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Investigation of the dBldH effect using trapped Aux in type-II superconductors

M. A. R. LeBlanc, Sean X. Wang, David LeBlanc, Martin Krzywinski, and Jinglei Meng
Physics Department, University of Ottawa, Ottawa, Canada K]N 6N5

(Received 10 November 1994; revised manuscript received 19 January 1995)

We show that the dB/dH effect (i.e., a "discontinuity" in the B profile) should manifest itself quite

dramatically in plots of (B)„ /(B),„vs either (B);„orvs (B)„.Here (B);„is the magnetic-fiux density

permeating the zero-field-cooled specimen in the presence of an applied magnetic field H, and (B)„, is the

remanent magnetic-flux density after H, has been removed. Our data on the five materials we have investigated

(two weak pinning, two intermediate, and one strong pinning low T, ty-pe-II superconductors) graphed in these

discriminating formats show no evidence of a dBldH effect.

I. INTRODUCTION

Many workers' " postulate that a steep descent of the

magnetic-Aux density occurs over a distance of the order of
the penetration depth X at the boundary of the flux-line lat-

tice penetrating into a Aux-free but not pinning-free type-II
superconductor. Consequently, the configuration of the
magnetic-fiux density (the 8 profile) on a macroscopic scale
relative to X is depicted with a "discontinuity" along the
front of the advancing Aux profile. The magnitude of this

discontinuity in the B profile is generally regarded to corre-
spond to Bcl p'oHC1, where H, i is the lower critical field.
This feature has been denoted the dBldH effect. '

In this paper we report on a search for the signature of
such a discontinuity in the remanent (residual) magnetic fiux

trapped in bulk type-II superconductors. In our work,
the fiux is trapped by subjecting the virgin (i.e., zero-field-

cooled) specimen to an isothermal application and removal

of a uniform magnetic field H, directed along its length. The
peak value of H during each such cycle is denoted H, y

The sample is zero-field cooled before each cycle. This
simple procedure has been exploited by many workers. The
standard approach has been to display P„or, equivalently,
its spatial average (8)„vsH,„„,. ' However, as we will

demonstrate in some detail, the signature of a discontinuity
(dB/dH effect) does not emerge clearly in this standard ap-
proach. One reason is that the modeling of P„vs H,y,&,

involves "extraneous" components which need to be sepa-
rately identified. This aspect is developed further in this ar-

ticle.
In our work, in order to circumvent this problem, we not

only determine P„vs H, &„yb twue also measured P;„ the
magnetic fiux permeating the specimen, hence (8);„, its spa-
tial average, when H attains the peak of its excursion. The
evolution of P„and tt~;„with respect to each other then
constitutes the "raw" data for our analysis and our search for
evidence of a dBldH effect. First, we explore graphs of
(B)„vs (8);„and show that these contain more pertinent
information and fewer independent ingredients than graphs
of (8)„vs H,„„,. Although a dB/dH effect comparable to
B,i will emerge clearly in such graphs for weak pinning
materials, a dBldH effect which is a small fraction of B,i

II. EXPERIMENTAL ARRANGEMENT AND PROCEDURE

We present measurements on five materials and two dif-
ferent geometries. The composition, geometry, dimensions,
estimated lower critical field H„, and the measured

(8)„,„=p,p(M),„, the spatial average of the maxi-
mum remanent trapped Aux, are listed in Table I. The NbTa,
PbIn, and NbZr samples each consisted of a bundle of a
dozen straight insulated wires set in epoxy. The Nb sample
comprised six parallel ribbons separated by thin Mylar sheets

TABLE I. Composition, dimensions, Hc, and (M)„of samples.

Sample Length (cm) Radius
P'p(M) rem

/L pH i (mT) (mT)

Pb0.86In0. 14

»0.4S»0.55

Nb (ribbon)

Nba 5Tao 5

Nb Zr

0.0625
0.25
0.025 X1.0
0.0625
0.013

20
25

120
30
50

22
56
95
50

~350

can, however, escape notice. Consequently, we examined al-
ternative representations of the data.

We show that plots of the ratio (8)„ l(8);„vs either

(8);„or (B)„can, however, quite dramatically reveal the
existence of a dB/dH effect if such an effect is present.
Nevertheless, our data, displayed in these sensitive and dis-
criminating formats, show no evidence for a dB/dH effect in

any of our samples.
This lack of corroboration of a dBldH effect from our

data is noteworthy since we have focused on specimens
where 8„ is comparable to or greater than (8)„,„, the
saturation remanent magnetic-fIux density. Under these cir-
cumstances the contribution of a dBldH effect is expected to
emerge clearly unless it is a minute faction of B,i . For com-
pleteness, we have also pursued measurements on a rela-
tively strong pinning material, i.e., where (8)„,„—8„.
In this sample, the dBldH tends to be masked by the steep
gradients in the B profiles associated with the large bulk
critical current density. As expected, this sample carries no
signature of the dBldH effect.
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and set in epoxy. The radius or thickness given in the table
refer to the constituent wire or ribbon. A single layer nonin-
ductively (bifilar) wound 38BS Manganin wire heater inti-
mately embraces the length of the samples. Several layers of
masking tape provide a thermal barrier between the heater
and the ambient 4.2-K helium bath.

A main pickup coil embraces the waist of the specimen
and is series opposition connected to a pair of identical bal-
ancing pickup coils, one placed above and the other below
the central coil. The balancing coils do not embrace the
sample, but are threaded by the applied magnetic field H„
provided by a long superconducting solenoid. The latter, 17.5
cm long, with an inner radius of 2.0 cm and outer radius of
3.0 cm, is wound with multifilamentary 0.040-cm-diam Su-
percon NbTi wire. The residual field of the solenoid is
«0.1 mT after a sweep of 0.5 T.

The balanced pickup coil feeds an electronic amplifier
integrator which drives the Y axis of an XY recorder. The X
axis is driven by a signal proportional to H, from a cali-
brated shunt traversed by the current I fed to the solenoid by
a battery-driven, hence ripple-free transistorized power sup-

ply.
The specimen is zero-field cooled prior to each measure-

ment. The magnetic Aux permeating the specimen is continu-
ously monitored as H, is slowly raised to a selected peak
value, denoted H„~,t, , and then gradually removed [see Fig.
1(a)]. The duration of such a cycle is generally proportional
to Hcycle and typically = 1 min for p'OHcycle 0 1 T. After the
cycle of H, is completed, the temperature of the specimen is
raised from 4.2 K to above T, The remanent magnetic flux
is thereby released and directly detected by the pickup coil-
amplifier-integrator-recorder system. The locus of the trace
on the XY recorder returns to its initial position when no
electronic drift has occurred during the entire sequence just
described. Tracings which do not close are rejected.

The system is calibrated on the standard assumption that
the virgin (zero-field-cooled) specimen allows no penetration
of Aux when H, is applied from zero in the low-field range
where H„&&H, &. Under these circumstances the response of
the system, hence the XY recorder trace versus H, , is linear.

We have exploited two modes of measurement in our in-
vestigation. In one mode (B)= @/A, the spatial average of
the magnetic fiux @ permeating the specimen is continuously
monitored vs H„. Here A is the cross section of the sample.
In the other mode, the magnetization p, o(M) = (B)—/z„H, is
continuously monitored vs H„. The tracings corresponding
to these two modes are sketched in Fig. 1. The mode is
determined by the type of balancing selected in the construc-
tion of the pickup coil assembly. For the (B) vs H, display,
NS, the product of the number of turns N and area 5 em-
braced by the balancing coils is carefully adjusted so that the
detection system generates no signal when H, ~H, &

is ap-
plied to the zero-field-cooled sample in the superconducting
state. For the (M) vs H, curves, NS is chosen so that the
detecting system generates no signal when no sample is
present or equivalently when the specimen is maintained
above T, by means of the heater.

III. BACKGROUND

Although the dB(dH effect is frequently introduced in the
analysis of magnetic phenomena in the bulk of type-II

+B~rernmax

rem

0
0 {Hc~+ aH~„)

r r &8&,„/p,
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+M&
rem
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remmox
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FIG. l. (a) Schematics displaying the evolution of (8), the spa-
tial average of the magnetic-flux density permeating the specimen,
as the applied magnetic field H, is impressed after zero-field cool-
ing and reduced to zero when arbitrary values, denoted H

y ]p are
attained. When H,~,], exceeds a threshold value, denoted Hp]
the remanent magnetic-flux density trapped in the specimen,
(8)„=po(M)„, reaches a maximum (saturation) level, denoted

(8)„„.,= po(M)„,„„and remains constant at this magnitude
for H,„„,)H &„„„.When H «(H„+AH, „), no magnetic fiux is
observed to enter the specimen; hence, (B)„=0.In our work, we
continuously monitored such curves and hence determined (8) „
vs (8),„, where (8);„denotes the value of (8) at H, „,. (b) Sche-
matic displaying the evolution of the magnetization

(M) =((8)—
/LOH, )//Lo as H, is applied after zero-field cooling

and reduced to zero after attaining arbitrary values denoted
H,z,&, . When H, ~(H, t+AH, „) no residual magnetization is
observed. When H,~,], exceeds the threshold value Hp]„„„,
(M)„, attains a maximum magnitude denoted (M) „
= (8)„~,„/po. In our work we also continuously monitored such
curves. Note that (a) and (b) are complementary and equivalent data
curves which can be obtained by suitably adapting the balancing of
the pickup coil arrangement in our monitoring setup. (c) Schematic
display of plots of (8) „, = po(M)„vs H,~,~, , which can be de-
termined from either graphs of (a) or (b) above. Note, however, that
neither (a) nor (b), hence such detailed data on the evolution of
(8) or (M) vs H, , is required to construct the graph
depicted above in (c). The crucial feature of our work is that we
monitored both (a) and (b) and thereby determined both (8);„
and (B)„vsH,~„,.
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superconductors, ' ' our search of the literature revealed no
direct experimental evidence supporting this concept. Our

purpose in this paper is not to examine the theoretical basis
of the dB/dH effect but to explore evidence of its existence.
Ullmaier' has reviewed this idea in some detail. For com-
pleteness, we present a brief outline of his discussion.

The driving Lorentz force density FL =jX 8 in the static
critical state of a Aux-line lattice is in equilibrium with the

pinning force density Fp(B) For an. infinite slab with thick-

ness along the x axis, the current density j along y, and the

magnetic flux density 8 along z, this equilibrium condition
reads

0

B(x

(e)

8%

(&)

—jyB, =Fp.

Introducing Maxwell's equation V XH= j for planar geom-
etry leads to

dH,
dx

(c)

Bs

0
Bci ~~. Bci

( )

The dBldH effect is introduced by (i) rewriting the current
density in the form

Bs

dH dH d8 1 d8
dx dB dx (dBldH) dx

(where we have neglected the subscripts) and (ii) interpreting
the quantity dB/dH and its inverse dH/dB as follows.

In the Abrikosov theory, the Ginzberg-Landau param-
eter ~ and the thermodynamic critical field H, dictate the
equilibrium between the Aux-line density 8 and the magnetic
field H in ideal (pinning-free) type-II superconductors. Sev-
eral authors have proposed' ' that the relationship be-
tween 8 and H for the corresponding ~ and H, remains
effective when pinning is introduced in the material. Since
dHldB, denoted (dHldB)„, in the reversible material, is

very small when 8 is in the range 0~8&p,oH, &, the gradi-
ent of the 8 profile,

dB Fp(B) t dBi Fp(B)
dx 8 idHt 8

~dH~

I d8)

is then expected to be very steep inside the bulk of the non-

ideal (irreversible) specimen when the Aux-line density falls
in the range 0(B(x)~poH„. The region where this steep
gradient occurs is regarded as occupying a thickness compa-
rable to the penetration depth X. Hence this region consti-
tutes a near discontinuity in the 8 profile of weak-pinning
bulk specimens where dimensions are very large compared
with k.

The presence of such a discontinuity in the 8 profile
should play a significant role in the evolution of the magni-
tude of the magnetic moment of materials with large H, i and
weak pinning during the initial application H as illustrated
in Fig. 2(e) and in the amount of Aux retained by the samples
after H, has been removed as illustrated in Fig. 2(e). Conse-
quently, in our investigation we have focused on specimens
exhibiting relatively weak pinning and an appreciable H, &.

X —X
R

Q X
0 R

FIG. 2. Schematic displays of the evolution of the critical B
profiles in an infinite slab or cylinder as a function of Bz, the

magnetic-Aux density just inside the surface of the specimen when

H, =H,~„, (upper curves) aud subsequently when H, =O (lower
curves in each drawing). The sketches without [with] a discontinu-

ity, i.e., a dBldH effect of magnitude B,", , are shown in (a), (b),
(c), and (d) [(e), (f), (g), and (h)]. The quantities B~, B„, , Bz,
and B~ * illustrated in the sketches are discussed in the text. Ex-
pressions for (B);„and (B)„vsBs are developed in the Appendix.

IV. RESULTS AND DISCUSSION

A. Standard format: (M)„=(B)„ Ip 0 vs H,„„,
Throughout the literature, since the earlier work of

Goedemoed et al. , the remanent magnetization (M)„gen-
erated by a sweep of H„has been plotted as a function of
Hpy ] the peak value attained by H, during an

excursion. ' The resulting "universal" curve is displayed
schematically in Fig. 1(c), and exhibits three distinct

features (i) A low-field region where (M)„, =0 over a
range 0&H,y„,&H,„„,„»z and (ii) an S-shaped section fol-
lowed by (iii) a plateau whose edge is denoted H~„„,„.Let
(M)„„denote the value of (M)„at the plateau.

The applied magnetic flux is excluded from the bulk by
the Meissner screening current IM when Hzy &

(H ] Sev-
eral workers have proposed that Hthpgshoid may appreciably
exceed H, &

due to strong surface pinning, the action of
image forces, ' and/or other mechanisms. ' Letting
hH, „(H,) denote the surface barrier against Aux entry re-

sulting from these properties, we write
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FIG. 3. (8)„, the remanent magnetic-fiux density trapped in
the specimen at H = 0 after an excursion of H, to a value denoted
H,~„,, vs (8);„, the spatial average of the magnetic-fiux density
permeating the specimen at the corresponding H„=H,y,&, . Both
quantities are normalized with respect to the maximum (saturation)
remanent flux density (8)„,„.The sample was zero-field cooled
before each measurement. The solid curve was calculated using

j,= n, where n is a constant (i.e., Bean approximation) and assum-
ing no discontinuities in the 8 profiles (i.e., no dB/dH effect). The
equations are developed in the Appendix.

Hthreshold= Hc. ] + AHen

%'hen H,y,], rises above Hth„, &,]d, the depth of penetration
of magnetic flux into the specimen is determined by j, , the
bulk critical current density, and Bs(H,), the magnetic-Ilux
density a distance of the order of the penetration depth inside
the specimen as sketched in Fig. 2. The magnitude of the
Meissner current IM(H, ) and of the surface barrier
AH, „(H,) govern the evolution of Bs as H, increases. The
relation between the latter can be written

Bs(H.) =H„—IM(H, ) —/5. H,„(H,) .
pp

in remmax

FIG. 4. (8)„, /(8)„,„vs (8);„/(8)„„.The solid curve
was calculated using j,= u/(8+ 80) with Bo=0.358 ~

0. 35$2p, oaR. Again, we assumed no discontinuities in the 8
profiles (i.e., no dB/dH effect).

B.Alternative approach: (8) „, vs (8);„
In order to circumvent the difficulties just mentioned, we

have explored the merits of measuring and plotting
(B)„=p,o(M)„vs (B);„, the spatial average of the
magnetic-Aux density initially permeating the specimen
when H„=H,y,], . This procedure, in effect, replaces
Bs(H, ), a quantity which is only indirectly accessed, by
(B);„,which is directly measured. The quantities (B)„and
(B);„are parametrically linked via Bs(H, ). The dependence
of B,(H, ) on H, , however, plays no role in the modeling of
(B)„and (B);„.Consequently, no supplementary input for
IM(H„) and b, H,„(H,) is involved in this approach. Figures
3—7 display our experimental results and corresponding
theoretical curves in this format. For convenience, (B)„

Here I~=M„„ the magnitude of the reversible Abrikosov
diamagnetic magnetization.

The total magnetic Aux initially permeating the specimen
increases as H, & H,h«, h, id, hence, Bs is increased (see Fig.
2). Consequently, the amount of Aux trapped in the sample
after H, =H,y,i, has been removed (see Fig. 2) also rises and
traces the S-shaped curve of Fig. 1(c).

The growth in the remanent trapped flux ceases when
H

y ] Hp] t „and the corresponding Bz attains a level de-
noted B~* (see Fig. 2). For Hz, ,-I~H& „„i„andBs~Bs*,
the remanent 8 profile exists in a saturated critical state
where the entire specimen is filled with Aux-retaining critical
currents; hence, (B)„=(8)„,„=p, o(M)„

Modeling of (M)„vs H,~,I, over the S-shaped region of
Fig. 1(c) requires complementary information regarding the
dependence of both IM(H, ) and AH, „(H,) on H, =H,„,I, .
Thus four quantities [IM(H, ), AH„,(H, ), j,(B), and dB/
dH] play a role in the detailed structure of the S-shaped
region. Consequently, unambiguous evidence for the dBldH
effect is difficult to obtain from (M) „vs H,~„, curves.
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FIG. 5. (8)„ /(8) „~,„vs (8),„/(8)„.The solid curve
was calculated using j,= u/(8+ Bo) with Bo=0.48 ~
=0.4v'2p, onX. Again, we assume no discontinuities in the 8 pro-
files (i.e., no dB/dH effect).
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FIG. 6. (8)„ l(B)„„vs(B),„l(8)„, ,„.The solid curve
was calculated using j,= nl (8+8o) with Bo= 0.158~ . Again, we
assumed no discontinuities in the 8 profiles (i.e., no dBldH effect).

Jc=(8+8 )n ~ (7)

where n, Bp, and n are adjustable parameters.
This function leads to simple analytic expressions for

(8);„and (8)„vs Bs, which are developed in the Appen-
dix. It is convenient to scale Bz, Bp, and B,*, , with respect
to a parameter, denoted B~, which reads

8" = po(n+ 1)aX= po(n+ 1)nR,

where X is the half-width of the slab and R is the radius of
the cylinder. We note that in our analysis B~ corresponds to
the first full penetration field only when both Bp and B,*, are
zero.

and (8);„are normalized to (8)„,.„, the spatial average
of the maximum or saturation remanent Aux trapped at the
plateau. We note that "excellent" agreement is obtained be-
tween the calculated curves and observations with no dBldH
effect coming into play, hence taking B,*, , the magnitude of
the discontinuity in the B profile, equal to zero.

From inspection of Fig. 2, we expect that the initial slope
of curves of (8)„, vs (8);„should be close to unity, if the
dBldH effect is playing a role. The initial slopes for all of
our data curves, however, are near —,'. In order to assess quan-
titatively the accuracy of this format to clearly reveal the
presence or absence of a dBldH effect, it is instructive to
model the evolution of (8);„vs (8)„ for basic geometries,
different dependences of j, on B, and with discontinuities in
the 8 profiles (dBldH effects) of various magnitudes rela-
tive to the bulk pinning contribution.

We have pursued this exercise for idealized infinite slab
and cylinder geometries.

For simplicity, we focused on the following well-known
form for the dependence of j, on B:

FIG. 7. (8)„, vs (8);„.The data are not normalized with re-

spect to (B)„,„since we could not determine with certainty that

a saturation value (plateau) of (8)„had been established by the

excursions to the maximum p, oH, ~,&,=0.7 T available in the mea-

surements. To ensure a negligible residual field, the long solenoid
used in this work comprised only two layers of 0.025-cm-diam
multifilamentary NbTi wire; hence, our current source could not

provide sufficient current and hence sufficient magnetic field to map
out the plateau of (B)„vsH, „„.The solid .curve was calculated

using j,= e. Again, we assumed no discontinuities in the B profiles
(i.e., no dBldH effect).

We stress that taking n) 0 and 8&=0 in Eq. (7), allows

j, to become very large when B is small. Consequently, the
B profile at the boundary with a flux-free region will display
a steep rise on a macroscopic scale even without the inter-
vention of the dBldH effect. For this reason it is instructive
to examine this special situation in some detail. We refer to
the special case where n = 1 and Bp= 0, hence j,.= nlB, as
the simple Kim approximation. Frequently, j, is considered
to be independent of B over the range under consideration.
This will be denoted the Bean approximation and consti-
tutes a special case of Eq. (7) where n=0. These two ap-
proximations bracket a wide spectrum of dependences of j,
on B. Consequently, we focus on these two cases to explore
the sensitivity of the modeling to variations in the depen-
dence of j, on B. We note that the introduction of the pa-
rameter Bo into j,= nl(B+ Bo) and allowing Bo to increase
relative to B~ transforms the dependence of j, on B from the
simple Kim case toward the Bean approximation.

Figures 8 and 9 display families of theoretical curves of
(B)„vs(8);„,both normalized to the corresponding maxi-
mum (8)„,calculated using both the Bean and simple Kim
approximations with no dB/dH effect coming into play and
also with discontinuities of various magnitudes introduced in
the modeling.

In our view these figures show that the presence or ab-
sence of a dBldH effect will emerge clearly in the (B)„vs
(8);„format if the dependence of j, on 8 is Bean like, but
will not stand out unambiguously if the dependence ap-
proaches the simple Kim limit.
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FIG. 8. Displays families of theoretical curves for

(8)„ /(B)„„vs (8),„/(8) „„calculated for infinite slab
geometry using (a) the Bean (j,=n) and (b) the simple Kim

(j,= n/8) approximations. b, =8,*,/B~ indicates the magnitude of
the discontinuity in the 8 profiles (i.e., the size of the dB/dH ef-
fect); hence, b, =0 indicates no discontinuity. The order of the
numbers for b

&
corresponds to the order of the curves.

8„, = p,onX for the Bean and B~=(2p,onX)" for the Kim case.
The expressions for (B)„and (8);„are developed in the Appen-
dix. The presence of a discontinuity generates a slope of unity along
the initial segment of the curves. The extent of this section increases
as bj increases.

Since the approximation j,= u/B generates steep gradi-
ents in the magnetic-Aux density when B is small, and hence
already "mimics" a dB/dH effect, it is not surprising that
the introduction of a discontinuity in the B profiles causes no
dramatic changes in the (B)„vs (B);„curves in this case.
By contrast and as expected, the introduction of a disconti-
nuity when the Bean approximation is used causes an appre-
ciable shift in the (B)„vs (B);„curves.

In practice, however, j,, dependences on B which are in-
termediate between j,= o./B and j,= n, i.e., between the
simple Kim and Bean approximations, are usually encoun-
tered and these will generate (B)„vs (B);„curves which
fall between these two limiting cases. Consequently, we have
explored other formats for displaying the data which carry
the crucial message on the dB/dH effect more clearly re-
gardless of the details of the dependence of j, on B.

FIG. 9. Same as for Fig. 8 except that here the geometry is that
of an infinitely long cylinder and the radius R replaces X in the
definition of B~.

C. Two more transparent formats:
(8)„, /(8);„vs (8);„and vs (8)„

We now examine the merits of two modifications of the
previous format for revealing unambiguously the role of the
dB/dH effect. In these new schemes, the ratios
(B)„ /(B);„—= p, o(M)„ /(8);„are plotted versus either
(B);„or vs (B)„.These approaches also divorce or de-
couple the analysis from H,y,&, and hence also avoid the
complications and uncertainties involved in the link between
H,y,t, and the observed (B)„and (B);„.

The families of theoretical curves displayed in Figs.
10—13 illustrate the effect of a discontinuity in the evolution
of (B)„ /(B);„vs (B);„and (B)„ for the same two radi-
cally different dependences of j, on B, exploited earlier,
namely, the simple Bean and Kim approximations. The sig-
nature of the dB/dH effect emerges quite clearly from a
cursory inspection of these theoretical predicted curves. All
the curves where a dB/dH effect is postulated to exist ex-
hibit a steep rise towards unity in the low range of (B);„,no
matter how small the discontinuity. Careful consideration of
the B profiles sketched in Figs. 2(a) and 2(b) indicates that
this behavior is to be expected regardless of the dependence
of the bulk critical current density j, on B and of the varia-
tion of IM and AH, „with Hpyz]e.
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FIG. 10. Displays families of theoretical curves for
(B)„ /(B);„vs (B);„/(B)„„for infinite slab geometry (see
caption to Fig. 8 for other details). The signature of a discontinuity
is quite clear in this format since all curves where a discontinuity is
present (i.e., b, )0) rise steeply to unity at the origin.

Figures 14—20 display the data for. our five samples in
these two equivalent formats. It is clear from inspection that
none of the experimental data curves display any hint of a
rise toward unity in the initial portions of the curves as re-
quired by the operation of a dBldH effect. Indeed, on the
contrary, most of the specimens show a downward trend in
this range. We return to this feature later. The vertical spread
of the data points at the extreme right of Figs. 16—19 arises
because here (8)„has saturated at (8)„„,but (8);„
continues to increase.

Between these two formats where the dBldH effect can
emerge clearly, we favor the latter since it has a readily de-
fined limit on the abscissa, whereas for the former the ex-
perimental limit where (8);„generates (8)„„has to be
carefully and separately identified from the data curves illus-
trated in Figs. 1(a) and l(b). We have therefore displayed
only the data for the Nb and PbIn specimens in the former
format. These two were selected because they have the larg-
est 8„/(8)„,„ratios of our samples and illustrate slab
and cylinder behavior, respectively.

In each case the display of the data is accompanied by a
theoretical (solid) curve. We stress that in each instance the
"crude ingredients" of the theoretical curves are identical to

FIG. 11. Same as for Fig. 10 except that here the geometry is
that of an infinitely long cylinder.

the corresponding one presented earlier in Figs. 3—7. Now,
however, the fit between the data and the theoretical curves
has somewhat deteriorated in most instances. In our view
this indicates that the curves of (8)„ /(8);„vs either (8);„
or (8)„,besides being dramatically affected by the pres-
ence of a dB/dH effect, are also more sensitive to the de-
tailed dependence of j, on B than the standard format and
the (8)„, vs (8);„format. To achieve good agreement be-
tween calculations and observations, more sophisticated and
complicated expressions for j,(B) are evidently needed now
than were required by the other less discriminating formats.
The simple approximate analytic functions exploited in our
analysis now appear inadequate. The central purpose of our
investigation, however, was not to identify the optimum ex-
pressions for j, as a function of B for our samples, but to
establish whether the stipulation of a dB/dH effect is cor-
roborated by the data.

It is instructive, however, to dwell briefly on one feature
of some of the data. The PbBi, Nb, and NbTa specimens
display a weak convex upward curvature. In our view this
behavior arises from the fact that in these specimens the
dependence of j, on B is intermediate between the simple
Kim and Bean approximations. Theoretical curves incorpo-
rating no dBldH effect and calculated using

j,= ct/(8+Bo) with different values for Bo are disPlayed in
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FIG. 18. Display of our data for the Nb ribbons in the

(8)„ /(8);„vs (8)„ /(8)„„format. See caption to Figs. 15
and 5 for theoretical solid curves.

FIG. 20. Display of our data for the NbZr sample in the

(8)„(B);„vs(8)„ format. The solid curve is theoretical and
calculated using the same input as for Fig. 7.

remanent flux-density profile (B,„=O), but B,".t)0 in the

penetrating B profile. This is denoted the completely asym-
metric dB/dH effect. For both frameworks we have calcu-
lated families of curves for a wide range of B,*& . The formu-
las we develop and present in the Appendix encompass a
broad scenario where O~B„~B,*, . Theoretical results were
obtained for idealized slab and cylinder geometry and depen-
dences of the bulk critical current density j, on B of the
general form j,=n/(B+Bo)' The crucia.l features which
emerge from the theoretical analysis is that the presence of a
dB/dH effect, however minute, dictates in these two dis-
criminating formats, regardless of the details of the depen-
dence ofj, on B, (i) an initial rise toward unity in the first
scenario and (ii) an initial descent toward zero in the second
scenario. A comparison of our data for five different materi-
als with predictions provides no support for the existence or
a symmetric or completely asymmetric dB/dH effect.

The Nb and PbIn data are most cogent since here
B„=(B)„„.This indicates that, in the saturated rema-
nent state, the bulk critical current filling the entire specimen
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FIG. 19. Display of our data for the NbTa sample in the

(8)„ l(B);„vs (8) „ /(8)„,„ format. The solid curve is theo-
retical and calculated using the same input as for Fig. 6.

FIG. 21. Display of the effect of the parameter bp=Bp/B~ on
the evolution of (8)„ l(B),„vs (8)„ l(8)„,„curves for ideal
slab and cylinder geometry when b, =0, hence when no disconti-
nuities are present in the B profiles. Here j,= o.i(B+Bp)" and
n = 1 (Kim case). The formulas are developed in the Appendix.
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present and 82(r) the remanent profile in the volume where

some Aux was released during the removal of H„.
Integrating Eq. (A3b) leads to

r3
(Bo+8,)"+ ' —[8()+8 i(r)]"+ ' =8" '

1 —— (A4)

for the Bi(r) profiles (positive slope) and

8"„=(n+ 1)ponR. (A6)

We note that 8~ corresponds to the first full penetration field

for the case where 80=0 and 8,*,=0.
r, the position of the front of the advancing 8 profile, is

obtained from Eq. (A4) since, here,

8 1(r)= 81(r„)=B,*i (A7)

( r1
(8()+8„)"+' —[8()+82(r)]"+'= —8"+ '

1 ——
~

(A5)

for the 82(r) profiles (negative slope).
Here for convenience we have written

B,(r/, ) = 82(r;) =8,*, . (A14)

Hence introducing (A14) into (A4) and (A5), we find the
lower limit for regime B to read

[2(8 +88 )n+ (8 +8 )n+ ] /(n+ )

(A15)

For regime A, r, =r~~O and

82(r ) ~Bi(r„)=B,*i. (A16)

8*(0)=8 (0) = [((B.+8..)""+8",")'""'"-8o]
(8$ (A17)

(8);„, the spatial average of the magnetic flux permeating
the sample when p, 0H„ is present, is obtained by introducing
Eq. (A4) in the form

This regime commences when B,~B,*, and terminates when

regime B commences.
We note, however, that, as illustrated in Fig. 25(d), regime

A is the only remanent flux density profile regime which is
encountered if

This leads to

r
1 ——= (8()+8,)"+' —(8()+8*i)" ', (AS)

( ) i/(n+ i)
B,(x) =Bi(r) = (8()+8,)" ' —8'+' 1 —— —80

(A18)

( ( (A10)

which is valid until r advances to the center and 8, attains

the full penetration value 8,* where

[(8 +88 )n+ +8 + ]
which is obtained by letting r„=0 in Eq. (A8). This is the

first full penetration field if 8040 and 8,*,40.
Regime I for the Aux penetration applies over the range

in the definition

f X

(8);„= JB,(x)d—x
Xp

2 fR
(8);„=—2 8, (r)r dr.

vn

(A19)

(A20)

Bi(r, ) =82(r;) (A 11)

Introducing Eqs. (A4) and (A5) into (All) and solving for
r; leads to

, ( r, i (8()+8,)"+' —(8()+8,*,)"

(A12)

In regimes B and C for (B)„(see Fig. 25), 82(r), the
remanent 8 profile, intersects Bi(r), the initial profile. The
position of the intersection of the 8,(r) and 82(r) profiles is
obtained by letting r=r; in Eqs. (A4) and (A5) and noting
that

( ) i/(n+ 1 )

82(x) =-82(r) = (8()+8,*„)"+ +8~+ ~ 1 —— —80

(A21)

in the definitions

We note that for regime II, x„=0, r„=0. Regime II has no

upper limit since the upper critical field B,z is not taken into
account in Eq. (Al). In our analysis, when B*(0))8,*, , the

pertinent range of regime II extends from 8,* to 8,*, *, the

upper limit of regime C [see Fig. 25(c)]. Regime II does not
come into play when B*(0)~B,*, [see Fig. 25(d)].

(8)„,the spatial average of the magnetic fiux threading
the specimen after H, has been removed, is obtained by
introducing Eqs. (A18) and (A5) in the form

Equation (A12) is valid until r; =0 and 8, attains a value
B~* where,

8**=[(8,+8 )"+'+28""]"("+')—8, , (A13)
and

] fX
(8)„=— 8, (x)dx+ — 82(x)dx

Xg X~..
(A22)

which is obtained by letting r, =0 in Eq. (A12). Equation
(A13) dictates the upper limit of regime C and Eq. (A9) its

lower limit. For this regime, r~=O and 0(r;.
For regime 8, r~40 and r;)r . This regime commences

when r;=r and

f ri 2 fR
(8)„=—

2 8 i(r) r dr+ —
2 Bz(r) r dr. (A23)

" r&
R g„

Again, we note that, for regime C, x =0, r~=O.
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Bearing in mind the limits of integration [Eqs. (A8) and

(12)], that regime I corresponds to the range 8,*1&8,~B*
[given by Eq. (A9)] and regime II to the range

8,*-~8,-~8,** [given by Eq. (A13)], the pertinent def1ni-

tions together with the expressions for the Bi and B2 profiles
[Eqs. (A18) and (A21)] lead to the following formulas
where, for brevity, we have introduced normalized quantities
which we now define:

B.x
ex

Bo
bp —— bi—=

8" =(n+ 1)pouR=(n+ 1)pouX.

(A24)

Regime I:
1. Slab geometry

8,„(n+I
((b,+b,)""-(b,+b, )"')-b.((bo+b.,)""-(bo+b )" )B, (n+2 (A25)

valid for b, ~b, ~b,*=[((bo+b))"+'+I)""+' —bo].

Regime II:

8,„ /n+»
)n+ 1 {(b + b )n+ 1 1)(n+2)l(n+ 1)]8 (n+2j p

valid for b, ~b,*.
Regime A:

8 „, jn+1 )

[{(b + b )n+ 1+ (b + b )n+ 1 (b + b )n+ 1)(n+2)/(n+ 1 (b + b )n+2]

(A26)

—bo((bo+ b. )""—(bo+ b1)"+') (A27)

valid for b, & ,b-~[( (2bo+b)"t+' —(bo+b,„)'+')' "+' —bo] if b*(0)=[(bo+b„)"+'+I)'l"+' —bo]~b) [see Figs.
25(a) and 25(b)]. Regime A terminates when b, = b,*=[((bo+ b1)"+'+ 1)"("+')—bo] if b*(0)&b1. In this case regimes B
and C are not encountered [see Fig. 25(d)].

Regime B:

(8) j n+ I ) (b + b )»+1+ (b + b )
n+1 (n+2)/(n+1)

B~ ) n+2j 2
2 —(b +b )" —(b +b )"+

0 1 p ex

—bo((bo+ b.)""—(bo+ b1)"")
valid for (2(bo+ b1)" ' —(bo+ b,„)"+') ~ (bo+ b, )"+'~((ho+ b()"+'+ 1).

Regime C:

(A28)

)
n+ 1+ ( b + b )n+ 1 (n+ 2)/(n+ 1)

B~ (n+2j 2

valid for ((b bo+)"+1'+ 1) (b~+bo, )"+'
((~b +bo,„)"+'+ 2).

(b +b )n+2 ((b +b )n+1 1)(n+2)l(n+1)

(A29)

[((b + b )»+1+ 1)(n+2)/(n+1) (b + b )»+2]
B~ in+2j 0 ex 0. (A30)

2. Cylindrical geometry

The ranges of validity of the various expressions for cylindrical geometry are identical to that for the corresponding regimes
in slab geometry.

Regime I:
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(8);„2(n+1) 2(n+ 1)
((b0+ b.) " (bo+ b1) " }+ + 2 {(b0+b.)" 1){(bo+b1)"+ (bo+ b, )"

Regime II:

—b(1{(b(1+b, )"+' —(b(1+ b1)"+')(2+ (b(1+ b, )"+' —(b(1+b, )"+').

[(b +b )2n+3 {(b +b )n+1 1)(2 +3)/( + )]
8;„2(n+1)
B~ (2n+3)

(A31)

Regime A:

((b +b )n+1 1)[{(b + b )n+1 1)(n+2)/(n+1) (b +b )n+2]
2(n+ 1)

0 s 0 s 0 s 0

(A32)

[(b +b )2n+3 ((b +b )n+1+(b +b )n+1 (b +b )n+1)(2n+3)/(n+1)]8 „2(n+1)
0 ex 0 ex 0 s 0 ].

((b + b )n+1+ 1)[((b + b )n+1+ (b + b )n+1 (b +b )n+1)(n+2)/(n+1) (b + b )n+2]2(n+ 1)

Regime B:

—b(1((b(1+ b, )"+'—(b(1+b1)"+')(2+(b(1+ b1)"+' —(b(1+ b, )"+'). (A33)

8 „2(n+1)
((b +b )2 +3n(b + b )2n+3)

2n+3) 0 ex 0 1

2(n+ 1)
+ ((b(1+b,)"+'—1) (b(1+b, )"+

)n+1+ (b + b )n+1 (n+2)/(n+1)

2

2(n+1) (b, +b )""+(b,+b )""
+ ((b,+ b,„)""+1)(n+2) 2 (b + b )n+2

Regime C:

—b(1((b(1+ b, )"+ ' —(b(1+b, )"+')(2+ (b(1—b1)"+' —(b(1+ b,)"+'). (A34)

[(b +b )2n+3 ((b +b )n+1 1)(2n+3)l(n+1)]8 „2n+1)
(2n+3) 0 ex 0 s

+
2(n+ 1)

((b +b )n+1 1) ((b +b )n+1 1)(n+2)/(n+1)
0 s 0 s

(b +b )n+1+(b +b )n+1 (n+2)/(n+1)

2

2(n+1) (b +b„)"+'+(b +b, )"+' "+ ' "+'
+ {(b,+ b,„)""+1)

(n+ 2) 2
—(b(1+b„)"+ —b(1,

(A35)

b + b )
n+ —{(b + b )n+'+ 1) 2n+3)/(n+1)]8 „2(n+1)

8XC (2n+ 3) 0 ex 0 ex

+ ((b +b )n+1+ 1}[{(b+b )n+1+ 1)(2n+3)/(n+1) (b +b )n+2]2(n+1)
n+2

(A36)

Various special cases of (B)„and (8);„have already been considered in the literature. ' ' ' ' ' '"
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