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We present a method for the calculation of the renormalization of the phonon energy in the supercon-
ducting state. The expression is derived in the weak-coupling case and takes into account the k depen-
dency of the order parameter hz. The phonon shift as well as the linewidth are calculated. The
influence of the anisotropy of the gap in the ab plane of the high-T, superconductors on the renormaliza-
tion of the q~0 phonon energies is studied. The anisotropies considered have either s-, d-wave, or
mixed character. It is shown that an anisotropic gap with s-wave symmetry leads to a renormalization of
the phonon energy below T, that is in agreement with the Raman measurements. The renormalization
resulting from the d-wave case instead is incompatible with these experiments. Finally, the strength of
the electron-phonon coupling is estimated for the Raman observed phonons.

I. INTRODUCTION

Much e6'ort has been devoted in the last years to the
experimental determination of the symmetry of the su-
perconducting order parameter in the high-temperature
superconductors. Beside the anisotropy between the ab
plane and the c direction, which is a consequence of the
anisotropic structure of these materials, a strong devia-
tion from the isotropic case was observed in the ab plane
itself. ' The question of symmetry, and especially of
whether or not there are nodes in the gap or even wheth-
er it is a sign alternating function, is important because it
could give hints which theory is or is not appropriate in
its present form for the description of the high-T, super-
conductors. Indeed, some theories predict a symmetry of
the gap that has d-wave character ' [with nodes along
the line (k„,+k„,0) and change of sign of the function],
whereas some other predict an s-wave anisotropic gap '
without nodes but still a strong k dependence. From the
experimental point of view, the situation is not clear.
Several experiments, among which were some that were
specially designed to solve this problem, suggest that a
d-wave type gap' ' and others observe an s-wave anisot-
ropy. '

In the present work we study the inhuence of the in-
plane gap anisotropy on the renormalization of the pho-
non energy (shift and linewidth) which has a rather
anomalous behavior in the high-T, superconductors. It
was observed that one of the Raman lines (340 cm ')
(Refs. 11—13) and the analog IR mode (311 cm ') (Refs.
14 and 15) show a strong softening in YBaCu307 below
the superconducting critical temperature T, . These
modes correspond to the out-of-phase out-of-plane
motion of the O(2), O(3) oxygens contained in the Cu20

planes. Further, the 440-cm ' Raman line (which corre-
sponds to the in-phase out-of-plane motion of the same
oxygens) shows a pronounced hardening and broadening
in the same temperature region. Replacing Y by other
rare-earth elements allowed them to tune experimentally
each mode frequency around the value measured for Y
and so to study the dependence of the phonon renormal-
ization on its exact position on the energy scale. In every
case it was shown' that for T (T, the phonon renormal-
ization disappears when a magnetic field destroying su-
perconductivity is applied to the system. This establishes
that the renormalization is directly related to supercon-
ductivity.

The theoretical work done up to now to explain the
superconductivity-induced renormalization of the pho-
non energies uses Eliashberg theory. In Ref. 17 an isotro-
pic gap with an account of nonmagnetic impurity scatter-
ing was considered, while a d-wave-type anisotropy of the
order parameter was studied in Ref. 18. The main con-
clusion of the first work' for the present discussion is
that in the isotropic case the softening of some of the
phonon modes can only be explained under the assump-
tion of a strong electron-phonon coupling and weak im-
purity scattering rate. The reason is the following. In
the weak-coupling case, there is a singularity in the elec-
tronic density of states at co=26, (where b, is the BCS
gap). Phonons with energy below 2b, will soften, whereas
the other harden. The nearest from the singularity the
strongest is the renormalization. When the coupling be-
comes stronger, the singularity at the gap is damped and
shifted to higher energies so that phonon modes which
are just above the gap should soften too. The fit of the
experiments with the theoretical curves needs a very
strong electron-phonon coupling constant ( A, —2.9 ),
which is still an open question and overestimates the

0163-1829/95/52(10)/7637(10)/$06. 00 52 7637 1995 The American Physical Society



7638 A. BILL, V. HIZHNYAKOV, AND E. SIGMUND 52

shifts of the phonon energies. Furthermore, it did not
take into account the pronounced anisotropy of the gap
that was discussed above. The main conclusion of the
second work' is that a d-wave-type anisotropy of the gap
allows a better explanation of the available experimental
data for the shift of the phonons than the pure isotropic
(s-wave) case.

In the following we present a method to calculate the
superconductivity-induced shift and linewidth of any
phonon mode and any wave vector q in the weak-
coupling limit (Sec. II). The wave-vector dependence of
the superconducting order parameter is thereby explicitly
taken into account. For q=O phonons the result coin-
cides with that given in Ref. 18. Vhth the expression ob-
tained for the shift and linewidth of the phonon lines, we
calculate in Sec. III the renormalization of the Raman
and IR-active modes considering a simple model for the
pairing potential in the layered structures. %"e can then
study the influence of several types of anisotropies on the
renormalization and draw some conclusions about the
compatibility of the obtained curves with the experi-
ments. One of the main conclusions of the numerical
part of the calculations is that a d-wave anisotropy of the
gap leads to a renormalization of the phonons that is in
contradiction with the observed behavior of the Raman
and IR linewidths, whereas the anisotropic s-wave case
can be fitted in a semiquantitative way for both the shift
and the linewidth of the phonon line. %'e find further-
more that the strength of the electron-phonon coupling
for each mode observed by Raman spectroscopy is rather
small ( -0.01 eV), although the total coupling is
moderate ( -0. 1 eV).

The method presented in the next section not only
gives the renormalization of the phonons for any wave
vector, but also a set of self-consistent equations for the
Hartree-Fock mean field, the gap function, and the renor-
malization of the electron-lattice interaction in the super-
conducting state. The equations for the gap that are ex-
plicitly derived can be considered as the k-dependent
analog of the Eliashberg equations.

XXkC k, o Cko.
k, o

5HI =+5co qb, b
q)v

5H,I =Q +5g„(q)ckt ck~ bt +H. c.
k, a. vq

(6)

The first two terms describe the superconducting (gap)
and Hartree-Pock mean fields. The two next terms de-
scribe the renormalization of the phonon energy and of
the electron-phonon interaction. They are assumed to be
second-order effects and can be considered as small. The
new zero-order Hamiltonian can now be defined as

Ho=Hsc+H

where

Hsc =H. +Hy+H

rfEk( 1k+1k +a 2k+2k ) (10)

HeL g ggv(0)ck ock+q nbvq+H. c.
k, q o., v

is the electron-lattice interaction which is linear in the
phonon operators. g, (q) is the interaction function as-
sumed here to be only dependent on q. We further con-
sider only one conducting band but all phonon branches.
These two restrictions, however, are not fundamental for
the calculations. ' The two first terms of the Hamiltoni-
an are usually considered as the zero-order Hamiltonian
and the third as the perturbation of the charge-
carrier —phonon system.

To describe the experimentally observed influence of
superconductivity onto the Raman and IR-active pho-
nons, we have to include in the zeroth order of the Ham-
iltonian the appearance of the gap in the electronic spec-
trum. To this aim we add and subtract to H the follow-
ing terms:

H& =g pkck&c k& +H. c. ,
k

II. PHONON RENORMALIZATION

The system (superconductor) is described by the Ham-
iltonian

H =H, +HI +H,L,
where

H~ —g ekck ~ck a
k, o

is the Hamiltonian of the charge carriers (electrons,
holes), ck (ck ) is the creation (destruction) operator of
the particle with wave vector k and spin index o (which
has the values 1' and l),

Hl =Q)r1co q(b qb + —,') (3)
q, v

is the Hamiltonian of the lattice vibrations, b
q (b,q) is

the creation (destruction) operator of the phonon of
branch v, wave vector q, and frequency ~, and

and HL =HL +5HL is the renormalized phonon Hamil-
tonian. The electronic part Hsc is diagonalized using the
Bogoliubov transformation

a)k =ukCky +VkC

aZk =Vkck&
—ukC

with

uk=+ —,'(1+Ek/Ek), Uk=+ —,'(1 —Ek/Ek) .

uk and vk are chosen real to simplify the notation. The
energy of the one-particle excitation is given by

Ek =Qe k+6k,
with ek =ek —yk —p hk =

I pk I is the gap parameter. To
keep the following algebra as simple as possible, we
neglect here the phase of the gap, but the final expres-
sions will contain it. Finally, iV is the particle number
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operator and p is the chemical potential, which can be
found by standard methods (see, e.g. , Ref. 21).

The total Hamiltonian takes the form

[S,HO]= H—,I
and given by

H Ho+H
H' =H —H —H —5H —5HeL P g L eL

(12)

(13)

CX)
=

CX2
=

k+q +Ac@ q Ek —Ek+

where H,L =H,l +5H,L . The unknown functions Pt, yt,
5',q, and 5g (q) have to be determined in a self-
consistent way. We can outline the idea of the procedure
for the calculation of these parameters as follows. Since
the new zero-order Hamiltonian describes the system in
the superconducting state, we have to remove the linear
renormalized electron-phonon coupling H,L. This will be
done in first order by applying a unitary transformation
to Eq. (12). The transformed Hamiltonian considered up
to second order in the renormalized electron-phonon cou-
pling constant contains Ho and residual terms arising
from the application of the transformation. In a second
step we require that these terms taken in the mean-field
approximation give no contribution to the electron and
phonon self-energies in lowest order. In this way one ob-
tains a set of nonlinear equations for the gap hk, the
Hartree-Fock mean field yk, and the interaction constant
5g, (q) as well as an expression for the renormalization of
the phonon energy. Since we are here mainly concerned
with the determination of the last parameter, we will only
briefly sketch the derivation of the equations for 6k, yk,
and 5g (q).

We apply onto Eq. (12) a unitary transformation ex-
pressed in exponential form as U=e with

H L X Xg.(q)[p(a ita1k+q+ 2k+q 2k )
k qv

+P (a, i,a2k+q+a2ka, t+q)]b,q+H. c. ,

and for the electronic renormalization one has

(17)

Ha+Her g Ek [(Xkek+~k)(a 1ka 1k a2ka2k )
k

+ (Xk ek)~k( 1k 2k + 2ka 1k ) ]

Assuming a weak coupling between the charge carriers
and the phonon system, we perform the transformation
up to second order of the renormalized coupling constant
and obtain

H =Ho+H '+H ", (19)

CX3
=

CX4
= , (16)

Ek +Ek+q +Ac)vq Ek +Ek+q ~~vq

nl
V QkQk+q UkVk+q& & QkUk+q+ Qk+qVk

Here we use the notation a;=—a;(k, vq), p"=—p"(k, q).
Since the zero-order Hamiltonian Ho is diagonal in the
Bogoliubov operators, it is best to express every term in
these operators. The electron-phonon interaction takes
the form

S=g g t (q)(aia ikait+q+iz2a2t+qa2t
k, q v

with

H '= ,'[S,H,I ] H—a Hr ——5HI—, (20)
+a3a ita 2k+ q

+a4a 2ta, t+q )b,q
—H. c. (14) H "= 5H,I —[S,H—a+Her ]——,

' [S,[S,H~+Hz]] . (21)

[g„(q)=g,(q)+5g, (q)]. The functions ai —a4 are
defined by the condition

For the following we only need to calculate explicitly the
commutator included in H '. One obtains

,'[S,H,L]„=g—QIg (q)I
k qv

X [a(a ita, t+q+a2t+qa2t)+a (a lka2k+q+a2talk+q)]

X [p(a ik+qa, k+a2ka2k+q)+p (a it+qa2k+a2k+qa, k)],
—,'IS H i].i =2 . 2[It.(q)I'~p«itait+a2ta2t)+~'p'(a itait+azka2t —1)

qv k

(22)

+(ap'+a'p)( it 2t+ 2t it)] '" q" q (23)

where

a= —,'(ai+a2), iX= —,'(&1—&2),

a'=
—,'(a3+a4), a '=

—,'(a3 —a4),
(24)

Here we neglect terms with krak' and qAq' as well as
terms —b vqb vq and bvqbvq because in the present calcula-
tion these expressions will contribute to the two-particle
interaction and to the phonon renormalization only in
higher order. The first commutator is a two-particle in-
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teraction, whereas the second is a nonlinear electron-
phonon interaction that will give rise to an effective pho-
non renormalization in the mean field.

The parameters in Eqs. (5)—(8) are now determined in
such a way that the contributions of H '+H" to the elec-
tron and phonon self-energies vanish in the mean-field ap-
proximation. In this approximation one replaces the
operators a;tka;k (i = 1,2) by the mean fields

(a;ka;k&=fk=(e "+1)
(a,ka;k &

= (a,.ka, k& =0 for i = 1,2 .

6& and y& are then determined by the condition

X(-,'([S,H, ]„&)=X(H&+H ),
where the commutator is given by Eq. (22) and X is the
electron self-energy part coming from the operator in
parentheses. This leads to the equations

They can be considered as a version of the Eliashberg
equations with an explicit account of the wave-vector
dependence of the sup erconducting parameters. The
BCS gap equation is a special case of Eq. (26) when ek=0.
In the numerical part we will take this special case for the
calculation of the gap. The condition giving the renor-
malization of the electron-phonon coupling constant is

11(SH„+[S,H, +H, ]+,'( [S[S,H, +H, ]]& ) =0,

where II is the phonon self-energy (polarization). The
equation for this parameter is rather lengthy. Since we
do not need the exact expression of 5g, (q) for the numer-
ical calculations of the next section, we do not consider
it. The last parameter that is to be calculated is the re-
normalization of the phonon energy. The condition
determining this quantity is

Xksk+ ~k =Ek g Ig.(q) I'(1 —2fk+q)(~& —~'&'),
VQ

&k(rk —sk) =Ek pig„(q) I'(1 —2fk+, )(~'0+~P') .
(26)

11(SH, ) =11(-,' & [S,H„]„&). (27)

The commutator is given by Eq. (23). The calculation is
straightforward, and one obtains

fk (Ek~ q
—Ek )(EkEk~ q+ skulk+ q

—
Skulk+ q)Ro ~=~g (q)~

EkEk+ [(A'co,q)
—(Ek Ek+q) ]—

(1—2&k)«k+q+Ek)(EkEk+q eksk+q+~k~k+q)+
EkEk+, [(~~., ) -(E.+E.+, ) ]

(28)

bk(1 —2fk)5'~= —4 g (0)
k Ek[(2Ek) —(fi~~) ]

(29)

This result agrees with Ref. 18. The k dependence of the
order parameter is here explicitly taken into account.
This allows one to study the inhuence of the anisotropy
of the gap on the renormalization of the phonon energy.
This will be done for a simple model in the next section.
It should be mentioned that an analogous study was per-
formed in Ref. 18; however, they did not consider the s-
wave anisotropic case and obtained conclusions that
differ from those presented below.

This expression gives the superconductivity-induced re-
normalization of the energy of the phonon mode v with
wave vector q for the weak-coupling case. As already
supposed, it is a second-order effect in the electron-
phonon coupling constant. Taking into account the

1 LPk
phase y of the gap (pk=b, ke "), only the product
bkbk+z changes to hkbk+~cos(q&k —yk+~). The main ex-
perimental work done until now was to determine the
phonon renormalization of the Raman and IR-active
modes that are measured at q-0. In this case Eq. (28)
takes the simple form

The unitary transformation used in the present calcula-
tion is not the only one that removes the electron-phonon
interaction in first order as was shown in Refs. 19, 20,
and 22. The two-step transformation, which is especially
interesting when considering nontotally screened long-
range electron-phonon couplings as well as the distortive
electron-lattice interaction in the high-T, superconduc-
tors, gave, however, exactly the same expression as Eq.
(29). Furthermore, the calculations were here performed
for the case of one electronic band for simplicity, but the
generalization to several bands is straightforward. We
note that although expressions (28) and (29) have been de-
rived here for Cooper pairing caused only by electron-
phonon interaction, an account of other pairing mecha-
nisms (which can be performed in a straightforward way
by including additional H

&
and Hz-type terms into -H) is

also possible.

III. NUMERI(CAL RESULTS

For the numerical calculation of the renormalization of
the q=0 phonons, we have to take correctly into account
the poles of the integrand of Eq. (29). Following the pro-
cedure used in the Green function technique, we replace
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the energy co~ in the denominator of Eq. (29) by a com-
plex one co~~co~ —ig so that the phonon Green func-
tion is properly defined. g is an infinitesimal real positive
quantity. This extension to the complex plane could also
have been done from the beginning by replacing m „ in
the unitary transformation (14) by a complex frequency.
As a result, one obtains the complex phonon frequency
renormalization 5co~=hm~+ihy~, which corresponds
to the shift bee~ and the change of the linewidth, Ay~,
of the phonon line due to the damping of phonons by
breaking Cooper pairs. One then obtains (in the limit
g~0 and continuous k)

calculations for the YBa2Cu307 & system,

c,„=t[2[cos(k„a)+cos(k a)]
—4t&cos(k a)cos(k a)+2t2(cos(k c)+p'] . (33)

The parameters are set to t = —0.25 eV, t, =0.45, and

t2 =0. 1. ' The energies are scaled to the nearest-
neighbor transfer integral energy t. We have assumed
that the in-plane lattice constants along the a and b axes
are equal [in the following we replace (k a) by k„].
The pairing potential considered is a nonseparable,
nonretarded (without cutoff) interaction between nearest
neighbors within the planes

bco~= —
~g (0)~ P I

m (2Eq ) —co~
(30) V„„=Vo+ V, [cos(k„—k„' )+cos(k» —k') ] . (34)

~y~=~lg, (0) I'J,&(4E~ —~~}~~D„, (31)

tanh(PE&/2)
g Vgg kg~Dg With D~ =
k' 2Ek

(32)

The model we consider in the following takes into ac-
count the essential features of the layered structure of the
high-T, materials that are needed for the present discus-
sion. The electronic normal-state energy spectrum,
Eq. (2), is described by one band taking into account
nearest- (t) and next-nearest- (t, ) neighbor intralayer and
interlayer (tz) hopping to fit correctly the band structure

where P indicates that the principal value of the integral
has to be taken. Dz is defined in Eq. (32) below. In the
following we calculate the sum of these expressions as a
function of co and always normalize the shift and
linewidth to ~g, (0)~ . To obtain the curves shown in the
following figures, we replaced ~~ under the integrals in
Eqs. (30) and (31}by a continuous energy variable co. The
renormalization of a specific phonon is then obtained for

h~~ & 0 corresponds to a softening of the pho-
non, and Ay~&0 gives the broadening of the phonon
line.

The gap equation used for the numerical calculations is
of BCS type, which is a special case of Eq. (26) as already
mentioned. Setting yk =—0, one has

In Sec. III C we add an interplanar pairing to (34) and
discuss its inhuence on the phonon renormalization. It is
clear that this simple model cannot account for all the
properties of the high-T, superconductors. Especially,
the electronic phase separation (Ref. 27, and references
therein) which appears in these systems at relatively low
doping rates is not taken into account, although this fact
may be important in the determination of the anisotropy
of the gap.

The chosen shape (34) of the interaction implies that
the solutions of Eq. (32) have the form
hz= b,o+ b,„cos(k )+b,»cos(k» ). Depending on the
value of the chemical potential p=tp' and the tempera-
ture T, the solution will have either s-wave isotropic
(50%0, 5„=5»=0), s-wave anisotropic (h„=b»%0},
d-wave (ho=0, 5„=—5 %0), or mixed
(50%0%6,„&b. ) character. A general study of the pos-
sible solutions of the gap equation for the model Eq. (34)
was done with the help of bifurcation theory. We could
infer from it that for our band structure parameters in
the case VO=0 at T=0 one finds an s-wave anisotropic
solution for p' ~ —2. 1, a mixed solution for
—2. 1 5p' ~ —1.8, and a d-wave solution for p' & —1.8.
To ensure that we have the right solution for each param-
eter set (especially when b,oAO), we calculated the Gibbs
free energy (according to Ref. 25), which must be the
lowest for the stable solution. In the following we ex-
clusively consider these stable solutions of the gap equa-

TABLE I. Values of the parameters and of the gap used for the calculations of the phonon renormal-

ization. All energies are given in meV. T, is 90 K in every case.

Vo

s wave (p'= —2.22)
—248
—150

0
0
0

—247
0

d wave (p'= —1.35)
0
0
0

V)

0
—150
—299
—299
—299

0
—290

—299
—299
—299

V,

0
0
0
0
0

—9.0
—7.0

6o

13.7
7.0
0
0
0

14.1
0

0
4.4
8.5
5.6
2.0
0
8.0

8.8
5.6
1.9

0

hx

X

X

0
0
0
0
0
1.6
0.9

~max

13.7
15.8
17.0

15.7
16.9

17.6

T/Tc

0
0
0
0.83
0.98
0
0

0
0.83
0.98
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A. s-wave anisotropy

In Figs. 1 and 2 we show the phonon shift and
linewidth, res ectivel fp

'
y, for different s-wave anisotropies.

All were considered for p'= —2 22 Th hey s ow how the
renormalization changes when the gap goes from a con-
stant value (6 WO 5 =b, =va ue 0 & z ky 0 ) to a pure anisotropic s-

~I
~
' I

/
I

~
' I

~ /

~ 'ST Pr.

—6

isotropic

mixed s-wave

aniso tropic

—14

~/2A

FIG. 1. Real part of 5co~ for the s-wave case at T=O.
p
= —0.248, Vi =0 (solid line); Vp = V& = —0. 15 (dashed line);

p V& 0.299 (dotted line). Vp, V, in eV. p' = —2.22.
h,„has a different value for each curve.

tion. One should mention at this point that many h si-
cal quantities were calculated in the framework of this
model in Ref. 24 (and references therein). Here we merc-

y use the model as a tool to study the inAuence of the an-
isotro of the apy o e gap onto the phonon renormalizatio
The m

za ion.

featur
ain conclusions are not dependent thon e special

eatures of the model as was shown in Refs. 19 and 28.
In Table I we summarize the stable solutions of Eq.

(32) used to calculate the phonon shift and linewidths
The parameters Vo, V&, and V for the pairing potential
were always chosen in such a way that the critical tem-

in this case the solution has d-wave symmetry) because
the Fermi surface then reproduces the one obtained in

26) for ' ~ —2
band structure calculations for YBaCu 0 (R f .

[ or p' ~ —2 the Fermi surface is closed around the I
point of the Brillouin zone, whereas in the other case it is
open and looks like a corrugated cylinder 1 th 1'aong e ine

„)].For the s-wave solution we chose p'= —2.22
because for the same parameters as the d-wave case one
obtains again T, =90 K [we recall that the function

imum at p = —1.8, and then vanishes toward p'=0].
We have now all the ingredients necessar t 1 1y o cacu ate

e p onon renormalization. Since the change of
tern erap ature was shown to be very small and without
consequence for the following discussio ki ns, we ept it at

tions.
e = value for the temperature-dependent 1 1-ca cu a-

13

~
/

I

ur/2A

FIG. 2. Ima inar artg' y p of 5co~ for the s-wave case at T=O.
Vp= —0.248, V& =0 (solid line); Vp= Vi = —0. 15 (dashed line);

has
Vp =0 Vi = 0.299 (dotted line). V V

'
V.

&
in e . p'= —2.22.

as a different value for each curve.

w ave solution (Do=0, 4~&0).
The BCS case can be calculated analytically' and

shows a singularity at the energy su=26 „=23. Pho-
nons with energy below this value soften and those above
harden. Further, the linewidth is zero b 1 2h h

s ow y goes to zero from above for increasing energy
above the singularity. The value of (30) at co=0 for the
BCS case is given by —2N(0)co /Q +b.
density of states at the Fermi energy in the normal phase,
and co, is the cutoff of the potential which is a charac-
teristic phonon energy. The solid curves in Figs. 1 and 2
correspond to an extension of the BCS case since t ey are
obtained for a constant potenti 1 'th
cutoff. The main difference with the BCS case is that life-
time effects damp the singularity. Otherwise, the curves
are rather similar. The dotted line shows the case of a
pure s-wave anisotropic gap. Theree are some important
differences between these curves and the ure BCS re

ension, sohd hne), which we discuss in the fol-
1 ', ' ' '

ig. is rat er stronglylowing. First, the singularity in Fi . 1
'

h
amped and the curve about the minima is broaden. This

property is also rejected in Fig. 2 where thew ere e curve no
nger a s abruptly from zero to the minimum. Second,

the jurnp from negative to positive values of hen~ be-
comes a smooth transition for an s-wave anisot

'
o ropic gap.

These effects are related to the fact that the gap anisotro-
py washes out the singularity of the electronic density of
states (DOS) for energies above the F
gap BCS case), the DOS is zero in the gap region. At the
upper edge of the gap, the DOS has a singularity and falls

down as E/+e —b, for higher energies. Because of the

2A and
gap anisotropy, electronic states are locat d b t

m» and 26m;„. Phonons with energy in this region
have thus sufFicient energy to break Cooper pairs. The
third difference compared to th BCS '

he case is that the
minimum is shifted to lower energies. This rejects the
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fact that in the present calculations the minimum of the
gap is getting smaller with the increase of V& and the
simultaneous decrease of V0. The next difference which
follows from the discussion about the electronic DOS is
that the superconductivity-induced softening of the pho-
nons is not limited to energies below the gap. This is thus

o o $7not an exclusive property of the strong-coupling hmit.
The softening is here, however, still restricted to energies
below the maximum of the gap. The fifth distinctive
feature of the dotted curve compared to the pure BCS
case is that there is still a value of the energy below which
the change of the linewidth is vanishing as in the case for
an isotropic gap. The last difference to mention here is
that the value at ~=0 diminishes with increasing anisot-
ropy, although only for a small amount. The dashed
curve in Figs. 1 and 2 shows an intermediate case be-
tween an isotropic and a pure s-wave anisotropic gap. It
demonstrates that when increasing the anisotropic part
V, with respect to Vo in Eq. (34) the change between the
two discussed limiting cases (solid and dotted lines) is
continuous. In Figs. 3 and 4 we show the temperature
dependence of the shift and linewidth, respectively, for
the pure s-wave anisotropic case (dotted line in Figs. l
and 2). As one can see, the behavior of these curves does
not change drastically from the BCS case. When the
temperature increases the whole curve shifts to smaller
energies, reQecting the decrease of the gap with tempera-
ture. Moreover, the minimum tends toward zero when
T~T, . As a consequence, a phonon with energy well
above (below) the maximum of the gap will always experi-
ence a small hardening (softening) and one that is near
the minimum of the T =0 curve will show a very small
hardening first and then a big softening. In every case
the shift of the phonon line will mainly take place in the
region [T„,'T, ]. —

0

~/2+max

FIG. 4. Imaginary part of 6co~ for the s-wave anisotropy for
different temperatures Vo =0, V& = —0.299 (in eV) and
p — 2.22.

B. d-wave anisotropy

Figures 5 and 6 show the phonon shift and linewidth,
respectively, for a pure d-wave anisotropy of the gap as a
function of temperature. In the model considered we
could not find values of the parameters V0 and V& that
give b,o&0 and b,„=—6 %0 at the same time. This case
was, however, treated in Ref. 28 for a modified model,
and the conclusions do not change from those presented
here. The essential characteristic feature of the phonon
shift for the d-wave case is that the singularity near the
maximum of the gap is completely washed out by the an-
isotropy. This behavior is not altered for finite tempera-
tures. Consequently, the value of the maximal phonon
shift is strongly reduced in this case. The linewidth of

2

0

0 83
0 98

~/2+max

FIG. 3. Real part of 5co~ for the s-wave anisotropy for
different temperatures for Vo =0, V, = —0.229 (in eV) and

p — 2.22.

~/2+max

FIG. 5. Real part of 5m~ for different temperatures for
Vo =0, V& = —0.299 (in eV) and p'= —1.35.
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FICs. 6. Imaginary part of 6co~ for di8'erent temperatures
Vp =0, V& = —0.299 {in eV) and p' = —1.35.

the phonon for the d-wave anisotropy of the gap is also
quite different from the s-wave case. Comparing Figs. 1

and 5, one notes that for a d-wave anisotropy the
broadening of the linewidth of low-energy phonons is
finite. For T =0 the increase with energy is nearly linear.
This contrasts to the results found in the framework of
BCS or Eliashberg theory for an isotropic gap as well as
for an anisotropic s-wave gap. There the linewidth is
zero below a critical value of the energy (2h for the BCS
case) as already mentioned. A last property of the d-
wave anisotropy is that in contrast to the phonon shift re-
sulting from an s-wave anisotropy the curve in Fig. 5
shows a sharp transition from a softening to a hardening
at 5,„. This behavior is similar to the strong-coupling
calculation' for T =Q. At higher temperatures, howev-
er, the transition becomes smooth in strong coupling,
while in the d-wave case it is still sharp. We have also
performed calculations for the mixed state So=0,
h„A+6, WO. The phonon shift and broadening have
essentially the same features as the d-wave case (in partic-
ular, the absence of the minima in h~ and the linear in-
crease of hy for small energies at T =0).

C. In8uence of interplanar pairing

Until now we have calculated the renormalization of
the q=0 phonons below Tc for an anisotropic two-
dimensional superconducting order parameter. We have
thus only considered the gap anisotropy resulting from
the intraplanar coupling and neglected the influence of
the interplanar anisotropic pairing. The effect of the
( ab, c ) anisotropy on different properties of high- T, su-
perconductors was studied by many groups (see, e.g.,
Refs. 29 and 30). For the renormalization of the phonon
energy, the 1nQuence of the k, -dependent gap was studied
in Ref. 18, assuming isotropy in the plane. Here we

IV. DISCUSSION

From all the results presented in the last section, one
can draw some conclusions on the strength of the
electron-phonon interaction constant and on the type of
anisotropy the gap must (not) have to explain the experi-

I
I

I\

)\
I

V, go, V. go
V, go, V. go

V

FIG. 7. Real part of 6~~ taking into account interplanar
coupling. Vp =0, V& = —0.29, V„=—0.007 {solid line);
Vp = 0.247 Vl =0 V = 0.009 (dashed line); Vp =0,
V& = —0.299, V, =O {dotted line) (in eV). Parameters are such
that 6, /5 =0.1. p'= —2.22, T =0.

would like to study the effect, considering, however, the
in-plane anisotropy of the gap as well. For this we added
an interplanar interaction of the form V, cos(k, ) to (34).
The solutions of the gap equation for small V, have then
the same dependence on k, k„as in the previous section,
but with an additional part of the form h, cos(k, ). The
solutions of the gap equation are given in Table I. We re-
stricted the study of the interplanar interaction to realis-
tic values of the ratio b,, /b, ( ~0. 1). The renormaliza-
tion is shown in Figs. 7 and 8. No solutions were found
with 6,%0 and d-wave symmetry for the in-plane part of
the gap. We compare the pure s-wave anisotropic case
(dotted curve; this curve is the same as the dotted curve
of Figs. 1 and 2) with the situation were a k, component
is added to the isotropic (dashed line) and the in-plane an-
isotropic (solid line) gap. The main difference for the
shift (Fig. 7) is that the transition from softening to har-
dening is slightly sharper when 6,%0. For the isotropic
case the value of the maximal softening is reduced,
whereas for the in-plane anisotropic case it is slightly en-
larged. Concerning the imaginary part, one notes that
the k, component of the gap gives a sharper maxima and
that the value of the maximal broadening shows the same
features than the value of the maximal softening. How-
ever, as one can see from the curves, the effect of the c an-
isotropy is negligible for realistic values of the parame-
ters. The influence of different symmetries of the gap on
the renormalization of the phonon energy can thus be
studied, neglecting the interplanar pairing interaction.
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FICx. 8. Imaginary part of 5cu~ taking into account interpla-
nar coupling. Same parameters as for Fig. 7.

mental renormalization of the Raman- and IR-active
phonon lines. We first analyze the pure d-wave anisotro-
py shown in Figs. 5 and 6. As one can see, both curves
are rather inconsistent with the experiments done on
RBa2Cu307 s (R = rare earth). There are no more mini-
ma appearing in the shift of the phonon energy, and thus
all the phonons below the maximum of the gap should
show the same small softening, which is not observed.
More important, however, is that the linewidth of the
phonons is gradually increasing from zero to its maximal
value, whereas it was experimentally shown that for low
temperatures the phonons with small energy experience
only a negligible change of the linewidth. ' It thus seems
that neither a pure d-wave anisotropy nor a gap which
has an isotropic part added to the d-wave component
can account for the anomalous renormalization of the
Raman- and IR-active phonons in YBa2Cu307 &. The
same conclusion holds for the mixed state of the gap. In
contrast to these symmetries, an s-wave anisotropic gap
with ho=0 does not have the above-mentioned incon-
venience. It was already shown' that the weak-coupling
calculation done with an isotropic (s-wave) gap does not
fit the experimental curves. We thus have to consider the
possibility of an s-wave anisotropy. As one can see in
Fig. 2, there is always a minimal value of the energy
below which the superconductivity-induced broadening
of the linewidth vanishes. The real part (Fig. 1) of the re-
normalization has a minima too, which is, however,
smaller than for the pure isotropic case, but still gives the
order of magnitude of the measured shifts. We notice
here the fact that we do not need to assume scattering to
impurities' to obtain the right magnitude of Ace~ and
Ay~. The electron-phonon coupling also does not need
to be strong. The presence of anisotropy reduces in a
natural way this renormalization and reproduces the
qualitative features of the experiments as was suggested

in Ref. 32 by supposing a mode-dependent gap (one for
each phonon mode) present in the system. Looking at
the curves shown in Figs. 1 and 2 more carefully, one can
further conclude that a pure s-wave anisotropic gap
(60=0) does not give the best fit to the measurements be-
cause the transition from a softening to a hardening as
well as the transition from zero to the maximal broaden-
ing of the linewidth are too smooth. It thus suggests that
a better fit to the renormalization of the Raman- and IR-
active phonon modes can be given by a gap function that
has a symmetry between the pure isotropic (b,0%0,
b,, =b, =0) and the pure anisotropic (b,0=0,

=6 WO) s-wave cases. Indeed, the dashed curve in
Figs. 1 and 2 shows in this intermediate case a relative
sharp transition from softening to hardening, a threshold
for the existence of a finite linewidth broadening, a pro-
nounced minima for the superconductivity induced shift,
and a pronounced maxima in the broadening of the
linewidth. At this point one can also mention that ac-
cording to our calculations the experimentally deter-
mined value of the gap in Ref. 31 corresponds to the
maximum of the anisotropic gap function. Taking into
account all these facts and although the model used for
the numerical part of the calculations is obviously too
rough to be fully quantitative, one can estimate the cou-
pling constant g„(q=O) from the fit of the experimental
frequency shifts or linewidths. ' The order of magnitude
obtained is ~g (q=O)~ =0.01 eV. Taking into account
that the total number of optical phonons is large (about
10), one can conclude that the total electron-phonon cou-
pling strength is moderate (about 0.1 eV).

The experiments measuring the order parameter have
not been sensitive enough up to now to establish if the an-
isotropy of the gap extends over the whole Brillouin zone
or if the k dependence is limited to a relatively small re-
gion and is otherwise constant. In our model the gap
b,z=b.o+b, cos(k„)+b,icos(k~) is a smooth function.
As soon as the anisotropic part appears when the param-
eters of the pairing potential are changed, the whole Bril-
louin zone is aff'ected by the anisotropy. The results of
our calculations show that it is this anisotropic part that
damps the minima and maxima of A~ and Ay, respec-
tively, through the destruction of the singularity at the
upper edge of the electronic density of states. On the
other hand, they suggest that the k dependence of the gap
should be limited to a smaller region of the Brillouin zone
than in the present model so as to ensure a sharp enough
transition from a vanishing to a maximal linewidth renor-
malization as well as from a softening to a hardening of
the phonon lines to fit the experimental curves at best.
However, the region of the Brillouin zone in which the
gap is nonconstant cannot be too small. Indeed, if this
were the case, then the energy at which the transitions
(e.g., from softening to hardening) occur would no longer
be located at 26,„,but at the energy of the Aat dominant
part of the gap, which must not be greater than about 5
meV as shown in experiments. In this last case the 340-
cm ' mode, for example, would experience a hardening
below T„which contradicts the experiments.

One possibility to obtain a gap function that has all the
above properties is to consider long-range Coulomb in-
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teractions. ' Another example was given in Ref. 9. All
the presented conclusions are naturally only valid if the
electron-phonon matrix element depends solely on the
phonon wave vector q and if one restricts the possible

symmetries of the order parameter to either the s-wave,
d-wave, or mixed case. Solutions of the gap equation, for
example, of the type s+id (Refs. 33 and 34) were not
considered.
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