PHYSICAL REVIEW B

VOLUME 52, NUMBER 6

1 AUGUST 1995-11

Magnetic vortices in a distributed Josephson junction
with electrodes of finite thickness

G.L. Alfimov and A.F. Popkov
F.V. Lukin’s Research Institute of Physical Problems, Zelenograd, Moscow, 103460, Russia
(Received 10 February 1995)

A distributed Josephson junction with electrodes of finite thickness is considered in the case
of high critical current density when the Josephson penetration depth )\; is less than the London
depth Ar. A nonlinear nonlocal equation for steady-state distributions of phase difference ¢ across

the junction is derived.

In the asymptotical case of thin electrodes an exact nonlinear solution

for this equation which corresponds to an isolated at-rest Josephson vortex is found. A numerical
investigation of the equation derived is carried out and some static and dynamic characteristics of
vortices in such a Josephson junction are represented.

L. INTRODUCTION

A distributed Josephson contact with a high density of
critical current j, cannot be covered by the traditional
sine-Gordon equation when a constant of magnetic field
screening A; in it is less than (or at least is comparable
with) a London depth Ar of magnetic field penetration
into the superconductor.'™® Magnetostatics and electro-
dynamics of the contact become nonlocal. Different rea-
sons may cause this situation. First, the nonlocal model
of the distributed Josephson junction can describe hid-
den defects in high-temperature oxide superconductors,?
where the London screening depth is relatively large
(AL ~ 0.2 pm) and the coherence length is very small
(§ ~ 0.4-2.0 nm). In this situation the critical current
js through weak links bounded by depairing currents in
the superconductors (j, < jqg ~ 107~108A /cm?) can vary
over a wide range and the condition

C‘I’o
A 1’16772/\1,]'3« L

can take place. Here c is the speed of light and &,
is a magnetic flux quantum. Second, a violation of lo-
cal electrodynamics in the distributed Josephson contact
may occur under strong magnetic fields, approaching a
lower critical field H.; of a bulk superconductor. In this
case a longitudinal modulation of the phase difference
at the junction caused by screening currents may have a
period comparable with the London depth Ay and this
may lead to the occurrence of nonlocal electrodynamics.
The mechanisms mentioned for the occurrence of nonlo-
cal Josephson electrodynamics were discussed in Refs. 1,
2, 4, and 6 in the ideal case of a junction with infinitely
thick superconductive electrodes. At the same time, fol-
lowing Ref. 6 one would expect that the electrodynamics
of the Josephson junction formed by thin (“transparent”)
electrodes may become nonlocal quite naturally. This is
caused by the fact that when the thickness d decreases
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the effective screening depth in thin films increases ac-

cording to the formula A% = A2 /d.® At the same time
the Josephson screening depth diminishes according to
the relation )\gf) ~ Vd. (see Ref. 10) The discussion of
this situation for a single-layer thin superconductive film
separated by a weak link is contained in Ref. 7 (a similar
problem was considered recently in Ref. 8). However, no
such consideration has been given in the literature for
a non-one-layered structure of a distributed Josephson
junction with thin electrodes.

The transition to a nonlocal model leads to various
unusual consequences. For example a modification of
the asymptotics of the dispersion relation in the short-
wavelength range occurs; this implies a modification of
the spectral characteristics of the junction radiation.3-5:11
Another consequence of the transition to nonlocal model
discussed in Ref. 2 is the modification of the structure of
the magnetic vortex, which approaches the structure of
an Abrikosov vortex as the Josephson screening depth A;
decreases. In the intermediate region Ay > A; > /Ar€
the magnetic vortex has no normal core yet and it turns
out to be possible to modify the equation for the phase
difference ¢(y) for its description. An explicit solution
of this modified equation? shows that the characteris-
tic size of the vortex core becomes equal to I = AZ/AL.
The modification of vortex characteristics may change
the temperature dependence of the critical current, which
is determined by a pinning of magnetic vortices, noise
characteristics of weak links, etc.

In this paper the effect of finite thickness of the super-
conductive electrodes of the distributed Josephson junc-
tion on its magnetostatic and the structure features of
a magnetic vortex is considered. The paper is organized
as follows. In Sec. II a nomlocal equation is derived,
which describes the distribution of the phase difference
within the Josephson junction with superconductive elec-
trodes of finite thickness (see Fig. 1). Supposing that the
electrodes are sufficiently thin, an exact solution of this
equation is obtained. Results of a numerical investigation
for this equation are presented in Sec. III.
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II. BASIC EQUATIONS

Let us consider a thin Josephson contact of infinite
length being formed by two identical electrodes of thick-
ness d, which are situated on each side of the plane z = 0
(Fig. 1). Let us suppose that the contact is in static equi-
librium. We assume that magnetic field His parallel to
the z axis; in this case the components of the field and
the screening current J are independent of the coordinate
z:

H=H(y,z) = (0,0, H,), J = J(y,z) = (Ja, Jy, 0).
Let us suppose that the magnetic field is homogeneous
at an infinite distance from the contact plane,

& — 00

H,(y,z) — Heo. (1)

Furthermore, at the external boundaries of the supercon-
ductor the field continuity conditions hold:

Hzlm::td—f—ﬂ = Hle:id—o' (2)

Let us assume that the distribution of the screening cur-

rent Jy(y,z) is antisymmetric with respect to  and the

thickness of the oxide layer ¢ is very small, t < A;. More-

over, we shall assume below that ¢t — 0. Integrating the

expression for the superconductive current (f-f is vector
of magnetic potential),

over the contour I' shown in Fig. 1, passing to the limit
Ay — 0, and putting ¢ = 0 we obtain the boundary
condition

c®y Oy
Jy|z=+0 = ma_y = _Jylwz——-o‘ (3)

The component J, is related to ¢ by means of the Joseph-

FIG. 1. Scheme of a Josephson junction: 1, superconduc-
tor; 2, tunnel layer.

son formula
Jz|m=0 = Jgsin p. (4)

Furthermore, this component of the current vanishes at
the external boundaries of the superconductors:

Jo| 0. (5)

e=td
The magnetic field and the currents inside the supercon-
ductors are connected by means of London’s equation
and the equations of magnetostatics:

rotH = flg.f, (6)

divH =0, (7)
2

H= 47:\L rot.J. (8)

It follows that the superconductive current satisfies the
equation

B2+ 082 —1/A%)T =o0. (9)

We will search the solutions of Egs. (6)-(9) with the
boundary conditions (1)—(5) in the form

T =j,2) + jeo(),
H = h(y,z) + hoo(z), (10)

where joo and Ao are homogeneous along the junction
and are represented by the expressions

iltoo (:B) = (Oa O’ hoo (.’L‘)),

(11)
cosh(z/AL) -
heo(z) = { <cosh(@/A)’ 17T
H.,, |z|>d,
.;oo(m) = (Oy ]oo(l')ao)y
_ cH,, sinh(z/AL) o <d (12)

Jeo(®) = 4mAr cosh(d/AL)’

At the same time the solutions f(y, z) and ﬁ(y,az) have
to satisfy Eqgs. (6)—(9), the boundary conditions (3) and
(4) on the plane z = 0, and the zero boundary conditions
at = %d for the current (5) and for the field:

hll:cl:d =0. (13)

To find ;(y,:c) and fl(y, z) we will use the Fourier trans-
formation with respect to y:

+oo
i(y,z) = / 3j k(m)e"‘ydk.

oo

The solution required has the form
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ja) /T AZRZ/AL)

-k .

J:(fl!) _ ]:(0) cosh {(d _

cosh{dv/1+22k2/A,} ' (14)
lz)v/1+ A3k2/AL}

cosh {d\/l + )\%kz//\L}

sgnz, (15)

h¥(z) = j*(0) AT sinh {(d — |z])/1+ AZk2/AL} (16)
x) = .

* Y e/T+ k202 cosh{d\/1+22k2/AL}

It is evident from the solution obtained that at the boundaries of the superconductive electrodes (|z| = d) h¥(zx)

vanishes. Thus, it follows from the Maxwell equations with the boundary conditions (13) that outside the electrodes
(lz| > d) the magnetic field h(z,y) = 0. It is easy to conclude from (14) and (15) that the following relation between
the normal and tangential components of the current is true:

itk

-k _ _
Js(@) = —jy (e )—\/1_+k—2,\§ t

After the inverse Fourier transformation and taking into
account the boundary conditions (3) and (4) we obtain
the equation required for the phase difference across the
junction:

sing = —/ (Iy'“l) Zufdu (18)

The kernel of the integral operator is determined by the
Fourier integral

1 tanh(ﬁvl + k2)
27 T 1+ k2 F k2
where § = d/Ar. One can show that the kernel (19) can

be represented by means of the residues theory as the
series

Gg(v) = exp(ikv)dk, (19)

1& exp{ — \/74— 23)2(1—+—2n)2|v|}

Gg(v) = =
o) Bz \/1+(2ﬂ)2(1+2n)

Introducing the variable w = y/); it is possible to rewrite
the equation (18) in the dimensionless form

.1 [ [w—u|\ d?p
sinp = ;/_WG,; (T) " ——5 du, (21)

where p = Ap/A;. Being written in this form the equa-
tion involves two external parameters p and ( only.

Let us consider some asymptotic cases of Eq. (18).

(a) In the asymptotic case of a large Josephson length
Aj (0 = AL/Aj < 1), Eq. (18) turns into the clas-
sic sine-Gordon equation with a renormalized depth of
the magnetic field screening. Using the properties of
the Fourier transformation it is easy to check that when
p—0, p~rGg(|lw—u|/p) — (tanh B)§(w —u) where § is
the Dirac function. So we can conclude that in the local
limit g — 0 the initial equation (18) takes the form

AY) = ) \/tanh(d/AL). (22)

sing = (/\(J))z & 2 :

anh{(—d;Lﬂwl +/\%k2}sgn(m). 17)

This asymptotics for the Josephson screening depth is in
agreement with results of Refs. 10 and 12. A well-known
solution of this equation is

¢(y) = 4arctan(exp{xy/A\P}). (23)

This solution describes the distribution of the phase dif-
ference within an isolated Josephson magnetic vortex.

(b) In the case of a large thickness of electrodes (when
B =d/AL > 1) the following relation holds:

1 [ exp(ikv)
Gp(v) =~ o Y 1

Here K(v) is the McDonald function. In this limit the
equation obtained coincides with the nonlocal magneto-
static equation for a distributed Josephson junction being
derived in Refs. 1 and 2. In the case of strong nonlocality
(Aj/AL < 1) this equation has an approximate solution®
describing an isolated magnetic vortex:

@(y) ~ m & 2arctan(ALy/A%). (25)

dk = Ko (v). (24)

(c) Let us consider the case of the thin electrode limit
d € Ap (B < 1). As this takes place the series (20) can
be summed up and the kernel (19) takes the form

lncoth (?Ivl) . (26)

Integrating by parts the right side of Eq. (18) we obtain

Gp(v) =~

/\2 oo
i / ! 20 1, (27)
22rd J_o sinh (%) du

singp =

where the integral means the principal value of the
Cauchy integral. An equation similar to (27) arises in
the dislocation theory for the description of elastic defor-
mations induced by the Peierls dislocation in a plate of
finite thickness.'® Equation (27) admits an exact solution
which corresponds to a solitary at-rest magnetic vortex.
It has the form
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sinh Z¥ magnetic field penetrates into the thin electrodes of the
p(y) = m £ 2arctan —-—;2-;?— s (28) Josephson junction which contains the magnetic vortex.

€os3p There exists the value of the field, namely,

where the parameter D is the greatest positive root of
the transcendent equation

" wd _ /\?71’
9D T 2D

"The parameter D determines the characteristic size of the
vortex along the junction. It is possible to check that (28)
is a solution of (27) by means of its direct substitution
into the equation. In doing so the calculations become
simpler if one operates with the Fourier transforms of the
relations (27) and (28).

The phase distribution (28) allows us to find the distri-
bution of currents and magnetic fields within the vortex.
Using the Fourier transforms (14)—(16) and taking into
account the formula

(29)

zk/\ 2ds
i) = ——2=0%,
L

where ¢* is the Fourier transform of (28) we obtain after
the integration

Jo 2wA?  sin 1(%%5'& sinh 7%

js — ALD cosh & — sin%‘l’

i 2mA m(@d-lzl) cosh ¥
J_y j Cos Ccos 3D sgnz, (30)

Js ALD cosh % — sin _"(lewl)

h.c - /\_12 lnCOSh% +sin%u.
4mjsdr — AL T cosh 35 — sin %

The solutions represented above obey the Maxwell equa-
tions (6) and (7) but they do not satisfy the London equa-
tion (8) rigorously because they are asymptotic ones in
the limit d/Ar < 1. The structure of the magnetic vor-
tex under different values of the external magnetic field
is shown in Fig. 2. This figure shows how the external

ﬁm(?’fax
="

FIG. 2. A distribution of magnetic field within the junc-
tion. (a) Hoo =0, (b)Hoo > 0.

o

(b)

871'2/\2]3 cosh 75 "d coth d
Dc  coshz¢ "d AL’

H, =
when the screening Meissner currents jo(z = d) at the
external surface of the electrode compensate the vortex

current jy(z = d,y = 0). Another critical value of the
field is

HY, =

oo

4mj, A2 cosh(d/AL) N til + sin(wd/2D)]
Arc 2sinh®(d/2A;) |1 —sin(wd/2D)
(31)

when the value of the magnetic field in the vortex center
is equal to the external field Hy,. The value HZ plays
the role of the first critical field of the vortex penetration
into the junction through its edge. The stability of the
structures represented in Fig. 2 needs to be investigated.

III. NUMERICAL INVESTIGATIONS: STATIC
AND DYNAMIC PARAMETERS OF THE
JOSEPHSON VORTEX

When the asymptotic approximations (a), (b), and (c),
above, are inapplicable it seems reasonable to use nu-
merical methods for the investigation of Eq. (18). Being
written in the dimensionless form (21) the basic equation
depends on the two parameters p = Ay /A;j and 8 = d/AL
only. In this section we describe a modification of the
form and characteristics of the single fluxon under a vari-
ation of these parameters and clarify the range where the
asymptotic formulas (23),(25),(28) are applicable for its
description.

To control the accuracy of the numerical calculations
we used the fact that Eq. (21) possesses the first integral

1 wl _ wll
I =(1-cos _ // , G ! (...._..____)
( ¥~z w>w m

dp dy
X T’ w'dw”. (32)

To verify the existence of this integral it is sufficient to
differentiate the formula (32) and to use the fact that ¢
is a solution of (21). It is necessary to point out that the
existence of such an integral follows immediately from
the results of Ref. 14 where a dynamical interpretation
for nonlocal equations of this kind was suggested (see the
Appendix). Let us note that the solitary fluxon solution
corresponds to the zero level of the integral, 7 = 0. A
deviation of I from zero being calculated for the fluxon
solution obtained numerically reveals a magnitude of the
calculation error.

Figures 3 and 4 demonstrate the profiles of the phase
difference distribution ¢(w) = ¢(y/A;) for the Josephson
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2n
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FIG. 3. The phase difference distributions p(w) = ¢(y/A;)
within the fluxon, 8 = 0.5; dashed line, p = 0.1; solid line,
pn=>5.

vortex obtained numerically under different values of 8
and p. It can be seen from Fig. 3 that a decrease in the
Josephson depth A; under fixed values of Az, and d leads
to a shrinking of the vortex core and simultaneously to
a dilatation of its periphery. On the other hand, Fig. 4
exhibits that a decreasing of electrode thickness d leads
to a shrinking of the vortex as a whole.

m{/ (1—cos<p)dy+

AL —oo J—oo

27

10 W=y/a,

FIG. 4. The phase difference distributions p(w) = ¢(y/A;)
within the fluxon, u = 0.5; dashed line, 8 = 0.1; solid line,
B =3.

Let us discuss now some characteristics of the mag-
netic vortex related to its structure. Namely, let us cal-
culate the energy of the magnetic vortex at zero external
magnetic field and its mass and mobility in an adiabatic
approximation. In the absence of an external magnetic
field, H,, = 0, the free energy functional for the dis-
tributed junction can be represented as*

ly —u|) de dp _
GB( L dy du —dydu » = FoJ1(B, p), (33)

where Fo = ®2/3273)% and the functional J;(3, p) is determined by the formula

Ji(B,p) =

Here ¢(w) = ¢(y/A;) is the distribution of the phase
difference within the Josephson vortex. Figure 5 repre-
sents the curves for the dependence of the vortex energy
J1(B,p) = F/Fy on the nonlocality parameter pu under
different values of the parameter (3 corresponding to the
electrode thickness. Let us note that in the local limit
p— 0 J1(B,p) = 4p/tanh B/7. It is evident from Fig. 5
that the vortex energy grows when either the parameter
u or B increases. The corresponding curves obtained for
small 3 by means of the formula (28) are depicted in the
same figure for comparison. In this case the dependence
J1(B, 1) has the form

()

where K is the greatest positive root of the transcendent
equation

Jl(ﬂa )

Lo oo L[ [0

|lw —u| de dp
—dudw ¢ . 34
( u du dw (34)
[
By ow
cot 2K K 2 Kp (36)
and ®(A) = fo —2d0 is the function which can be easily

tabulated (see Table I). A comparison shows that a good
agreement between numerical and asymptotical results

TABLE L. Values of the function ®(A) = [, ;2.df
Al o 7/20 | 27w/20| 3m/20| 4w/20| 5w/20| 6m/20
3 o 0.157 | 0.316 | 0.477 | 0.643 | 0.814 | 0.992
Al 7w/20| 8%/20| 97/20|107/20|11%/20| 127 /20| 137/20
$|[ 1.180 | 1.381 | 1.597 | 1.832 | 2.092 | 2.384 | 2.719
Al[147/20] 157 /20| 167/20| 177 /20| 187/20| 197 /20| =
$i| 3.110 | 3.582 | 4.174 | 4.960 6.105 8.144 oo
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for J1(B, 1) (up to 2%) takes place when 8 < 0.3 (at
B = 0.1 the corresponding curves are indistinguishable).
It follows from Fig. 5 that under 3 > 2 and arbi-
trary values of p an approximation of “infinitely thick”
electrodes!'? can be applied successfully. Curve 4 repre-
sents the dependence J; on p in this case. When 8 > 2
the values J1(8, u) coincide with this asymptotics with
high accuracy; the corresponding curves in Fig. 5 are in-
distinguishable. At large values of u and 8 > 2, the
following formula corresponding to the nonlocal fluxon
(25) can serve as a good approximation (see Ref. 6):

Ji~y+2lnpy, v =~ 0.4228. (37)

Let us turn to the discussion of some dynamical param-
eters of the vortex which can be obtained in an adiabatic
approximation. We suppose that the fluxon velocity is
small with respect to the velocity of light in the junc-
tion and the form of the fluxon suffers a weak distor-
tion. Under these conditions it is possible to calculate
the viscosity n and mass m of the fluxon which charac-

(B 1)

FIG. 5. The dependence of the functional J1(8, 1) on the
nonlocality parameter p under different values of 3. (1)
B8=0.1,(2) 8=0.3, (3) B8=1, (4) B = co. Dashed line, the
asymptotical dependence (35) for 8 = 0.3. Dotted line, the
asymptotical dependence (37) corresponding to (25).
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terize the mobility and inertia of the vortex, respectively.
In a zeroth approximation with respect to velocity these
parameters are determined by the expressions (see, for
example, Ref. 2)

ﬁz
=10 215\ J2(B, 1), (38)
n2C
= 2o, BB, (39)

where J>(8,1) = [T ( w) dw and C and R are the
linear capacity and resistance of the junction, respec-
tively. Figure 6 exhibits the dependence of the functional
J2(B, 1) on the nonlocality parameter p under different
values of the normalized thickness of electrodes [3. It
can be concluded from Fig. 6 that when 3 grows the vis-

1, (8,1)

FIG. 6. The dependence of the functional J2(3, ) on the
nonlocality parameter p under different values of 8. (1)
B=0.1,(2) 3=0.3,(3) 8=1, (4) B = co. Dashed line, the
asymptotical dependence (40) for 8 = 0.3. Dotted line, the
asymptotical dependence Jz ~ 2mpu, p > 1 corresponding to
(25).
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cosity and the mass of the vortex decrease and, on the
contrary, when u grows they increase. When u is small,
p < 0.5, the local model (22) gives a good approxima-
tion for J»(8, 1t). In this limit J>(8, ) ~ 8/+/tanh 3. To
calculate m and 7 at small values of 3, 8 < 0.3, it is
possible to use the solution (28). In this case a good ap-
proximation for J2(3, 1) can be provided by the formula

TBu 1]

——a. + (40)
K sin —Iﬁ{‘i

JZ(IB,/"') = ?Ii{r' |:

where K is determined by the relation (36).

On the other hand, at 3 > 2 the approximation of “in-
finitely thick” electrodes is valid when the kernel of the
integral equation is represented by the McDonald func-
tion (24). Curve 4 exhibits the dependence J2(3, 1) on p
in this case. The curves for the dependences J2(8, u) for
B > 2 coincide completely with this curve. Let us note
finally that under large values of 8 and strong nonlocality
p© > 1 the solution (25) provides a good approximation
J2(B, 1) = 2wp which was found in Ref. 2.

IV. CONCLUSIONS

Thus, the results obtained permit us to describe vor-
tices which arise in the distributed Josephson junction of
a finite electrode thickness. The structure of these vor-
tices varies when the thickness of the electrodes dimin-
ishes and depends on the ratio of London and Josephson
screening depths. A decrease of the electrode thickness
d leads to a shrinking of the vortex. As a consequence of
this we have, on the one hand, an increase of its mass and
mobility and, on the other hand, a decrease of its energy.
When the thickness of the electrodes is d > 2Ar, the junc-
tion behaves as infinitely thick in both local (A < ;)
and nonlocal limits.

Let us point out that in the case of infinitely thick
electrodes the fluxon energy F' determines a lower critical
field of entry of vortices into the junction, H,y = 4nF/®,.
When the contact has a finite thickness it is necessary to
take into account the penetration of the magnetic field
into the electrodes from the outside. When the thick-
ness of the electrodes is finite this leads to a decrease
of the Meissner phase volume and, as a consequence, to
an increase in the critical field. In thin films the value
HY | being determined by formula (31), plays the role of
this critical field. Interference of the Meissner screening
currents and those of the magnetic vortex causes a vor-
tex shrinking. Nevertheless, the question of single vortex
stability at H > H?, in a Josephson junction of a finite
length needs further investigation.

Magnetic vortices of the type discussed can also arise in
many-layered structures with thin superconductive inter-
layers where tunnel current can be extremely large. High-
temperature oxide superconductors consisting of weakly
coupled superconductive layers corresponding to CuO
planes would be regarded as natural examples of struc-
tures of such kind (see, for example, Ref. 15) On the
other hand, such structures are fabricated nowadays by
artificial means, keeping in mind, for example, the poten-
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tials of their applications for a generation of microwave
radiation. For instance, Ref. 16 deals with an experi-
mental investigation of trilayer Josephson contacts with
two extremely thin electrodes of Y-Ba-Cu-O separated
by an interlayer of Pr-B-Cu-O. It was found in Ref. 16
that as the thickness of the isolating interlayer decreases,
the magnitude of the critical current ceases to obey an
exponential dependence which is characteristic for thick
interlayers. A possible explanation of this phenomenon
would be a drastic drop of the Josephson screening depth.
In this connection the appearance of nonlocal magneto-
statics in such structures must not be ruled out.

In conclusion let us make one remark about the pos-
sible conditions for the appearance of these vortices in
many-layered structures. It is known that the magnetic
field can penetrate into a structure both in the form of the
vortices within one junction, discussed above, and in the
form of “hypervortices” which cover several weakly cou-
pled layers simultaneously.!” The form and sizes of such
hypervortices are determined by averaged London screen-
ing depths with respect to longitudinal and transversal
directions. A critical field of entry of the hypervortex
into the layered structure is determined by the energy of
these formations. But when pinning of the hypervortex is
large or when the size of the structure is comparable with
the size of the hypervortex, the magnetic field can gener-
ate vortices within individual junctions. Such a situation
was demonstrated in Ref. 12 in a numerical investigation
of layered structures of this kind.
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APPENDIX

To analyze qualitatively Eq. (21) it turns out to be
convenient to use an approach of Ref. 14. This approach
involves a replacing of the initial integro-differential equa-
tion by a system of ordinary differential equations. The
order of this system is determined by the kernel of the
integral operator and may be infinite. In so doing it is
possible to regard the initial integro-differential equation
as a dynamic system with respect to the spatial variable.
The solutions ¢ = 27n,n € Z, represent singular points
(equilibrium states) of this system. The fluxon soluton
corresponds to a special trajectory of the dynamic sys-
tem which emerges from the unstable equilibrium state
¢ = 0 and goes into another equilibrium state ¢ = 2.

Let us show the way to introduce a dynamic system
which corresponds to (21). We use the representation
(20) for the kernel Gg(v),
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1 & ewnlol
Gg(v) = = s
(v) ﬂ,;, o
(A1)
7\ 2
= ) 2
Wn 1+(2ﬁ> (1 + 2n)?,
and introduce the auxiliary functions
_ Wn e wo|w — u| l_if
gn(w) = o /_w exp{ " } dudu,
n=0,1,.... (A2)

It is evident that each of them satisfies the equation

2 2
podn e n=0,1,....
dw

2 Jduw?
w2 dw

(A3)

Equation (21) can be rewritten in the form

— oo

. 1 [ |lw—u|\ d2p 2 < 1 dg,
= — —_— -—d = — —_—
(A4)

Thus, Eq. (21) can be represented as the infinite system
(A3),(A4) of differential equations for the initial variable
¢ and an infinite number of the auxiliary variables g,.

A simple consequence of this representation is the ex-
istence of the integral (32). To obtain it it is sufficient to
multiply Eq. (A4) by dy/dw, to multiply Eqs. (A3) by
—(2/Bw?2) dg,/dw, and to sum up these equations. Be-
ing expressed in terms of the auxiliary variables ¢,, n =
0,1..., the first integral takes the form

oo 2 2 oo
w® (dg, 1
I=(1—C°S*°)+Zw(m) ~ 2 gt
n n=0 n

n=0

(A5)

It is easy to rewrite it in the form of (32) using the explicit
expression (A2) for gp.
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