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Heating of two-dimensional electrons by a high electric field in a quantizing magnetic field:
Consequences in Landau emission and in the quantum Hall effect
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We study the electric-field-induced heating process of a two-dimensional electron gas in the quantum-
Hall-efFect {QHE) regime. We present both theoretical and experimental results. We calculate the
inter-Landau-level transition probabilities under high electric field, in the presence of both phonon and

impurity scattering. We deduce from the theoretical investigations the total emitted power of the cyclo-
tron emission as a function of the electric-field intensity. We perform both cyclotron emission and quan-
tum transport experiments, on Ga All As/GaAs and Ga In& As/GaAs heterojunctions, at liquid-
helium temperature and magnetic fields up to 8 T, using samples with different geometry. We therefore
distinguish several cyclotron emission regimes and we demonstrate, with theoretical arguments, that the
average electric field in the sample is not a good physical parameter in the description of the heating pro-
cess and of the cyclotron emission for a two-dimensional electron gas. We finally present experimental
results which tend to prove that the local electric field can be high enough in some parts of the sample,
to induce inter-Landau-level scattering, and consequently to generate the cyclotron emission and to in-

duce the breakdown of the quantum Hall effect. The role of the microscopic local electric field is
confirmed by the observation of the emitted power amplification in the plateaus regime of the QHE.
This phenomenon is due to the modification of the current path geometry and the enhancement of the
local electric field in the vicinity of the contact point in the QHE regime.

I. INTRODUCTION

Landau emission (or cyclotron emission) is a very
powerful tool for investigating semiconductor properties
in the far-infrared (FIR) frequency range. ' The elec-
trons of a two-dimensional (2D) or 3D carrier plasma are
heated up, under quantizing magnetic field, to the upper
Landau levels. One can then observe the radiative
recombinations of those excited electrons. The problem
of the heating of 3D electrons by an electric field in Lan-
dau emission has been studied some years ago by Gor-
nik' and Kobayashi. For the Landau emission in 2D
structures, the heating process of the confined elec-
trons by an in-plane electric field has not been studied up
to now as far as we know. The problem lies in the fact
that the electric field applied in the plane of an ideal two-
dimensional electron gas (2DEG) at 0 K cannot ac-
celerate electrons, because of the total quantization of the
2D gas. It is then surprising that the electric voltages ap-
plied to generate the emission in 2D and 3D samples (of
comparable dimensions), should be of the same order of
magnitude. ' Let us also recall that the distribution of
the electrostatic potential in 2D structures is highly inho-
mogeneous in quantum-Hall-elfect (QHE) regime, 9

which complicates matters. The present work tends to
give a response to the question of heating of 2D electrons
by an electric field, in the Landau emission regime.

Electron heating of a two-dimensional electron gas by
high electric field in the quantum-Hall-eff'ect regime has
been the subject of intense experimental and theoretical
studies in the past few years. ' lt is well known that
in the regime of the Hall plateaus, the increase of the ap-

plied electric 6eld has two spectacular consequences: the
breakdown of the QHE, ' ' and the generation of the
Landau emission. ' ' At this point, at least two available
models have been proposed to explain the breakdown of
the QHE: (i) the quantum inter-Landau-levels scattering
(QUILLS) process, ' which can explain the electronic
occupation of the entire Landau-levels scale, and as a
consequence, the loss of the total quantization. (ii) The
second model has been proposed by Dyakonov et al. ,

' '

who demonstrate that the nonlinearity of the current-
voltage characteristic in the plateau regime is inherent to
the electrostatic characteristics of the 2D electron-gas
system.

The QUILLS is obviously the basic mechanism of the
Landau emission in a two-dimensional structure: when
the electric-field intensity is high enough, it induces
efficient scattering processes between Landau levels, and
causes the loss of the total quantization. ' Then, radi-
ative recombinations between Landau levels occur.

In this paper, we develop calculations of the QUILLS
eKciency in the 2DEG of GaAs modulation-doped
heterojunctions, and we deduce the spontaneous emitted
radiation power as a function of the electric field. The
paper is organized in the following way: in a large
theoretical Sec. II, we calculate the inter Landau-levels
transition probabilities as a function of the electric-field
intensity; we deduce numerically the cyclotron emission
power of the 2DEG in the case of a GaAs modulation
doped heterojunction. %'e present our experimental re-.
sults in Sec. III, and we discuss the physical processes in-
volved in the Landau emission of 2DECz as well as the
importance of the microscopic electric field, the role of
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the potential inhomogeneities, and the role of contacts.
We conclude in Sec. IV.

II.THEORETICAL BACKGROUND

A. Landau levels in crossed electric and magnetic fields

Let us consider a 2D gas —of dimensions L and

Lly of noninteracting electrons confined near the inter-
face of a Ga Ali As-GaAs heterojunction by an elec-
trostatic potential U(z). Let us then apply crossed elec-
tric and magnetic fields (F~~x,B~~z). In the absence of
scattering (i.e., in the regiine of plateaus of the QHE) F
represents the Hall field that is perpendicular to the drift
current Qowing along the y direction.

When the electric-field interaction terms are not treat-
ed as perturbations, the Hamiltonian of the system is

s„k =(n + I /2)fico, +eFX,+—m *V1

where g,. is the ith electric subband eigenfunction, @„the
nth harmonic-oscillator function centered on

m co, m co,

We used the classical definitions for the cyclotron pul-
sation co, =eB/m*, and for the drift velocity V=F/B.
The values of k are quantized according to periodic limit
conditions:

2 7Tp

2m

where U(z) is the confining potential at the interface of
the heterojunction (later on we will consider it as a tri-
angular potential). Using the Landau gauge, the eigen-
functions and the eigenenergies are given by

ik y

v(r)=(n, k„~r) =X;(z) C&„(x —X ), (2)

nk
y

: occupied states

current and is perpendicular to the electric field, which
corresponds, in this configuration, to the Hall field: this
is the Hall plateau regime and the electrons motion does
not involve any dissipation. On the contrary, in the pres-
ence of scattering that involves wave-vector exchange,
the orbit center is perpetually shifted [Eq. (4)] in the field
direction; the current density is the sum of the drift
current and of a "hopping" current in the electric-field
direction. Then the current density is not perpendicular
to the electric field and the dissipation occurs.

Equation (3) shows that, in the presence of an electric
Geld in the X direction, the Landau energies of the unper-
turbed Landau levels (LL's) are enlarged by a field-
dependent term, which is a function of the k wave vec-
tor, and are now dependent of two quantum numbers n
and k . This means that the electrostatic potential
suppresses the degeneracy of the LL. We have depicted
this quantum system in Fig. 1: the energies of electronic
states vary linearly with the cyclotron orbit center (X )

or with the plane wave vector k [see Eq. (4)]. The Fermi
level, which is not a constant out of the thermal equilibri-
um, varies like the electrostatic potential, and, as a
consequence, all the ~n, k» ) states of equal n are equally
occupied. ' One can see in Fig. 2, that in the presence
of an electric field, the overlap of the eigenfunctions of
difFerent Landau levels n is not necessarily zero, and elec-
trons can be scattered from one Landau level to another,
due to processes that can be elastic or not. The stronger
the electric field, the more important the overlap between
two given states, and the more efFicient the scattering. In
the general case, the scattering involves an exchange of
both energy and wave vector, and, as mentioned above,
shifts the orbit center along the X axis. The appearance
of a current component in the electric-field direction in-
duces the onset of dissipation in the quantum-Ha11-effect
regime. ' Concerning the Landau emission problem,

with a p integer.
An elementary investigation shows that the distribu-

tion of allowed v states on the k axis is a quasicontinu-
um; the density of states is

Lyg(s)=
V

These eigenfunctions are composed of an envelope part
along the z axis, which derives from the triangular poten-
tial at the interface, and an in-plane function, so that
both movements can be treated independently. These
movements are anyway coupled in case of scattering pro-

ik ycesses. The plane-wave part e " of the wave functions
accounts for the drift current which Aows with the veloci-
ty V along the Y axis, in the direction perpendicular to
both electric and magnetic fields. In the absence of
scattering, the current density corresponds to this drift

n-1

n 2TL/L„

FICr. l. Quantum eigenstates of a two-dimensional electron
gas in crossed electric and magnetic fields (F~~X;B~~Z). k»

ik y
represents the wave vector of the plane-wave part e of the
eigenfunction.
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FIG. 2. Possible quantum inter-Landau-levels scattering pro-
ccsscs.

when the electric field is high enough for QUILLS pro-
cesses to be more eScient than the radiative recombina-
tion processes (which maintain the electrons in the lowest
levels), the 2D electrons can populate the Landau ladder.
A totally difFerent electronic distribution is, therefore, ob-
tained under electric field; this is what we calculate in the
next paragraph. We will, therefore, deduce from this dis-
tribution the characteristics of the radiative emitted
power.

B. QUILLS probabilities

piezoelectric semiconductor, we should take into ac-
count this interaction, as well as the deformation-
potential one. But previous studies on Ga Al& „As-
GaAs heterojunctions (Ref. 31 and references therein)
have concluded that the deformation-potential interac-
tion is dominant in the carrier density range (1—6) X 10"
cm . We will just use the argument that those two in-
teractions are of the same order of magnitude for a
2DEG in GaAs, and develop a complete description of
the deformation-potential interaction, neglecting the
piezoelectric interaction, in order to provide a first ap-
proach of the understanding of the 2DEG cyclotron
emission.

The choice of the initial and final states v= ~n, k» ) and
p= ~n', k~ ) fixes both momentum and energy exchange,
so that the characteristics of the phonon involved in the
process are given by q =k' —k, s„„(q) =E„—E, (see Fig.

3). The condition ~q~=Qq +q~+q, =E —E /iiic, )q~
(i.e., s„—s &iiic, q ) must be verified in order to ensure
the existence of the absorbed or emitted phonon. Let us
remark that the two components q and q, couple the
movements in the three space directions. Finally, we
consider as valid the Debye model: s(q) =Pic, q.

In this case, energy and momentum are correlated by
the following group of relations:

Vg=+—+—
gc, c,

where the sign depends on the considered processes that
are represented in Fig. 3 (processes 1 —4).

For the deformation-potential interaction, one can
write

We calculate, in this part, the transition probabilities
of difFerent scattering processes and we discuss their
physical role, in the generation of the cyclotron emission.
For a given scattering process, which generally involves
both energy and momentum and thus couples two states
v= ~n, k~) and @=~n', k~), one can calculate the transi-
tion probability using the Fermi golden rule, in the Born
approximation:

Phonon

where H;„, is the scattering Hamiltonian.
In the following we study separately, the acoustic-

phonon scattering, the optical-phonon scattering, the im-
purity scattering, the Auger efFect (due to electron-
electron scattering), and the radiative recombination pro-
cess.

1. Acoustic electron-phonon interaction

The acoustic-phonon interaction was first evocated as
being the origin of the dissipation e6'ect in the plateau re-
gime of the QHE one can refer to the paper of
Heinonen, Taylor, and Girvin who calculated the
current density that induces the breakdown of the QHE,
in a model which takes into account both piezoelectric
and deformation-potential interactions . Since GaAs is a

FIG. 3. Phonon-scattering processes between Landau levels.
From a given initial state, the possible final states on adjacent
levels are located above the lines D and D', or below these lines.
In the first case there is phonon absorption, in the latter, pho-
non emission. q& and q& are extremal values of the exchange Y
component of the phonon wave vector.
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IV(q»)= g C(q) ~f,„(q)~'
q, at given q

X5(E„e—,+Pic, q ), (8)

where ~f „(q)~ = ((v~e'q'~iM) ) is the form factor of the
electronic states v and p (we report in the Appendix the
calculations of those terms).

For the phonon absorption process, C(q) is
1/2

Rn

2p&QMq
c(q)= qEj .

Then for the emission process

(iii(n +1)
c(q) =

2p QQ)q
qE) .

E, is the deformation potential, fL the electron-gas
volume, p the mass density, co the phonon pulsation, n
the occupation number of phonons in the q state. In our
calculations, we took E& =12 eV. '

The sum over all the q vectors of a given q can be ex-
pressed as an integral over q and q, :

An E& I. I.,dq dq,
IV(q»)= — — q~f,„(q) '

v—+it A tt„9z 2pvQCz (2ir)

X5(E„—E —A'c, q ),
where I., is a characteristic dimension of the well in the z
direction.

If we change the system of variables,

q =&q' —
q,
'

~

z qlcos

q =q&s1n8,

the equation takes the following form:

I, I.,E)
W(q»)= f n q~f,„(q~,B)~i
-p ' 4' nc,2%

X 5(q —
qo )q~dqtd 8,

with

Ep C~p v

S

Performing the integration over the q variable, we can
write this probability as

This leads to the following final equation:

E2
8

nn+& 877 p C, AU

X f n q f ~f „(q,B) dB dq

+ nq+1 q'

If, (q, B)~'dB dq, ,

which can be calculated using numerical methods. The
probability 8'„+& „can be obtained by interchanging qI
and qz in the above formula (see Fig. 3).

2. Optical electron-phonon interaction

Although optical phonons do not statistically exist at
liquid-helium temperature, they can be emitted by num-
bers in the following case: under high enough electric
field, the electrons which populate the entire Landau
ladder immediately recombine emitting an optical pho-
non if the difFerence between their energy and the one of
an unfilled LL is larger than the longitudinal optical-
phonon energy fi~zz. ' As a consequence of the high
e%ciency of this scattering process, the lifetime
of electrons on upper LL [those for which
(n+1/2)fico, &ficoLo] vanishes. For us this interaction
limits de facto the total number of the Landau levels that
can be populated. We could verify a posteriori this physi-
cal assumption, as discussed in Sec. III B. We took in our
calculations aco,o =36.2 meV

3. Electron-ionized impurities interaction

The elastic difFusion on the charged impurities has
been suggested as a possible mechanism for the QUILLS
by Heinonen, Taylor, and Girvin, but it has not been
treated up to now. We develop now the calculations of
the inter-Landau-levels transition probabilities assisted by
ionized impurity scattering. We considered both residual
impurities in the well, and the ones that have been inten-
tionally introduced behind the spacer in the Ga Al& As
layer and that are ionized at the thermal equilibrium.

In the general case, the scattering process assisted by
ionized impurities is elastic and involves only momentum
exchange (Fig. 2). The states that can be involved in this
scattering process have necessarily the same energy; the
momentum exchange is then (see Fig. 1)

IV(q )= '
n qo f ~f „(qo,B)~ dB .-p ' 4~p nc,2A

(12) Q=hk =

The transition probabilities between the "n" and "n + 1"
Landau levels are then obtained by summing over q .
One can write

de
w =f 8' (q» )

n n+1 &yv~p Iy

Let us first consider the case of the barrier impurities.
We suppose that the ionized centers are located at R; and
scatter independently the electrons. The Coulomb poten-
tial seen by an electron is then V (r) =g; v ( r —R; ), where
v (r) is the Coulomb potential decreasing like 1/r.

The inter-Landau-level transition probability, due to
scattering by ionized barrier impurities is
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where y, y„are the electronic eigenfunctions in the xy
plane, and g(e) the density of states [Eq. (5)]. yo(z) is the
envelope function of the first electric subband.

The electrical potential of one impurity can be written

using the plane Fourier transform,

Sd
V(r)= f V, (z, q~)e

qi (2n. )
(16)

where S is the surface of the system. Then, the transition
rate can be expressed as

IV = f d qj z f d rzp (rz)y„(rz)e ' 'F, (qz, z, ) 5(s —e„),~-u «~ (2m )
(17)

F, (q~, z, )=f dzyo(z)V, (z, q~) (18)
z

is a form factor already calculated by Ando, Fowler, and
Stern:

2

F;(q~ z) = f yo(z)e ' ' dz . (19)
2SE„E0 qg +q~

—ao

z, is the position of the ith impurity on the z axis, q, is the
screening parameter that can be calculated by

3D Fourier transform of V(r),

E,„Epg
2

~weu imp.
=2

C„EpA

x f If „(q)i dq„dq

Introducing the density of states, one obtains
2e'

(2m) V

(23)

2m *e
~s =2.3 X 10 m " (in GaAs) .

4m cpa, „A
(20)

4. Auger eQect

barrier impurity

2(N, +Nd, p)L„ 2

877 C„EpA

e
—qz

(q~+q, ) 1+ gy

. 3 f „(q~)dq (21)

f' „(q~) is given in the Appendix by the third term that
does not depend on q, . This integral is now numerically
calculable.

We consider now the case of the residual impurities in
the well. The inter-Landau-level probabilities for transi-
tion assisted by ionized impurities in the well is written

The above integral can be analytically calculated by using
a simplifying hypothesis: we assume that the ionized im-
purities are located at a distance from the interface equal
to the spacer thickness (zo), and that their density is
equal to the 2D electronic population in the well enlarged
by the depletion density (N, +Nd, ~), to account for the
charge conservation in the structure.

In Eq. (17), we can change the q~ integral in a q one,
assuming that q =co, /V. One obtains

In the Auger effect process, the energy released by an
electron relaxing to a lower-lying state is transferred to
another electron, excited onto a higher state. This effect
has been observed within Landau levels in a two-
dimensional electron gas. In this recombination process,
the energy and momentum of the two-electrons system
are conserved: neither energy nor momentum is
transferred to the lattice.

Helm et al. and Muro et al. have measured the
Landau-level electron lifetime in similar heterostructures:
they found a strong dependence in the electron concen-
tration and attributed this effect to this electron-electron
interaction. But, it is obvious that this process is only
possible if the electrons are not all confined in the bottom
of the Landau ladder. Free states must exist in the lower
levels in order to permit one of the two electrons to
release its energy. Therefore, this scattering is very im-
portant only when the electrons begin to be equally distri-
buted on the Landau ladder. So we consider the Auger
effect as an additional pumping process when other
scattering processes have already changed the equilibri-
um. We shall then consider its contribution only as a
final process of electron repartition onto the Landau
ladder.

5. Radiative recombination

' y i~(q) I'I & vie"'Ip & I'&«„—e.),
q

where N, is the volumic density of charge; W(q) is the

Spontaneous photon emissions occur as soon as free
states exist in the lower levels. The transition probability
is given by the Fermi golden rule:
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where c, is the relative dielectric constant.
One can notice that the radiative recombination pro-

cess rate is directly proportional to the quantum number
n. In the GaAs, for the n =3—2 transition, one finds for
a magnetic field of 3 T, 8'0=10 s

6. Numerical results of transition probabilities

We present now the results of calculations for the tran-
sition probabilities relative to the nonradiative scattering
processes described above. In Figs. 4(a), 4(b), 4(c), and
4(d), we have reported the transition probabilities of
QUILLS between n =0 and 1 Landau levels, assisted by
both phonon and impurity scattering processes, as a func-
tion of the local electric field. We have distinguished ab-
sorption and emission of phonons, as well as the two
kinds of impurities (residual impurities in the well and
doping impurities in the barrier). To describe the 2D
electron gas of a Ga Al& As/GaAs heterojunction, we
used in our calculations the following parameters, which
correspond to sample D in the Landau emission regime:
+, =4X1O" cm-', X„,=O. 3X1O" cm-', X, =1O"
cm, spacer=70 A, B =3 T, T=4.2 K (see Table I).
From Fig. 4(a) to Fig. 4(d), we have changed the value of
the temperature of the spacer thickness and of the mag-
netic field. The first important point is that we obtain, in
all cases, the same particular shape of the curves: a very
steep slope in the electric-field dependence of the proba-
bilities, with a saturation when the electric-field intensity
is around 10 V/cm, for B =3 T. This steplike behavior
was foreseeable: the electric field determines the slope,
through X, or k, of the perturbed Landau levels (Fig. 1)
and as a consequence it controls the overlap of the eigen-
functions of two adjacent Landau levels. BecaUse of the
exponential decrease of these function tails, the overlap
integral exponentially increases when the distance be-
tween the orbit center of two eigenfunctions becomes
smaller. Hence, the probabilities exponentially increase

with the slope of the Landau levels —i.e., with the elec-
tric field. In the same way, when the electric field is high
enough, the overlap between two eigenstates of equal en-
ergy becomes electric-field independent: this case occurs
when the distance, which separates the two orbit centers
of the eigenstates, is smaller than the magnetic radius.
This induces a saturation of the overlap integral and of
the probabilities versus electric field (Fig. 4).

Let us now analyze in details the results, investigating
separately each type of scattering processes. Concerning
the interaction with acoustic phonons, it appears clear
that except in the saturation domain (very high electric
field), the probability of QUILLS is much larger for the
emission process than for the absorption process in the
whole magnetic-field range: this means that there exist
statistically few phonons in this very low-temperature
range. Besides, the emission of acoustic phonons is the
only inelastic process able to allow the energy dissipation
in the sample, until the optical-phonon emission may
occur. The emission of acoustical phonon has already
been studied, and it has been proved that, as a conse-
quence of the spontaneous emission of phonons, the lat-
tice temperature increases due to the onset of a dissipa-
tion regime. ' ' A precise calculation should take into
account the real lattice temperature during the heating,
as previously developed by Heinonen. In our case, this
would require heavy calculations. However, in order to
estimate the e6'ects of an increase of the lattice tempera-
ture, we performed calculations with T = 10 K (this
could be a reasonable value for the lattice temperature
under heating conditions in our experiments). %'e report-
ed the results in Fig. 4(b): as expected the diff'erence be-
tween the eSciencies of phonon emission and absorption
scattering, is smaller than for 4.2 K. Consequently, we
can assume that when the electric field increases, those
two processes tend to be equivalent. This shows that for
electron gas heating, the stronger the electric field, the
larger the lattice temperature, the more e%cient the
phonon-scattering process.

TABLE I. Sample characteristics.

Sample C,D:
Ga Al& As barrier

Parameters
Sample E: Ga In I „P barrier

D

Doped
Ga„A1I As
Layer
Undoped
Ga„All „As
spacel
Undoped
GaAs
channel
T=300 K

T=77 K

T=4.2 K

thickness (A)
Al (%)

(10' cm )

thickness (A)

Al (%%uo)

thickness (10' A)

(10" cm )

p(10 cm V 's ')
(10" cm )

p(10 cm V 's ')
X, (10" cm )

p(10 cm V 's ')

400
23

2
90

40
7

9.2
0.7
9.0

12
6.7

26.8

320

70

7.0
0.7
4.5

12
3.5

28

Und oped
Ga In) P

Layer

10

8.1

3.6
3.4
44
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Concerning now the interaction with ionized impuri-
ties, Fig. 4 shows clearly that the role the residual impur-
ities in the well is negligible. In the calculations, we used
X, =10' cm . The probability is proportional to X,. in
this scattering process, and we conclude that except in
the case of a rather high concentration of residual impur-
ities (X;=10' cm ), the scattering by ionized impuri-
ties in the well has not to be taken into account.

Finally, what is remarkable in our results is the role of
the ionized impurities in the barrier. In high-electric-
field range, this scattering process is by far the most
eKcient one. Besides, as expected when the spacer thick-
ness increases —which means the barrier impurities move
away from the 2DEG —the probability of scattering de-
creases greatly [Fig. 4(c)]. But it is still the most efficient
for a spacer thickness of 400 A in the high-electric-field
regime.

We have performed the same calculations for a higher
value of the magnetic field. As expected, when the mag-
netic field increases, the entire curve family is shifted to-
wards a higher electric field: the magnetic field increases
the energy gap between subsequent Landau levels (Fig. 1),
and consequently decreases the probability of scattering.
A stronger electric field is then necessary to further in-
cline the perturbed Landau levels so as to induce the
same transition rates.

To summarize those results, we can say that the
acoustic-phonon scattering is responsible for the appear-
ance of the heating regime (lattice heating), because it ap-
pears first while increasing the electric field. Second,
when the electric-field strength increases, the scattering
by the ionized impurities in the barrier is the main elec-
tron heating process.

Let us now conclude with the heating process. We
have shown that the electric field induces several scatter-
ing processes, and we have calculated the transition rates.
Let us note that the transition rate magnitudes are physi-
cally acceptable. The scattering processes involve
scattering times as small as a nanosecond to a fem-
tosecond for the impurity scattering at high electric field.
This is the order of magnitude we commonly observe in
semiconductor physics. We sha11 now compare these
values with the radiative scattering time (10 s for B =3
T in GaAs). If the field-induced scattering time is smaller
than the radiative one, the electrons will populate the
whole Landau ladder below the optical-phonon energy,
as previously discussed. In the opposite case, the radia-
tive process is more e%cient and the electrons immediate-
ly recombine as soon as they occupy an upper energy lev-
el. The heating regime cannot be achieved. Thus, one
can define a typical critical field for a given type of
scattering when the considered nonradiative transition
rate becomes comparable to the radiative one (typically
10 s ' in our study). The Landau emission power is ex-
pected to increase significantly when the electric field be-
comes stronger than the critical field.

Finally, let us make a remark on the following point:
in Fig. 5, we have reported the transition probability
8'„+i „between subsequent pairs of Landau levels (1—0,
2 —1, 3 —2), due to the interaction with acoustic pho-
nons, as a function of the electric field. It appears clearly

10
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~ ~
106
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102

100 100001000
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FIG. 5. Transition QUILLS rate, due to phonon scattering
for different pairs of Landau levels ((1—0; 2—1; 3 —2).

C. The statistical equilibrium
and the radiative emitted power

We are now concerned with the calculation of the sta-
tistical occupation of the Landau levels, as a function of

that for a given value of the electric field, this probability
8'„+& „depends on the pair of involved Landau levels:
the probability is much larger for the (3—2) transition
than for the (1—0) one, and additional oscillations ap-
pear in the curve. This is a consequence of the overlap
integral (f „)dependence on the Landau quantum num-
ber (one can refer to the Appendix); thus, this dependence
of the transition rates with the pairs of the concerned
Landau levels can exist for any type of scattering. Never-
theless, we assume that this is not of a critical importance
in our study and we have considered in our following cal-
culations that 8 +& Wi p for all n values, which ver-
ify (n +1/2)fico, (A'coLo. The reason is that we are prin-
cipally interested (and especially when we compare exper-
imental and theoretical results in Sec. III B) in the critical
field that creates the appearance of the Landau emission.
The critical field lies, in our case, in a steplike region of
the curves (Figs. 4 and 5). Consequently, considering
dift'erent n +1—n transitions between Landau levels, one
can expect very diff'erent transition rates at a given elec-
tric field; but, according to the very steep slope, the elec-
tric field that induces equal transition rates between
different pairs (n + 1,n ) of Landau levels can be compa-
rable. For example, considering the case of sample D (see
Sec. II C), two Landau levels are populated at the thermal
equilibrium. Thus, only two transitions would be in-
volved at the critical field: 1 —0 and 2 —1. Consequently,
considering that 8'„+& „=8

& p can induce an error in
the determination of the electric field smaller than 50%%uo,

this does not change our main conclusions (see Sec.
III 8). On the other hand, this simplifying assumption
minimizes the dynamic of the heating process when the
upper LL's begin to be populated: we underestimate the
value of the transition rates 8'„„+,.
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the electric field: the competition between the scattering
processes and the radiative recombination process will
finally result in a steady state. To calculate the statistical
distribution of the electrons, we use the following master
equation:

~Pv = g [p, W, ,(1—p, ) —p W, .(1 —p, )],

where p is the mean value of the operator density in the
state

~
v) =

~
n, k~ ), W ., is the transition probability from

state v' to state v induced by the phonon or by the impur-
ity scattering.

As we are concerned by the steady-state solution (the
electric field is applied during a time much larger than
the characteristic time of the quantum effects), we take in

the above equation Bp /Bt =0. This leads to

gp W, (1—p )=gp, S; (1—p ), (30)

which means that the total number of electrons getting
into the state v is equal to the total number of electrons
getting out of the state v' (Fig. 6).

We assume, therefore, that p is independent of k,
since we need a homogeneous solution. Then p is equal
to the Fermi-Dirac distribution function f„of the nth
LL. ' lf 8'0 represents the transition rate due to the
radiative recombination (we assume that 8 o is indepen-
dent of n) and W„„ the transition rate due to all the
scattering processes between levels n and n', the solution
is, therefore, given by the final equations system:

& +1~ +t +& +i~o+f —i~ —i

f —i)~o+(1 fn+i)~n a+i +(1 fn —i)~n n —i+fn —i~n —i n+fn+i~n+i n +&n +i~o
(31)

The solution to this problem is obtained for a given
magnetic field value using a self-consistent calculation:
we fix the total number of Landau levels that can be filled
up under heating conditions (below the optical-phonon
energy) and the total number of electrons, which
determines —as we know the level degeneracy —the ini-
tial number of filled levels (without heating). We obtain
the f„values of the equilibrium, iterating the above for-
mula.

We reported the result of the calculations in Fig. 7: we
took the sample D characteristics [in order to use the
theoretical results of Fig. 4(a)]; with the value of the
optical-phonon energy yet introduced in Sec. II 8 2 and a
magnetic field 8 =2.7 T, nine Landau levels are located
below the phonon energy (from n =0—8).

It appears that the filled Landau levels begin to be

P„=g f„(1 f„,) W'o(n)fioi, —X, (32)

depopulated, whereas the empty ones begin to be popu-
lated, when the electric-field value reaches 200 V/cm.
When the electric field F is larger than 600 V/cm, all the
LL's initially empty contain the same density of electrons
and for a value of F as high as 1000 V/cm, the 2D elec-
trons are distributed on all the Landau levels of energy
smaller than the optical-phonon energy.

The radiative emitted power I'„ is known as soon as the
statistical distribution of electrons is known. %'e write

Radiative emitted power

B = 2.7

0'
0

I

200
I I I I

400 600 SOO 1000 1200 1400
Electric field (V/cm)

FICx. 6. Schematic balance of the radiative ( Wo) and nonra-
diative (8') transition processes between adjacent Landau lev-
els.

FIG. 7. Occupation probabilities of different Landau levels as
a function of the electric field. The parameters used in the cal-
culations are those of sample D. At B =2.7 T and T=4.2 K,
two levels are filled at zero electric field, and nine levels are lo-
cated below the optical-phonon energy.
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where X is the total number of electrons located in the
emitting zone, Wo(n) the radiative recombination of the
"n —(n —1)" transition, and fico, the energy of the emit-
ted photons; n indexes the Landau levels. The summa-
tion is over all the Landau levels, whose energy is smaller
than the optical-phonon energy.

One problem remains: what can we take as a value for
A7 There are many reasons which tend to prove that the
electric field F can be highly inhomogeneous in the sam-
ple (as previously discussed in the Introduction) and we
should calculate P„ for each part of the sample cut in
parts of equal F. Another way to solve the problem is to
normalized the emitted power by its possible largest value
obtained when all the considered LL's are equally popu-
lated [when the following condition is valid:
f„=g„f„(F=0)/+„ I ]. So doing,

~ I I ~
(

I I I I ( I I I I
1

I ~ I I ) I I I I
(

I ~ I I i I I ~ I

Dynami

Tran

Para

P„max= g f„max(1 f„&max—) Wo(n)fico, N

and

~max

Xf +i(1 f )Wo(n)

gf,„(1 f,„)WO(n)—
(33)

. . . 1. . . , r I ~ I I I I ~ I I I I ~ I I I ~ I I I I I I ~ I0
0 1 2 3 4 5 6

Magnetic Field (T)

FIG. 8. Radiative emitted power as a function of the electric
field. We used, in the calculations, the parameters of sample D.

In order to simplify the calculations and according to
the fact that we want only to evaluate correctly the REP,
we take Wo(n)= WO=10 s '. Then,

gf. +&(1—f. )

~max g f,„(1 f,„)— (34)

This represents the physical quantity that can be easily
calculated, as soon as we know the f„values, and which
we are able to measure experimentally (see Sec. III).

Let us now discuss the results of the calculations. We
have reported the electric-field dependence of the total
emitted power, in Fig. 8. We have performed the calcula-
tions for B=2.7 T and T =4.2 K for sample D charac-
teristics.

For F smaller than 400 V/cm, the total radiative emit-
ted power (REP) is negligible and due only to a very
small emission between n =1 and 0 LLS. We saw [Fig.
4(a)], that for I' larger than 500 V/cm, the transition
probability due to ionized impurity scattering increases
rapidly and becomes comparable to the radiative recom-
bination probability. As a consequence, the heating of
the 2D electron gas becomes efficient, the population in
the higher Landau levels increases and the total REP in-
creases sharply. This analysis shows that the ionized im-
purity scattering is the process responsible from a strong
heating process in the 2D electron gas. We assume that
the lattice temperature was 4.2 K; the scattering due to
phonon absorption is a process of limited efficiency at
this temperature. In a more realistic picture, the lattice
temperature is certainly higher because of the emission of
acoustic phonons. ' Consequently, the scattering by
acoustic-phonon absorption will become more efficient.

One can thus expect a slope of the REP less steep than
the one obtained in Fig. 8. In fact, even if the impurity
scattering seems to be the most efficient one, this scatter-
ing process appears after the phonon scattering, which is
the real initial cause of the breakdown of the total quanti-
zation.

We have noticed, analyzing Fig. 7, that when the heat-
ing electric field is larger than 900 V/cm, the 2D elec-
trons are equidistributed on the Landau levels, whose en-
ergy is smaller than the optical-phonon energy. Then the
QUILLS probabilities are larger than the radiative emis-
sion rate and the radiative recombination process cannot
be affected by the increase of the electric field: the total
REP saturates (Fig. 8). Finally, it is clear that when the
electrons are equidistributed on the Landau levels, all the
(n + 1 n) radiative recomb—inations are equally probable.
Of course, in a more realistic picture, one has to take into
account the fact that the radiative transition probability
between Landau levels n and n —1 is proportional to n

[Eq. (28)]. One can refer to the cyclotron emission study
of electron masses in Ga Al& As/GaAs heterojunctions
already published by Zawadzki et al.

III. EXPERIMENTAL PART

A. Experimental procedure

The investigated samples were CiaAs/Cxa„Al& As or
GaAs/Ga In& P heterojunctions grown by a metal-
organic chemical-vapor-deposition (MOCVD) technique.
Their characteristics are given in Table I. We performed
both quantum transport and cyclotron emission experi-
ments in magnetic field at liquid-helium temperature.
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The cyclotron emission system consists of two indepen-
dent 8 T superconducting coils placed in a He4 cryostat
(we took into account the stray field from one magnet in
the estimation of the central field of the other). The stud-
ied sample (emitter) is placed in the center of one coil,
while the detector is placed in the center of the second
one. The FIR cyclotron radiation is generated by apply-
ing electric-field pulses of moderate amplitude (a few
volts by cm), with varying duty cycle to avoid sample
heating. The radiation was guided by a polish copper
light pipe to the narrow-band detector. This detector
was a magnetically tunable GaAs photoconductive detec-
tor, with a spectral resolution better than 0.5 cm . It is
sensitive, at a given magnetic field, for three well-defined
energies corresponding to the 1s-2p, 1s-2p, and 1s-2@+
transitions of a residual single shallow donor in bulk
GaAs. In zero magnetic field, there is only one 1s-2p en-
ergy equal to 4.43 meV (35.7 cm '). In these experi-
ments, the emitter magnetic field is tuned and the detec-
tor is kept at a constant field. In this operating mode, the
detector signal (detector photocurrent) reaches a max-
imum when the cyclotron energy coincides with one of
the three transition energies 1s-2p

The FIR spectra presented in this paper have been ob-
tained in the following way: we have divided the detector
photocurrent by the emitted current; this is equivalent to
that normalized by the applied electric power. Transport
experiments were performed by the ac method, ' in or-
der to measure the resistivity components p „and pxy in
the same electrical conditions as those use for the heating
of the 20 e1ectrons in the cyclotron emission experi-
ments.

B. Experimental results and discussion

Figure 9 represents the FIR spectrum normalized by
the electric power input obtained for sample E, with a
mean heating electric field I' of 1 V/cm, and detected at
4.43 meV. For this jkow-electric-field value, we observe
several lines (maxima) in the spectrum. In Fig. 9, we
have reported also the transport parameters p and p „
measured by the ac method with the same electric field
I' =1 V/cm. It appears clearly that under those heating
conditions, the QHE is observable and the maxima of
FIR emissions coincide with the minima of p, i.e, with
the plateaus ofp„. This shows that the observed emitted
power amplification is due to the modification of the
current path geometry that induces an enhancement of
the local electric field in the QHE plateaus regime.
Indeed, the multiple FIR emission automatically disap-
pears when the heating electric field is high enough to
destroy the total quantization and consequently to des-
troy the QHE: the current path geometry is then
magnetic-field independent (Fig. 10). This first remark-
able result shows that the important physical parameter
is the local electric field, and that the mean electric field
applied to the sample has no physical meaning.

To evaluate the discrepancy that exists between the
mean and the local electric field, we have performed the
following experiments: we measured the emission power
at the resonance (B=2.7 T) as a function of the mean

I I 1 & ~
I

I I 1 I I 5 I I I I I I I I

Photoco

Signal

0
0

Magnetic Field (T)

FIG. 9. Cyclotron emission signal and quantum transport pa-
rameters in Ga, A1& As/GaAs heterojunctions (sample E) ob-
tained in the same condition of heating: the mean electric field
applied is equal to 1 V/cm. The arrow indicates the cyclotron
emission peak.

electric field, applied on two difIerent points of contacts
of sample C (see Figs. 11, 12, and 14): the ratio of the dis-
tances d(12)/d(56), equals 11.6. The dependence of
P/P, „as a function of the mean electric field is similar,
in both experimental cases, to the one obtained by the
theoretical investigations (Fig. 8). However, the absolute
value of the electric field, which gives the saturation, de-
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k
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CC k8 0 I

0 2O 40 60
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I

80 100

FIG. lo. Cyclotron emission signal and quantum transport
parameters in Ga Al& As/GaAs heterojunctions (sample E),
obtained in the same condition of heating: the mean electric
field applied is equal to 64 V/cm. The arrow indicates the cy-
clotron emission peak.
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FIG. 11. Experimental values of the normalized radiative
emitted power, as a function of the electric field under longitu-
dinal configuration.

FIG. 13. Theoretical and experimental values of the normal-
ized emitted power, as a function of the electric field. The
discrepancy is attributed to the nonhomogeneity of the potential
distribution in the structure.

pends on the heating configuration. For the geometry
"a" (electric field applied along the axis of the sample),
the saturation is obtained for 40 V/cm, when, for
geometry "b" (electric field normal to the axis of the sam-
ple), the saturation is obtained for 400 V/cm. This
discrepancy corrobor ates the fact that the measured
mean electric field is not a good physical parameter for
describing the heating of 2D electrons in the cyclotron
emission of 2DEG: the value of I', which gives the satu-
ration, should be the same in both cases.

In order to compare theoretical and experimental
values of the electric field that induces the emission, we
performed similar investigations on sample D with a
shunted bridge geometry as previously used by Robert
et al. to- study the zero resistance state in GaAs-
Ga Ali „As heterojunctions (Fig. 13). In this quasi-

Corbino geometry, the electric field is theoretically more
homogeneous than in the classical Hall bar geometry. As
shown on Fig. 13, we have applied the electric field per-
pendicularly to the loop of the Corbino geometry. We
have reported on this figure, the experimental and
theoretical dependence of the normalized emitted power
as a function of the mean electric field. We performed
the calculations yet described in Sec. II C and we took the
sample D characteristics. The cyclotron emission experi-
ments have been performed with a magnetic field of 1 T
on the detector, and we used the Is-2p+ line (5.84 meV);
3.7 T was applied to the emitter (sample D). We still ob-
serve a huge discrepancy that corroborates our previous
experimental results: theoretical and experimental results
can be consistent only if we state that the local electric
field can be as high as 1 kV/cm in some parts of the sam-
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FIG. 12. Experimental values of the normalized radiative

emitted power, as a function of the electric field under trans-

verse configuration.

SAMPLE

FIG. 14. Geometric sample characteristics.
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TABLE II. Cyclotron emission characteristics.

Sample

longitudinal polarization
transverse polarization

Contact length
{mm)

0.25
0.08
6

Estimated emitting
surface (pm )

150
30

2000

Sample surface
(pm )

750X10'
750X10'

25 X10'

pie to induce the emission, and, consequently, that the
mean electric field does not have any physical meaning,
because of the potential inhomogeneity. This implies
that in the rest of the sample, the electric field would be
much smaller and consequently too small to induce
QUILLS processes. This means that the real surface of
the FIR emission would be much smaller than the sample
surface. We have done experiments that tend to corro-
borate this assumption: in order to estimate the surface
of the FIR emission, we have measured the emitted
power in the saturation regime, and compared it to the
theoretical value assuming that, in this regime, all the 2D
electrons participate in the cyclotron emission. As we
know the detector sensitivity (=0, 1 A/W), we could
measured easily the emitted power I', . Then, assuming
that the total number % of electrons, which e6'ectively
participate in the emission process, is equal to (X, XS) (S
is the surface of emission), one can easily deduce the
value of Sby writing

I',„=g f„~,(1 f„)8'0(n)irido, X—,S,

where the summations over n concern all the Landau lev-
els whose energy is smaller than the optical-phonon ener-
gy, and I'„ is the experimental value of the emitted
power.

We have summarized the results in Table II: it appears
clear that in each case, the surface of emission is approxi-
mately 10 times smaller than the surface of the sample,
which corroborates our model. We can now state that
this "hot spot" behavior is similar to the one brought to
light by Russel et al. and Klap et al. , or more recent-
ly by Shashkin et a/. More, in the present study, we
measure and calculate the emitted power in the far-
infrared frequency range, and we deduce from the optical
measurement surface of such a spot. Besides we prove
that potential inhomogeneities (i.e., intense electric field)
can induce such a FIR radiation, due to QUILLS pro-
cesses. One important area that we must question
remains. This "hot spot" behavior that we observe is not
directly correlated to the plateaus regime of the QHE, as
previously assumed by Klap et al. : in our experiments of
cyclotron emission, the breakdown of the QHE has al-
ready occurred . Nevertheless, we think that the behavior
that we put into light can be highly enhanced in the pla-
teaus regime, due to the very particular shape of the
current path geometry. Nevertheless, we think that the
original cause of the creation of such a zone might reside
in the general problem of the injection of electrons in a

2D gas, independent of the Hall conditions. This will
emphasize the role of contacts in the QHE, as yet demon-
strated by a great amount of works in the recent
years. One can actually remark that the surface of
emission that we found, is roughly proportional to the
size of the sample constant (see Table II and Fig. 14).

We would like, finally, to bring to light that this
theoretical study of the QUILLS processes allows us to
define a critical electric field for the Landau emission
phenomenon. This phenomenon is strongly correlated to
the breakdown of the QHE (breakdown of the total
quantization), a breakdown for which one can adopt the
Landau emission critical field. Then the QUILLS pro-
cesses could allow the calculation of the critical field and
consequently, as concluded by Balaban et al. , of the
breakdown current in the QHE regime.

IV. CONCLUSION

The theoretical and experimental studies that we made,
of the heating of 2D electrons, by an in-plane electric
field, give us rich and useful information for the under-
standing of the Landau emission in 2D electron gas, as
well as for the knowledge of the breakdown of the quan-
tum Hall e6'ect.

(i) The analysis of the dependence of the transition
probabilities with electric-field intensity shows that the
real heating of the 2D electrons is due to the scattering
by ionized impurities intentionally introduced in the bar-
rier; the apparent heating (lattice heating) is due to the
emission of acoustic phonons.

(ii) Landau emission and quantum transport experi-
ments, coupled with the calculations of the radiative
emission power, clearly establish that the electric field in
a 2D electron gas submitted to a quantizing magnetic
field is highly inhomogeneous: very high value can be
reached for the local electric field, even out of the pla-
teaus regime of the quantum Hall e6'ect. This local elec-
tric field is responsible for the existence of the inter-
Landau-level scattering (the consequences are both the
Landau emission process and the breakdown of the quan-
tum Hail effect).
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APPENDIX: CALCULATIONS OF THE OVERLAP
INTKGRALS if„„(q)i
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ig mJ1=
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—Q /4p

The integral & v e'q'lp & can be decomposed in a three
independent terms product:

&vie"'lp&= f xo(z)e"'dz .
Z

The following terms of the suite are more and more com-
plicated, but can be known without difficulties. Then, the
calculations of the I„„.is fastidious but as well rather
simple. Taking the modulus, one then obtains

l f,„(q )

We call

a= and q=
Then, the first integrals are

f @„,(x —X, )e " 4„(x—X )dx
l & e,le" le, & l'= —,'(a'+q')e

f Xo(z)e ' dz
z 2 3 '

1+'
b2

The first term was calculated by Lassnig and Zawadzki, '

taking the Fang and Howard functions:
1&@,le"""I@,& l'=

—,', I16q' —sq'+q'

+a (16—16q +3q )

+a ( —8+3q )+a6I
—(u +q )/2

where

2 1/3

(Nd, + —,",N ) =3 10 m
c cob

The second term is 1 when q =k' —k, and 0 otherwise.
The third term is analytically expressed for given n and
n'. We first change the variable system: x =x —X, and

we call Xo =X ~
—X . We have to calculate

l & +,le"""i+3 &
l'= —,', I ~,+a'~, +a'~, +a'~, +a'~,

+(X 3 10+& 39+a 37+(X A5

+a'W3+ a W, I e -'"+~ '",
where

—10

+36q +9q —36q

I„„=f @„(x—Xo)e " @„.(x)dx .

e with p=—Px ~/2 ~ ~ m ~ e

The first four Landau eigenfunctions N„are

40(x) =

—8 —
q

—8q'+45q' —72,q'+ 36

~4 ——'q —
q

——"q +36q' —36

A5 =12—6q ——"q +q

A7 ——6 —5q

' 1/4
4 3

4,(x)= —Px /2
W, =4q'+3q', Z3 =6q' —3q'+q',
~8 = —"q'+ —'} &, = —12q'+6-'

4z(x) =
4m

1/4

(2Px —1)e
37 q2+

' 1/4
3

43(x)= 9' x (2Px —3)e

and the integrals I„„.can Oe expressed as functions of the

integrals J„=j+ x "e ~ e'~"dx. These are easily ob-

tained by integrating in the complex plane. For example,
the two first terms are

Finally one can write

. , x l&e„le
qz1+—
b2

iq x~h«e l&@„le " IC'„, &l is given by the above expres-
sions.
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