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Density profile in a weakly modulated two-dimensional system in a magnetic field
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The particle density Huctuations generated by a weak unidirectional periodic potential in a two-
dimensional interacting electron system, in a strong perpendicular magnetic field, are calculated
using a local-density description of the exchange-correlation energy for the lowest Landau level.
The correlation efFects are discussed with respect to previous results obtained in the Hartree and
Hartree-Pock approximations. In the spatial regions where the local filling factor is in the range
0.3—0.7, the correlation corrections cancel the exchange contributions, such that the Hartree picture
is shown to be qualitatively correct. In these regions, the external potential is strongly screened
by the electronic system. In the other spatial regions the density has higher order oscillations
with a specific wavelength, which disappear with increasing temperature or the external potential
amplitude. Possible experimental evidence of these oscillations in modulated structures is discussed.

I. INTHODU CTIION

Several spectacular efIects are produced by the
electron-electron interactions in two-dimensional (2D)
systems in a perpendicular magnetic field, the most ex-
citing being the &actional quantum Hall effect. While
this seems impossible to describe in a standard many-
body theory, there are other important interaction ef-
fects which can be reasonably explained: the nonlinear
dielectric response, the negative compressibility, or the
exchange enhancement of the spin splitting. These prop-
erties can be understood, at least qualitatively, in one of
the various forms of the Hartree or Hartree-Fock approx-
imations.

In an external potential, assumed sufBciently smooth
on the magnetic length scale, the electrons are local-
ized on the equipotential lines of the total electrostatic
potential. ' In this situation, it makes sense to speak
about a local filling factor (LFF) of the Landau levels,
whose degeneracy is lifted. At temperatures much lower
than the cyclotron energy in the spatial regions where
the LFF has integer values, the electron system can-
not screen the external potential. On the contrary, in
the complementary regions, where the charge redistribu-
tion is allowed, the screening is strong, eventually per-
fect. Consequently, the resulting Landau bands have a
small dispersion in the vicinity of the Fermi level, where
they are almost insensitive to the variations of the ex-
ternal potential. This pinning eEect has been obtained
in the Hartree approximation for a one-dimensional peri-
odic external potential (lateral modulation), and more
recently, in a more pronounced form, in the presence of
an electrostatic lateral barrier.

A more general approach, based on descriptions of
the total energy in terms of the local particle density,
has been used by E&os for disordered, weak external
potentials, with essentially the same results for the
screening. The exchange-correlation energy has also been

taken into account, ' in the form proposed by Fano and
Ortolani, in good agreement with magnetocapacitance
measurements, and with the related negative compress-
ibility for filling factors close to integers.

In a recent paper, the Landau bands for a lateral
modulation are calculated in a thermodynamic Hartree-
Fock approximation (HFA) and several exchange effects
have been obtained. They originate in the negative ex-
change energy acquired by the occupied single-particle
states.

First, the spin splitting of the Landau bands may be
strongly enhanced at the Fermi level, in GaAs up to
values comparable with the cyclotron energy. ' For
modulation wavelengths much longer than the magnetic
length, the enhancement is strong even for a modulation
amplitude much larger than the cyclotron energy, while
for shorter wavelengths, the enhancement is easily sup-
pressed by the modulation.

A second exchange efI'ect is the possible negative sign
of the thermodynamic density of states DT (which for
homogeneous systems is proportional with the compress-
ibility) even for strong modulations. For zero modula-
tion the HFA gives also DT ( 0, but 1/DT is always
a convex function of the filling factor, in disagreement
with the experimental data ~ and with the mentioned
calculations.

Another eÃect is the exchange broadening of the Lan-
dau bands intersecting the Fermi level. The bands width
self-consistently determines the amplitude of the total
(external + induced) electrostatic potential. Therefore,
on one hand, the screening may be diminished to some
extent, and on the other hand, its nonlinear character is
enhanced.

A peculiar nonlinear eKect is the appearance of addi-
tional oscillations in the particle density -inside a period
of a long wavelength modulation. These oscillations have
their own period, about 3—5 magnetic lengths, and are
very strong in the presence of a weak external potential,
but they can survive even for an amplitude exceeding
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several times the cyclotron energy. They can also be
removed by increasing the temperature. Recent calcula-
tions in models for quantum dots show similar density
fIuctuations, not only in the HFA, but also in a more
sophisticated approach derived &om the current-density
functional theory.

For a vanishing external modulation, the Hartree-Fock
equations give a constant particle density. However, this
may not be a stable thermodynamic state; if a sponta-
neous charge-density wave (CDW) is assumed, the cor-
responding &ee energy may be lower than for the homo-
geneous state. ' Actually, the HFA predicted an in-
homogeneous ground state for any filling factor v of the
lowest Landau level, while further experimental and the-
oretical investigations devoted to the &actional quantum
Hall efFect have evidenced homogeneous states, except
for small filling factors, v ( 0.2 —0.3, when the Wigner
crystallization is currently believed to occur.

In the presence of a weak external modulation, those
CDW's may be present as higher harmonics in the cal-
culated density response, leading to the mentioned addi-
tional oscillations (not necessarily for the lowest Landau
level). However, the HFA is expected to overestimate
these oscillations, as it happens in the case without a
superimposed external potential.

The present paper is an attempt to study the den-
sity response to a weak periodic potential beyond the
HFA. All the electrons are assumed in the lowest, spin
polarized, Landau level. The Fano-Ortolani formula
is used to express the exchange-correlation energy in a
local-density approximation (LDA). The particle density
is calculated following the general prescriptions of the
density-functional formalism, i.e., by solving, approxi-
mately, the Kohn-Sham equations. In this approach, the
single-particle picture is preserved and a useful compari-
son with the HFA can be made. Nevertheless the LDA is,
in principle, limited to take into account only short-range
correlations and it is not expectable to describe strongly
correlated states.

The self-consistent equations for the particle density
and energy spectrum are derived in Sec. II. For zero ex-
ternal modulation, the present LDA predicts stable ho-
mogeneous states for filling factors 0.3 ( v ( 0.7. For
the other values, roughly corresponding to the Wigner
solid, the CDW instability is present up to a critical tem-
perature. The phase diagram is calculated in Sec. III, by
studying the sign of the dielectric susceptibility of the ho-
mogeneous system, which changes from negative to pos-
itive in the vicinity of a CDW state.

In Sec. IV, the numerical results for the particle den-
sity and for the Landau band, in the presence of an ex-
ternal modulation with a period several times larger than
the wavelength of the spontaneous CDW's, are discussed.
The external potential is sinusoidal, and add. itional oscil-
lations with the CDW period are possible both in the
density profile and in the energy spectrum, for temper-
atures and filling factors compatible with the phase dia-
gram. The conclusions are presented in Sec. V, together
with a discussion of the possibility of observing these os-
cillations in transport or magnetocapacitance measure-
ments on modulated structures.

II. LOCAL-QENSITY APPROXIMATION

Correlations, which —generically —mean corrections
to the HFA, can be included in the &amework of the
density-functional theory. One has to find the eigen-
states of the Kohn-Sham Hamiltonian H~K ~,

which incorporates an efFective potential energy of the
form

e~"'& being an ordinary function of n, so that

(4)

This theory can be forxnally extended to finite tempera-
tures, in this case the particle density being

where p is the chemical potential, T the temperature
in energy units, and X(x) = 1/[exp(x) + 1] the Fermi
function.

For a 2D systein in a magnetic field B, Eqs. (1) and
(2) can be improved by including the coupling with the
current and spin densities. However, these contribu-
tions will be here neglected. B will be assumed strong,
such that the electrons populate only the lowest Landau
level. The kinetic energy is thus an insignificant constant
which will be further ignored.

For the homogeneous system, i.e. , V,„t = 0, an empiri-
cal formula describing the energy per particle in terms of
the filling factor v = 2vrl&n, 0 ( v ( 1, l~ = (h/eB) i~

being the magnetic length, has been derived by Fano
and Ortolani by interpolating some trustworthy re-
sults obtained for particular filling factors, and using the
electron-hole symmetry:

e2 1 1
I(:l~v ( 2

v —0.7821~

+0.55~' —0.463~'~'

where w = v(l —v). Another set of numerical coefii-
cients for Eq. (6) is also proposed, which insignificantly

where V,„t denotes an external potential and K the di-
electric constant of the background material.

The exchange-correlation component v~"'~ is given by
the functional derivative of the exchange-correlation part
of the total energy E'~"'~, with respect to the particle
density n(r). In the LDA, one assumes

E~ '~(n(r)] = f dry(r) r~"'~(n(r)),
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V,„,(r) = V cos(qx)

will be considered translational invariant on the y axis.
Therefore, the LFF will have the Fourier expansion

v(x) = ) v cos(mqx) .
rn&0

(8)

The magnetic field is conveniently described in the Lan-
dau gauge, by the vector potential A = (O, Bz) For.

changes the results below. Of course, this formula is too
crude to reproduce the discontinuities responsible for the
fractional quantum Hall effect. The first term is the ex-
change energy and the other terms describe correlation
corrections. The second term is chosen to reproduce the
Wigner crystal energy for small v. The effective one-body
potential v&"'& = d(vs&"'&(v))/dv is plotted in Fig. 1(a)
versus v and one can see it is nearly constant around
v = 1/2.

Equation (6) has reasonably reproduced experimental
results on homogeneous systems, related to the thermo-
dynamic density of states, ' as mentioned in Sec. I.
Here, assuming sufficiently smooth density fIuctuations,
the LFF, v(r) = 2am(r) will be introduced in Eq. (6). In
the rest of this paper, the energy and. length units will
be e /Kl/ and l/.

An external potential of the form

V = 0, the wave functions for the ground Landau level
given by H&K ~ have in this gauge the well known simple
form

e eiyXp —(x—X'p} /2.g4
u

where Xo ——(2'/L„) x integer is the center coordinate,
L —/2 ( Xo ( I /2, L & being the linear dimensions

of the system. The plane wave character on the y axis
is exactly preserved for V g 0, but also the strong lo-
calization on the x axis is not considerably afFected if
V,„t(r) varies slowly on distances of the order l~. In
such cases the Landau wave functions, i.e., those for the
homogeneous system, proved to be a good approxima-
tion of the Hartree-Fock wave functions for wavelengths
2m/q —30l~ or longer, and they could be satisfactorily
used even for V several times larger than the cyclotron
energy. Here, the external potential (7) will have such
a long wavelength, but much smaller amplitudes, and
Eq. (9) should provide a reasonable approximation for
the Kohn-Sham wave functions.

The single-particle energies will thus be given by

E~."= (Ox. III&Ks) lax. )

= Ve s ~ cos(qXo) +Ex + Ex +Ex . (10)

Using Eq. (8), the Hartree term becomes

0
CQ

-05

C3)

-1.0
UJ

-1.5

0.06

0.04

4)

0.02
CL

E
CO

0
0

0.2

0 ~ 2

0.4 0 ~ 6

0.4 0.6

Filling factor

0.8

0.8

1.0

1.0

E( )= —) e ~~ cos(mqX),
q mm)1

the term with m = 0 being excluded by a positively
charged, neutralizing background. The exchange term,
from the first term of Eq. (6), is then

) v e s ~ cos(mqXo) .
m, &0

One can compare the local-density formulation of the
exchange energy with the Fock form expressed with the
same unperturbed wave functions. The latter gives
similar Fourier coefficients as in Eq. (12), but with
the exponential factors replaced by the Bessel function
Is(m2q2/4). Therefore, neglecting here the correlations,
no important deviations from the HFA are expected, as
long as weak, long wavelength modulations are consid-
ered. This approximation will be called local HFA.

The Fourier coefficients of the correlation energies E~
cannot be expressed analytically, and will be calculated
by numerical integration of Eqs. (4), (6), and (8). The
complementary Eqs. (10) and (5), with the chemical po-
tential fixed by the average filling factor vo, give self-
consistently the LFF and the Landau band.

Filling factor
FIG. 1. (a) The effective interaction potential v "' vs

611ing factor, continuous line, and its exchange component
—gn'/2 v, dashed line. (b) The homogeneous-inhomogeneous
phase diagram in the LDA, continuous line, and in the local
HFA, dashed line.

III. HOMOCENEOUS-INHOMOCENEOU S
TRANSITION

In the absence of the external potential, V = 0, both
the Hartree-Fock and the Kohn-Sham equations give
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a constant particle density, but the stable states may
have a spontaneous internal modulation. In the HFA,
very close first order and second order phase transitions
have been found, by an explicit calculation of the &ee
energy. ' The second order transitions have also been
evidenced, also in the HFA, as poles in the static dielec-
tric susceptibility, and this simpler method will be
used here to obtain the analog phase diagram in the LDA.

An external potential with only one Fourier component
can always be reduced to Eq. (7). In the linear order in
V, the particle density is given by

n(x) = Vy(q) cos(qx),

and the susceptibility y can be found by comparing with
Eq. (5). In the latter, the linear Hartree and exchange-
correlation contributions to Eq. (10) can also be ex-
pressed with the help of Eq. (13). The resulting equation
for y gives

—a (1—v)

x(q) =
1 + ~(i ~) e—q~/2( i + & [~e(~c) (~)])

(14)

The susceptibility changes sign in poles, &om a homoge-
neous (y & 0) to a CDW state (y ) 0), with a wave vec-
tor q = qo, which minimizes the denominator in Eq. (14).

Neglecting the correlations, the second term in the
curly brackets is simply —ger/2 and qo = 1.3, while in

the HFA it is —gm/2Io(q /4) exp(q /4) (Ref. 28) and
gp 1.6. The transition temperature is, therefore, re-
duced about two times in the local HFA, but quali-
tatively the resulting phase diagrain, Fig. 1(b), is not
changed. ' The instability of the homogeneous states
is a cooperative eÃect of the exchange with the screening.
The tendency of the former is to enhance the population
of the single-particle states in the vicinity of the Fermi
level, by the addition of a negative amount of energy pro-
portionally tvitIi the filling factor In the mea.ntime, the
latter suppresses the long range fluctuations of the par-
ticle density; if the screening would not exist, i.e., in the
absence of the term 1/q in Eq. (14), then qo ——0. Conse-
quently, under both exchange and screening action, the
equilibrium may be achieved by an oscillating particle
density.

If the correlations are included, then the effective po-
tential v("'), Fig. 1(a), varies slowly in a large interval
of filling factors around v = 1/2, where the correlation
part increases with v and reduces the negative slope of
the exchange part. The corresponding stable states are
therefore homogeneous, for any temperature, so that the
phase diagram completely changes, Fig. 1(b). This is not
the case for v & 0.3 and v & 0.7, where the situation is
qualitatively like in the HFA. The CDW wave vector near
the transition depends now on v, 0.8 & qp ( 2.

The observed Wigner crystallization, characterized by
small v and very low temperatures are included in the
region of inhomogeneous states at the left bottom of
Fig. 1(b). Since the Wigner solid is a special CDW, en-
dowed with a certain rigidity, associated with a shearing
modulus or with a high electrical resistance, it is not
clear whether these properties can persist with increas-
ing temperature. Luminescence measurements25 have ev-

idenced the Wigner crystal characteristic spectra up to
T 1.3 K for B = 26 T, i.e. , T 0.005 in Fig. 1(b)
(see also below, Sec. IV). Therefore, this phase diagram
seems, at least qualitatively, a correct basis for the re-
sults of the present paper [coinpare with Fig. 4(c) of Ref.
25] on which one cannot analyze in detail the nature of
the predicted CDW states.

IV. MODULATED SYSTEM

In the presence of the external potential (7), for q « qo,
the discussed CDW's may appear as strong higher har-
monics in the density response. In the examples below,
q = 0.2/t~ will be fixed, which for magnetic fields in the
range 4 —10 T corresponds to periods 400 —250 nm. The
energy unit e /rl~ is then 9 —14 meV, for r = 12 like
in GaAs. The temperature will also be axed in relative
units to T = 0.01e /Kl~, i.e. , 1—2 K. The enhanced spin
splitting is comparable with e /Klgy and the modulation
amplitude will be suKciently small, such that the lowest
Landau band does not overlap with the upper one, with
the reversed spin.

The numerical results are obtained after an iterative
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FIG. 3. The Landau bands corresponding to Fig. 2. The
energies are shifted such that the chemical potential is zero,
the dotted horizontal line.

calculation of the coupled Eqs. (5), (8), (10), starting
&om the noninteracting solution. The Fourier series are
truncated to at most 50 terms, the Fourier coeKcients
being obtained using several methods, including the high
performance code described in Ref. 32.

The LFF's are shown in Fig. 2 and the related Landau
bands in Fig. 3, for x and Xp varying only between 0
and vr/q, i.e., in half of the unit cell, due to the reflexion
symmetry of V,„q. In Fig. 2(a) the external modulation is
weak, V = 0.5, and the average filling factor is vp ——0.8,
i.e., close to the LDA transition value. While in the lo-
cal HFA the LFF has violent oscillations, in the LDA,
strips with oscillating alternate with strips with nearly
constant LFF. In the latter strips, the exchange and cor-
relations have opposite effects, in the already discussed
sense [Fig. 1(a)j, such that the single-particle energies are
mainly given by the efFective electrostatic potential, i.e.,
the external one strongly screened by the Hartree term,
Fig. 3(a). In the other strips, also due to the screen-
ing, the LFF is bounded by the transition values, and
the local maxima of the Landau band are fixed close to
the Fermi level when the modulation strength is varied,
unlike the behavior in the HFA.

The same external potential is, however, everywhere
strongly, almost perfectly screened by the electron system
for vp = 0.5, Figs. 2(b) and 3(b). This is similar with the
results obtained in the Hartree approximation. Several
higher harmonics are present in the density response, but
they are monotonously decreasing with their order.

The CDW oscillations can also be destroyed by in-
creasing the external potential. In Figs. 2(b) and 3(b),

V = 2, which is still too small in the HFA, but in the
LDA it is an intermediate value. In the LDA case, this
modulation strongly redistributes the electrons and the
LFF may penetrate in the inhomogeneous regions of the
phase diagram. Small CDW harmonics can still be ob-
served in the transition regions where the screening can
still strongly reduce the energy dispersion. The resulting
weak oscillations of the Landau band are pinned around
the Fermi level. For LFF's close to integers, the energy
dispersion is enhanced by the cumulated effects of the
strong modulation with the exchange-correlation contri-
butions and the CDW harmonics are dominated. The
Landau band looks thus again qualitatively similar with
what one would expect &om the Hartree approximation,
i.e., alternate compressible-incompressible strips.

There is a strong discrepancy in the width of the edge
compressible strips between the results in the Hartree
and in the Hartree-Fock approximations. In the lat-
ter, it is drastically reduced by the exchange. However,
the experiments seem to confirm wide edge channels. 34

Of course, the steepness of the con6ning potential plays
an essential role in determining that width. But also,
as shown here, the correlation corrections may play an
important role. If the confinement is relatively smooth,
they may supress the strong exchange, and change the
HFA picture into the Hartree one, Fig. 3(b).

V. DISCUSSION AND CONCLUSIONS

The density response of a two-dimensional electron
system in a strong magnetic 6eld, to a weak external
periodic potential with a long wavelength has been cal-
culated including the electron-electron interaction in a
local-density approximation, going beyond Hartree Fock.
The results provide us with a qualitative understanding
of the correlation corrections to the HFA, even if in the
particular case when only the lowest Landau level is in-
volved.

The most important consequence is the reduction of
the exchange effects. In the absence of the external po-
tential, for 61ling factors close to integers and low tem-
peratures, the stable states are inhomogeneous, in quali-
tative agreement with the observed and expected Wigner
crystallization. This instability is seen as a cooperative
efFect of the screening and exchange. But the latter is an-
nihilated by the correlations for a large interval of filling
factors around 1/2. The same mechanism inHuence the
width of the compressible edge channels in the presence
of a smooth lateral barrier. The present results suggest
that the real width should be closer to that given by the
Hartree approximation rather than by the HFA.

There is no available formula for the correlation energy
corresponding to upper Landau levels. However, there
is a chance to obtain similar results in a screened HFA.
The exchange contribution should be strongly diminished
(screened), except for filling factors close to integers (see
Sec. I)

In a weakly modulated system, depending on the lo-
cal 611ing factor, and consistently with the homogeneous-
inhomogeneous phase diagram, in the present LDA the
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external potential may be strongly screened in the regions
where the LFF corresponds to homogeneous states, and
may induce additional density oscillations, with a period
of a few magnetic lengths, in the regions where the LFF
corresponds to the CDW states. These oscillations have
the same origin as the signer crystallization. The su-
perimposed modulation only stimulates certain intrinsic
harmonics of the density response.

Rigorously speaking, the single-particle energy spec-
trum obtained in the density-functional formalism cannot
be interpreted as real excitation energies. However, in
the present situation, the close relationship between the
oscillations of the Landau bands and those of the charge
density suggest the possible observation of the higher or-
der oscillations in the density of states (DOS), Fig. 4.
The latter can be estimated using a simple self-consistent
Born approximation,

where the impurity scattering is described by the small
parameter 1 and the corresponding self-energy Z has
been simply assumed a c number. The DOS is thus
given by

lmZ(E)

with Dp ——rc/e t~.
The extrema of the one-dimensional energy bands can

yield a complicated structure of van Hove singularities in
the DOS at the Fermi level, D~, in the case of a weak
modulation, Figs. 4(a) and 3(a),(b). The huge peaks
correspond to very fIat bands, which are formed at the
crossover from (quasi-)linear density response to oscillat-
ing regime. Then, several smaller van Hove maxima can
be observed. For a stronger modulation, when the higher
order oscillations are suppressed, only the maxima for the
center and for the edges of the Grst Brillouin zone are
present, Figs. 4(b) and 3(b), but they are not very pro-
nounced, because of the pinning efFect, which yields the
very broad central maximum. Of course, the symmetry
of Fig. 4, with respect to v = I/2 (particle-hole symme-
try) is only an artifact, since the Landau level mixing has
been here neglected.

20
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FIG. 4. The estimated DOS at the Fermi level, for
I' = 0.03e /Kln (a.) V = 0.5e /+in, (b) V = 2e /+in.
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The Landau levels, broadened by a weak lateral exter-
nal modulation, can be seen as peaks in the magnetoresis-
tance measured perpendicular to the modulation, when
the magnetic Geld is varied. At high magnetic Gelds,
these peaks have a structure determined by the spin split-
ting of the Landau levels and by the van Hove singulari-
ties of the D~. The results of the present paper suggest
possible observation of more than two van Hove maxima
per Landau level (with definite spin), generated by the
higher order oscillations discussed. The thermodynamic
DOS being also sensitive to the van Hove singularities, ~

similar results are possible in the magnetocapacitance
measurements. However, due to the pinning efFect, the
expected maxima could appear very broad, eventually
overlapped.

Note added in proof In a rec. ent paper Chklovskii
obtained density proGles for edge states which look very
similar to the full line marked with a triangle in Fig.
2(b). He uses a coinposite fermion approach, in which
the density oscillations are related to the energy gaps at
&actional Glling factors, which are not taken into account
here, but he ignores the signer-crystal states. Our re-
sults are therefore complementary.
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