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We have investigated excitonic effects in piezoelectric quantum wells by using a two-parameter varia-
tional approach. One parameter is used to describe the spatial extension of the exciton, and the other
one to characterize its anisotropy. It is shown that in wide piezoelectric quantum wells, all excitonic
effects are controlled by the quantum-confined Stark effect, which tends to localize electrons and holes
on opposite interfaces of the quantum well. Hence, in contrast to the case of square quantum wells, exci-
tons in wide piezoelectric quantum wells have an enhanced two-dimensional character, with a binding
energy inversely proportional to the well width. We have also calculated exciton absorption using one or
two variational parameters, or simply electron-hole overlap integrals. It is found that only the two-
parameter variational approach can provide a good quantitative agreement with exciton absorption data
we have measured in CdTe square quantum wells and piezoelectric quantum wells.

I. INTRODUCTION

Excitonic effects are certainly among the most studied
topics of low-dimensional semiconductor physics. The
behavior of excitons as a function of quantum-well (QW)
widths L, is fairly well understood. In the limit of
infinite L,, the exciton is three dimensional (3D) and
characterized by an isotropic envelope wave function. As
L, decreases, confinement effects become more impor-
tant, enhancing the 2D character of the exciton and, con-
sequently, its anisotropy aspect. The simplest way to de-
scribe excitonic properties in QW’s is to use a variational
approach. Very good insights into the exciton problem
have thus been obtained with the trial function
exp(—r/A) for the ls exciton envelope function. A is a
variational parameter describing the spatial extension of
the exciton, and r is the relative electron-hole separation,
given by r =(x2+y2)!? for a 2D situation (infinite bar-
rier and vanishing L,), or r =(x?+y?+2z2)!/2 for a 3D
situation (infinite L,), where x, y, and z are the relative
electron-hole coordinates, z being the coordinate along
the growth axis.! However, in realistic QW’s the situa-
tion is neither 2D nor 3D, and another expression of r is
better adapted, i.e., r=(x%*+y%+az?)!'2?3 a is a
second variational parameter which is a measure of the
dimensionality of the exciton, taking values between the
two limits =0 for the 2D case and a=1 for the 3D
case. Note that such a two-parameter variational ap-
proach has been used also to describe excitonic anisotro-
py in double-QW structures. %>

In this paper we present a study of excitonic effects in
piezoelectric QW’s. It is only recently that the piezoelec-
tric effect in strained semiconductor heterostructures has
been theoretically investigated, ® and firmly established by
optical measurements.’'° Built-in fields as high as 10°
V/cm can be easily introduced inside strained hetero-
structures grown along a polar axis such as (111) or (112).
Thus excitonic absorptions are more sensitive to an ap-
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plied electric field or to photocreated carriers, which
makes this type of structure very attractive to device ap-
plications.!! Piezoelectric QW’s are also interesting for
physical studies. For example, for a given value of the
built-in field, increasing the width of a piezoelectric QW
results in a progressive separation of electrons and holes,
i.e., a continuous tuning from a type-I configuration (with
a strong overlap of the electron and hole wave functions)
to a type-II one, for which the electron-hole overlap de-
creases without significant change in the shape of the
one-electron and the one-hole wave functions. We have
calculated excitonic effects in piezoelectric QW’s. The
two-parameter variational approach described above has
been adopted because we need accurate exciton wave
functions for absorption calculations. In contrast to the
case of nonpiezoelectric type-I QW’s, it is found that the
dimensionality parameter a goes to zero for increasing
L,. This enhanced 2D character of excitons in wider
piezoelectric QW’s is a result of the quantum-confined
Stark effect, which strongly localizes electrons and holes
on opposite QW interfaces.!'?> For this reason, the bind-
ing energy of excitons will vary as 1/L, in the regime of
strong quantum-confined Stark effect, causing an increase
of the spatial extension parameter A roughly as L, /2.

We have also compared our calculations to excitonic
absorption measured in (111)- and (112)-oriented CdTe-
based piezoelectric QW’s, as well as in (100)- oriented
CdTe based QW’s. A good quantitative agreement is ob-
tained without any fitting parameters, which supports
our choice of the two-parameter variational approach.
The rest of the paper is organized as follows. In Sec. II
we present the variational approach used to calculate the
properties of excitons in piezoelectric QW’s. In Sec. III
we discuss results from model calculations, with em-
phasis on the well-width dependence of excitonic effects.
In Sec. IV we compare our calculations to excitonic ab-
sorption data on CdTe-based piezoelectric QW’s and
nonpiezoelectric QW’s. We also discuss results from cal-
culations using either one variational parameter or simple
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electron-hole overlap integrals. Finally we present our
conclusions in Sec. V.

II. THEORY

We will consider the case of a single piezoelectric QW
embedded in strain-free barriers. We assume that poten-
tials are proportional to Fz in the QW and flat in the bar-
riers, F being piezoelectric field and z the coordinate
along the growth axis (see Fig. 1). Within the effective-
mass approximation the Hamiltonian of an exciton can
be expressed as

Hexc:He+Hh +Heh ’ (1)
where

_ # 9
H,=— 2m, az+V(Z )t+eF(z,),
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Hh=—2mh az ——5 tVilzy)—eF(z,),
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Here e is the magnitude of the electron charge; € is the
static dielectric constant; z,(z, ) is the z coordinate of the
electron (hole); (z,p,0) are cylindrical coordinates
describing the relative motion of electron and hole with
p?’=x%+y% m,(m,) is the effective mass of the electron
(hole) in the z direction, u is the reduced exciton effective
mass in the plane of the layers (see discussion in Sec. IV),
ie, 1/u=1/m,+1/my where m, (my) is the in-plane
effective mass of the electron (hole); and V,(z,)[ V,(z,)] is
the rectangular well potential for the electron (hole).
F(z,,) is a function defined by f(z,,)=Fz,, for z,; in
the QW and F(z,,)=0 for z,, in the barriers. The
effective masses and the dielectric constants are assumed
to be the same in the barriers and in the well. As usual
the center-of-mass kinetic energy in the plane has been
omitted in (1).

The exciton Hamiltonian (1) is solved variationally by
using the following trial wave function:

Conduction
band

Valence
band

Lz

>

FIG. 1. Schematic diagram of the ground-state energy levels
and envelope functions of electrons and holes in a piezoelectric
quantum well. Fis the built-in field, and L, is the well width. It
is assumed that potentials outside the quantum well are flat on
the scale of L,.
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¢exc(zeazhar)=ﬁwe(23 )\I/h(zh )g(r) . 2)
N is the normalization factor. The function ¥,(z,)
[¥,(z,)] is the ground state solution of H, [H, ], formed
by linear combinations of Airy functions in the well and
decreasing exponentials in the barriers. !> The trial func-
tion g is a 1s-like hydrogenic function with two variation-
al parameters a and A:%3

g(r)=exp(—V'r2+az?/A) . (3)

The parameter « is a measure of the exciton dimensional-
ity: a=0 for the 2D case and a=1 for the 3D case. The
parameter A is a measure of the exciton spatial extension.
Its value should be the 3D Bohr radius for infinite well
width in the absence of electric field. Recently excitonic
effects in piezoelectric QW’s have been calculated by a
variational approach using either a purely 2D (a=0) or
3D (@=1) trial function g.1* It will be shown below that
a takes intermediate values and only goes to zero for
infinitely large L,.

The ground-state solution of (1) is obtained by minim-
izing energies with respect to a and A. The multidimen-
sional integrals required for the energy calculations have
been evaluated numerically. Thus one obtains the bind-
ing energy of the exciton as well as parameters describing
its wave function, which will be useful for absorption cal-
culations. Let E, . be the exciton energy. The probabili-
ty of excitonic absorption of an incident photon, whose
energy is E, is given by!®

mhaE e’ (1,19, )1?

W(E)=
(E) 3egcnmyE N O Eexe

—E), 4)

where n is the refractive index, c is the velocity of light,
m,, is the free-electron mass, a is a constant equal to 1 for
the heavy-hole exciton and } for the light-hole exciton,
and E, is the Kane matrix element. In practice excitonic
transitions are broadened, so that we characterize the ex-
perimental absorption by the following quantity:

A= [BB1E) 1o(E)—I(E) -
Io(E) :

Here I,(E) and I,(E) are the intensities of the incident
and transmitted photon of energy E, respectively. In Eq.
(5), we do not take into account excitonic effects on the
reflectance of the sample, since their contributions to the
integrated absorption are found to be negligibly small (see
Sec. IV and Fig. 7 below). The quantity A, expressed in
units of energy, is the relevant physical parameter to be
compared directly to the calculated integrated absorption
probability [ W(E)dE.

III. EXCITONS IN PIEZOELECTRIC QW’S

In this section we discuss excitonic effects in piezoelec-
tric QW’s from model calculations. We use parameter
values typical for (111)-oriented CdTe/Cd,gMng,Te
QW’s: m,=0.096, m, =1, £=0.08, V,=185 meV, and
V,=92 meV. All energies and lengths have been normal-
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ized to the CdTe 3D exciton Rydberg ;=11 meV and
Bohr radius a, =63 A, respectively. Figures 2-5 show
the evolution of parameters a and A, binding energies,
and absorptions as a function of the well width L,. Cal-
culations have been made for several values of the
piezoelectric field F, including F =0 which corresponds
to the case of square QW’s.

First let us discuss the case of square QW’s (F =0) to
check for consistency with well-known results. In our
model calculations, confinement effects are maximum for
L,~0.5a,—1a,: the dimensionality parameter a is
minimum and close to 0.4 (Fig. 2); the spatial extension
parameter A is slightly smaller than a, (Fig. 3); the bind-
ing energy is maximum and equal to about 2R} (Fig. 4).
This shows that the exciton is fairly anisotropic, in an in-
termediate regime between ideal 2D and 3D. For large
L,, all physical parameters of the model converge to the
anticipated 3D values: a approaches 1, which means that
the exciton becomes more isotropic; A is now equal to one
Bohr radius; the binding energy decreases to 1R; and
absorption is increasing linearly with L, (Fig. 5). Con-
cerning absorption, the minimum observed in Fig. 5 is
similar to that calculated by Andreani, d’Andrea, and del
Sole for excitons in CuCl thin films.!® These authors
pointed out that the well-width dependence of the oscilla-
tor strength per unit area, f, should have a minimum.
The reason is that f varies continuously between two lim-
its corresponding to small L, and large L,. For small L,,
f increases with confinement effects. For large L, (in the
3D regime), f increases linearly with L, because the oscil-
lator strength per unit volume is constant.

In piezoelectric QW’s, the exciton picture is completely
different and it is instructive to begin with the dimen-
sionality parameter a. As shown in Fig. 2, the well-width
dependence of a first follows that of square QW’s before
separating from it to go down to zero for larger L,. This
complex variation is well explained by the competition
between confinement effects and quantum-confined Stark
effect. For sufficiently small L, (<a,), confinement effects
are dominant so the exciton is not much altered by the
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FIG. 2. Variation of the dimensionality parameter a as a
function of the well width, for different values of the piezoelec-
tric field F =0, 0.25, 0.5, and 1 mV/A. The well width is ex-
pressed in units of the 3D Bohr radius a,. Note that for square
quantum wells (F =0) the parameter a increases towards 1 with
increasing well width. For piezoelectric quantum wells (F70),
a goes the opposite way, showing an increased anisotropic char-
acter of the excitons.

12 015

F=0 mV/A

0 1 2 3 4 5 6
QW Thickness L, /ay,

FIG. 3. Variation of the spatial extension parameter A as a
function of the well width, for different values of the piezoelec-
tric field F =0, 0.25, 0.5, and 1 mV/A. The well width and the
parameter A are expressed in units of the 3D Bohr radius a,.
For square quantum wells (F =0), the parameter A is close to a,
and does not vary much with increasing well width, whereas it
continuously increases for piezoelectric quantum wells (F+0).
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FIG. 4. Variation of the ground-state exciton binding energy
as a function of the well width, for different values of the
piezoelectric field F =0, 0.25, 0.5, and 1 mV/A. The well width
is expressed in units of the 3D Bohr radius a,, and the binding
energy in units of the 3D Rydberg R,*. A variation of the bind-
ing energy as 1/L, is also shown for comparison.
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FIG. 5. Variation of the integrated absorption of the
ground-state exciton as a function of the well width, for
different values of the piezoelectric field F =0, 0.25, 0.5, and 1
mV/A. The well width is expressed in units of the 3D Bohr ra-
dius a,.
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electric field: a varies as in square QW’s, independently
of the piezoelectric field F values. However, the
quantum-confined Stark effect is more effective with in-
creasing L,, since electrons and holes can be pushed to-
wards opposite QW interfaces.'>'? Consequently,
Coulomb correlations of electron-hole pairs will be re-
duced along the electric field (or z) direction, and the pa-
rameter a will decrease. As expected transitions to this
regime of strong quantum-confined Stark effect occur at
smaller L, for piezoelectric QW’s with larger built-in
fields, typically when the electron-hole overlap is reduced
by about a factor of 3.

The above qualitative description of excitons in
piezoelectric QW’s also allows one to understand the
variation of other physical parameters. In the regime of
strong quantum-confined Stark effect, electrons and holes
are mostly localized in the triangular part of the QW, as
shown schematically in Fig. 1. Then, if we neglect for a
while the extension of the wave functions along z and the
Coulomb correlation along this same direction, excitons
can be viewed as being formed from two planes of oppo-
site charges separated by about the well width L,. As a
result, an increase of L, will reduce the Coulomb interac-
tion between electrons and holes, causing an increase of
the spatial extension of the exciton. This dependence is
indeed reproduced by the calculations, as shown in Fig.
3: more precisely it is found that the parameter A varies
as L, /2 in our model calculations. Now, how should the
binding energy of the exciton vary in the regime of strong
quantum-confined Stark effect? One can note that the
binding energy results from a balance between the kinetic
energy and the Coulomb energy, which vary as 1/A? and
1/A, respectively. In fact, for a 3D exciton, the kinetic
energy can be written as R (a, /. A)? and the Coulomb en-
ergy as —2R(a, /A). Then if A is very large, as is the
case for large fields and wide piezoelectric QW’s, the
binding energy of the exciton will be dominated by the
Coulomb contribution. Indeed, the 1/L, dependence ob-
served for the binding energy in Fig. 4 confirms that it
corresponds mainly to the Coulomb interaction between
electrons and holes separated by an average distance L,.

The absorption of the elh1 exciton will decrease with
increasing well width also, but with a rate much faster
than for the binding energy. To illustrate this point we
show in Fig. 6 a log-log plot of absorption versus binding
energy, using data from Figs. 3 and 4. Binding energies
have been normalized to the 3D Ry * and absorptions to
that of a square QW of 100 A It can be seen that, de-
pending on the piezoelectric field, absorption decreases
three or four orders of magnitude faster than binding en-
ergy. This feature, previously reported in Ref. 14, can be
explained as follows. Absorption, as described by Eq. (4),
involves not only the electron-hole overlap, but also the
normalization factor N which increases with A. In fact, N
is proportional to A2 in a purely 2D exciton model (@=0).
Then the variation of absorption can be approximated by
[overlap/A?], which presents a much stronger well-width
dependence than the variation (1/A) for the binding en-
ergy.

Finally we would like to comment on the use of a two-
parameter variational approach. It is interesting to note
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that a in Fig. 2 decreases down to about 0.1, i.e., very
close to the value zero of the ideal 2D case. This means
that excitonic effects under strong quantum-confined
Stark effect or wide piezoelectric QW’s are better de-
scribed with a 2D exciton envelope wave function than
with a 3D one. However, in the range of situations we
have explored, a remains finite. As Coulomb correlations
along the z direction vary as V'a/A, this means that the
electron-hole overlap along this direction is enhanced by
Coulomb interaction, even in wide piezoelectric QW’s.
Setting @ =0 suppresses this enhancement effect: this will
not change the calculated binding energy much, but will
underestimate the calculated absorption since this latter
is more sensitive to the accuracy of the wave functions.
We will go back to this point in the next section.

IV. EXCITONIC ABSORPTION
IN CdTe PIEZOELECTRIC QW’S

In this section we compare our calculations to absorp-
tion data measured on samples listed in Table I. These
samples are CdTe/Cd,_,Zn, Te or CdTe/Cd,_,Mn,Te
single QW’s or multiple QW’s grown along a (100), (111),
or (112) axis by molecular-beam epitaxy. For details of
the growth conditions, see Ref. 18. Values of physical
parameters used in the calculations are given in Table II.
Valence-band offsets have been taken to be zero for
CdTe/ZnTe (Ref. 19) and equal to 30% of the total
band-gap difference for CdTe/MnTe.? The Luttinger
Hamiltonian and the Bir and Pikus Hamiltonian have
been used to describe the valence-band dispersion in
QW’s. For the samples in Table I, the QWs are under bi-
axial compression, which is imposed by the strain-free
barriers. This compression produces typical valence-band
splittings of 30 meV or larger, with the heavy-hole band
as the ground state. In-plane dispersions of valence sub-
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FIG. 6. Log-log plot of the integrated absorption of the
ground-state exciton (same data as in Fig. 5) versus its binding
energy (same data as in Fig. 4), for different values of the
piezoelectric field F=0.25, 0.5, and 1 mV/A. Absorption is
normalized to that of a 100 A square quantum well, and the
binding energy is expressed in units of the 3D Rydberg. Note
the strong variation of the exciton absorption as compared to its
binding energy.



52 EXCITONIC ABSORPTION IN CdTe-BASED PIEZOELECTRIC. ..

12 017

TABLE 1. Experimental and calculated absorptions for a series of CdTe-based QW’s. These QW’s are under biaxial strains and
exhibit piezoelectric fields when the growth direction is different from (100). Error bars on calculated absorption values result from
+5% on QW widths and on the piezoelectric fields. Error bars are on experimental values come from the choice of the baseline for
the determination of the integrated absorption (see dashed line on Fig. 7).

QW Growth QW width Piezoelectric Absorption* (meV) Absorption® (meV) A
Sample number axis (A) field (mV/A) Barrier material (experiment) (calculation) a (A
S1 40 (111) 115 0.82 Cdy gsMng (;Te 0.045+0.005 0.05+0.01 0.38 97
S2 40 (211) 90 1.56 Cdy.6oMng 4o Te 0.07+0.02 0.07+0.02 0.33 89
S3 40 (111) 101 0.94 Cd s;Mn, 1Te 0.10+0.01 0.07+0.02 0.39 90
S4 40 (111) 92 0.97 Cdp g;Mny 1 Te 0.17+0.01 0.12+0.02 042 84
S5 (100) 141 0 ZnTe 0.51+0.02 0.56+0.01 0.52 78
S6 1 (100) 100 0 Cdy gsZng, 1, Te 0.731+0.14 0.57+0.01 0.56 78
S7 10 (100) 47 0 Cd g3Mny 1, Te 0.78+0.13 0.75+0.01 0.36 62
?For one QW.

bands have been calculated for various directions of the
wave vector,?! using the axial approximation. This ap-
proximation, derived by Lipari and Altarelli*? for bulk
materials, allows one to average out warping effects of
in-plane dispersions in strained QW’s.?*> As expected,
band mixing effects are small for the ground-state heavy-
hole subband, so that its dispersion can be reasonably
fitted by a parabola to deduce an in-plane effective mass
my,.

ll*"ligure 7 shows the reflectivity and transmission spec-
tra of sample S3 at 1.8 K. This sample contains 4 (111)-
oriented CdTe/Cd, g,Mng 3Te QW’s. The widths of
QW’s and barriers are 100 and 1000 A, respectively, and
the piezoelectric field is F=0.94 mV/A. Excitonic
effects are not well pronounced in the reflectivity spec-
trum, in contrast to the transmission spectrum for which
two strong absorption peaks can be clearly observed.
They have been assigned to transitions between the
ground electron subband el and the heavy-hole subbands
h1 and h2. Note that both transitions are of comparable
intensity as a result of the strong quantum-confined Stark
effect. Dotted lines in the figure represent baselines we

have used to estimate the e1k 1 integrated absorption. It
can be seen that the reflectivity contribution can be
neglected here: first, excitonic effects on the reflectance
of the sample are about 5% of excitonic effects on the
transmittance at the absorption peak (in Fig. 7, the aver-
age reflectance is about 25%); second, the reflectance has
a derivativelike shape which results in a small integrated
signal. Therefore only the transmission spectrum has
been used to calculate the experimental integrated ab-
sorption A given by Eq. (5).

Results of calculations are given in Table I. In order to
have a direct comparison we have plotted calculated ab-
sorptions versus measurements in Fig. 8. The diagonal
solid line represents a perfect fit. The results of the
present calculation are represented by points with error
bars, which mainly come from uncertainties on the values
of the piezoelectric field and the well width (£5%), and
from the choice of the base line I4(E). We have used the
Kane matrix element E,=20 eV in Eq. (5),%* and the
static dielectric constant e=10.2° The agreement is very
good, especially as there are no fitted parameters in Eq.
4).

TABLE II. Parameters used for absorption calculations. 8Evg/8E, is the ratio between the
valence-band discontinuity, at the CdTe/Cd,_,Zn,Te or CdTe/Cd,_,Mn,Te interface, and the total

band-gap difference.

The band-gap differences are calculated using Eg(Cd;_,Zn,Te)=1606

+525x +260x* (meV) (Ref. 27) and E,(Cd,_,Mn, Te)=1606-+1592x (meV) (Ref. 28). Lattice parame-
ters for Cd,_,Zn, Te or Cd,_,Mn, Te alloys are assumed to follow Vegard’s law.

Deformation Lattice Elastic
Luttinger potentials® parameter stiffness®®
parameters®® (eV) (A) (GPa) 8Evyg /8E,
y1=4.8+0.4 a=3.3 Qcqre=6.481° C,,=56.6 CdTe/Cd,_,Zn,Te: 0%'
7,=1.540.3 b=1.18 Agnre=6.1041 C1,=39.6 CdTe/Cd, _ Mn,Te: 30%'
73=1.940.2 d=3.2 A pnre = 6. 334K c44=20.7 '

#Reference 29.
YParameters for CdTe.
‘Reference 31.
dReference 30.
°Reference 34.
fReference 19.

eReference 32.
hReference 34.
iReference 20.
iReference 33.
kReference 28.
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FIG. 7. Transmission and reflectivity spectra at T=1.8 K of
sample S3 which contains 40 (111)-oriented
CdTe/Cdg s;Mng ;5Te QW’s. The widths of QW’s and barriers
are 100 and 1000 A, respectively, and the piezoelectric field is
F=0.94 mV/A. elhl and elh2 lines correspond to excitonic
transitions between the ground electron subband el and the
heavy-hole subbands A1 and h2. The dotted lines represent the
baselines used to estimate excitonic effects related to elh1 (see
text).

For illustrative purpose we show also in Fig. 8 absorp-
tions calculated either variationally with a 2D exciton
model (parameter a=0) or with a simple model based on
electron-hole overlap.?® In the latter case the normaliza-
tion factor N in Eq. (4) is set constant and equal to the
square of the 3D Bohr radius. Both calculations give the
right qualitative evolution of absorption but not absolute
values. As discussed in sec. IV, the actual variation of
the absorption is steeper than that of the overlap in-
tegrals because the exciton extension in the QW plane de-
pends strongly on the well width (through the normaliza-
tion factor N). On the other hand, the 2D model sys-
tematically underestimates the absorption because it does
not take into account the electron-hole correlation along
the z axis.

V. CONCLUSIONS

In this paper we have investigated excitonic effects in
piezoelectric QW’s by using a two-parameter variational
approach. We have shown that the 2D character of exci-
tons is strongly enhanced with increasing well width.
This behavior, completely opposite to that of excitons in
square QW’s, is due to the quantum-confined Stark effect
which spatially separates the electron-hole pair in
piezoelectric QW’s. In the regime of strong quantum-
confined Stark effect, electrons and holes are mostly lo-
calized at opposite QW interfaces: excitons can then be
viewed as formed by two planes of opposite charges
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FIG. 8. Comparison of exciton absorption data in CdTe
square quantum wells [grown along (100)] and CdTe piezoelec-
tric quantum wells [grown along (111) and (112)] to three
different model calculations. Points with error bars correspond
to calculations using two variation parameters (a and 1), circles
to calculations using one variational parameter (A) with a=0,
and triangles to calculations using electron-hole overlap in-
tegrals. A perfect fit in this plot is represented by the solid line.
Absorption is always underestimated by the 2D variational
model (a=0) and overestimated by the overlap model.

separated by the well width L,. Increasing L, decreases
the binding energy and increases the spatial extension of
the exciton. As a result, the absorption of the e1h1 exci-
ton decreases at a much faster rate than the binding ener-
gy, faster than the simple overlap of the uncorrelated
electron-hole pair envelope functions. Finally, our calcu-
lations have been compared to absorption data in (100)-,
(111)-, and (112)-oriented CdTe QW’s. While the absorp-
tion is systematically underestimated in a purely 2D exci-
ton model, it is found that a quantitative agreement is ob-
tained without any fitted parameter with the two-
parameter variational model.
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