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Theory of the contribution to sliding friction from electronic excitations
in the microbalance experiment
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The electronic contribution to the force of friction between a physioadsorbed film of atoms and the
metallic substrate on which it is adsorbed in a microbalance experiment is calculated using time-
dependent perturbation theory, and estimates of the experimentally observed slip time are made. The
van der Waals interaction between an adsorbate and a substrate atom is also estimated. The connection
between the adsorbate friction and the adsorbate contribution to the resistivity is also discussed on the
basis of the perturbation theory calculations.

I. INTRODUCTION

In several publications, Persson calculated the elec-
tronic contribution to the force of friction between a lay-
er of adsorbed atoms and a metallic substrate by making
an analogy between the force of friction and the increased
electrical resistivity due to this adsorbed layer. This re-
lationship has been questioned by Tobin and his criti-
cism has been answered by Persson. Despite this contro-
versy over the theory of the electronic contribution to
sliding friction, recent microbalance measurements of
sliding friction support a picture in which the electronic
contribution dominates in the case of a metallic sub-
strate. In these experiments, an atomically smooth me-
tallic layer is deposited on a quartz-crystal oscillator.
When this layer is exposed to a gas, molecules are ad-
sorbed on its surface, which are detected by a change in
both the frequency and the damping of the oscillator.
The observed frequency shift has been used for many
years as a standard method to measure the number of
molecules adsorbed on the metallic surface. The shift in
the damping of the oscillator is used in Ref. 4 and in pre-
vious work by that group as a measure of the force of
friction exerted on the adsorbate molecules as they slide
on the surface. In order to provide additional theoretical
support for the dominance of the electronic contribution
to the friction in microbalances with metallic substrates,
it would be useful to calculate the electronic contribution
to the force of friction by a first-principles calculation of
the force, due to the creation of excitations of the con-
duction electrons in the metal by the motion of the ad-
sorbed layer over the metallic surface, using time-
dependent perturbation theory. This is the subject of the

I

present paper. In the case of physioadsorption, the ad-
sorbed atoms are neutral, and therefore, there is no direct
electrostatic interaction or chemical bonding between the
atoms and the conduction electrons, but only the van der
Waals interaction, which only occurs in higher than first
order in perturbation theory. (Xenon may actually be
chemisorbed rather than physisorbed. )

II. CALCULATION OF THE SLIP TIME
DUK TO THK van der WAALS INTERACTION

As a start, let us calculate the rate of energy absorption
by the conduction electrons caused by an adsorbed hy-
drogen atom, because the energy levels and wave func-
tions are exactly known for hydrogen. This result will
then be used to estimate the rate of energy absorption for
the rare-gas atoms, which were used in the microbalance
experiment. Once the rate of energy absorption dE/dt is
known, the force of friction f can be found from the rela-
tionship fv =dE/dt, where v is the velocity with which
the adsorbed atoms are sliding on the surface. The con-
duction electrons in the metallic surface are modeled by a
jelleum model with a sharp cutofF'at the surface, as a first
approximation to the actual surface. The perturbation
H', which produces the energy absorption, is

H'=e /~r —r, vt~ e /~r v—t~, — —

where r, is the location of the electron on the hydrogen
atom, r is the location of an electron in the metal (both
relative to the nucleus), and e is the electronic charge.
Using standard second-order time-dependent perturba-
tion theory, we obtain

On no
oo

dE/dt = (2~/fi)
„=2 [(2m) 'A' k; —(2m) 'A' kt —(e /2a)(n 2 —l)]kf, k,. k

X [(2m) 'A' kf —(2m) 'A' k; ][nl, nI, ]5[(2m) 'A' kf —(2m—) 'A' k —A'v (k —k )], (2)

where k;, kf, kI are the initial-, 6nal-, and intermediate-state wave vectors of the conduction electron, a is the Bohr ra-
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dius of the hydrogen atom, and —(e /2a)(n —1) is the difference between an excited atomic state of principle quan-
tum number n and the ground-state hydrogen energy levels. In obtaining Eq. (2), the extreme adiabatic approximation
was used for the hydrogen atom electronic wave functions [i.e., if P(r, ) is the wave function of a stationary hydrogen
atom, P(r, vt—) is taken to be the wave function for one moving with speed v in the adiabatic approximation]. This is a
reasonable approximation, because v is quite small. Here, nk is the Fermi function of wave vector k, and the matrix ele-
ment of the perturbation is given by

where V is the volume of the crystal. In this calculation, the perturbation H is time dependent and the quantity
A(k& —k; ) v in the argument of the 5 function in Eq. (2) comes about because H' and the atomic wave functions depend
on r through r —vt. When we make the change of variables r'=r —vt in the expression for the matrix element, for ex-

—i(k~ —k } vt
ample, we see that the time dependence of the matrix element is of the form e ~ (i.e., the matrix element is pro-
portional to this factor), as seen above. When one includes this factor in the derivation of second-order time-dependent
perturbation theory, we find that the argument of the 5 function contains the energy iri(k& —k;).v. We may expand H'
to the first order in r, to a good approximation. It is found that by the time (2m) 'fi kI (2m) 'fi k—, becomes compa-
rable to (e /2a), the matrix elements have become quite small, and hence, it is a good approximation to neglect these
kinetic-energy difFerences in the denominator compared to (e /2a)(n —1). Then, using the completeness of the inter-
mediate conduction-electron states, equation (2) becomes

—i&i —i ) r 2 2 2dE/dt=(2ir/A') g V ' f d re ~ ' (A /2m)(k, k; ) g-
k~, k,. z (e /2a)(n —1)

X5[(2m) 'R k/ (2m) 'vari k—2 —A'v K][n„ni, ], — (3)

where Mo„(r)= f d r, P„"(r,)[e r r, /r ](t)o(r, ) and

K=k& —k, . In Merzbacher's book, it is shown that

fr. ( n fr, /0 ) '
= —( —', )(ma /R )r

(e /2a)(n —1)

X f d3k, ni, k, [u +(v k, /k, ) ],
which becomes when the integral over k, is carried out at
zero temperature, where nk is equal to unity for k,-

t

(5)

Then, Eq. (3) becomes

dE/dt=(2'/iri)( —,') e (ma /vari ) V (2m)

X g ni, f dr[sin(Kr)/Kr ] A'v. K
i g

k~, k,.

X5[(2m 'iii k&
—(2m) 'iri kI —A'v K],

(4)

where K=k& —k;.
The lower limit of the integral over r was taken to be a

because the nucleus of the adsorbed atom must lie outside
the region containing the conduction electrons. Here, it
was assumed to lie a Bohr radius above the surface of the
metal. The largest value of this integral occurs when
Ka &&1, when it becomes 1/a. For larger values of X, it
is much smaller. For example, a numerical integration of
this integral gives 0. 378 58/a for Ka = 1 and 0.053 867/a
for Ka =2. Then in order to obtain an upper bound to
dE/dt, let us set the integral equal to 1/a and perform
the summations over k& and k; in Eq. (4) by converting
the summations to integrals in the usual way, to obtain

dE/dt=(2ir/fi)(9) e (ma /A ) (4m /A'")(2ir) a

within the Fermi sphere and zero otherwise,

dE/dt=(13. 5/ir)A '(ma /6 ) e krmu (6)

=e g r, (r vt)/~r vt ~— —
J

(7)

where Z is the atomic number. The off-diagonal matrix
elements of r, - cannot be more than a small numerical
factor larger in this case than for the hydrogen atom. Al-
though there are now Z electrons rather than only one
(for hydrogen) to make transitions to higher-energy
states, since most of them are core electrons for which
the energy denominator E; —EI is very large compared to
the values for the hydrogen atom, the overwhelming ma-
jority of these transitions will not contribute significantly
in Eq. (3). Thus, one can get a rough estimate for the slip
time by using dE/dt calculated for hydrogen. Since the
equation of motion for the sliding adsorbed atom has the
form M dvldt =f= (M/r)u, whe—re r is defined by
r=Mv/f, where M is the mass of the atom, whose solu-
tion is v =voe ', the slip time ~ may be easily calculat-
ed from Eq. (6),

Since dE/dt is proportional to u and since the force of
friction is defined by fv =dE/dt, we conclude that f is
proportional to v.

Since the adsorbed atoms are many-electron atoms
rather than hydrogen, which was used in the present cal-
culations, it is necessary to estimate how these results
would be modified if one were to redo the calculations
with more realistic many-electron atoms. The perturba-
tion term in this case is given by

z
H'=Ze'/~r vt t —e' g —1. /~r —r,' —vt

~

j=1
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'=(13.5/n)f. i '(ma /fi ) e k~(m/M) .

Taking a =0.5X10 cm, @+=10 cm ', and M=10
g( which is the approximate value for the mass of Kryp-
ton), we obtain i = 10 " s. As mentioned earlier, this is
a lower bound to i. since the integral over r in Eq. (4) was
evaluated for E =0, which gives the maximum value of
this integral. A more realistic value of Ka would be 1,
which gives a value of the integral one order of magni-
tude smaller, and hence a value for ~ a factor of two or-
ders of magnitude larger, i.e., a value for ~ of about 10
s. It is easily shown that if we take EC to be nonzero in
the integral over r in Eq. (4) and expand to lowest non-
vanishing order in U, the result for dE/dt will still be
quadratic in U.

Except for extremely low concentrations, the adsorbed
atoms will form clusters, rather than individual atoms, on
the surface. As we shall see„ this could easily increase the
slip time over what it would be for individual atoms. Let
us assume that the adsorbate atoms form a periodic clus-
ter on the surface. Then the perturbation that they pro-
duce is obtained by replacing r in Eq. (1) by r —R, where
R is the location of an adsorbate atom nucleus and surn-
ming the resulting potential over R. Similarly, the atom-
ic wave function for the Rth site will have r, —R as its
argument. Including only matrix elements between
atomic wave functions on the same site as each successive
term in the summation over R in Eq. (1) in the calcula-
tion of the matrix elements in Eq. (2), we find that each—i(k —k. ) R
matrix element will contain a factor e ' . Then,
equations (3) and (4) will be multiplied by the square of
the absolute value of the sum of this quantity. Since
these expressions must then be summed over R (i.e., the
locations of the various adsorbed atoms), Eqs. (3) and (4),
displayed in the text will now be multiplied by a factor—I(af —~,. ).R 2

~ +Re f '
~

. If R runs over a periodic cluster, this
factor will be of order unity unless kf —k; is equal to a
reciprocal-lattice vector of the cluster, when it will be
equal to the square of the number of atoms in the cluster.
In the calculation of r in Eq. (8), the mass of a single
atom M will now get multiplied by the number of atoms
in the cluster, which will increase ~ by this number.

III. .CALCULATION OF THE CONTRIBUTION
TO THE SLIP TIME

FROM THK HARD CORK INTERACTION

As pointed out by Persson in his discussion of the
damping of surface-atom vibrations, ' there should also be
a contribution to the damping of the motion of surface
atoms from the interaction of the conduction electrons
with the repulsive hard core of an adsorbate atom. Let
us now estimate the magnitude of this contribution to the
friction. In order to determine this contribution, let us
first determine the t matrix for the scattering of electrons
from an infinite spherical repulsive potential by setting
the expression for the scattering rate,

(2~/&) g I &~,, i, . I'&[(w'/2m )(kf —k,.')],
J

equal to the product of incident flux of particle,
(k;/m)/V, and the total scattering cross section for the
hard core, 4ma . The resulting t-matrix magnitude is
given by ~Ti, z ~=2' M a/mV. In order to calculatei' f
the rate of energy loss, due to scattering of the conduc-
tion electrons by the hard core of a moving adsorbate
atom, let us consider the problem in a coordinate system
in which the adsorbate atom is stationary and the metal-
lic substrate is moving. The rate of scattering of elec-
trons is given by

X6[(iri /2m)(kf —k; )] .

Transforming to the coordinate system in which the met-
al is stationary (i.e., letting k'=k —mv/iii and substitut-
ing for k; and kf in terms of k and kf ), we obtain

(2ir/iri) g (n„, n„,—)~Tq i, 5[(A' /2m)(kj —k )
gl gl f
f i

—v (kf —k,')] .

In order to obtain an expression for the rate of energy
dissipation, due to creation of electronic excitation in the
metal, we simply insert the energy change, which occurs
in the scattering process (iii /2m)(kf —k,' ) in the above
summation, giving

dE/dt = (2ir/R) g (n, n„, )
~ TI,—

kl gt f
f i

X [(iri /2m)(kf —k )]

X5[(fi~/2m)(kj —k )

—v (kf —k,')] .

The question that we must now ask is how this contribu-
tion compares to that given in Eqs. (3) or (4). Then, we
must compare the quantity,

( ,')(e ma /—R )(2ir/V) f dr sin(Kr)/Kr

from Eq. (4) to (2)' (M /m)(a/V) from Eq. (9). The
maximum value of this ratio, which occurs when we set
E =0 in the integral over r, is about 250, implying that
the contribution calculated from Eq. (4) dominates.
When one takes more realistic values of E, as discussed
previously, the two contributions become comparable.

IV. EFFECTS OF METALLIC SCREENING
ON THE INTKRATOM

van der %'AALS INTERACTION

In addition to the electronic contribution to the fric-
tion, there is expected to be a contribution from the pho-
non excitations, which are created by the van der Waals
interaction between the adsorbate and substrate atoms.
In the case of a metallic substrate, the electrostatic in-
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+R 'BV/BR(r„.r,~) . (10)

For the sake of obtaining an upper bound on the effect of
the screening, we will take the adsorbate atom to lie
inside the region containing the conduction electrons,
even though we know that it is most likely outside this
region. Then using Thomas-Fermi screening V(R )
=e exp( —k, R)/R, where k, is the inverse Thomas-
Fermi screening length, and from Eq. (10), we have for
the perturbation

e [(3+3k,R+k, R )/R —(1+k,R)/R ]exp( k,R), —

which for k, =0, reduces to the dipole-dipole interaction,
which is the perturbation, which gives the usual van der
Waals interaction in the absence of screening. Since at
metallic densities k, is of the order of one reciprocal
angstrom, this interaction is reduced by about a factor of
e and since the van der Waals interaction occurs in
second order in perturbation theory, this means that the
screening reduces the van der Waals interaction by at
most a factor of about 7. Previous estimates show that
the van der Waals interaction should be reduced by an
order of magnitude. ' Theoretical treatments of friction
due to phonon excitations assume that the free space van
der Waals interaction is reduced by the latter factor. "
The present calculations indicate that this factor is
reasonable, but the interaction should be a little larger.

V. RELATIONSHIP BETWEEN THK RESISTIVITY
DUE TO THK ADSORBATE

AND THE FORCE QF FRICTION

In order to complete the discussion, I would now like
to discuss the relationship suggested by Persson between
the resistivity contribution of the metallic substrate, due
to the adsorbed atom and the electronic contribution to
the force of friction acting on the adsorbate atoms as they
slide over the surface. It was shown by Ziman, ' on the
basis of an approximate solution of the Boltzmann equa-
tion, that the effect of an applied dc electric field on the
conduction electrons in a metal is to shift the origin of

teraction between the atoms is screened by the conduc-
tion electrons, which will result in a reduced van der
Waals interaction. In order to estimate this reduction, let
us consider the derivation of the interatomic van der
Waals interaction using second-order perturbation
theory. Let the screened electrostatic interaction be
denoted by V(

~

R+r„—r, i ~ ), where R is the distance be-
tween the atomic nuclei, and r„and r, z are the positions
of the electrons of atom 1 and atom 2, respectively, rela-
tive to their respective nuclei. V can be expanded in r, &

and r,z. The van der Waals interaction comes from the
second-order term in this expansion, because this is the
lowest-order term in the expansion, which is able to cause
transitions between states on the two atoms simultane-
ously. This second-order term under consideration is

R 'B/B(R '8 V/BR )(R.r„)(R.r,z)

where

X5[(iri /2m)(k/ —k; )], (12)

M' =V 'fdrek, ,kf

If we make the change of variables k'=k mv/f—i, where
k represents k; and k&, we obtain

'=(2ir/A') g ~M' 'n„, 5[(iri /2m)[(kj) —(k ) ]
i' f

fiv K.'], — (13)

which is identical to the inverse of the scattering time for
an electron scattering off an adsorbate atom moving with
velocity v over the surface, with no applied dc field. This
can easily be seen because the latter quantity is equal to
the expression in Eq. (3) with the factor iriK v removed
from the summation over k, , and the resulting expression
is identical to Eq. (13). The same expression is obtained
when we consider the scattering of the electrons by the
adsorbate atom when there is no electric field applied to
the metal, but when the metal is viewed from a coordi-
nate system in which the adsorbate is stationary and the
metal is moving with velocity v. In this case, the conduc-
tion electron wave functions are given by

ik. .(r —vt) —i(A'k. /2m)t
e ' e

which implies that the conduction electron energy
changes from Ak; /2m to Ak; /2m+%v k;, but the elec-
tron distribution is still nk, since the fact that the metal

is moving will not change the electron wave-vector distri-
bution. Then second-order time-dependent perturbation
theory will yield an expression identical to Eq. (13). Be-
cause of the 5 function in Eq. (3), and since n& is an even

function of k;, we find from Eq. (3) that dE/dt =mu /r,
the rate of energy loss for a single electron, which implies
that the power lost by the moving adsorbate atom is
given by P =nmU /~, where n is the number of electrons
per unit volume. The power loss due to Joule heating is
given by P=J /o. , where o. is given by ne w/m in the
present model. Combining these, we find P=nmu /~,
which seems to support Persson's contention for the case

the distribution of electron wave vectors by —mv/A,
where v is the drift velocity. Therefore, the inverse
scattering time for the electrons in the metallic substrate
in an applied dc field, due to scattering from a stationary
adsorbate atom, is given by

r '=(2~/&) & IMk, ,k I ( k, —
( /R) ng —( /g))

i' f
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of a physioadsorbed atom. This is only an approximate
result, however, because expression (13) is not the correct
expression for the inverse scattering time for conductivi-
ty. Rather, the summation should contain a factor of
1 —cosO, where 0 is the angle between kf and k, '
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