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We determine the magnetic phase diagram for the YBa2Cu306+ and La2 Sr CuO& systems from various

NMR experiments. We discuss the possible interpretation of NMR and neutron scattering experiments in these

systems in terms of both the nonlinear o. model of nearly localized spins and a nearly antiferromagnetic Fermi

liquid description of magnetically coupled quasiparticles. We show for both the 2:1:4and 1:2:3 systems that

bulk properties, such as the spin susceptibiltiy, and probes at the antiferromagnetic wave vector (7r, 7r), such as

Ti, the Cu spin-lattice relaxation time, both display a crossover at a temperature T„, which increases

linearly with decreasing hole concentration, from a nonuniversal regime to a z = 1 scaling regime characterized

by spin pseudogap behavior. We pursue the consequences of the ansatz that T„corresponds to a fixed value of
the antiferromagnetic correlation length ( and show how this enables one to extract the magnitude and

temperature dependence of s from measurements of T, alone. We show that like T„, the temperature T~
which marks a crossover at low temperatures from the z= 1 scaling regime to a quantum disordered regime,
exhibits the same dependence on doping for the 2:1:4and 1:2:3systems, and so arrive at a unified description
of magnetic behavior in the cuprates, in which the determining factor is the planar hole concentration.

I. INTRODUCTION

The exotic magnetic properties of high-temperature super-
conductors have been extensively studied during the last few
years, both because of their intrinsic interest and in the hope
that these might provide insight in the physical origin of
high-temperature superconductivity. Although considerable
progress has been made in understanding the magnetic be-
havior of these materials, the basic issues of the doping de-
pendence of the magnetic phase diagram and the relationship
between transport properties and magnetic behavior in the
normal state of the superconducting cuprates have not yet
been completely resolved. In this paper we construct new
magnetic phase diagrams for the YBa2Cu306+~ and

La2 Sr Cu04 system on the basis of' NMR experiments. '

Our approach makes evident the connection between the ap-
pearance of a spin pseudogap and magnetic scaling, and en-
ables us to deduce from NMR experiments of the Cu spin-
lattice relaxation rate the magnitude and temperature
dependence of the length, (, which characterizes the strength
of the antiferromagnetic correlations found in both under-

doped and fully doped cuprate superconductors.
It is well established that the undoped materials are de-

scribed by the two-dimensional (2D) Heisenberg model with

a fairly large exchange coupling J=1550 K. The thermal
fluctuations destroy long-range order at finite temperature
(the Hohenberg-Mermin-Wagner theorem), and the Neel
transition observed in undoped cuprates is solely due to the
small, but finite interplanar coupling. Chakravarty et al.
gave a strong indication that the long-wavelength action of
s=1/2 2D Heisenberg antiferromagnet is reduced to the
quantum nonlinear cr model, characterized by an action,

ps $P& I 1
S,tt= — dr d x (Vn) + —2(oI,n)~ .

Jo C()

Here n is a three-component vector field, which describes the
local staggered magnetization, which is subject to the con-
straint ~n~

= 1, ps is the spin stiffness, and co is the spin wave

velocity. There is a short-distance cutoff A for the spatial
integrals. The properties of the o. model are conveniently

expressed in terms of the coupling constant g=fi, c0/p~.0

Chakravarty et al. identified three different regimes of be-
havior (Fig. 1), defined by the zero-temperature ordered-
nonordered phase transition at g, =4~/A. According to the
o.-model g-T phase diagram, for all coupling constants there
exists a high-temperature quantum critical (QC) regime

[(ps, b, ) «T»J] in which the characteristic energy scale is
set by temperature. At lower temperatures, depending on the

coupling constant g, the correlation length either grows ex-
ponentially, as in the renormalized classical (RC) regime (for

g (g,), or stays constant, as in the quantum disordered (QD)
regime (for g)g, ). For the states without long-range order

(g)g, or T)0) the Goldstone mode is eliminated, which
leads to a finite gap in the spin-wave spectrum A=c/(,
where c is the spin-wave velocity and g the correlation
length.

Doping changes the ground state of the cuprates from a
Neel-ordered state to a highly correlated ground state with-

out long-range order. It was first argued by Sachdev and Ye
that the behavior of the cuprates for small doping is con-
trolled by the zero-temperature critical point of the o. model

leading to the dynamic critical exponent z=1. This critical
point does not necessarily correspond to the metal-insulator
transition. The quantum critical z= 1 transition exhibited by
the o model was then analyzed in detail by Chubukov et al. ,
who emphasized its potential importance for the magnetic
phase diagram of the cuprate superconductors.

On the basis of NMR experiments of Imai et al. and

Takigawa, Sokol and Pines then argued that the o. model,
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FIG. 1. The phase diagram of the cr model from Chakravarty
et al. (Ref. 3).

QC z = 1, description of the spin fiuctuations continues to be
valid at the comparatively large doping levels which are ap-
propriate to the underdoped cuprate superconductors. They
suggested that a spin wave description is valid at high tem-
peratures for these systems, while at higher doping levels,
such as are found in YBa2Cu307, the particle-hole excita-
tions act to completely damp the spin wave spectrum, so that
the normal state of YBa2Cu307 is best described using the
nearly antiferromagnetic Fermi liquid (NAFL) model which
had been successfully applied to the analysis of NMR experi-
ments in both its normal and superconducting states. ' ' In
this mean-field model the spin fiuctuations at (m, 7r) are
characterized by a relaxational mode which varies as (
thus it resembles a system with the dynamical critical expo-
nent z=2. In Ref. 13 the mean-field formula for the cross-
over from z = 1 to z = 2 was obtained by incorporating the
quasiparticle damping in the o.-model expression for the spin
susceptibility, and different experiments were analyzed using
this formula. A major step towards the description of the
z = 1 to z = 2 crossover has been taken recently by Sachdev
et al. ,

' who explicitly derive the crossover scaling functions
of the spin-fermion model using a 1/N expansion.

A very general analysis of both NAFL and nearly ferro-
magnetic Fermi liquid behavior has been carried out by
Millis' and Altshuler et al. ' while Monthoux and Pines'
(MP), have discussed the possibility that a NAFL approach,
in which non-linear feedback from the magnetic interaction
between quasiparticles acts to bring about a spin pseudogap
in the quasiparticle spectrum, might yield the functional
equivalent of QC z= 1 behavior over a broad temperature
region in the underdoped cuprates, with overdamped spin
waves arising because the magnetic energy, ~J- a few J,
and the quasiparticle Fermi energy are on approximately the
same scale. They suggested that the onset of the pseudogap
would occur at a certain value of the correlation length,
which is independent of doping.

In the present paper we extend previous analyses of NMR
experiments ' on the metallic low-temperature normal state
regimes of La2, Sr Cu04 and YBa2Cu306+ systems and

FIG. 2. The magnetic phase diagram determined from NMR
experiments on the YBa2Cu306+y system. The temperature T„
marks the crossover from nonuniversal behavior to spin pseudogap
behavior, while T~ marks the crossover from QC (z=1) scaling
behavior to QD behavior. Scaling behavior is thus found between

T~ and T„.
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FIG. 3. The magnetic phase diagram determined from NMR and
bulk susceptibility experiments on the La2 Sr Cu04 system. The
solid circles represent values of T„determined by us from NMR
experiments; the triangles correspond to the maximum in the bulk
susceptibility reported by Hwang et al. (Ref. 23); the open squares
are the corresponding results obtained by Johnston (Ref. 18).

present revised magnetic phase diagrams (Fig. 2 and Fig. 3)
which make explicit the presence of both an upper limit T„
and a lower limit T~ to QC z = 1 scaling behavior in these
systems. We show that T„both marks the onset of spin
pseudogap behavior, a reduction of the effective quasiparticle
density of states, found first in bulk susceptibility' and
Knight shift' experiments, and subsequently in specific heat
experiments, and the crossover from a high-temperature
nonuniversal regime to a low-temperature universal scaling
regime. This scaling regime has dynamical critical exponent
z= 1. We argue that this crossover happens at a fixed value
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FIG. 4. The dependence on hole concentration of the tempera-
ture T„ for the onset of spin pseudogap behavior determined here
for the 2:1:4 and 1:2:3 systems is compared to the characteristic
temperatures determined by Hwang et al. (Ref. 23) from transport
and bulk susceptibility measurements and the maximum in bulk
susceptibility found by Johnston (Ref. 18).

of the correlation length, g,„=2, and that T,„ is close to
T~, the temperature which marks the maximum of the spin
susceptibility. We use the results of NMR experiments to
determine the region of applicability of scaling and find that
T„varies nearly linearly with doping level over a region
which extends from the AF insulators YBa2Cu306 and
La2Cu04 to YBa2Cu307 and the overdoped system
Lai 76Srp24Cu04. We find (see Fig. 4) that when the cross-
over temperature T„ is plotted as a function of planar hole
doping, within experimental uncertainties, one finds the same
dependence on doping for the 1:2:3and 2:1:4families. This
demonstrates that the onset of magnetic scaling is deter-
mined only by hole concentration (band-structure effects are
unimportant) and that bilayer coupling plays little or no role
in determining spin pseudogap and scaling behavior.

The QC-QD crossover at T„, which is predicted by the
o. model at lower temperatures, is also identified from the
NMR data. Our identification of the experimentally deter-
mined "spin pseudogap" temperature T„with a fixed value
of ( then allows us to use NMR measurements of the Cu
spin-lattice relaxation rate to determine the correlation length
and other parameters which characterize low-frequency mag-
netic behavior as a function of temperature for both the

YBa2Cu306+ and La2 Sr Cu04 families. We establish
thereby the details of the variation with doping of the corre-
lation length.

There exists as well an intimate relationship between spin
and charge response of the underdoped cuprate supercon-
ductors. Ito et al. ' showed for YBa2Cu30663 that below a
temperature T, the planar resistivity ceases to exhibit a lin-
ear in T behavior, while the Hall effect likewise changes
character at this temperature; a similar conclusion for
YBa2Cu40& was reached by Bucher et al. We find that
within experimental error, T~=T~. In the La2 Sr Cu04
system Hwang et al. have shown that for x~0.15, the Hall
coefficient Rir(T), follows scaling behavior, with a charac-

teristic temperature TH, which not only exhibits the same
strong dependence on doping level that is found for T„, but
which possesses very nearly the same magnitude as the T~
determined from the maximum in the spin susceptibility. For
this same system, with x~0.14, Nakano et al. find that
below T~, the resistivity ceases to be linear in T. Thus both
the lower crossover temperature T~ and the upper crossover
temperature T„, which mark the limits of the QC r, = 1 scal-
ing behavior we identify in low-frequency magnetic mea-
surements, possess counterparts in transport measurements.

Although there is indirect experimental evidence for their
existence from NMR experiments, propagating spin waves
for the underdoped cuprates have not been observed in
neutron-scattering experiments on the normal state. We
show, on the basis of the parameters we infer from NMR
experiments, that just such a result is to be expected —that
spin waves are substantially overdamped by quasiparticle in-
teractions in the normal state. Since this damping is mark-
edly reduced in the superconducting state, we conclude that
spin-wave excitations should become visible in the supercon-
ducting state, and we present arguments which suggest that
this provides a quantitative explanation for the recent experi-
ments of Fong et al. on inelastic neutron scattering from
YBa2Cu307 .

Our paper is organized as follows. In Sec. II we review
the one-component approach to the interpretation of NMR
measurements. In Sec. III we use this to analyze the current
experimental situation for the magnetic measurements in the
underdoped YBa2Cu306+ and La2 Sr Cu04 families, and
on the basis of this analysis we arrive at our new magnetic
phase diagram for these systems. In Sec. IV we discuss pos-
sible theoretical models, and the form for the spin suscepti-
bility at high-energy transfer. We discuss the application of
the scaling analysis to inelastic neutron-scattering experi-
ments in Sec. V, and in Sec. VI we present our conclusions.

II. ONE-COMPONENT APPROACH
TO NMR EXPERIMENTS

We start by giving a brief overview of the NMR experi-
ments and their interpretation in one-component nearly anti-
ferromagnetic Fermi liquid (NAFL) theory. The interested
reader will find a more detailed discussion in the excellent
recent review of NMR measurements in the cuprate super-
conductors by Slichter. '

Nuclear spins probe the local environment. The Knight
shift provides a measure of the uniform magnetic suscepti-
bility at a particular nuclear site, while the measurements of
the spin-lattice relaxation rates yield information on the
imaginary and real parts of the dynamic spin susceptibility

y(q, a~). The single-component description of the NMR ex-
periments in YBa2Cu307 has its basic justification in the
observation by Alloul et al. ' and Takigawa et al. that the

Cu, ' 0, and Y Knight shifts see the same spin suscep-
tibility. Since the Cu spin-lattice relaxation time both has
anomalous temperature dependence and is much shorter than
that for the ' 0 and Y nuclei, it was proposed that the
single magnetic component formed by the system of planar
Cu + spins and holes mainly resides on the planar copper
sites. The Shastry-Mila-Rice (SMR) Hamiltonian, which
describes the coupling of the Cu + spins to the various nu-
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where A & is the tensor for the direct, on-site coupling of the
Cu nuclei to the Cu + spins and B is the strength of the

transferred hyperfine coupling of the Cu nuclear spin to the
four nearest neighbor copper spins, while ' 0 and Y nuclei
see only their nearest neighbor Cu + spins through the trans-
ferred hyperfine interactions C ~ and D. It follows from this
Hamiltonian that different nuclei probe different regions in
momentum space of X(q, co —+0). Using Eq. (2), it is
straightforward to express the spin contribution to the Knight
shifts for the various nuclei

0
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FIG. 5. Form factors as a function of momentum, for planar
oxygen and copper sites, in units of the hyperfine coupling constant
p2
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where the form factors F&(q) are given by

F
~

=(A3 + 2B[cos(q a) +cos(qYa)]),

63F i [63F + 63F

Feff= (A~ + 2B[cos(q,a) + cos(q~a)])

' F&=2C&[1+-, [c s(qoa)+ cos(q~a)],

Here the yn are various nuclei gyromagnetic ratios, y, is the
electron gyromagnetic ratio, and Xo is the temperature-
dependent static spin susceptibility, while the indices

I
and

for copper nuclei refer to the direction of the applied static
magnetic field with respect to the axis perpendicular to the
Cu-0 planes. The index P for the oxygen nuclei can be ei-
ther

~

or J . The spin-lattice relaxation time ( Ti)&, for a
nucleus n responding to a magnetic field in the P direction,
1S

"Fi(Q)

The values of the hyperfine constants,

B= 382X 10 eV, Aii
= —4B,

The hyperfine coupling constants A&, A~~, C, and D, which
enter the SMR Hamiltonian, Eq. (2), were determined using
the Knight shift measurements in YBa2Cu307 and the
frequency of the antiferromagnetic resonance in
YBa2Cu306. ' ' The momentum dependence of the form
factors is shown in Fig. 5. A striking difference of the tem-
perature dependence and the magnitude of the spin-lattice
relaxation on the Cu, ' 0, and Y nuclei led Millis et al.
to the conclusion that the magnetic response function is
strongly peaked at the antiferromagnetic wave vector, as
might be expected if one were close to an antiferromagnetic
singularity. Since the form factors for ' 0 and Y nuclei
vanish at Q=(~/a, 7r/a), the difference in the magnitude
and temperature dependence of Cu and other relaxation
rates can be easily explained. Once the assumption of strong
enhancement of the magnetic response function at the anti-
ferromagnetic wave vector is made, the Cu spin-lattice re-
laxation anisotropy ratio provides a self-consistency check
on the values of the hyperfine constants,

s9FIzo= 16D cos (q,a/2)[1+cos(q, a)][1+cos(q~a)].
(5)

The form factor F,ff is the filter for the Cu spin-echo
decay time T2G (Ref. 28):

T2G(T)=
12g ( r ) pX F 4q) [x (q)]

1—gX F.ff(q)x'(q)

Ai = 0.84B, Cii
= 0.91B,

satisfy this check. Moreover, these hyperfine coupling con-
stants remain unchanged (at the 5 k to 10% level) with the
variation of the doping level or for different cuprate materi-
als, as might be expected from quantum chemical arguments.
Thus these constants can be regarded as the same for both
the YBa2Cu306+ and La2 Sr Cu04 families.

We follow Millis et al. ' and Monien et al. and use a
response function consisting of an anomalous part
XMMp(q co) and a Fermi-liquid part XFL(q, co),
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(9)

where

Xg
X(q~~)MMP

1 ~( Q)2(2

x(q, ~) =xMMp(q, ~)+ XFL(q, ~) ~

The expression used by Millis et al. ' for the anomalous part
can be written in the mean-field form:

computable universal constants. The key signature of the QC
z = 1 regime in NMR measurements is that the ratio

T, Tl T2G cosP$= c' is temperature-independent [Eq.
(15)], and c' is, for the o. model, proportional to the spin-
wave velocity c, c ' =0.55c. In the QC regime the character-
istic frequency ~sF is linear in temperature. The bulk mag-
netic susceptibility should also vary linearly with
temperature,

Xg= as x(T) =x....(T)+xo (17)

Here cosF is the characteristic frequency of the spin Auctua-
tions, ( is the correlation length, and n is a scale factor. Due
to the strong antiferromagnetic enhancement, the anomalous
contribution to the copper relaxation rate dominates at all
doping levels. However, since the form factors for other nu-
clei are zero at the antiferromagnetic wave vector, the Fermi
liquid (Korringa-like) contribution to their spin-lattice relax-
ation rate becomes important.

In the limit of long correlation lengths the expressions for
the 63Cu relaxation rates, Eqs. (4), (6), are considerably
simplified:

while

( T, T) = 132(s K)/eV cusp/a, (12)

1 = 295(eV/s) a/ .
T2G

(13)

63T T = 3.9&& 10 (K/eV)(cusP(= c'),
T2G

(14)

"T1T= 1.15X 10 (K/s)(ncusp( =X&cos„)
2G

(15)

tell us about the scaling laws, if any, obeyed by the low-
frequency magnetic excitations. Thus, as emphasized in
Refs. 9,30 if T1TIT2G is independent of temperature, one
has QC z= 1 scaling behavior, and the doping-dependent
ratio &us„(=c' is determined. On the other hand, when

T1 Tl T2G= const, ~sF displays either nonuniversal mean
field or QC z = 2 scaling behavior, and the Product X&cusp is
independent of temperature.

III. EXPERIMENTAL PHASE DIAGRAMS

In this section we use the NMR results for T1,
T2G, and the Knight shift on the underdoped 1-2-3 and the

2-1-4 families to establish the complete experimental mag-
netic phase diagram for these systems. We first review briefIy
the properties of the regimes which might be relevant to the
experimental situation in the metallic cuprates.

(i) The QC, z= 1 regime. In this regime the spin-spin
correlator takes the form

x(q, ~)=6' 'F(q( ~()
and the inverse correlation length varies linearly with tem-
perature, I/(=aT+b, where in the a. model a and b are

Thus, up to a scale factor a. , (T&T) provides a direct mea-
surement of cosF, while T2G provides a measurement of
the correlation length. Moreover, the ratios

where x„„;„(T)is a universal linear contribution, computable
in the o. model:

(gp~1
X„„;,(T) = [0 34ksT . 0.137—6(T=O)], (18)

AC J

while yo, the fermionic contribution, is temperature inde-
pendent.

(ii) The quantum critical, z = 2, regime. ' ' The character-
istic energy scale in this regime is again set by temperature,
so that at high enough temperatures cosF~ T. However, since
z =2, ~sP~ ( . As a result, in this regime

T, TI T2G=const, and at high temperatures the inverse
squared correlation length should obey the Curie-Weiss law

=aT+b.
(iii) The QD regime. In this regime the correlation length

(and T2G) saturates. If z=2, the damping frequency cos„
(and T, T) should saturate at zero temperature to a certain
value, determined by the fermionic damping. ' ' In case of
the z = 1 o. model, cusp in the QD regime increases exPonen-
tially with decreasing temperature.

(iv) Nonscaling regime. In this regime lattice effects are
appreciable, and a scaling analysis is inapplicable. As a re-
sult, the calculations in this regime are model dependent. A
subclass of the nonscaling regime is the mean-field NAFL at
high doping, where Eq. (10) can be used.

In order to describe the z=2 regime, the o. model, Eq.
(1), should be generalized to include fermionic damping.
The effect of this damping is that at low enough temperatures
one always should find a crossover from the z = 1 to z = 2
scaling regime. This crossover happens either in the QC or
the QD regime, depending on the value of the fermionic
damping. We briefly discuss this model in Sec. IV.

We begin our analysis of magnetic behavior by consider-
ing La2 Sr Cu04, where the spin susceptibility yo has
been measured both in the bulk experiments' ' and in NMR
Knight shift probes, ' ' and T1 measurements have been
carried out for many different doping levels. ' ' The decrease
in the spin susceptibility as the temperature is lowered over a
broad temperature region was the first identification in the
experimental literature of the "spin pseudogap" phenom-
enon. At a temperature T», the spin susceptibility (or the
63Cu Knight shift) which at high temperatures typically de-
creases somewhat with increasing temperature, as shown in
Figs. 6 and 7, changes behavior; below T~ it decreases as
temperature is lowered. Loram et al. have carried out spe-
cific heat measurements which show that this decrease in

yo is matched by a corresponding decrease in the quasipar-
ticle density of states, No(T). Johnston' and subsequently
Nakano et al. also found that the bulk magnetic suscepti-
bility could be expressed in a scaling form:
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Nakano et al. used gp, K, and T, as fitting parameters.
They found that the temperature-independent term yp is dop-
ing dependent; it therefore cannot be ascribed to the Van
Vleck contribution. This scaling behavior is easily explained
if one identifies yp as the "fermionic" part, and
Irg(TIT, „) as the "spin" part. Equation (19) is then quite
similar to Eq. (17), the result expected from the scaling
theory. However, it should be emphasized that from our point
of view, because of large lattice corrections, scaling ends
above some temperature T„.To preserve Eq. (19), the lattice
corrections should enter "universally, " i.e., preserving the
relationship (17), while breaking the a-model linear tem-
perature dependence of y„„;,(T).

Quite generally, for a z = 1 scaling regime which extends
between a lower crossover temperature T~ and an upper
crossover temperature T„, one expects scaling behavior to
manifest itself at both long wavelengths [i.e., in yo(T) t and
at the wave vectors around Q which determine both Tt and

T2G, with both yo(T) and T, T exhibiting a linear tem-
perature dependence. T„marks the onset of scaling behavior,
while T„marks beginning of the crossover from the QC
(z= 1) to the QD regime, predicted in the scaling theory,
which has been previously identified in the NMR T, and

T2G data. ' This is the temperature at which TiT and

T2G stop being linear in T, as is expected for the QC z = 1

regime. We propose that T„marks the crossover from scal-
ing and spin pseudogap behavior to nonuniversal behavior.
Inspection of Fig. 6 then show that T„cannot be far from
T; in other words, the maximum in yo(T) is reached at
very nearly the same temperature at which scaling begins.
Inspection of Fig. 8 shows that the crossover at T„ is also
visible in TiT, as a change in slope; for the various
samples for which both yo(T) and T, measurements have
been carried out, the two independent methods (one long
wavelength, one short wavelength) of determining T„are
seen to be in good agreement with one another. The lower
crossover, at T~, is readily visible in the T& data of Ohsugi
et al. ' and Imai et al. shown in Fig. 8. It is also clearly
visible in go(T) measurements for Sr doping levels, 0.15 and
below, as marking the onset of a more rapid falloff in

yo(T) as the temperature is further decreased. Our experi-
mentally determined values of T~ and T„are given in Fig. 3;
T~ is seen to vary comparatively slowly with hole concen-
tration; it possesses a maximum for doping levels in the vi-
cinity of La& 85Srp i5Cu04. T„on the other hand varies rap-
idly with hole concentration, for doping levels less
than La& 8Srp 2Cu04. We indicate by a solid line our
linear extrapolation of T„ to doping levels less than
Lat s5Sro, &CuO& (where high temperature measurements of

T, have not yet been carried out); we note that this ex-
trapolation suggests a crossover temperature of —1200 K for
the AF insulator La2CuO& not far from that found from the
high-temperature series studies of the 2D Heisenberg
antiferromagnet.

Spin pseudogap and scaling behavior has also been found
in transport measurements on the 2-1-4 system. Hwang
et al. and Nakano et al. analyzed the data for the bulk
magnetic susceptibility, resistivity, and Hall effect ' mea-
surements for this system. They identified T~ from the spin
susceptibility, and found similar characteristic temperatures
Tp and TH from an analysis of change with temperature of
the resistivity and Hall effect. It is not necessary, from our
point of view, that the temperatures identified using these
criteria be exactly the same. However, as may be seen in Fig.
4, where our suggested doping dependence of T„ is com-
pared with T~, T, and T~, these respective temperatures

are very close to each other, a closeness which makes evident
the inseparability of spin and charge behavior in this system.
We note that due to the vague nature of the crossovers large
errors of —15% are involved in our estimates for the values
of crossover temperatures. Errors may also occur because the
doping is not always exactly known, while different mea-
surements are often performed on different samples.
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FIG. 9. The temperature dependence of the correlation length in
the QC regime, obtained by us for the La&,Sr CuO„system.
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shall be able to do for their 1:2:3counterparts) that the scal-
ing law cosF(=c', a constant, is obeyed for these systems.
However, on the assumption that it is valid, and moreover
that („=2, we can determine the correlation length in the
QC regime based on the NMR T, measurements only. To
see this, note that between T~ and T„we have

(20)
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so that a knowledge of T,„ from another experiment
I
e. g. ,

the maximum in yo(T)] serves to fix c'ln, and hence
g(T). &he doping dependence of c'In can also be deter-
mined from T&T only, since

FIG. 8. The temperature T„(denoted by arrows) for the QC-QD
crossover, as determined from the T, T measurements of Ohsugi
et al. (Ref. 31) (a) and Imai et al. (Ref. 7) (b) in La2, Sr,Cu04.

c eV—="
I T, (T„)T„] (21)

Having established that the phenomena of scaling and
spin pseudogap behavior are intimately related, and that both
begin at T„, we next explore the possibility suggested by
Monthoux and Pines, ' that T„ is associated with a critical
value of the correlation length („which is independent of
doping. One reaches the same conclusion on the basis of the
o. model, where one argues that lattice corrections bring
about an end to scaling for ()—1. We make the ansatz that
(„=2.Our reason for choosing this value is that one finds
that in both the insulating and nearly fully doped samples,
the onset of spin pseudogap behavior coincides with (=2.
Thus, in the insulator, the bulk susceptibility reaches its
maximum at T-1400 K, ' not far from the temperature
(T„=1000 K) at which (=2 according to high-temperature
series studies, while, as we shall see below, at the opposite
end of the doping scale, /=2 at the temperature (125 K)
which marks the onset of spin pseudogap behavior in almost
fully doped YBa2Cu307.

Unfortunately, T2& data is not yet available in the me-
tallic 2:1:4samples, so that one cannot verify directly (as we

1—= a+ ( ~ a)(TIT„), — (22)

which experiments given in Table I satisfy.

The correlation length as a function of temperature and
c'/n for different doping levels are shown in Figs. 9,10.

It is instructive to consider the extept to which the values
of ((T) we have determined from 6

T& display the universal
behavior predicted by the o. model for the z= 1 scaling re-
gime ( ' = a+ b T for the case in which c and c ' do not vary
with doping. We see from Table I that the coefficients a and
b are not universal, which is a clear indication that c, c ', and
hence u, must be doping dependent in this system. On the
other hand, we find that the slope of T& T is nearly
doping independent between T~ and T„[ T, T(ms K)
=28 +0.027T for Lat9Sro, Cu04 and T, T(ms K)=10
+0.025T for Lat 76Sroz4Cu04], which is what scaling theory
for a doping-dependent c would predict. We note that our
assumption that (=2 at T„means that ( ' may be written
in a simple form
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We turn next to the YBa2Cu306+ family. A complete
analysis can be done for the compounds YBa2Cu306 63,
YBa2Cu408, and YBa2Cu307, where T), T2G, and
Knight shift data are available. A less complete analysis,
comparable to that given above for the 2-1-4 system, can be
given for the Pr-doped YBa2Cu307, where only T& and
Knight shift experiments have been carried out. We start by
analyzing the Knight shift experiments in the Pr-doped com-
pounds Y& ~Pr Ba2Cu307, with x=0.05, 0.1, and 0.15.
We assume that Pr substitution acts to remove, on average,
1l2 hole per plane for each substituted Pr atom. Thus the
planar hole concentration in Y$ 95Pr005Cu307 is assumed to
be 0.025 less than that of the "host" material YBa2Cu307.
But, as noted above, the hole concentration of that material is
not precisely known, so that a corresponding degree of un-
certainty affects the doping dependence we propose for this
system. The spin part of the bulk magnetic susceptibility we
obtain for these compounds (in states/eV) is shown in Fig. 7.
As we have done for the 2-1-4 system, we identify the onset
of scaling behavior T„, with the maximum T~ of the curve
yo(T). We note that the bulk spin susceptibility varies lin-

early with temperature between T~ and T„, as expected for
the scaling regime. On turning to the T&T plots, shown in
Figs. 11(a), 12, we see that the lower crossover temperature
T~ is clearly visible, while, just as was the case for the 2-1-4
system, the crossover temperature, T„, at which T)T
changes slope, is barely discernable. As we did for the 2-1-4
system, once T„ is identified, we can determine the doping
dependence of both c'/cr and 1/( for these systems, with the
results given in Table I.

We next consider YBa2Cu307, for which measurements
of the Knight shift, T&, and T2G have been carried out.
The experimental results of Imai and Slichter for T2& and

T&T in YBa2Cu307 bring out two important points.
(i) For T~ 125 K, cusF and g display Curie-Weiss (lin-

ear in T) behavior (Figs. 13, 14).
(ii) For T~ 125 K rus„g = const. This behavior, which has

been previously identified as the Gaussian, z=2, scaling re-
gime, could equally well be regarded as a manifestation of
nonuniversal mean field behavior. '

0
0

0
0

00
/I YBa2Cu~06 6~

YBa2Cu408

YBa2Cu~07
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FICJ. 11. The determination of T~, the QC-QD crossover,
for the three compounds YBa2Cu30{j {g3 YBa2Cu408, and

YBazCu307: (a) from T, measurements, (b) from T2G measure-
ments.

What happens at 125 K, where T&T stops being linear
in T? The results of Walstedt et al. provide an essential
clue. For their sample, as shown in Fig. 13, the bulk spin
susceptibility displays only a minor variation with tempera-
ture in YBa2Cu307, with a comparatively shallow maximum
at 125 K. However, at lower temperatures the variation of the
spin susceptibility becomes much more pronounced. We
therefore identify T„as —125 K for the doping level present
in this sample, which may be slightly on the underdoped
side. Our ansatz that /= 2 at 125 K then permits us to deter-
mine u directly from the T2& measurements of Imai
et al. ; we obtain a= 15.6 statesleV, a value slightly larger
than that previously adapted by Thelen and Pines, while, on
making use of (Eq). 21, we find c ' = 35 meV for this mate-
rial.

Our conclusion that T„=125 K for "YBazCu307" thus
assigns it a place as a full member of the 1:2:3 family, ex-
hibiting the same magnetic scaling and spin pseudogap be-
havior as the underdoped system YO95Pro058a2Cu307, but
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FIG. 13. The crossover behavior at 125 K displayed by the spin
contribution to the magnetic susceptibility (Ref. 37) and T, T
(Ref. 35) in YBa2Cus07.

with a substantially lower value of T„. Viewed from this

perspective, the T2G measurements of Imai et al. confirm
our tentative hypothesis that the crossover at T„is to a non-
universal mean-field regime. In order to examine more
closely the doping dependence of T„for this family, we need
to know the oxygen doping level of the samples studied by
Walstedt et al. " and Imai et al. In the absence of detailed
experimental information, we assume these correspond to
YBa2Cu30695 although a somewhat lower oxygen doping
level would be equally plausible. We then obtain the results
for the doping dependence of T„and (c'/n) for the 1:2:3
family shown in Figs. 2 and 15.

We next consider YBa2Cu408, a material which pos-
sesses the same planar hole concentration as YBa2Cu306 g,
for which both NQR and NMR measurements of T, and

T2& have been earned out by Corey et al. , with the re-
sults given in Fig. 11(a),(b). They obtain the very important
result that within experimental error the ratio ( Tt T/T2G) is
constant between 215 and 450 K, thus demonstrating that

YBa2Cu40& exhibits scaling behavior over a broad tempera-
ture range, between T~ = 215 K and T„~450 K. Our exami-
nation of the Knight shift results of Zimmerman suggests
to us that g(T) reaches its maximum value near 500 K, so

that T~=500 K; we therefore adopt the value, T„=470 K
and use this assignment to obtain c'/m=4. 57, from an ex-
trapolation of the results for T& to this temperature. From
the T2G results of Corey et al. , we find c'=50 meV and
a=10.9 states/eV for this material, while the temperature
variation of ( is given in Table I and Fig. 16.

The final member of the 1:2:3 family for which T2&
measurements have been carried out is YBa2Cu306 63,
where the measurements of Takigawa were used by Sokol
and Pines to establish scaling behavior, with T~ = 170 K.
Because high-temperature (T)500 K) measurements of

T& T2&, or y are not available for this system, one can-
not obtain T„ from experiment. However, on assuming
that T„continues to vary linearly with oxygen doping, as

Fig. 2 suggests that it does between YBa2Cu408 and

YBa2Cu&0695 we find T„=(840 1~50) K, with the corre-
sponding results for c ', n, and 1/( given in Table I and Figs.
16, 17. Our results for the doping dependence of c' and n
show that while c ' decreases with increased oxygen content,
u increases in such a way that the product nc' is nearly
constant, a result we examine further in the following sec-
tion.

Our determination of the dependence of T„on oxygen

TABLE I. Spin fluctuation parameters determined from fits to NMR experiments.

System T„(K)
c'/u

(10 eV ) (states/eV)

c
(meV) AC 1/$ (Te~ T~ T,„)

YBa2Cu306 63

YBa2Cu408
YBa2Cu307
Yp 95P ro.o5Ba2Cu3 07
Yp 9Prp &Ba2Cu307

Yp 85P rp &5Ba2Cu307

La) 9Sr() )Cu04
La& &5Sro,5Cu04
La& 8Sro.2Cu04
La& 76Srp 24Cu04

840
470
125
200
215
260
680
410
120
100

170
215

115
125
130
50
70
65
35

7.67
4.57
2.23
2.83
3.0
3.18
2.7
1.91
0.86
0.83

8.34
10.9
15.6

64
50
35

0.53
0.545
0.545

0.052+ 5.93X 10 T
0.068+9.2X 10 4T

0.32+9.0X 10 "T
0.31+8.8X 10 T
0.29+ 8.1X 10 T

0.024+ 7.01 X 10 T
0.065+ 1.06X 10 T
0.23+ 2.25 X 10 T
0.255+ 2.46 X 10 T
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FIG. 15. c'In, determined from the T, measurements, as a
function of doping in YBa2Cu307

doping for the 1:2:3 system makes clear the hierarchy of
antiferromagnetic correlations shown in Fig. 16, in which, at
a given temperature, ( increases rapidly as the planar hole
concentration is reduced. It also enables us to compare 1:2:3
system with the 2:1:4 system. To do so, we choose
YBa2Cu3065 as a basis, arguing that up to this oxygen con-
centration oxygen atoms added to the insulator YBa2Cu306
go primarily into chain or interstitial positions, leaving the
hole concentration in the plane near zero. We then assume
one hole per plane for each added oxygen, so that

YBa2Cu306 95 corresponds to a hole concentration
nh=0. 225, etc. , while for the La2 Sr Cu04 system we as-
sume that each added Sr atom introduces a hole in the plane.
The resulting dependence of T„on hole concentration is
given in Fig. 4. We see that within the not inconsiderable
uncertainties of T„and hole concentration, the two families

FIG. 16. The antiferromagnetic correlation length in the

YBa2Cu307 ~ system, as determined from the T2& measure-
ments. For the Pr-doped compound (the line) the correlation length
in the QC regime was determined from the T, T measurements.

display the same dependence of T„on hole concentration,
These results lead us to two important conclusions

(i) Despite their somewhat different band structure and
Fermi surfaces, the 2:1:4 system and 1:2:3 system possess
essentially the same magnetic phase diagram. Put another
way, that diagram is only very weakly dependent on band
structure; it simply rejects the planar hole concentration.

(ii) The bilayer couplings found in neutron scattering
experiments on the 1:2:3 system plays little or no role in
determining spin pseudogap and scaling behavior.

IV. THEORETICAL MODEL

Several models have been applied to describe the spin
fluctuations in the metallic state. Two that appear consistent
with experimental picture described above are the o. model '

and the nearly antiferromagnetic Fermi-liquid (NAFL) de-
scription. The starting point of the o. model is a set of local-
ized spins interacting with the fermionic background. It is
possible then to integrate out fermions, so that one is left
with the action of the ordering field. It can be shown that the
cr model action, Eq. (1), should then be generalized to in-
clude the effect of quasiparticle damping, if this kind of
damping is allowed by conservation laws. This leads to a
description of the z = 1 to z = 2 crossover. ' If the quasipar-
ticle source of damping is absent, the fermions just change
the o.-model coupling constant and the spin-wave velocity.
This model relies heavily on the existence of the propagating
spin-wave excitations in the metallic state, which so far has
not been unambiguously confirmed in the direct experiments.
In the NAFL description such spin-wave excitations are not
needed, but can arise as a result of a frequency-dependent
effective interaction. The "spin pseudogap" is then related to
a nonlinear feedback effect which brings about the equiva-
lent of z= 1 scaling. We believe that both models describe
from different viewpoints the same physics of the propagat-
ing spin excitations in the metallic underdoped cuprates. We
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20 It can be shown that integrating out fermions leads to
the following action in this model

1 fdq ~nTX 21n(q ~.) I' coq'+ "+
yl ~o.

l (24)
g ~ J cp

(a)

150

I

6.2
I

6.4
I

6.6
X

I

6.8

Here both g and co are renormalized by fermions. Quasipar-
ticles also lead to an additional damping, the yIco„I term in
the action, if this kind of damping is allowed by the conser-
vation laws. The o-model constraint In I

= 1 remains valid in
this case.

Applicable to systems with two components, the decom-
position of the one-component system in two components,
the "spins" S and the "fermions" P could be artificial. In
fact, at high doping Yaa2Cu306+ is known to be a one-
component system, where the Fermi surface is measured in
the ARPES experiments. There is no proof that the model
Eq. (24) applies in the one-component case, although some
arguments in its favor have been given by Sachdev et al. '

The necessary condition for the model Eq. (24) to be valid is,
in our opinion, an almost local character of the copper spins.

The scaling analysis of the model' specified by Eq. (24)
leads to a magnetic susceptibility near the ordering wave
vector (m, m) which is a universal function:

100—

50—

(b)

I

6.2
I

6.4
I

6.6
X

I

6.8

FIG. 17. The parameters n (a) and c' (b), determined for the
three compounds YBa2Cu30663 YBa2Cu408, and YBa2Cu407,
where both Ti and T2G relaxation time measurements are avail-
able.

now consider those in more detail, with particular attention
to the generalization of the MMP model, Eq. (10), to finite
frequencies, in order to be able to compare the model pre-
diction with the results of neutron-scattering experiments.

Here q marks the deviation from the ordering wave vector
(m, m). The two energy scales A(T=O) and I refiect the
energy gap in the spin-wave spectrum and the strength of the
fermionic damping, respectively. The scaling analysis'
shows that fermions do not necessarily overdamp and de-
stroy the spin waves. At low damping the crossover is the
same as in the pure o. model. The only difference is in the
presence of a finite fermionic damping in the QD regime. At
higher I, there are two crossovers with decreasing tempera-
ture. The first one, from the high-temperature QC z = 1 to the
low-temperature QC z=2 regime, happens at T I At this-.
temperature, according to this analysis, the temperature de-
pendence of the correlation length $~1IT should change to
g ~ IIT. The lower second crossover at T-3 II corre-
sponds to the onset of the QD z = 2 regime.

As is the case for the pure cr model, the o. model with
fermionic damping, Eq. (24), can be approached using a
1/N expansion technique. For N= ~, the resulting magnetic
susceptibility takes the form'

A. QNLo. M plus holes

x(q. ~) =
2

1+(q —Q)'(' —
&2

—i

(26)

H;„,=Jog P,+(cr; S)P, (23)

where the ij are the spin indices.

In this subsection we discuss the spin-fermion model. We
assume that the fermionic and spin degrees of freedom can
be separated, and the action for the spins is the o. model. We
further assume a specific form for the interaction between the
fermion and spin degrees of freedom:

Here ops„~ ( is the characteristic frequency of the damping
in the particle-hole channel; 6 = c/j is the value of the actual
gap in the spectrum of the spin-wave excitations of the dis-
ordered state. Equation (26) can be understood as a mean-
~ eld propagator for the spin excitations damped in quasipar-
ticle channel. ' ' ' Note that the only source of damping in
mean-held theory is the decay of spin wave into two fermi-
ons. Another source of damping, multiple spin-wave scatter-
ing, appears only beyond the mean field, in the first order in
1/N. On the contrary, the energy spectrum of the disordered
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magnons is already adequate in the mean-field
approximation. To summarize these considerations, we
therefore write

1 1 1
+

hosp(q co) cof ' co;„(q(,ai/5)
(27)

where co&„;,„is the fermionic damping frequency appearing
in the mean field theory, while co,z,„appears as a result of
1/N corrections, and displays spatial and frequency depen-
dence on the scale of the correlation length.

The imaginary part of Eq. (26) has the form

~SF
x"(q ~)=

~
2 2 2

GO CO

~1+q ( —
2 +

~SF

(28)

~SF ~~SF
XL(cu) = 7m ——tan

L, 2 co
(29)

Note that for co~A the imaginary part of the magnetic
susceptibility Eq. (28) is peaked at an incommensurate wave
vector, which is just a reAection of the spin waves at high
energy. This fact is general and model independent. There-
fore, it should be seen either in a Fermi-liquid or a localized
spin model.

The spin-wave excitations predicted by Eq. (26) need not
be well defined. A straightforward calculation shows that for
q= Q, the maximum in X" occurs at

where

co,„=A(1 —i y), (30)

from which one obtains

r=a/~SF (31)

/f
A'g

X (q~ ~max) =
r (32)

Hence for a well-defined spin wave (y(&1), one can find a
resonant peak whose magnitude is far in excess of y&, a
situation which is to be contrasted with that which one ob-
tains when only relaxational behavior is present, and
y", = y&/2. However, as we shall see, in the normal state of
the cuprate superconductors, one likely has r~ 1. Indeed, if
we use the o.-model result, c' =0.55c in the scaling regime,
which extends down to T~ ~ 100 K in the systems studied in
neutron-scattering experiments, then, at (7r, ~),

C

r I ' g cf'
C

(33)

We note that the relation that we have found above,
ac' = const, follows directly from the sum rule for the local-
ized spins,

from which we obtain the integrated (or local) magnetic sus-
ceptibility

B. Nearly antiferromagnetic Fermi liquid description

An alternative approach, the NAFL model, ' started from
the high-doping level, where the magnetic fluctuations have
been described as g=2 Gaussian. ' The form Eq. (10) is
obtained by a Taylor expansion of the random phase approxi-
mation (RPA) susceptibility near the (m, 7r) point. The char-
acteristic low-energy mode in this model is &os„=I'/(, with
I of the order of Fermi energy. The spin waves are absent,
and the spin fluctuations have relaxational character. This
model has been successfully applied to the explanation of the
relaxation rates in YBa2Cu307, as discussed in Sec. III.

Recently, Monthoux and Pines' (MP) have proposed a
phenomenological description of the observed spin
pseudogap and z=1 scaling behavior which begins at this
"other end, " the high-doping limit in which a NAFL ap-
proach is the appropriate starting point. The NAFL descrip-
tion of magnetic scaling proposed by MP is based on the
twin proposal that the strong Coulomb correlations between
planar quasiparticles give rise to a second energy scale,
coJ- a few J, and that spin pseudogap behavior is a quasi-
particle phenomenon, in which the dynamic irreducible
particle-hole susceptibility X(q, ru) for wave vectors in the
vicinity of ( 7r, 7r) becomes temperature dependent for
T~T„. More specifically, MP show that the propagating
term in Eq. (26) can arise from the dependence on coJ of the
restoring force f'(q, cu, T), which gives rise to NAFL behav-
ior in mean-field theory, in which case the spin gap is related
toA by

~ = ~J(xg /xg) '"=~JP(. (35)

where Xo= a/2 is the nearly temperature-independent static
irreducible particle-hole susceptibility. They also show that if
one writes

As applied to the experimental situation described above,
the spin-fermion model provides a reasonable qualitative de-
scription of the z= 1 scaling. Based on our analysis in Sec.
III, we have not found signatures of the two crossovers in the
scaling regime. From this, together with the results of the
measured relaxation rate ratios, which yield z = 1, we would
conclude that within the o.-model multiple spin-wave scatter-
ing is the dominant contribution to damping of the spin
waves in the underdoped materials. The detailed comparison
of this theory with the inelastic neutron-scattering experi-
ments is then obscured by the fact that the correct form of
damping for the spin-wave excitations can only be obtained
numerically for the experimentally accessible temperature
and frequency regions. The "spin pseudogap" temperature in
this model is the temperature where scaling stops working;
i.e., the effects of the natural distance cutoff (- the lattice
constant a) are appreciable. It is natural that this happens at
certain value of correlation length („=2a from Sec. III.
Above the temperature T„scaling analysis becomes inappli-
cable. It is impossible to obtain the precise value of T,„or
(„from the scaling analysis alone. A numerical estimate for

(„in the insulator, as mentioned above, is consistent with
ours.

j, I x"(q. ~)
d q „dto „&r ~ wc~ nc

1
(34) Iim„OX(g, co) =N~(T)Xgr0, (36)
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then in the mean-field approximation, 10

N (T)( (37)

where (=7r '. Hence if the "commensurate" quasiparticle
density of states, N&(T), obeys the relations

C3
5

I—

TQ T TQI (38) ~ OO
0 C)O

then one has the QC z = 1 scaling behavior cosF= c'/( for
T~ ~ T~ T„, while above T„, one recovers nonuniversal
mean-field behavior, with cos„~(

As MP show, since

63T T
2 ~ XgrosF = Xg /Ng( T)

T2G
(39)

to the extent that X&(T) is weakly temperature dependent,
the temperature dependence of the quantity, N&(T), may be
directly obtained from experiment. Moreover, on making our
ansatz, („=2, then at T,„we have, from Eq. (39), a scaling
relation between a and c',

/ 1
AC (40)

which is quite close to the values determined in Table I.
In Fig. 18, we give the results for T2G/(T, T) for
YBa2Cu30663, YBa2Cu408, and YBa2Cu307 obtained us-
ing Eq. (39) and the experimental results of Takigawa, Imai
and Slichter, and Corey et al. It is instructive to compare
the temperature dependence of Tz /(GT&T)~(l/X&)N&(T)
between T~ and T„shown in Fig. 18 for the YBa2Cu3
0663 and YBa2Cu40s samples with that found for Xo(T),
since at long wavelengths one expects to find, by analogy
with Eq. (36),

lim„oX"(O, co) =No(T)Xo(T„) co

=Xo( T)Xo(T .) r0 (41)

V. INELASTIC NEUTRON-SCATTERING RESULTS

In this section we discuss the consistency of the inelastic
neutron-scattering experiments with the results of NMR ex-

with No(T„)=Xo(T„) and No(T)~Xo(T). We find that

I N&(T)/X&(T)] and Xo(T) disPlay a comParable temPera-
ture variation between T~ and T„; however, although both

I N~(T)/X&] and Xo(T) vary linearly with T over this tem-
perature region, the respective slopes for the two quantities
do not agree.

We further note that the temperature T~ which marks the
lower endpoint of magnetic scaling behavior is barely visible
in Fig. 18 as the temperature at which [N&(T)/X&] changes
slope. From Eq. (39) we see that in the NAFL description of
the QD state proposed in MP, at low temperatures, where
(=const, sos„varies as (a+bT) ', as is found experimen-
tally, rather than the exponential behavior predicted by the
o. model.

I I I

100 200 300
Temperature (K)

I

400

FIG. 18. (T2G/T, T) (~N&(T)/X&), extracted from NMR ex-
perirnents on YBa2Cu30663, YBa2Cu40&, and YBa2Cu307.

periments and the scenario developed above. We start with

YBa2Cu306+ . Early experiments on this system showed
the presence of the gap in the excitations near the antiferro-
magnetic wave vector, which increased with increasing dop-
ing, consistent with the scaling model discussed above.
However, it has been difficult to extract the magnetic scat-
tering from the unpolarized neutron experiments due to the
presence of acoustic phonons at similar frequencies. The
quality of the YBa2Cu306+ samples and measurements has
improved considerably since the early work. In particular, an
analysis of magnetic excitations ' has been done in

YBa2Cu307 using a polarized neutron-scattering technique,
which enables one to extract the phonon part of the scatter-
ing cross section. Detailed experiments have also been per-
formed on the underdoped compound YBa2Cu3066. In what
follows, we focus on these two recent experiments.

Fong at al. have recently shown experimentally that,
contrary to the earlier work of Mook et al. , the broad peak
at 41 meV corresponding to a magnetic excitation appears
only in the superconducting state. As a result, they argue that
this excitation indeed corresponds to quasiparticle pair cre-
ation in the superconducting state. This is a plausible sce-
nario, since Pines and Wrobel find that the superconducting

gap, 5=2.6 k&T, . Here we wish to suggest an alternative
explanation for the 41 meV magnetic peak: that it is a spin
wave which only becomes visible as a distinct excitation in
the supeI"conducting state. Such an excitation is consistent
with the singlet to triplet transition identified by Fong et al.
As we have remarked in Sec. IV, the spin-wave excitation is
overdamped in the normal state. It is much better defined in
the superconducting state, because NMR experiments show
that sos„ increases raPidly for T~T, ; indeed, for YBazCu3
O7, Martindale et al. find, cusF(0 75T, )= tosF(T, )/10. As a.
result, the gap in the spin excitation spectrum, A =c/$,
should be observable in inelastic neutron-scattering experi-
ments. From our analysis for YBa2Cu307 we obtain
ct' =35 meV and ((T,)=2.3. If 5-41 meV, then one must
have
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c=As-90 meV. (42)

As a result, in the normal state, y=A/cosF=2. 5, and the
spin-wave excitations would be unobservable there, in agree-
ment with the conclusion of Fong et al. . On the other hand,
at T=0.75T, , one has y= 0.25, and the excitation becomes
readily observable.

We next consider the o. model and NAFL interpretation of
this result. In the o. model, if the damping of spin excitations
is accounted by multiple spin scattering alone, the gap in the
spectrum of magnetic excitations would be A(T, )=28 meV.
Since the actual gap is considerably larger, the fermionic
source of damping must be appreciable in YBa2Cu307 .
Using 5 = 1.82co,z,„( and Eq. (27), we obtain
M p / cof 0.47 as the ratio of the fermionic and
spin sources of damping. Thus, the spin excitation in
YBa2Cu307 could be a spin wave. As the temperature de-
creases below T,. the particle-hole damping disappears. The
gap in the spin-wave spectrum causes the "spin" part of
damping to also decrease with temperature. As a result, the
spin-wave spectrum is much better defined in the supercon-
ducting state.

In the NAFL description,

(43)

so that coJ-2J, a not unreasonable value, while cosF of
course reflects only quasiparticle behavior, with its rapid in-
crease below T, being entirely a consequence of the super-
conducting gap. Moreover, measurements of Tz~ in the su-
perconducting state of YBa2Cu&Os (Ref. 36) show that it
gradually decreases below T, , a decrease which, according
to Eq. (13), directly refiects a decrease in (. Since 5 = c/(,
we would accordingly expect a corresponding increase
in A. There are at present no measurements of T2G for
YBa2Cu307; if we assume that g decreases, by some 20%,
from 2.2 at T, to 1.8 for T~ T,(2 (by which temperature the
gap is fully established), then a value of —1.9 at 0.75T, is.
not unreasonable. On taking c = 74 meV, we would then find
5 = 39 meV at 70 K and 5=41 meV for T~0.5T, , a result
in reasonable agreement with experiment.

We next estimate the spin-wave spectrum in
YBazCu306 55, where detailed inelastic neutron-scattering
results were reported recently by Sternlieb et al. From our
analysis we find c'=70 meV. In the cr model, the "spin"
source of damping may be expected to be dominant for this
compound, and therefore c= 127 meV. Since this compound
is close to the insulator metal border, and exact doping level
is not known, the correlation length is hard to determine by
extrapolation. To obtain a gap of 6=10 meV, which is ex-
perimentally observed, we need (= 12.7 at low temperature,
a value which would require that the system be at a lower
doping level than YBa2Cu30663. In the NAFL description, c
would not be expected to change appreciably with doping, so
that with c =74 meV, we find a low-temperature gap of 10
meV with (=7.4. This latter length is just what we find for
YBa2Cu&0{j{j3 near T, , and so the NAFL description is
clearly consistent with the emergence of a spin gap at 10
meV well below T, .

Sternlieb et al. found that the local (integrated) spin sus-
ceptibility y~(co) exhibits culT scaling. The temperature at

which the scaling breaks down decreases with increasing
co. This scaling behavior is generic for the z = 1 QC regime.
The scaling function for y~(colT) was found by Chubukov
and Sachdev. In the region of co and T where the magnetic
response was measured, y"(colT) ~colT, consistent with ex-
periment. The decrease of the temperature T~ with increas-
ing energy transfer is also expected on the basis of scaling
arguments.

Provided y is small enough, the spin-wave spectrum that
we predict can be observed in neutron-scattering experi-
ments. According to Eq. (26), for co)5, y"(q, cu) is peaked
at the incommensurate wave vector, displaced from (7r, vr)

by Bq= /co —5 lc. However, direct measurement of the
spin-wave spectrum in YBa2Cu3066 is obscured by some
relatively large degree of imcommensuration observed in this
material. We estimate the width enhancement due to the
spin waves at 30 meV for this material as 26q=0.05 radia-
tion length units (r.l.u.) while the experimental width of the
peak is -0.25~0.1 r.l.u. is independent of energy transfer.
Thus the predicted peak width enhancement agrees within
experimental error with the value reported by Sternlieb
et al.

We now consider LaI 85Sro»Cu04, a compound where an
extensive neutron-scattering study of magnetic excitations
has been reported. We note first that the magnetic excitations
were found at incommensurate positions, in contradiction
with the one-component theory of NMR discussed in Sec. II,
which requires that y"(q, cu) be peaked at a commensurate
wave vector. According to Barzykin et al. , the only pos-
sible resolution of this contradiction in the framework of the
one-component model lies in the assumption of some sort of
domain formation due to tiny regions of phase separation. If
this is not what happens, more than one copper spin compo-
nent should be involved. We further assume that the one-
component theory is correct, and imply the presence of some
internal superstructure leading to four distinct peaks in the
neutron-scattering experiment. However, we note that the
analysis done here is more general than the one-component
theory reviewed in Sec. II, since it is based on copper NMR
only, and the possible incommensurability is not terribly im-
portant. Since T2G experimental results are not so far avail-
able, to our knowledge, in the metallic LaI &5Sro»Cu04, it is
not possible to determine all the parameters entering theory.
We find that for n= 15 states/eV, c'=29 meV, and /=7.
Thus, this leads to a predicted spin gap, 5=7.5 meV, for the
o. model, and 5= 10 meV if c = 74 meV for this compound.
We also predict z= 1 scaling for T)90 K. This temperature
T~ should decrease with increasing energy transfer. None of
these effects have been so far observed in LaI &5Sro»
Cu04. We found some vague indication of the spin gap of
—6 meV in the integrated intensity measurements at 35 K,
where the most detailed experimental study was reported.
However, further study at higher temperatures is required, in
which the kind of scaling plot for the integrated intensity
such as the one used by Sternlieb et al. in YBa2Cu3066
would be extremely useful. We note that z= 1 scaling was
found by Keimer et al. in 2:1:4 system at lower doping
level, in the insulating state, as expected from the model
discussed above.
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The determination made here of the spin fIuctuation pa-
rameters n and g for the 1-2-3 system enables us to estimate
the maximum spin fIuctuation signal strength -y&/2, mea-
surable in inelastic neutron-scattering experiments on the
normal state. We find that y& ranges from 69 states/eV for
YBa2Cu307 to 470 states/eV for YBa2Cu30663., this pro-
vides a partial explanation of the difficulty (compared to

06 63) in carrying out quantitative measurements on the fully
doped members of this family. As we have noted above, in
the supercondicting state, once quasiparticle excitations can
no longer damp the spin gap excitation at 5, a considerably
shorter signal -(y&/y), where y~ 1/3, emerges from the
continuum. We can carry out a complete estimate for y& for
the 2:1:4 system if we assume that for this system as one
finds a result similar to that found for the 1:2:3 system,
c' u-0.54. We then find, through interpolation between our
results for the Sra i3 and Sra» samples, that y&-790
states/eV for Lai &6Sra i4Cu04 and y&-2400 states/eV for
Lai 9Sra iCu04. Thus one can anticipate significantly stron-

ger spin fluctuation signals in the 2:1:4system. It is interest-
ing to note that the value of the correlation length at T~ for
La~ s6Sr0 ~4Cu04 is g- 8, comparable to that found by Mason
et al. in their neutron-scattering experiments on this sys-
tem.

We do not attempt to compare, in this paper, the correla-
tion length obtained in our analysis of the NMR experiments
in YBa2Cu306+ system with that measured in the inelastic
neutron-scattering experiments. Part of the reason is that the
observed peak at the commensurate wave vector is very
broad, a result which would lead to an oxygen NMR spin-
lattice relaxation rate which is in disagreement with experi-
ment. On the other hand, the neutron-scattering experiments
of Tranquada et al. in YBa2Cu3066 have suggested the
presence of an unresolved four-peak superstructure. This su-

perstructure, if present, would make such a comparison
meaningless.

VI. CONCLUSION

The "spin pseudogap" effect in the cuprate superconduct-
ors is a puzzling phenomenon which corresponds to a reduc-
tion of the effective density of states. We show that this
effect is present, and has similar character, in both single-
plane La2 Sr Cu04 and in bilayer YBa2Cu306+ families.
As a result, we have pursued a single-plane scenario for this
effect in which any coupling between the bilayers does not
play a crucial role. We find in this scenario that the develop-
ment of the "spin pseudogap" corresponds to the onset of
scaling at a certain value of correlation length. The value of
the dynamical critical exponent in the scaling regime is
z= l.

We have analyzed a large collection of experiments using
the scaling theory (the QNLa. model) and the NAFL ap-
proach. The scaling theory is based on the existence of spin-
wave excitations in the metallic cuprates, which have a finite
energy gap at (m, ~) and a linear dispersion law at high
frequency. It should be emphasized that there is no gap other
than the gap of the spin-wave excitations in the o. model.
This gap should be observable in inelastic neutron-scattering
experiments in the superconducting state, and may have been
seen as the 41 meV excitation in YBa2Cu307. The "spin

pseudogap" observed in the bulk magnetic susceptibility or
specific heat measurements is of different character; it does
not necessarily correspond to a gap in the quasiparticle spec-
trum. We relate the observed spin pseudogap behavior to the
onset of scaling behavior at high temperatures. It should be
noted that a scenario in which the spin pseudogap phenom-
enon is related to a failed spin-density-wave (SDW) gap

' is
also possible. This mechanism is somewhat similar to the
NAFL framework, considered in Sec. IV, in which novel
physics arises if one takes into account vertex corrections
brought about by stroing magnetic correlations,

In summary, we have applied the z= 1 nearly antiferro-
magnetic Fermi-liquid scaling theory to the analysis of the
bulk susceptibility, NMR T& and T2G relaxation rates,
specific heat, resistivity, Hall effect, and inelastic
neutron-scattering experiments in the La2 Sr Cu04 and

YBa2Cu306+ families. The magnetic phase diagrams for
the two compounds display the same behavior, and can be
superposed on one another, when plotted as a function of
hole concentration. Two magnetic crossovers are evident
from experimental data. The upper crossover, at T„, corre-
sponds to the onset of the z= 1 scaling behavior. We argue
that above T„ the spin dynamics is nonuniversal, i.e., influ-
enced by the lattice cutoff. As a result, no definite predictions
can be made on the basis of scaling theory for T)T„.Be-
low T„scaling applies, and universal scaling functions can
be computed. The temperature T„decreases with increasing
doping. The lower crossover temperature, T~ marks the low-
temperature end of the z = 1 quantum critical scaling behav-
ior, and its appearance is predicted by the scaling theory. The
magnetic susceptibility, the NMR relaxation rates TiT,

T2G, and the resistivity are linear in the quantum critical
regime between T~ and T„. Both crossovers disappear in
the overdoped case, as the correlation length becomes too
short for z=1 scaling to apply. These considerations are
summarized on Figs. 2, 3. There is no region of applicability
for z = 2 Fermi-liquid scaling on our magnetic phase diagram
in the normal state. The observed ratio TiT/ T2G= const
in YBa2Cu307, in our interpretation, corresponds to a mean-
field nonuniversal behavior.

On making the ansatz that („=2 at the critical tempera-
ture T,„which marks the onset of the z= 1 QC regime, we
have determined, from the NMR experiments, the correlation
length as a function of temperature for both YBa2Cu306+
and La2 Sr Cu04 families, and the spin-wave velocity in

YBa2Cu306+, as a function of doping. From this analysis,
we can approximately obtain the energy spectrum of the spin
waves, which should be observed in inelastic neutron-
scattering experiments on the superconducting state. Thus, in
our scenario, the peak in magnetic inelastic neutron scatter-
ing in YBa2Cu307 at 41 meV, and the spin gap of 10 meV
observed in YBa2Cu3066 could originate in spin waves. The
observation of the full spin-wave spectrum is obscured in
these materials by strong phonon scattering and by some
degree of discommensuration found in YBa2Cu3066.

In arriving at our magnetic phase diagram, we have fre-
quently had to resort to interpolation and extrapolation from
existing experimental data. Our calculations are, in many
cases, directly subject to experimental test. It is our hope and
expectation that the NMR experimental community will now
fill in the interstices, and so make more precise the depen-
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dence of T„and T~ on hole concentration. For example,
detailed measurements of T„, T, , and go(T) carried out
on the same samples, for samples of known oxygen concen-
tration in the vicinity of YBa2Cu30695 cannot only deter-
mine T„in this region, and establish its dependence on hole
concentration, but can also verify whether, as we have con-
jectured, the ratio T j Tl T2& becomes independent of tem-
perature below T„.In a similar vein more detailed measure-
ments on the Knight shift and T, of the overdoped 2:1:4
system will help one to deduce T~ and T„ for this system.
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