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The theory of scattering process involving both free electron-hole pairs (EHP’s) and Wannier-
Mott excitons as intermediate states is developed for high-order multiphonon resonant Raman scat-
tering (MPRRS) from polar semiconductors. The combined scattering mechanism removes the
disagreement between experiment and theory which appears in the model of MPRRS via high-
energy states of discrete excitons because of the hot exciton instability to decay. The binding of
free EHP’s into the exciton at the last stage of the process explains both the outgoing excitonic
resonance and the small decrease in the peak amplitude with the number of phonons observed for
high-order MPRRS. The profile of the outgoing excitonic resonance must be asymmetric because of
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the strong increase in exciton lifetime below the resonance.

I. INTRODUCTION

The spectra! ¢ of multiphonon resonant Raman scat-
tering (MPRRS) from bulk semiconductors (CdS, CdSe,
ZnO, ZnS, ZnSe, ZnTe, GaP, InAs, InBr, and Inl) ex-
hibit a so-called outgoing excitonic resonance, i.e., an
enhancement of the peak intensity when the scattered
light frequency w, = w; — Nwpo approaches the en-
ergy FEex = Awey, of the exciton ground state. Hence,
the MPRRS theory should incorporate the states of ex-
citons as intermediate states in the scattering process.
However, such theory (see Refs. 7-9), when using only
discrete excitonic states, predicts a rather rapid decrease
in the maximum of scattering intensity with the increase
of N when the decay of those discrete excitonic states
into the continuum is taken into account. This result is
in strong disagreement with experiment where up to 20
phonon replicas have been observed!™® (e.g., N = 9 for
CdS and N = 20 for Inl and InBr).

The MPRRS process via the discrete part of the ex-
citation spectrum can be described as follows: The inci-
dent photon creates a Wannier-Mott hot exciton via an
indirect, LO-phonon-assisted transition. After that, the
exciton emits successively N — 2 LO phonons, reducing
the energy by Awro in every step of the cascade process.
The process ends with the indirect exciton recombina-
tion involving the emission of the last LO phonon and
a light quantum #Aw,. The cross section o$f of such a
process'? is proportional to the first power of the Frohlich
electron-LO phonon coupling constant « for arbitrary N.
The increase in N by 1 gives rise to a factor 7, /7ex in
the expression for o§F, where Yex =~ s + 74 is the to-
tal inverse lifetime of the exciton with 4 and ~, the
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probability of scattering into the continuum (exciton de-
cay) and discrete states, respectively. It was shown’ that
for m, <« my, where m, (my) is the effective mass of
the electron (hole), the factor 7,/vex =~ 1/2 while for
Me ~ Mp, ¥Vs/Vex < 1. With increasing N the factors
of order v,/vex < 1 accumulate; this should lead to a
rapid decrease in o§F. In this case the theory of MPRRS
via the discrete states of excitons fails to account for the
observation of processes involving large N.

On the other hand, the MPRRS efficiency for scat-
tering via the states of uncorrelated electron-hole pairs
(EHP’s) is free from such reduction parameters.!l 13
Qualitatively, the negligibly small value of the counter-
part of v4 in the probability of cascade scattering via
free pairs prevents the cross section from a rapid decrease
with V. The cross section UEHP is proportional to o3 for
N > 4.11,'2 However, this mechanism cannot explain the
strong outgoing resonance found for w, = wey.'*

Thus, it is tempting to combine the scattering via the
states of free EHP’s (exciton continuum) with that via
the discrete states of a Wannier-Mott exciton to account
for the observation of high-order replicas in MPRRS
along with the outgoing excitonic resonance. The impor-
tant role of the continuum for two-LO-phonon scattering
was demonstrated in Ref. 15. Another indication of the
importance of the continuum follows from the theory of a
monomolecular creation of the discrete excitons from hot
EHP’s.1617 In a monomolecular process a discrete exci-
ton is created by the hot electron and hole, which are
simultaneously excited by the light at the same point of
a crystal and preserve their spatial correlation until the
last step of the process when they bind into the exciton
after being cooled by the emission of a number of LO
phonons. The initial stages of the process, the direct cre-
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ation of a hot EHP and the successive emission of N —1
phonons, are the same as in MPRRS via free EHP’s.

II. SCATTERING EFFICIENCY

In this paper we demonstrate that the combined scat-
tering via the states of free EHP and discrete excitons
resolves the discrepancy between the theory and experi-
ment for large N. The relevant diagrams for MPRRS
efficiency are given in Fig. 1, where the processes with
one [Fig. 1(a)] and two [Fig. 1(b)] excitonic intermediate
states at the last stage of the MPRRS process are shown.
In the range of outgoing resonance only these two dia-
grams correspond to processes in which the discrete exci-
ton cannot decay into the continuum via emission of a LO
phonon. A schematic representation of both processes is
given in Fig. 2, where the thick line RR’ shows the initial
excitation level corresponding to the excitonic outgoing
resonance. The contribution of a process in Fig. 1(a)
to the outgoing resonance corresponds to the cascade of
(N — 1) transitions [from E to F in Fig. 2(a)] via the
states of the continuum followed by LO-phonon-assisted
recombination via the discrete exciton state P. Similarly,
the resonant contribution of the diagram in Fig. 1(b) cor-
responds to the process with (N —2) transitions [from K
to T in Fig 2(b)] involving the exciton continuum, fol-
lowed by the binding into the discrete exciton state Q
and an LO-phonon-assisted recombination via the state
S. Other details of Fig. 2 will be discussed later.

To simplify calculations we use the plane-wave approx-
imation for the states of the exciton continuum. This ap-
proximation, being valid for high-energy states, may lead
to errors in the contribution of continuous states close to
the fundamental gap. However, for large N the relative

2

11921

weight of this contribution should become small. A more
detailed calculation involving continuous excitonic states
is required to assess the magnitude of the errors commit-
ted in the plane-wave approximation.

The MPRRS cross section can be written as!?!8

2 3
déo _ wsleO Ng * S
dodw = o ™ €50€s8€1v€ N avﬁz\(wl;wm’gla"“fa)
8
2,,2,.2
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(27)3c3uiu,

where S35 is the light-scattering tensor of rank four,
Vo the normalization volume, c the light velocity in vac-
uum, and n; (n,), € (es), K1 (Ks), and u; (us) are the
refractive index, the polarization vector, the wave vector,
and the group velocity of the incident (scattered) light,
respectively. W, is the scattered light emission probabil-
ity per unit time, normalized to one photon of incident
radiation.

From here on, we make the additional assumption that
the effective mass of the hole is much larger than that of
the electron.® This lets us select only those contributions
to the scattered intensity where all phonons, emitted be-
fore coupling of an EHP into the exciton, are emitted by
the electron (see Fig. 1): the energy of the hole generated
near the resonance is not enough for emission of an LO
phonon in a real transition.

A. Contribution of type a

In accordance with the diagrammatic rules'®2? for
So~pBa, the contribution of the diagram in Fig. 1(a) can
be written as

FIG. 1. The diagrams with

(a) one and (b) two discrete ex-

citon intermediate states (thick

solid lines) contributing to the

MPRRS efficiency in the range

of outgoing resonance. Empty

(filled) circles correspond to the

electron-photon  (electron-LO

phonon) interactions while the

square vertices are shown for

transitions between two states

of the discrete exciton and for

discrete-continuum transitions.

z Thin solid and thick dashed

» lines represent electron-hole

2 pairs and LO phonons, respec-
tively.
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where ky = ko, k = kny_1(mp/M) + ko(me/M) + p/2, kK = kny_i1(mn/M) + ko(m./M) — p/2,
On_1(ko,k1,...,kn—1,P) is the factor containing the energy denominators of all vertical sections from j = 1 to

j = N in the diagram of Fig. 1(a), J; = (e/m0)Pcv,, ¢ is the exciton Bohr radius, Cq = —thwro/4mald/Vy(lg) !
represents the Frohlich interaction, ! = /A/2m.wro0, Mxo(dq) = (0| exp (—iqpmp/M) — exp (iqpm./M)|k) is the

matrix element for transitions between uncorrelated continuous and discrete states of the exciton with the emission
of LO phonon, and p is the relative motion coordinate. In the limit mp > m.,

N N-1
2me . 27—
®N——1(k07k17-"7kN—17p) =~ (_ I ) H [(kJ +p/2)2 - K]z - ZQ?] 1) (3)
j=0

where K; = \/(2m./h)(w — wg — jwro) and Q? = (me/ﬁ)’ye(K )- The resonant factor {(ws — wex)? + [Yex(0)/2]2} 71
is due to the two vertical sections j = N + 1 and 7' = N + 1 in the left and right parts of the diagram, respectively.
Substituting Eq. (3) into Eq. (2) and integrating over the absolute value of wave vectors ko, ki,...,ky_1 we find

a®§(w; —ws — Nwpo) [(1+ K§a?)™2 — (1 + K% _,a%)7%)?

s = J2dady T3 2 (n)

o , 4
o BNt =3 (hogwn)? (@ — wex)® + [rex(0)/2]2 )
N-1
Zn(n) = a¥=31- N+3/dp [T 40s(21K; — Kia 25 + ipcos 9;)] (5)
7=0

17 = wro/(wi — wg), Kn = Kj, the direction of K; is determined by the solid angle O;, ¥; is the angle between K;
and p, and A; = AK;/meve(K;). The wave vector p corresponds to the uncertainty in the quasimomentum of the
relative motion of an electron and hole.!? According to the uncertainty principle p ~ 1/Ar, where Ar is the size of an
EHP,'? which is proportional to the electron mean free path A = v = AK/m.7.. This leads to the estimate p ~ A~1,
which has allowed us to use the relation pa <« 1 in Eq. (4) under the assumption that the exciton radius a is smaller
than the electron mean free path A. The constraint pa < 1 is not obligatory but Eq. (4) would be more complicated
without it.
The inverse lifetime of the electron for scattering by LO phonons is given by

~ (k) _ Fe(k), E < ﬁwLo; (6)
¢ 2awLo (ﬁ.a)Lo/E)l/z COSh_1 (E‘/h(t)]‘,o)l/2 9 E > ﬁwLo,

where E = h%k?/2m, and I'.(k) < awro is determined by interaction with acoustic phonons or impurities.
Substitution of Eq. (6) into Eq. (5) leads to

N-1
Z cosh™ ! p—1/2 -N+3/dx do 2 ’Yg/’)’oy, iz cos U; .
N("?) ( n ) Jr!) YJ'yJ y.7+1| .’132 C052 ,0] —+ (’YJ/'YO:U])Z, ( )

where yn = yo, the dimensionless vectors x = Aop and y; = I,/7K}, y; = /1 — jn and

Vi de(Kj) _ { y; cosh™'(y;/\/m)/cosh ™ (1/ M), O0<n<(G+1)7%
Yo~ Ve(Ko) Le(Kj) /o, n>(G+1)71t

Equation (7) proves that the value Zx(n) is independent of the Frohlich constant «, a fact that clarifies the dependence
on a in Eq. (4).

B. Contribution of type b

We proceed to evaluate the contribution of a process in Fig. 1(b). Using the same scheme as for the process of
Fig. 1(a) we find
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and K§ , = /(2M/R) [w; — wex — (N — 1)wro] is the
absolute value of the exciton wave vector at the penulti-
mate state.
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FIG. 2. Schematic representation of processes contributing
to the outgoing excitonic resonance and corresponding (a) to
the diagram in Fig. 1(a) and (b) to that in Fig. 1(b), re-
spectively. The thick line RR’ corresponds to the resonant
incident frequency w; = wex + Nwro. The frequency intervals
I, II, III, and IV are defined with respect to the scattering
mechanism responsible for the finite lifetime of the last free
EHP intermediate state before binding into the exciton. N
out of N + 1 intermediate states are real in the interval I+II
(III4+1V) for the process in Fig. 1(a) [Fig. 1(b)]. See text for
details.

C. Expression via the distribution function

The results for the scattering processes of Fig. 1 can
be written in terms of the distribution function of EHP’s
with respect to the relative distance between electron and
hole participating in the initial stage of the MPRRS pro-
cess. Such a function fy(r) for free EHP’s after emis-
sion of N LO phonons has been introduced in Ref. 12.
For a simplified model of electron-phonon interaction®!
CZ = —ihwio+/4mal3 [Vy = 1gCq, which is similar to the
deformation potential, and in the limit my > m., fn(r)
is given by

f2(r) = /d3r1---/d3rNW0(r1)
xWi(ra —r1)---Wn(r —ryn), (10)
where Wj(r) = (4n;r?)"texp(—r/};), [drfé(r) = 1.
The total number ny of EHP’s after emission of N

phonons,'? normalized to one incident photon, and in
the limit mp, > me, is ny = W;/v.(Kn), where

Vol My|2m. [2m. 1/2
Wi= T [T W]
e 27 huy 1/2
M =—— cv
! moelp (Vocnlwl) (11)

are the probability of direct EHP creation per photon and
the matrix element of the electron-photon interaction,
respectively.
Using Egs. (1), (4), (10), and (11) leads to the contri-
bution of the diagram in Fig. 1(a)
Wfﬁ = n§—~1f]€—1(r = O)VOWva (12)

where
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awio|M,|?m28(w; — ws — Nwpo) means that the linear dimension of the exciton is small
2912 {(ws — wex)? + [Yex(0)/2]2} in comparison with that of the EHP. Then the binding

2 2\_2 2 2 —212 of an EHP into an exciton happens basically for r = 0.
x[(1+ Kga®)™" — (1 + Ky_,a%) ] (13) In a similar way, the contribution of a diagram in
Fig. 1(b) for the model interaction is

z
Win =

is the probability of phonon-assisted EHP recombination
via the discrete exciton state and M, is given by Eq. (11)
after changing the index [ for s.

It follows from Eq. (12) that the probability of scat-
tered light emission is proportional to the normalized  where W%, _, is the number of EHP transitions per unit
EHP distribution function fZ_,(r = 0) at zero relative  time into an exciton in a volume V;, when the wave vec-
distance. This result has been obtained under the as- tors of electron and hole are Ky_5 and —Kj, respec-
sumption pa < 1, which is equivalent to A > a and tively. To lowest order in & we find

WIZ(KJC\;(—Q

W2E =nZ off o(r= O)VOWgN—l—ZF—’ (14)
Yex N—l)

J

Whn o = Guwro s SRS 2 [ dOF,{[1+ (Ko + K5 )%~ [1 + K _pa®] P2 (15)

In the right-hand side of Eq. (14) 7Z (K§_,) is the probability of indirect emission of a photon by the exciton with
the wave vector K& _; via the intermediate exciton state with K** = 0. Second-order perturbation theory leads to

8maw? 13 d(w; — ws — Nwro)
zZ ex LO 2 ex 2 3
K = ———=2— | M, |*| Moo (KY_ . 16
M ( N—l) %23 | | l 00( N 1)| (ws _wex)z + [7ex(0)/2]2 ( )
|
D. Limits of applicability vector K3*_; in a cascade of transitions after absorption

of the incident photon are real. This interval corresponds

The results for combined contributions to the MPRRS to the two subintervals (III) w; > wy + (N — 1)wro and
efficiency in Eqs. (4) and (8) or, equivalently, Egs. (12)  (IV) Wex + _(N —Nwro < wi < wy + (N — lwro as
and (14), describe the cascade-type of scattering process shown in Fig. 2(b). For the frequency interval (III)

that includes a number of transitions via real interme- Ye(Ko)s -+ Ye(KN—2) are determined by the emission of
diate states. This raises the question of the limits of  an LO phonon whereas in (IV) Ye(Kn—2) = T (Kn_2).
applicability of those equations. Again, one can expect some qualitative change to hap-

Equation (4) is valid for N > 4 in the interval w; >  Pen when w; goes through the point C, where w; =
We = wg + (N — 1)wro, where all intermediate states  wWg + (N — 1)wro, and the energy of the electron in the
of the free EHP’s are real. This interval can be di- state Ky_ crosses the point D in Fig. 2(b).
vided into two subintervals (I) w; > wg + Nwro and (II) The limits of applicability of Egs. (4) and (8) with
wg + (N — 1)wpo < w; < wg + Nwro, as shown in Fig. respect to the scattering order NV are determined by the
2(a). All the inverse lifetimes vo(Ko),...,ve(Kn_1) of  convergence of integral over p in Eqgs. (5) and (9) for large
EHP’s in the intermediate states are determined by the p-
probability for an electron to emit an LO phonon in the
real transition in the subinterval (I) whereas in (II) the
energy of an electron with the wave vector K _; is not
enough for LO phonon emission. Therefore in interval

III. DISCUSSION AND CONCLUSIONS

(IT) the value ve(Kn—_1) = Fe(Kn-1) [see Eq. (6)] is We have now all necessary equations to discuss the rel-
determined by other mechanisms which are weak com- ative importance of the two contributions in Fig. 1 and to
pared to the Frohlich interaction. One can then ex- compare them with that for the scattering via free EHP’s

pect the scattering efficiency to show some characteris- only. The light scattering tensor for the MPRRS via free
tic feature when the laser frequency goes through the EHP’s was analyzed in Ref. 12. It was shown that the
point A, where w; = wg + Nwro, and the energy of the main contribution corresponds to processes with one vir-
electron in the state Kn_; crosses the point B placed tual intermediate state. The minimal energy detuning!?

one LO phonon above the fundamental gap. However, in this virtual state is equal to fiwpo. Following Eq. (1)
the strong change in the value of the electron lifetime and Ref. 12 we can write
Ye(Kn-1) = Tn_1(Kn—1) does not lead to any reso- 35 N
nance in the scattering efficiency because of the compen- Siv or = JadgdyJx a’d(w — w, — Nwro)
sation discussed below. T 2738wl o (4m)N+3
Equation (8) is valid for N > 5 in the interval w; > x(1—=1/N){Zn(n) + Zxn/(1—n))} (17)

wp = Wex+(IN—1)wro, where N —1 intermediate states of
free EHP’s and the discrete exciton state with the wave or, similar to Egs. (12) and (14),
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WZ, =n%(k =0)fZ(k =0,r = 0)VoWg, (18)

where Wo = (27 /R)| M, |26 (hw; — hw, — Nwro) and k =
k. + k;, = 0 is the total wave vector of the EHP in the
last state before recombination.

For the process of the diagram in Fig. 1(a) all interme-
diate states of free EHP’s are real and the last (excitonic)
state is virtual. The absolute value of energy detuning in
this virtual state is |Aws; — Eex| [see Eq. (13)]. This is also
true for the process of Fig. 1(b) where the last excitonic
state results in the same resonant factor as in the process
of Fig. 1(a). Therefore this process can be understood as
the creation of a real exciton, which recombines via an
indirect LO-phonon-assisted transition.!®

To estimate the relative weight of the three types of
contributions we have to analyze their dependence on
the small parameter of perturbation theory which is the
Frohlich constant . Equations (4) and (17) are propor-
tional to a® within the interval w; > wg+ (N —1)wro and
for N > 4. Equation (8) is also proportional to @® under
the conditions w; > wex + Nwpo and N > 5. This means
that, for large enough N and wj, all three contributions
may be of the same order of magnitude.

Let us explain the origin of the dependence ony ~
&3 using Egs. (12), (14), and (18) for the case of the
simplified electron-phonon interaction introduced above
Eq. (10). The product n%_,fZ_,(r = 0) in Eq. (12)
is proportional to &?. Indeed, for vZ(Ky_1) ~ & the
value nﬁ_l is proportional to &' and fﬁ_l(r = 0) is
proportional to A™% ~ &3. Similarly, n%_,fZ_,(r = 0)
in Eq. (14) is proportional to & when vZ(Ky_3) ~ &.
For free EHP’s (Ref. 12) the value n%(k = 0)fé(k =
0,r = 0) in Eq. (18) is proportional to &®. Tak-
ing into account that W%, and WZ,_, in Egs. (12)
and (14) are proportional to &, that the value of W¢
in Eq. (18) is independent of &, and that the factor
vE (K§E 1) /72 (K§_ ;) in Eq. (14) is also independent
of @ above the excitonic resonance, we arrive to the
dependence oy ~ &3 for all three types of contribu-
tions. Note that in the range, where vZ(Kny_1) —
I.(Kn-1), the product n%_,fZ_,(r = 0) is still ~ &>
since n%_, ~ 7! and f&(r = 0) ~ A71A72 ~ [.a2,
where A = AiK /m.I. is the mean free path of the electron
with energy less than the energy of LO phonon. The same
estimate is valid for n%_,fZ_,(r = 0) in Eq. (14) when
YZ(Kn_3) = I'e(Kn—2) and also for the contribution of
free EHP’s.'2 The sharp decrease in the inverse electron
lifetime v, — I'e in the last real electron state does not
lead to any resonances in the scattering efficiency for all
three type of processes because of the compensation of
I'c in the expression for the cross section. This should be
physically clear: the gain in the total number of EHP’s,
which have emitted a given number of LO phonons, is
compensated by the decrease in the distribution func-
tion of pairs at zero relative distance between electron
and hole. Thus, at laser frequencies w; = wg + Nwro
[point A in Fig. 2(a)] for the contribution of a process
in Fig. 1(a) and w; = wy + (N — 1)wpo [point C in Fig.
2(b)] for the process in Fig. 1(b) the scattering efficiency
does not acquire any characteristic feature although the
scattering mechanisms for free EHP’s go through a dras-
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tic change in points B and D where the pair arrives from
points A and C after emission of either (N —1) or (N —2)
LO phonouns, respectively.

Near the outgoing excitonic resonance the energy de-
tuning in the factor {(ws — wex)? + [Yex(0)/2]2} 1 goes
to zero and the contribution of diagrams in Figs. 1(a)
and 1(b) dominates the MPRRS efficiency. The factor
Y2 (K1) /vZ(K§F ;) in Eq. (14) is of zero and first or-
der in the coupling constant & above and below the res-
onance point, respectively. It suffers a drastic increase
at the transition vZ(K$* ;) — Tex(K§_,). This en-
hancement is not compensated, in contrast to the above
discussed case v — I'e. Therefore, the contribution of
the process in Fig. 1(b) strongly ezceeds that of Fig. 1(a)
below the resonance. The physical reason for this is the
following: The number of excitons in the state K§F ;
is drastically increased when vZ (K$*_ ;) — Fex (K ;).
At the same time, nothing happens to the distribution
of electron and hole with respect to the relative distance
since both are bound into the discrete state of the exciton.

The dependence of vex(K§_ ;) on w; is very impor-
tant for the form of the outgoing excitonic resonance
profile. For w; > wex + Nwro the exciton in the state
with wave vector K3 ; can emit a LO phonon in a
real transition and ~ex(K§_;) is proportional to a. For
w; < Wex + Nwio the value of Tex (K§_;) is determined
by the other, less effective scattering mechanisms. The
incident light frequency corresponding to the outgoing
resonance w, = Weyx lies exactly at the border of the
two intervals. Therefore, the profile of integrated scat-
tering intensity versus w; for an Nth-order process must
be asymmetric with respect to w; = wex + Nwro.-

Note that in the range w; < wex + Nwpo the indi-
rect exciton recombination for the process of Fig. 1(b)
can be preceded by a number of scattering events with
acoustic phonons. In order to account for such contri-
bution we need to know the exciton distribution func-
tion PR¥_;(E) which must be spread around the energy
E(K§ ;) = hw; — Eex — (N — 1)Awpo. In the interval
hwro > E(K3F_ ;) > AE a successive interaction with
a number of acoustic phonons may lead to the exciton
decay and its exit from the processes forming the distri-
bution Pg* ;(E). The spread of P§* ;(F) is then much
smaller than under condition 0 < E(K§_ ;) < AE,
where a decay due to the interaction with acoustical
phonons is impossible. The distribution function P(FE)
in the interval 0 < E(K§_;) < AE has been calculated,
for instance, in Refs. 20 and 21. However, this region is
far enough from the outgoing excitonic resonance which
is of primary interest in this paper. To the best of our
knowledge, the distribution function has not been calcu-
lated in the interval hwpo > E(K§_ ) > AE.

To summarize, the combined contributions to the
MPRRS cross sections when free EHP bind into the ex-
citons at the last stages of the scattering process have
been calculated. They can be of the same order of mag-
nitude as the pure EHP contribution. Near and below
the excitonic resonance w, = wex the combined contribu-
tions strongly exceed that of free EHP’s. The outgoing
resonance profile must be asymmetric since crossing the
energy fuw; = FEeox + Nwpo from above leads to a drastic
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increase of the prefactor vZ (K§¥ ;) /7vZ(K§ ;) due to a
decrease in YZ (K ,)-
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