/2L] J1(Gn,mR)
Nyp, (ea € ) cos 7 sin[(agmm)/2L] GnmR (m #0),

where f, is the filling factor of the square lattice:

]\’L'TI']%2

L (43)

f2=

III. RESULTS AND DISCUSSION

In order to calculate the transmission and the Bragg
reflection spectra numerically, we restrict the Fourier ex-
pansions up to n = +N and m = M. Then, both the
number of the unknown factors and the number of the in-
dependent equations are (2N + 1)(M + 2). So, the prob-
lem is well defined.

Before we proceed to the results of the numerical cal-
culation, we would like to comment on the energy con-
servation. In the following calculation, we assume for
simplicity that the dielectric constant is real, and there-
fore, there is no energy dissipation. (This assumption is,
of course, not substantial for the present method and we
can treat complex dielectric constants as well.) Now, let
us think of two flat planes that are perpendicular to the
y axis, one in region 1 and the other in region 3. In addi-
tion, we assume that these two planes are far apart from
region 2, and so, the amplitudes of the localized waves
in Egs. (6) and (7), which have an imaginary y compo-

nent of the wave vector, are negligible at these planes.
Then, the electromagnetic energy of the incident wave
is carried away by the reflected and transmitted Bragg
waves with real wave vectors. Comparing the inward and
outward energy flow across these two planes, or in other
words, summing up the y components of the Poynting
vectors of all waves, we obtain the following relations:
for E polarization,

|’c y| (E)|2 y (E)2
o . T,
2 47T 5 = VelR, |+{§;}4 \/"l l

ccos0

= \/_|E0|7 ( )

and for H polarization,

n')
c lk»y' RUH) |2 VY (H)
thk IR I+Z4Wﬁk3 ?

__ccos?
- 47 V€1
where {n} and {n'} denote the summation over the Bragg
waves with real wave vectors, and Hy, RSIH), and TT(L,H) are

|Ho|*, (45)
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(a) H polarization

0 1 1 1 1
State Density

(b) E polarization

0 1 L 1 1
X r Jd X State Density

FIG. 2. The dispersion relation and the state density of
the triangular lattice calculated by the plane-wave expansion
method: (a) H polarization, (b) E polarization. The lattice
constant a is 170 pm, the radius of the rod R is 62.5 pm,
€a = 1.0 (air), and €, = 2.1 (methylpentene). The ordinate is
the normalized frequency.

the amplitude of the magnetic field of the incident wave,
the reflected Bragg wave, and the transmitted Bragg
wave for H polarization, respectively. These relations
can be used as an index of the accuracy of the numeri-
cal calculation. We always checked these relations while
performing the following numerical calculations.

A. Triangular lattice

As we mentioned in Sec. I, the existence of an uncou-
pled mode, which was found theoretically in Ref. 16, was
confirmed for a 2D triangular lattice of air rods formed
in a block of methylpentene polymer.2! We will examine
this case in detail. The parameters designed for the ex-
periment were as follows: the lattice constant a is 170
pm, R =625 uym, ¢, = 1.0 (air), € = 2.1 (methylpen-
tene), and €; = €3 = 1.0 (air).

First, we examine the band structure of this triangu-
lar lattice, which is shown in Fig. 2(a) for H polarization
and Fig. 2(b) for E polarization. The band structure
was calculated by the plane-wave expansion method ac-
cording to Plihal and Maradudin.!? Each eigenfrequency

J

2% el

Veik Jeiks

(H) |2 e ke e, Ry o cosf .,
|Ry™ " + —=—|RZY| +\/_§k_3IT1 | +ﬁ€;IT_1| ﬁ|H0| .

8997
1
8 0.8
=]
g 0.6
é 0.4
o
& 02
0 L N B § O I ¥ B A A
03 04 05 06 07 0.8 0.9 1 11 1.2
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FIG. 3. The transmission (filled circles) and the Bragg re-
flection (open circles) spectra for H polarization along the
I'-X direction calculated for the triangular lattice composed
of 14 layers (Np = 7) of circular rods. The following pa-
rameters were used: a; =a = 170 pm, az = v/3a, R = 62.5
pm, d =900 pm, €, = 1.0 (air), e = 2.1 (methylpentene),
€1 = €3 = 1.0 (air), and § = 0 (normal incidence). The ab-
scissa is the normalized frequency.

was calculated with 271 plane waves. The convergence
of the numerical calculation was checked by changing the
number of basis plane waves and the error was fairly es-
timated as less than 1%. The state density was calcu-
lated with 28 800 wave vectors uniformly distributed in
the first Brillouin zone of the 2D triangular lattice. In
practice, from the symmetry of the Brillouin zone, it was
sufficient to distribute 2400 wave vectors in one-twelfth
of the zone. The 2D Brillouin zone of the triangular
lattice possesses two relevant points beside the I' point
at the center of the zone: the J point whose wave vec-
tor is m/a(4/3,0) and the X point whose wave vector is
m/a(1,1/4/3), where the elementary lattice vectors are
denoted by (a,0) and (a/2,/3a/2). We find that the
first and the second bands for E polarization are degen-
erate at the J point and nondegenerate at the X point.
On the other hand, these bands are nondegenerate at
both points for H polarization. Apart from several pro-
nounced structures, the state density increases linearly
with frequency, which is typical of 2D photonic bands.
Figure 3 shows the transmission and the Bragg reflec-
tion spectra calculated for H polarization with the in-
cident wave vector pointed to the I'-X direction in the
first Brillouin zone, or in other words, parallel to the line
that connects the second nearest lattice points in the real
space. Therefore, we took a; = a = 170 pm, a; = v/3a,
and 6 = 0 (normal incidence). In addition, we assumed
that d = 900 um and Ny = 7. The spectra in Fig. 3 were
calculated with 1870 Fourier components (N = 5 and
M = 170). Filled circles in Fig. 3 represent the transmit-

tance, |T(£H)/Ho|2, and open circles represent the sum of
the energy flow carried away by the Bragg waves of the
first order, i.e.,

(46)
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The abscissa is the normalized frequency.

In Fig. 3, we find (1) an opaque spectral range be-
tween wa/2mec = 0.443 and 0.518 where the transmittance
is less than 0.1, which corresponds to the gap between
the first and the second bands at the X point, (2) clear
interference patterns caused by the front and the rear
surfaces of the specimen, some of which are quite sharp
and pronounced, and (3) a broad dip of the transmit-
tance around wa/27c = 1.1, which accompanies a large
amount of the energy transfer to the Bragg waves. The
edges of the first and the second bands at the X point
are wa/2mc = 0.443 and 0.515, respectively. So, the cor-
respondence between the gap and the opaque spectral
range is quite good. Consequently, we can conclude that
a relatively small number of the lattice layers, which is
14 (N =7) in the present case, is enough to observe
the intrinsic band structure. The interference patterns
may be modified when the number of the lattice layers
or the distance between the surface and the first layer is
changed. We will discuss this point later in this section.

Figure 4 shows the transmission and the Bragg reflec-
tion spectra for H polarization with the incident wave
vector pointed to the I'-J direction, or, parallel to the
line that connects the nearest lattice points. Therefore,
we took az = a = 170 pm, a; = v/3a, and § = 0 (normal
incidence). The other parameters are the same as for
Fig. 3. In this case, the edges of the first and the second
bands at the J point are wa/2mc = 0.505 and 0.572, re-
spectively. We find a dip of the transmission spectrum
between wa/2mc = 0.500 and 0.574, which again corre-
sponds to the gap in the band structure quite well. How-
ever, the number of the lattice layer (N = 7) seems a
little bit smaller than that necessary for observing the
intrinsic gap in this case, since we see some structures
in the dip of the transmission spectrum. We should
note that the Bragg wave of the first order appears at
wa/2mc = 1/4/3 in Fig. 4 because the lattice period par-
allel to the surface of the specimen a; is v/3a, whereas it
appears at wa/2mc = 1 in Fig. 3 for which a; = a.

Figure 5 shows the spectra for E polarization along
the I'-X direction. The same parameters as for Fig. 3

g Of v\ﬁwww f
L
g |
g 06f i 111 ' Y
§ o4fF { -
R S
& 02fF W e = %
0 F PR R R S RN ST v 0 TS S IR ST ST S N S S
0.3 04 05 0.6 0.7 0.8 09
wa
2me

FIG. 4. The transmission (filled circles) and the Bragg re-
flection (open circles) spectra for H polarization along the I'-J
direction calculated for the triangular lattice composed of 14
layers (N = 7) of circular rods. az = a = 170 pm, a1 = V/3a,
and the other parameters are the same as for Fig. 3.
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FIG. 5. The transmission (filled circles) and the Bragg re-
flection (open circles) spectra for E polarization at normal
incidence along the I'-X direction. The same parameters as
for Fig. 3 were used.

were used. In this figure, we find two opaque spectral
ranges, one between wa/2mc = 0.436 and 0.483, and the
other between wa/2mc = 0.895 and 0.971. The former
corresponds to the gap between the first and the sec-
ond bands, whose edges are wa/2mwc = 0.437 and 0.484,
respectively. On the other hand, the latter corresponds
to the gap between the fourth and the fifth bands whose
edges are wa/2mc = 0.894 and 0.964, respectively. Again,
the agreement between the band structure and the trans-
mission spectrum is quite good. We also find a large
amount of the energy transfer to the Bragg waves around
wa/2mc = 1.15.

Figure 6 shows the spectra for E polarization along
the I'-J direction. The same parameters as for Fig. 4
were used. In this case, the first and the second bands
are degenerate at the J point. Therefore, no gap exists.
However, we still find an opaque spectral range between
wa/2mwc = 0.511 and 0.614. As we pointed out in Ref.
16, this is due to the fact that the second band in the
T'-J direction does not couple to the external plane wave
at normal incidence. Actually, the spectral range where
only the second band exists is from wa/27c = 0.503 to
0.604, and it agrees well with the above opaque range.
This fact clearly implies that the transmission spectrum
is not only governed by the state density, but also by the
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FIG. 6. The transmission (filled circles) and the Bragg re-
flection (open circles) spectra for E polarization at normal
incidence along the I'-J direction. The same parameters as
for Fig. 4 were used.
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strength of the coupling between the external and the
internal fields at the surface of the specimen. Therefore,
the discussion based on the state density is not sufficient
for the precise analysis of the observed spectra and the
theoretical investigation that allows for the coupling be-
tween the internal and the external fields is crucial.

The existence of uncoupled modes was first discussed
by Robertson et al.® They compared the dispersion re-
lation of a 2D square lattice observed by their coherent
microwave transient spectroscopy technique with that by
the band calculation, and found that the antisymmetric
modes under the mirror reflection at the plane that is
spanned by the incident wave vector and the z axis were
not observed in their experiment. They argued that the
incident plane wave does not excite these antisymmetric
modes because the former is symmetric under the same
mirror reflection, and hence, the effective coupling be-
tween them is zero. We investigated the symmetry of
the wave functions in the 2D triangular lattice by the
group theoretical classification based on the symmetry
of the position-dependent dielectric constant, and found
that the second lowest band for E polarization along the
I'-J direction is really an antisymmetric mode.?* There-
fore, our conclusion is thoroughly consistent with that of
Robertson et al.®

Now, the wavy structures in each transmission spec-
trum, some of which are quite sharp and pronounced, are
caused by the interference between the front and the rear
surfaces of the specimen. The position and the depth of
these structures may be modified by changing the sample
parameters. As an example, we show four spectra with
different Ny, or d in Fig. 7. These spectra were calculated
for E polarization along the I'-J direction. The same pa-
rameters as for Figs. 4 and 6 were used except N, and d.
Fig. 7(a) is drawn for N, = 7 and d = 900 pm, 7(b) for
N =8 and d = 900 pm, 7(c) for N =7 and d = 929
pm, and 7(d) for N = 7 and d = 1047 pm. Actually, the
interference pattern is modified in a rather complicated
way by changing the sample parameters.

Next, the effect of oblique incidence was examined.
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FIG. 7. The interference patterns in the transmission spec-
tra with different values of Ny and d: (a) N = 7 and d = 900
pm, (b) Ny =8 and d = 900 pm, (c) Np =7 and d = 929
pm, and (d) Ny =7 and d = 1047 pm.
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FIG. 8. The illustration of the effect of oblique incidence
calculated for H polarization: (a) along the I'-X direction at
6 = 0°, (b) along the I'-J direction at 8§ = 30°, and (c) along
the I'-J direction at 6 = 0°.

Transmittance

Three curves in Fig. 8 were calculated for H polariza-
tion. Figure 8(a) is the same as that in Fig. 3, which
was obtained for the wave vector along the I'X direc-
tion and the angle of incidence 8 is 0°. Figure 8(b) was
obtained for the same configuration as 8(a) except that 0
is 30°. In this case, the wave vector is regarded as to be
pointed along the I'-J direction if we neglect the effect of
refraction at the surface. Figure 8(c) is the same as that
in Fig. 4, which was obtained for the wave vector along
the I'-J direction and @ of 0°. We understand that the
opaque spectral range is shifted to the higher frequency
for oblique incidence and is nearly the same as that for
the case of normal incidence along the I'-J direction.
Finally, we would like to examine the convergence of

the present calculation. The variation of TéH) /Ho with

M is plotted in Fig. 9. TéH)/Ho was calculated for H
polarization along the I'-X direction at wa/27c = 0.6. N
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FIG. 9. The variation of TO(H)/HU with M: (a) the real
part, and (b) the imaginary part of TéH)/Ho, and (c)
|TéH)/H0|2. TéH)/Ho was calculated for H polarization along
the I'-X direction at wa/2mc = 0.6. N was fixed at 5.
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FIG. 10. The variation of T ")/H, with N: (a) the
real part, and (b) the imaginary part of TéH)/H(], and (c)
|T(§H)/Ho|2. TéH)/Ho was calculated for H polarization along
the I'-X direction at wa/27c = 0.6. M was fixed at 160.

was fixed at 5. Curves a, b, and c show the real part and
the imaginary part of TéH)/H() and ITO(H)/HO|2, respec-
tively. The convergence is satisfactory for M > 150. Es-
pecially, |T(§H) /Hp|? converges very rapidly. On the other

hand, Fig. 10 shows the variation of TéH)/HO with N. M
was fixed at 160. Again, the convergence is satisfactory
for N > 4. The actual calculations were performed with
N =5 and M = 170 as we mentioned before. The CPU
time for calculating one data point was about 10 s with
a supercomputer (HITAC S-3800/380) at Hokkaido Uni-
versity Computing Center. When we treat a larger Ny, or
a larger ratio of the dielectric constants, the convergence
becomes worse.

B. Square lattice

In a recent paper,?® we reported on the 2D photonic

band structure of a triangular air-rod lattice formed in a
block of PbO glass, which has a full 2D band gap for H
polarization in the near infrared region. Because the pho-
tonic lattices in the optical region are the possible can-
didates for the future investigation in the field of quan-
tum electronics and nonlinear optics, we adopt similar
parameters in the following numerical calculation as for
the experiment in Ref. 23, though the lattice structure is
different. Namely, we assume that the lattice constant a
of the square lattice is 1.17 pum, the radius of the rod R
is 0.504 pm, €, = 1.0 (air), and €, = 2.72 (PbO glass).
First, we calculated the dispersion relation and the
state density of the square lattice by the plane-wave ex-
pansion method with 441 plane waves. The results for
both H and E polarizations are shown in Fig. 11. The
ordinate of the figure is the normalized frequency. The
band structure is drawn for two relevant points beside the
I point in the 2D Brillouin zone of the square lattice: the
M point whose wave vector is w/a(1,1) and the X point
whose wave vector is 7/a(1,0). The state density was
calculated with 9600 wave vectors uniformly distributed
in the first Brillouin zone. In practice, from the symme-
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FIG. 11. The dispersion relation and the state density of
the square lattice calculated by the plane-wave expansion
method: (a) H polarization, (b) E polarization. The lattice
constant @ is 1.17 pm, the radius of the rod R is 0.504 pm,
€a = 1.0 (air), and €, = 2.72 (PbO glass). 441 plane waves
were used. The ordinate is the normalized frequency.

try of the Brillouin zone, it was sufficient to distribute
1200 wave vectors in one-eighth of the zone. As for Fig.
2, we find that the state density increases linearly with
frequency.

Now we proceed to the transmission and the Bragg
reflection spectra. First, Fig. 12 shows the transmis-
sion spectrum calculated for H polarization with the in-
cident wave vector pointed to the I-X direction, or in
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FIG. 12. The transmission spectrum for H polarization
along the I'-X direction calculated for the square lattice com-
posed of 16 layers of circular rods. The following parame-
ters were used in Fig. 1: a1 = a2 =a =1.17 pum, R = 0.504
pm, d=0.081 pm, € = 1.0 (air), e =2.72 (PbO glass),
€1 = €3 = 1.0 (air), and # = 0 (normal incidence). The ab-
scissa is the normalized frequency.
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FIG. 13. The transmission (filled circles) and the Bragg
reflection (open circles) spectra for H polarization along the
I'-M direction calculated for the square lattice composed of
14 layers of circular rods. The following parameters were
used in Fig. 1 of Ref. 16: a; = a2 = 1.414a, a = 1.17 pm,
R =0.504 pm, d=1.0 pm, e, = 1.0 (air), e = 2.72 (PbO
glass), €1 = €3 = 1.0 (air), and # = 0 (normal incidence). The
abscissa is the normalized frequency.

other words, parallel to the line that connects the near-
est lattice points in the real space. Therefore, we took
ay =az =a =117 pm and 6 = 0 (normal incidence) in
Fig. 1. In addition, we assumed that d = 0.081 pym and
N = 16. The spectrum in Fig. 12 was calculated with
2700 Fourier components (N = 7 and M = 180) and
the convergence was confirmed similarly as in the pre-
vious section. As for the case of the triangular lattice,
we find several opaque spectral ranges and clear inter-
ference patterns. The edges of the first and the second
bands at the X point are wa/27c = 0.362 and 0.448, re-
spectively. This gap corresponds to the opaque range
between wa/2mc = 0.362 and 0.452, where the transmit-
tance is less than 0.1. Another opaque range is expected
from wa/2mwe = 0.757 to 0.781, which corresponds to the
gap between the second and the third band in the I'-X
direction. We find a shallow spectral dip at this range.
In addition, we see a broad dip around wa/2mwc = 0.85.
There are two possibilities for the origin of this dip: (1) a
mere interference and (2) the null coupling between the
incident plane wave and the third or the fourth band.
The judgement needs a more intensive calculation on a
thicker configuration with a larger Np.

Figure 13 shows the transmission (filled circles) and the
Bragg reflection (open circles) spectra for H polarization
with the incident wave vector pointed to the I'-M direc-
tion, or, parallel to the line that connects the second near-
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FIG. 14. The transmission spectrum for F polarization at
normal incidence along the I'-X direction. The same param-
eters as for Fig. 12 were used.
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FIG. 15. The transmission (filled circles) and the Bragg
reflection (open circles) spectra for E polarization at normal
incidence along the I'-M direction. The same parameters as
for Fig. 13 were used.

est lattice points. Therefore, we took a; = a; = \/fa,,
a=1.17 pym, N, =7, and 6 = 0 (normal incidence) in
Fig. 1 of Ref. 16. The other parameters are the same
as for Fig. 12. The open circles represent the sum of
the energy flow carried away by the Bragg waves of the
first order as before. In this case, the edges of the first
and the second bands at the M point are wa/2mc = 0.537
and 0.560, respectively. We find a dip of the transmis-
sion spectrum between wa/27c = 0.538 and 0.562, which
again corresponds to the gap in the band structure quite
well though the transmittance at the dip is not so small
as that in Fig. 12. We should note that the Bragg wave
of the first order appears at wa/2mc = 1/4/2 in Fig. 13
because the lattice period parallel to the surface of the
specimen a; is v2a. As for the case of the triangular
lattice, we find a large amount of the energy transfer to
the Bragg waves around wa/2mc = 0.76.

Figure 14 shows the spectra for E polarization along
the I'-X direction. The same parameters as for Fig. 12
were used. In this figure, we find an opaque spectral
range between wa/27wc = 0.349 and 0.423, which corre-
sponds well to the gap between the first and the second
bands whose edges are wa/2mwc = 0.348 and 0.419, re-
spectively. In addition, we find an opaque range around
wa/2me = 0.74, which corresponds to the gap between
the second and the third band in the I'-X direction.

Finally, Fig. 15 shows the spectra for E polarization
along the I'-M direction. The same parameters as for
Fig. 13 were used. We find an opaque spectral range be-
tween wa/2mc = 0.460 and 0.539. This range agrees with
the gap between wa/2mc = 0.458 to 0.535 quite well.

In this paper, we have calculated the transmittance
and the Bragg reflectivity of 2D photonic lattices based
on the Fourier expansion of the internal field and the
boundary conditions at the surface of the assumed speci-
mens. This method can be extended to three-dimensional
(3D) lattices in principle if we take into consideration
both the vector nature of the internal field and the 3D
variation of the position-dependent dielectric constant.
But these two items compel us to use about a 20 times
larger number of basis plane waves than for the 2D lattice
with the same ratio of the dielectric constants treated in
this paper, and hence, the numerical calculation for the
3D lattice by this method seems impractical or it is at
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least restricted to the case of a very small number of lat-
tice layers. The development of an efficient method for
3D lattices remains a problem for future investigation.

IV. CONCLUSION

We formulated the plane-wave expansion method to
calculate the transmission, the specular reflection, and
the Bragg reflection coefficients of an arbitrary 2D pho-
tonic lattice, in which the boundary conditions at the sur-
face of the specimen were rigorously taken into account.
The wave vector of the incident wave was assumed to
lie in the 2D plane. This assumption led to the decom-
position of the vector field equation into two indepen-
dent scalar equations, the solutions of which are denoted
by H polarization and E polarization. Both the field
equation and the boundary conditions were expressed
in Fourier series, and they can be solved numerically
once the Fourier coefficients of the position-dependent
dielectric constant of the specimen with finite thickness
is known. As examples, the coefficients were calculated
for the triangular and the square lattice of circular rods,
though the present method is, of course, applicable to
other kinds of 2D photonic lattices.

The transmission and the Bragg reflection spectra were
numerically calculated for both types of lattices men-
tioned above. The convergence of the calculation was
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confirmed by changing the number of basis plane waves.
We found that the opaque frequency ranges correspond
quite well to the gaps in the photonic bands, especially
for the triangular lattice with 14 layers of circular rods.
Therefore, we can conclude that a relatively small num-
ber of layers are enough to observe the intrinsic band
structure. We also confirmed the existence of an uncou-
pled mode in the triangular lattice for E polarization,
which cannot be excited by the external plane wave at
normal incidence. In addition, we showed a large amount
of energy transfer to the Bragg waves and quite sharp
and pronounced interference structures for both lattices.
These three optical properties of the photonic lattices,
namely, the uncoupled modes, the energy transfer to the
Bragg waves, and the interference structures, are not ac-
counted for by the band calculation on the infinite peri-
odic lattice. Hence, the theoretical investigation on the
configuration with finite thickness, which fully allows for
the boundary condition at the surface, is necessary for
proper understanding of the observed spectra.
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