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Josephson current-phase relationships with unconventional superconductors
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The current (energy)-phase relationships for Josephson coupling involving unconventional su-
perconductors are investigated. It is shown that in general the energy can have minima at phase
differences of neither 0 nor 7r even for superconductors that do not break time-reversal symmetry in
the bulk.

I(y) = I(y + 27r),

while time-reversal symmetry implies

I(y) = -I(-y) . (2)

If one further assumes that I is sinusoidal in y, using
Eq. (1) one can write I = I,sin(y —cr) for some con-
stant o. . Then Eq. (2) immediately implies that n = 0
or vr (mod 2vr) are the only possibilities, the ones that
were mentioned above. Correspondingly the energy must
be minimum at either y = 0 or m. o. deviating from
these values is possible only under broken time-reversal
symmetries. ' Below I shall confine myself to cases where
this symmetry is not broken.

It is, however, known ' that a sinusoidal current-
phase relationship is only a special case in Josephson tun-
neling, attainable only for, e.g. , suKciently high and wide
potential barriers between the two superconductors (for
convenience of referral later, I shall call this the tunnel-
junction limit) or temperatures sufBciently close to T, .
What happens in general? A moment of reQection shows

Recently Josephson interference experiments have
played a very important role in studying whether
the cuprates are d-wave (and in particular Bio or

2 v2 ) superconductors. In particular these experi-
ments are based on the recognition that 0 and vr junc-
tions can be formed between an 8-wave and a d-wave
superconductor ' or between different grains of the d-
wave superconductor itself. By 0 and 7r junctions one
means that, with the same convention for the phases of
the superconducting order parameters, the vr junctions
have the current-phase relationship shifted from that of
the 0 junctions by m', and in particular, while the 0
junctions have their energy minimum at phase difference
y = 0, the vr junctions have their energy minimum at

That this is possible is due to the fact that,
the order parameter of, e.g. , Bz~ symmetry changes its
sign (or, more precisely, undergoes a phase change of vr)

when one moves from momenta closer to +a axis to those
closer to the +b axis. In these publications the assump-
tion that the current-phase relationships are sinusoidal is
made either implicitly or explicitly.

Are 0 and 7r junctions the only possibilities, if one is
only interested in superconductors without broken time-
reversal symmetry? By the periodicity of the current in
the phase difference y with period 2m one has

= —f2[sing + P2sin(2y)], (4)

where I have also introduced new constants p~, P2 since
the magnitude of the critical current and the "skewness"
are in general different. The total current through the

that Eqs. (1) and (2) impose very little restrictions. For
example, while one knows that at y = 0 and 7r, I = 0
and hence are energy extrema, it is not necessary that
either one will be a minimum.

In this paper I shall show that for the general Joseph-
son coupling involving a superconducting order parame-
ter with sign changes around the Fermi surface, that a

junction with energy minima at y = y, neither 0
nor vr is indeed allowed. I shall first give a plausibil-
ity argument. Then I shall verify this by explicit micro-
scopic calculations. Possible experimental consequences
will then be discussed.

To see why y g 0 or m should be expected in general,
consider a junction between an 8-wave and a Bq~ super-
conductor [order parameter A(k) = Az(k2 —k2)]. Gen-
eralization to the other order parameters is trivial and
will not be presented. The Bjg order parameter consists
of different parts on the Fermi surface where it differs in
phase by n. I shall refer to them as part 1 (for k closer
to +a) and part 2 (k closer to +6), respectively. For def-
initeness but without loss of generality I shall choose the
phase of the 8-wave superconductor to be zero and that
of part 1 to be y, which I shall also refer to as the over-
all phase of the B'q~ order parameter. Imagine that the
supercurrent through the junction between the two su-
perconductors is the sum of two contributions from each
portion of the Fermi surface, thus effectively we have two
junctions in parallel. Since both superconductors are sin-
glet each junction is qualitatively like one between two
s-wave superconductors (see Ref. 13 and below). I shall
take the simplest form for a nonsinusoidal current-phase
relationship by adding a sin(2y) term to the usual sing
term. Thus I write the contribution to the Josephson
current from part 1 of the Fermi surface as

Il (X) = yi [»nX —Pi »n (2 X)]

I shall for definiteness assume pi, Pi ) 0, i.e., that the
form of I-i has the form as in Fig. 1. The contribution
of part 2 is of the same form except that y has to be
shifted by m:

I2(Z) = &2(sin(Z + 7r) —P2sin[2(y + ~)]j
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junction is simply I(y) = I1(y) + I2(y). Simple manipu-
lation shows that I = 0 at either

I
'

1

'
I

'
I

sing = 0,
i.e. , y = 0 or vr, or

'yl y2cos+ =
2(P1'71 + P2 72)

(6)

which indicates new possibilities for I = 0 and thus en-

ergy extrema if its right-hand side has magnitude less
than 1. Expanding I near g = 0 one gets I(y)
[p1 —p2 —2(P1p1+P2p2)]y+ . ; Thus y = 0 remains an
energy minimum only if [p1 —p2 —2(p1p1 + p2p2)] & 0.
It becomes an energy relative maximum if the sign is
reversed. One can show easily that y = m remains an en-

ergy relative maximum if [p1 —p2 + 2(prp1 + p2p2)] & 0.
Notice that [p1 —p2 —2(P1p1 + P2p2)] & 0 and [p1 —p2 +
2(P1p1 + P2p2)] & 0 implies that ~2i&~' ~&

l
& 1 and

thus new energy minima of Eq. (6) will be realized.
Thus new energy minima at y P O, a will always oc-

cur if P1 2 g 0 and p1 sufficiently close to p2, i.e. , the
basic current-phase relationship is skewed and the cou-
plings to the parts of the order parameter with opposite
signs are not too diferent.

Now I shall present a microscopic calculation showing
that the above physics does indeed occur. I shall con-
sider a pinhole between an isotropic 8-wave supercon-
ductor and a Bq~ superconductor, i.e. , the two supercon-

0

FIG. 1. A nonsinusoidal current-phase relationship.

ductors couple only via a small hole. This geometry is
chosen for the simplicity of the calculation. Similar be-
havior is expected for a junction if the potential barrier
between the superconductors is sufBciently low or thin.
I shall call the tunneling direction the x axis and study
the energy-phase relationship as a function of 0, the an-
gle of rotation about z = c axis between the x axis and
the crystalline a axis for the B1g superconductor (i.e. , a
and 6 are in the x-y plane). I shall show that for 0 suf-
ficiently close to vr/4, the junction has energy minima at

with y g O, vr. The expression of the current,
ignoring surface depairing, can be adopted directly from
a previous calculation:

~(0) Ivy-I~T ).I&'ll&" (k) I4~, e + n n + fA //4 /cosy(k)
(7)

The notations are as follows: %(0) is the density of states
for one spin, S the area, T the temperature, vf (k) is the

velocity of momentum k along the x direction. I shall
assume that both the superconductors have cylindrical
Fermi surfaces of identical radii with the open directions
along c = z, hence vf = vfcosP, here P is the azimuthal

angle between k and x. ~A ' (k)
~

are the magnitudes
of the gap for the superconductor on the left and right
along k. I shall assume that ~A

~

is independent of P
and ~A

~

= 4"~cos[2(P —0)]~. e~ are the Matsubara fre-

quencies, n—:[e + (A ) ] ~, and y(k) the phase
difFerence of the order parameter between the two super-
conductors for momentum along k. g(k) is given by

y(k) = y if cos[2(P —0)] & 0
= y+ ~ if cos[2(P —0)] & 0 (8)

corresponding to the two lobes of the Bqg order parame-
ter on the Fermi surface. I shall call g the overall phase
difference between the two superconductors. One should
notice that Eq. (7) has the necessary qualitative features
used above in the discussion demonstrating the possibil-
ity of y g O, m.

I shall discuss mostly only the energy-phase relation-
ships. The current can be obtained easily by taking the
derivative (I = &' s ). The (Bee) energy difference
between the junction with phase dift'erence y and with
phase difference 0 can be obtained from Eq. (7):

AE(y, 0):—E(y, 8) —E(0, 9)

8e2R ~ g2 +, nLnR + gI ~R(y)cos+
&n

where A (P) = Eicos[2(P —0)]. Here 1/R
2N(0)e vyS/m is the normal-state conductance through
the junction. Note that besides the symmetries
AE(y, o) = AE( y, o) = AE(27r + y—, g) [cf. Eqs. (1)
and (2)] one has AE(y, 0) = AE(g, —0) due to re-

flection symmetry about the x axis and EE(y, g)
AE(y + vr, 8 + 2) since a rotation of —of the B1~ or-
der parameter is equivalent to a phase change of ~. I
shall discuss only 0 & 0 & 2, the other regions can be
obtained using the symmetries discussed above.
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FIG. 2. AR of Eq. (9) as a function of y between an s-wave
and a B» superconductor rotated by 8 as described in text.
The gap maxima for the superconductors are chosen to be
17.6 K and v2 x 176 K. The temperature is at 5 K. Energy
is in units of ~"~ x Kelvin.

KE(y, 0) as a function of y for various values of 0 is
plotted in Fig. 2. One sees that y = 0 for 0 & 0
and y = m for 0 ) 2

—0 for some critical angle 0, .
However, for 0 & 0 & 2

—0 the energy indeed possesses
minima at y P O, vr. Notice that for these values of 0's
the current-phase relationships are very peculiar, with
I = 0 at 0, vr and y, 2m —y . The position y for
the minima as a function of 0 for 0 & 0 & 2

—0 is
practically a straight line. The fit to a straight line is
shown as the dashed line in Fig. 3.

Extension to tunneling between two unconventional su-
perconductors is straightforward. , and I shall only show
some of the results. I shall first consider the case where
the 8-wave superconductor above is replaced by a Big
superconductor with a = x and c = z. In this case the
symmetries in 0 discussed above remain valid. I find that
again the energy can have minima at y g 0, vr. y ver-
sus 0 for 0 & 0 & 2

—0 are again indistinguishable from
a straight line, and is shown as the full line in Fig. 4.
The dashed line shows the case where the left supercon-
ductor has a rotated by s from the x axis (with a and

b still in the x-y plane) and the right superconductor is

m/2

FIG. 3. y versus 0 for the s-d junction. Dashed line is
the numerical result for unit transparency. The efFect of finite
barrier height and/or width is schematically shown as the full
line. The parameters are as in Fig. 2.

FIG. 4. y versus 0 for the d-d junctions as described in
text. The parameters are as in Fig. 2.

rotated further by 0. This breaks the even symmetry of
AE in 0. y versus 0 where y g 0, m is plotted as the
dashed line in Fig. 4. Thus for the same misorientation
0 the value of y can depend on the tunneling geome-
try, though the differences are small in this limit of unit
transparency.

In the above the transmission coefIicient through the
pinhole was put at unity. In the presence of a barrier
the relative contributions from quasiparticles with mo-
menta further away from the junction normal will de-
crease due to the higher effective barrier height. Also the
deviation from the sinusoidal current-phase relationship
from each momenta will be less. Thus the range of 0
where y P 0, 7r will decrease. I represent this behavior
schematically as the full line in Fig. 3. Notice thus for
given 0, the value of y then in general depends on, e.g. ,
the transmission coefFicient through the junction. In the
tunnel-junction limit the transition between y = 0 and
a will be replaced by a jump at some critical value 0 (7r/4
in the case of Fig 3.)

In the rest of the paper I shall turn to some potential
experimental consequences of these unconventional ener-
gies and/or current-phase relationships, assuming that at
least one of the superconductors involved is indeed an un-
conventional superconductor. Consider the two-junction
rings made between two Y-Ba-Cu-0 grains as in Ref. 3.
The two junctions, in principle, have the same misorien-
tation angle 0. If these two junctions are identical (ex-
cept possibly the area), then they have the same y
and no spontaneous flux would be generated in the ring.
However, if they do not have the same, say, transmission
coefIicients then in general their y can be difFerent, say

(Here a and b do nof refer to crystalline axes. )
Then a finite flux can be spontaneously generated, which
is given by 2 (y —y ) in the large inductance limit.
However, if one produces many such rings, then since on
the average the junctions are identical, this would pro-
duce a spread of the values of the measured fluxes about
the ideal value of 0, with the width determined by the
magnitude of 0 and the variations in the barrier involved
in the junctions.

Similarly consider the borders between two misoriented
grains, as in the inclusions of Chaudhari and Lin or
Kirtley et aL Although the misorientations are identi-
cal for the two interfaces originating from a corner, the
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values of y for these two interfaces in general dier, ei-
ther due to the geometric eKects as discussed in Fig. 4,
or the difFerence in the transmission coeKcients of the
interfaces. Then an argument as in Bulaevskii, Kuzii,
and. Sobyanin or Millis shows immediately that mag-
netic Aux will be generated near the corner. In fact
even for a planar interface diferent portions of the in-
terface may have diferent transparency, perhaps due
to the randomness of the strength or positions of de-
fects that are present along the boundary. Thus in gen-
eral y can vary along the boundary, producing Quxes
along it. These Buxes may have already been observed
experimentally.

Actually nonsinusoidal current-phase relations can
have important inQuence on the types of superconducting
quantum interference device (SQUID) experiments as in
Wollman et al. and Brawner and Ott. For example if
one investigates the minima of resistance of the SQUID
alone then remarks similar to the ones above on the rings
apply except that the concern is for the maxima in the
current-phase relationships (rather than the energy min-
ima y ). Thus even for SQUID made entirely of s-wave
superconductors a shift is possible if the two junctions
do not have the same current-phase relationship. (cf.

Sec. IV of Ref. 8) It is clear that the Aux through the
SQUID needed to achieve the maximum current is actu-
ally 2 (y —y ) where y ' are the values of y such that
the currents through the a, b junctions are maxima. In
Wollman et al. and Brawner and Ott the resistances of
the SQUID's as functions of the applied flux have been in-
vestigated. The fact that these dependences seem rather
sinusoidal probably put an upper bound on the devia-
tion of I(y) in these two experiments from a sinusoidal
relation.

In summary I have investigated the possible current
and/or energy-phase relationships involving unconven-
tional superconductors, and have shown that they pos-
sess interesting properties which are not present in the
tunnel-junction limit.
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