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Magnetic-spin-echo response to a moving vortex lattice in a type-II superconductor
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We present a model for the reduction of the height of a NMR spin echo caused by driven motion of
vortices in an isotropic type-II superconductor. Detailed calculations are carried out for a triangular
vortex lattice and a small-amplitude quasistatic sinusoidal rocking of the direction of the applied mag-
netic field. The model exhibits a scaling behavior in the relevant variables that is independent of the
geometry of the sample. It is applied to the case of a thin cylindrical sample with the external field ap-
plied perpendicular to the axis of the sample. By fitting the model to experimental measurements, abso-
lute values of the penetration depth A, and the coherence length g' can be obtained.

I. INTRODUCTION

It has recently been found that the NMR spin echo can
be used as a sensitive local probe (averaged over the sam-
ple volume) of vortex motion in the mixed state of a
type-II superconductor. ' Such measurements probe the
m'agnetic-field distribution of the vortex lattice and ir-
reversible phenomena, such as vortex pinning, ' rf-
assisted Aux motion, etc. Through its sensitivity to the
structure of the magnetic field, the spin-echo response
can be used for volume measurements of the fundamental
lengths in a superconductor, the penetration depth (I, )
and probably the coherence length (g).

NMR (Refs. 6,7) and muon spin resonance (pSR) mea-
surements of A, based upon the local field distribution of
the vortex structure have been reported in several cases.
In the past, NMR measurements of X have been possible
only for samples with absorption lines narrow enough
that the additional broadening caused by the vortex lat-
tice can be seen in the absorption line shape. An advan-
tage of the spin-echo measurement analyzed in this paper
is that it can be used to measure X even when, as is often
the case, inhomogeneous broadening of the NMR absorp-
tion line is very large compared to the additional
broadening caused by the vortex lattice.

A particularly valuable aspect of spin-echo measure-
ments of g is that they would be related directly to the
spatial variation of the order parameter in the supercon-
ductor and not inferred from measurements of the upper
critical field (B,z). Thus this measurement of g would
not be affected by processes that modify B,2 but do not
change g, such as Pauli limiting.

In this paper we calculate the effect of a small, dynam-
ic change in the orientation of the external magnetic field
on the height of the spin-echo signal, show how it can be
used to measure A, and g in an isotropic type-II supercon-
ductor, and apply it to the case of cylindrical sample
geometry. Our purpose is to provide the theoretical
framework for analyzing the corresponding experiments.
The detailed assumptions of the model and approxima-
tions used for the calculations are discussed as they are
introduced. Overall, the work presented here applies to
small vortex lattice displacements in isotropic, strongly

type-II superconductors for the magnetic-field range
2B,i &Bo &0.25B,z (B,i is the lower critical field and Bo
is the magnitude of the externally applied field Bo). First
we review brieAy the steps used to calculate the
magnetic-field distribution of the vortex lattice. Particu-
lar emphasis is placed on the way in which it and its spa-
tial derivatives scale with changes in Bo, A, , and g. Then
we calculate the effect of a slow oscillation in the direc-
tion of Bo on the height of the spin echo. This model is
then applied to the case of a thin, cylindrical sample with
the average orientation of Bo perpendicular to its axis and
the small oscillation parallel to the axis. Finally, we de-
scribe the steps that can be used to obtain values for A,

and g from experimental measurements. SI units are
used throughout this paper.

II. EFFECT OF VORTEX MOTION
ON A MAGNETIC SPIN ECHO

The model we use for the NMR system to calculate the
effect of vortex motion on the height of the spin echo as-
sumes that the dynamic response of the NMR system is
that of weakly interacting spins in a magnetic field and
that the spins do not have any quadrupolar interaction,
either because they have no quadrupole moment or be-
cause the symmetry of the lattice precludes an electric-
field gradient at the site of the nuclei. In another paper'
we analyze the case when quadrupolar interactions are
significant and show that an additional effect is imposed
on the echo height that can be evaluated theoretically
and experimentally. It will be assumed that the frequen-
cy dependence of the vortex motion is quasistatic on the
scale of the NMR frequency in the magnetic field.

In the usual spin-echo measurement, "starting from an
equilibrium nuclear magnetization in the local magnetic
field B(r) a first rf pulse is applied that tips the spins into
the plane perpendicular to B(r). After that, each spin
(indexed by j) processes in its local field of magnitude
BJ(t) at the instantaneous angular frequency co (t) given
by

toi(t) =yBJ(t),
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where t is the time and y is the nuclear gyromagnetic ra-
tio in rad/s T. After a duration r a second rf pulse is ap-
plied that reverses the sense of the precession, and at
t =2r a spin echo with a height S (2r) is formed by the
spin. The accumulated phase of the spin @~(2r) due to a
changing magnetic field is'

C, (2r)=y f AB, (t)dt yJ—bB, (t)dt (2)
0 1

g0

(a)
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1
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I

X0

p(x'y )
( )

bB, (t) =B. (t) . —J B (t)dt. ,
2V 0

(3)

0

where b,B (t) is the instantaneous deviation of the local
field from its time average over the interval 2~. We define
b,B~(t) in this way to focus explicitly on the change in
magnetic field that has an effect on the height of the echo;
the second term on the right of Eq. (3) is subtracted be-
cause it has none. The height per spin of the spin-echo
signal of a given isochromat [S~(2r)] in terms of the cor-
responding height without vortex motion [So~ (2r) ] is

SJ(2r) =So)(2r)cos[@,(2r)] .

If So (2r) is assumed to be the same for all spins
[S (2r)=SO], which is equivalent to the spin-phase
memory time T2. being the same for all spins, the effect
on the entire spin system of a time dependent BJ(t) is
given by

S(2r) = icos[@,(2~)] .
0 j

Equation (5) will be used to calculate the efFect of vor-
tex motion on the echo height. The connection to vortex
motion is through the time dependence of the local vor-
tex magnetic field [Eq. (3)] that is caused by vortex
motion.

0

0
(c)

FIG. 1. Vortex lattice and coordinates. (a) Rectangular and
hexagonal coordinates. The rectangular coordintes are x,y with
unit vectors x, y and the hexagonal coordinates are u, U with unit
vectors u, v. (b) Direct triangular vortex lattice. The points of
the lattice are indicated by the open circles, the primitive cell is
shown by the dashed line, and the nearest-neighbor spacing is a.
(c) Hexagonal reciprocal lattice with basis vectors u', v' for the
vortex structure. The lattice constants is 4~/&3a.

III. TRIANGULAR VORTEX LATTICE MODEL

It is well established that the equilibrium arrangement
of the vortices in the intermediate state of an isotropic
type-II superconductor is a triangular lattice with a sepa-
ration between adjacent points (a) whose dependence on
the external field is set by the criterion that there be one
quantum of Aux (4o) per primitive cell of the vortex lat-
tice. We label the Cartesian and triangular lattice axes
by x,y and u, U, respectively. The relations between the
unit basis vectors of the Cartesian (x,y) and triangular
(u, v) lattices are given by [see Fig. 1(a)].

(6)

and the corresponding coordinate transformations are

v'3X=Q+ —U, y= U2 '
2

and

1 2u=x — —y, U= —y .
3 3

2@o8= =80,&3a' (10)

where 8 is the average field in the superconductor and we
restrict 80 to be somewhat greater than 8,&. The
difference between 8 and Bo is a result of the magnetiza-
tion of the superconductor, which is small as long as Bo
is large enough. In what follows, we will assume that this
approximation is sufficient in the context of the problem
considered here; when a numerical value of B is needed,
we will use Bo.

The corresponding reciprocal lattice is shown in Fig.
1(b). Its primitive translations are

The points of the triangular vortex lattice (lattice con-
stant a) relative to the origin are

r~=a(lu+mv), l, m =0, +1,+2, .. .

and the area per primitive cell [parallelogram on Fig.
1(b)] is (v 3/2)a . Since, for the cases of interest here,
the penetration of the external field is essentially corn-
plete and supported by the vortex lattice, the value of a is
given by
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- =2&
U = A Ag 2+ A ~ A

y and v'= x — y
3 a 3

A. Magnetic-field and fieId-gradient distribution
in the triangular vortex lattice

Our calculations will assume an external applied field
of magnitude B0 in the range B,i «B0 «B,2 oriented
along the z direction (B,i and B,z are the upper and
lower critical fields, respectively). The currents of the
vortex lattice will generate a magnetic field inside the su-
perconductor (Bz) whose equilibrium direction is parallel
to B0. Its average value B is close to B0 and it has a rela-
tively small spatial variation over the vortex lattice. Our
calculations will use the London model in reciprocal
space to calculate Bv. They follow closely the review by
Brandt. ' The range of validity is B,j «B0 &0.25B,2.

For the London model, three parameters determine the
spatial variation of the magnetic field generated by the
vortex lattice: B0, the superconducting coherence length
(g), and the penetration depth (A, ). The main goal of the
analysis presented here is to develop the model used to
obtain experimental values for A, and g from spin-echo
measurements.

The field in the superconductor (Bi,) is given by'
—K g /2 —'K-r —K 4'/2

By e e By e cos(K'r)
1+~2g2 1+~2g2

~pK, =lu'+mv'= mx+ 1 —
ya 3

(13)

and the products involving K. are

=2~ 2, m u vK .r= mx+ I — y =2m. —m+ —l
a v3 2 a a

(14)

and

(1'+m' —lm )
16m

Im (15)

Since our calculations treat Bo,A, , and g as independent
variables, it is useful to introduce the dimensionless vari-
able P defined by

4m Bg'
&3e,

(16)

where K is a translation of the vortex reciprocal lattice
and the exponential is replaced because Bv is real (the
coeKcients of the harmonic term are an even function of
K). The points of the reciprocal lattice to be summed
over are

(12) Equation (12) can then be written as
t

exp[ —P(1 +m —lm )]cosI2n [(u/a)m+(U/a)l] j
all I, m I+(8n. BA, /V'3@o)(l +m —lm )

where B is the contribution to the sum from the origin of the reciprocal lattice (1,m =0). It is also the spatial average
of Bv.

It is instructive to write Eq. (17) as

+3@o expI —P(l +m —lm)]cos[2n[(u/a)m+(u/a)1]]Bi =B+
I, ~0 V 3@o/8n BA, +(1 +m —lm)2 2 2 2

(18)

The first term in the denominator of the summand is normally small in comparison to the second (it is 1.2X 10 for
A. =300 nm and Bo= 1 T). Under these circumstances, the variation of the magnetic field relative to its average value,

Bv Bv B is

&3@o expI —(4n. Bg /&3@o)(l +m —lm )]cos[2n [(u /a )m+(U/a)l ]]
z

I, m&0 (1 +m —Im)
(19)

Equation (19) is a very good approximation that we use
to calculate EBv. It shows several useful properties that
can be exploited when calculating b,Bi,: (1) the contribu-
tion from B and g' scales as the product Bg, (2) the con-
tribution from A, is proportional to 1/A, , and (3) the con-
tributions from A. and Bg appear in separate factors.

For comparison with experiments, EBv is calculated
on a grid of P points on the u axis and Q points on the v

axis of the primitive cell of the vortex lattice. Their coor-
dinates are

Q U

ii=0, . . . , P —1,
a a

q=O, . . . , Q
—1.

In such calculations, we normally use P =Q =50 for a
total of 2500 points in the primitive cell. The number of
points needed for the reciprocal lattice sum is determined
mainly by the argument of the exponential in Eq. (19). It
has converged rather well when l and/or m is large
enough (1,„)that
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58~
P( t ) = c os(cot ) =cocos( cot ) .

80
(31)

Corresponding to this angle there will be a local max-
imum displacement hrj(t) of the vortex lattice that de-
pends on the geometry of the sample and the extent to
which the vortex lattice alignment follows the rocking of
the magnetic field. For our calculation it will be assumed
that the alignment of the vortex lattice follows perfectly
and instantaneously the magnetic-field rocking (quasistat-
ic limit). Also, it will be assumed that the midpoint of
each vortex in the sample is the fixed point about which
the vortex lattice rocking occurs. ' Finally, it will be as-
sumed here that the sample dimensions and $0 are both
small enough that the local motion of the vortex lattice is
small compared to their separation; i.e., hr. «a. With
these assumptions, the small-displacement approximation
is used to calculate the local change in the magnetic field:

can be carried out independently. The part from the field
derivatives of the vortex lattice is done by averaging over
X discrete points p, q of the vortex lattice primitive cell
and that associated with O is computed by averaging over
it. These steps then lead to

S(2r) 1
d rsS. -XV

7r tr(r, )
X d8 icos G(p, q, 8)

40

where we have introduced the scaling variable g and
modeled the vortex field term with G (p, q, 8) using

440 . p co'r
sin sing, (38)

CO 2

B (t) B(.0)=—VB~.b rJ cos(cot ), (32) g = to1(oHsinp, cor ((1, (39)

whi. ch gives

4.(2r)=yVB'hr J c so(cot)dt

—f cos(cot )dt (33)

when the origin of time is placed at the second pulse. By
performing the integration, making the substitution
cot =P for the phase of the rocking motion, and writing

B8 B8j
V8 .Ar =Dr cosO+ sinO

Bx By
(34)

(8 is the angle between b,r and the x direction of the vor-
tex lattice), we obtain

44o .4 (2r) = sing sin
2

G(p, q, 8)=y
' cos8+ ' sin8 . (40)

aB(~,q) aB(p, q)
Bx By

One significant result of this model is that the parameters
determined by the vortex lattice (through G), the sample
dimensions, and g appear as a product in the argument of
the cosine. This means that the model can be tested ex-
perimentally to determine if this form of scaling is
obeyed. Some preliminary measurements indicate that it
1S.

An implicit assumption of the spatial part of the in-
tegration done in Eq. (37) is that all parts of the sample
contribute equally to the spin echo. This will be true if
its dimensions are small enough that the penetration of
the rf magnetic field is nearly complete. If this is not the
case, a spatial weighting factor to account for incomplete
penetration can be added to the integrand. Such a
weighting factor does not, however, change the scaling
behavior implied by Eq. (37).

BBJ dB~
X y cosO+ sinO

Bx By
(35)

Cylindrical sample geometry

Thus the reduction of the spin-echo height for the jth
spin 1s

S~.(2r) =cos
So

4~h~0 . . p co'7
sin sin

CO

Ar.

40

aB, aB,.
X y cos8+ sin8

i}X By
(36}

To calculate the efFect of all the spins requires the ex-
plicit specification of Ar, numerical values for the spatial
derivatives of the vortex field, averaging over O to ac-
count for a "polycrystalline" vortex lattice, and summing
over all the nuclei. For the latter, we index the nuclei by
their position rs in the sample with the volume V (the
subscript S distinguishes the sample coordinates from the
direct space coordinates of the vortex lattice}. Because
there are no expected correlations between the field
derivatives, 8, and rs, the summations for each of them

Now consider the integral over Vfor a sample that is a
thin wire. We assume it is thin enough that the rf field
penetration is complete. The geometry of the field rock-
ing, which is that used in some of our experiments, is in-
dicated on Fig. 3. A cylindrical sample of radius d and
length / has its axis parallel to the zs axis (vertical) of the

FIG. 3. Cylindrical sample field rocking geometry.
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S(2~)
So f d8y f'dy, 1—

p, q

ys
d

Xcos[ys/G(p, q, 8)] . (41)

Integration over yz gives

S(2r)
So f d8+ J, [gdG(p, q, 8)],Nn. 0 dG p, q, 8

(42)

where J„ is the nth-order Bessel function of the first kind.
One of the important properties of Eq. (42) shows explic-
itly the scaling behavior with regard to g, G, and the sam-
ple dimensions (d) mentioned above.

The approach used to evaluate Eq. (42) depends on
whether the argument of J& is small or large. When it is
kept less than 1.7 by limiting g, $0, and d ("small-
argument approximation"), the approximation
2Ji(z)/z= 1 —(0.92/8)z contributes an error of less
than in 3.4% of the maximum value of the change in the
echo height, 1 —2Ji(z)/z. The factor 0.92 is a correction
to the series expansion of Ji(z) to improve the fit over a
broader range of z. For this approximation, 1 —2Ji(z)/z
is 0.3 at z =1.7. Using this approximation and integrat-
ing over 8 gives for the fractional change in the echo
height

S(2r) (0.92)i/3$ d y @081—
So 512m A4

X ((5b, )'+ (5b, )'—5b, 5b, ), (43)

where the angular brackets denote an average of the cor-
responding dimensionless field-gradient terms over the
primitive cell of the vortex lattice. Equation (43) is espe-
cially informative because it shows, within its range of
validity, the way in which the echo height reduction
scales with g, d, and A, . Also, only the second moments of
the field gradients in the vortex lattice affect the result.
Higher-order terms in a polynomial fit include higher
moments of the field gradient and higher powers of A, .
They will, of course, preserve the scaling behavior associ-
ated with g.

Even though the dependence of 1 S(2r)/So on 8 and-

/ is less evident, there are some important comments to
be made in regard to it. The coherence length appears

laboratory reference frame and its Cartesian coordinates
in the horizontal plane are x&,yz centered on the axis of
the, cylinder. The large, static magnetic field Bo is ap-
plied in the horizontal plane along the y& direction and
the small rocking field 58'(t)=58icos(cot) «80 is ap-
plied along the zz axis. Its effect is to oscillate the field
up and down through the angle g( t) given by Eq. (31).

The amplitude of the motion at yz in a thin circular
slab perpendicular to the zs axis is b, r(ys ) =ysgo and the
area of the slab with the same amplitude of motion is
4+1—(ys/d) dysdzs. It then follows that S(2r)/So
for this cylindrical geometry is

2 1/2

only as part of the factor Bg in the argument of the ex-
ponential in Eq. (19); i.e., in the terms 5bz and 5bq.
When Bg is small, the corresponding cutofF has little or
no effect on the sum, which happily converges even
without it. The consequence is that for a low enough
magnetic field, S(2r)/So is independent of g and the only
remaining dependence on 80( =8) is that shown explicit-
ly in the prefactor in Eq. (43). At high magnetic fields,
S(2r)/So depends on both A, and g'. Thus, in principle,
from a measurement at 1ow field one can obtain a value
for A, which may then be combined with a high-field
measurement to obtain g. In this way, it should be possi-
ble with spin echoes to measure the two fundamental
lengths of the superconducting state through their effect
on the magnetic-field distribution in the sample. Numeri-
cal simulations that we do not discuss in detail here'
support this statement. This possibility can be under-
stood qualitatively on the following basis. For small dis-
placements of the vortex lattice, the spin echo is sensitive
mainly to the gradient of the magnetic field, which is
largest close to a vortex core (see Fig. 2). Away from the
core, the gradient is determined mainly by A, . When 8 is
small, only a small fraction of the vortex lattice is close to
the cores and the volume-averaged square of the gradient
is determined by A, . For large values of 80, a substantial
fraction of the sample is close to the vortex cores, with
the result that a considerable part of the effect on
S(2r)/So is governed by g.

When the small-argument approximation is not valid,
Eq. (31) is calculated numerically for each point in the
primitive cell of the reciprocal lattice using as parameters
g, 8, d, g, and A, . For most experiments, the first three
are known and the last two obtained by adjusting them to
fit the experimental result. As discussed above, when 8g
is small enough, S(2r)/So is independent of g, so that the
only adjustable parameter is then A, .

It should be pointed out that in field rocking measure-
ments there is another contribution to the attenuation of
the spin echo which may occur that has nothing to do
with superconductivity. When present, it must be taken
into account in the analysis of the experiments. It occurs
when the nucleus under study has an electric quadrupole
moment and is located in an electric-field gradient. " Un-
der these circumstances, rocking the field also changes
the quadrupolar interaction in a way that may further
reduce the height of the spin echo. A detailed discussion
of this effect is beyond the scope of this paper. A prelimi-
nary analysis of this effect' indicates, however, that its
effect on the spin echo has a sca1ing behavior similar to
that for vortex motion presented in this paper and that it
is a factor which multiplies the echo reduction by vortex
motion. It can be evaluated experimentally by measuring
it in the normal state where vortices do not occur. '

V. DISCUSSION AND CONCLUSIONS

The calculations presented here have left out many
features that should be part of a more complete treatment
of the problem covered in this paper. Here, we discus
some of them that should be treated in subsequent work.
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One of the most obvious is to analyze other geometries,
such as a slab or a film with various alignments of the
magnetic field. Another point that could be important is
our approximation that T2 is the same for all spins being
measured. When the NMR line has a significant struc-
ture, different parts of the spectrum may have different
values of T2.

Some of the most interesting further developments are
related to the superconducting state itself. The model
should be expanded to include anisotropic superconduc-
tors. We believe that, by exploiting polycrystalline or
single-crystal samples and different alignments of the
magnetic field, substantial progress can be made in mi-
croscopic measurements of the anisotropies of the funda-
menta1 lengths in such materials, which are of enormous
current interest, both for technological reasons and for a
fundamental understanding of the pairing interactions re-
sponsible for superconductivity. One should also go
beyond the perfect triangular lattice to include distor-
tions induced by pinning centers, etc.

Another topic for further development is a more com-
plete treatment of the vortex motion. A key approxima-
tion of this paper has been that the vortex motion follows
the change in alignment of the external field exactly and
symmetrically around the symmetry center of the sample.
Even for symmetrical samples, it is reasonable to expect
that randomly placed pinning centers and surface effects
should challenge this approximation to some extent, with
the consequence that the actual motion has important
effects that are not included in the model at its present
level of development. One effect is that in the elastic re-
gime of vortex lattice distortion there is a restoring
force' that should reduce the displacement of the vor-

tices to less than what it would. be if the external field
were followed freely. Another consideration is non-
reversed vortex motion associated with pinning centers.
Another further development would be to go beyond the
quasistatic approximation for both the vortex dynamics
and the nuclear spin dynamics.

The focus of this paper has been on small changes in
the direction of the applied magnetic field. A change in
its magnitude should introduce the additional features of
vortex nucleation and annihilation. Such measurements
are easily accessible experimentally, but they may be
rather difBcult to relate to a microscopic model.

In conclusion, we have presented the details of a model
that calculates the reduction of the height of a NMR spin
echo caused by driven motion of vortices in a type-II su-
perconductor. Application for the model using a triangu-
lar vortex lattice to small-amplitude sinusoidal field rock-
ing exhibits a scaling behavior in the relevant variables
that relates experimental measurements to A, and g. The
details of the model are worked out for right circular cy-
lindrical sample geometry with the applied field perpen-
dicular to the sample axis.
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