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Here we correct, extend, and clarify results concerning the spin Hamiltonian # s used to describe
the ground manifold of Hubbard models for magnetic insulators in the presence of spin-orbit inter-
actions. Most of our explicit results are for a tetragonal lattice as applied to some of the copper
oxide lamellar systems and are obtained within the approximation that Hs consists of a sum of
nearest-neighbor bond Hamiltonians. We consider both a “generic” model in which hopping takes
place from one copper ion to another and a “real” model in which holes can hop from a copper ion
to an intervening oxygen 2p band. Both models include orbitally dependent direct and exchange
Coulomb interactions involving two orbitals. Our analytic results have been confirmed by numerical
diagonalizations for two holes occupying any of the 3d states and, if applicable, the oxygen 2p states.
An extension of the perturbative scheme used by Moriya is used to obtain analytic results for s
up to order t? (t is the matrix of hopping coefficients) for arbitrary crystal symmetry for both the
“generic” and “real” models. With only direct orbitally independent Coulomb interactions, our
results reduce to Moriya’s apart from some minor modifications. For the tetragonal case, we show
to all orders in t and ), the spin-orbit coupling constant, that Hs is isotropic in the absence of
Coulomb exchange terms and assuming only nearest-neighbor hopping. In the presence of Coulomb
exchange, scaled by K, the anisotropy in Hs is biaxial and is shown to be of order Kt*A%. Even
when K = 0, for systems of sufficiently low symmetry, the anisotropy in #s is proportional to t®\?
when the direct on-site Coulomb interaction U is independent of the orbitals involved and of order
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t?A? otherwise. These latter results apply to the orthorhombic phase of La;CuOj.

I. INTRODUCTION

A longstanding problem which has attracted much in-
terest recently concerns the mechanism whereby spin-
orbit interactions give rise to magnetic anisotropy in
magnetic insulators. This subject, which was exten-
sively investigated three decades ago,!'? has recently been
the object of renewed attention due to interest in the
lamellar copper oxide systems.3 The first of these to
be extensively investigated, LasCuQOy4, has a small or-
thorhombic distortion away from a tetragonal structure*
and the above mechanism was shown®” to give rise to
an anisotropic exchange, including that of the antisym-
metric Dzyaloshinskii-Moriya type. In that system there
are two anisotropy energies.®:® One of these, the out-of-
plane anisotropy, is of the form aN?2, where N, is the
z component of the staggered magnetization, the z axis
is taken to be perpendicular to the copper oxide plane,
and « is an anisotropy constant. This energy causes
the spins to lie in the basal plane. There is also an
in-plane anisotropy energy which selects the orientation
of the spins within the basal plane. Until recently the
discussions of the origins of anisotropy were confined to
the orthorhombic structure. However, more recently a
family of copper oxide materials of similar structure, but
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which are actually tetragonal, have been studied'®!! and

found to have roughly the same out-of-plane anisotropy
as LayCuQOy4. The earlier studies® 7 did not predict any
anisotropy in the tetragonal limit. Accordingly, a re-
analysis of anisotropy for the tetragonal systems ought
to show a common origin of the out-of-plane anisotropy
which does not rely on the orthorhombic distortion. That
is the main purpose of this paper. However, in the course
of this work, we have found that a number of general
questions concerning both the results and the method-
ology required some clarification, which this paper is in-
tended to provide.

A microscopic basis for superexchange between mag-
netic ions was first given almost forty years ago by
Anderson.!? In the language of a Hubbard model,'® his
calculation started from an orbitally nondegenerate band
in which there is one electron per site in the limit of
large Coulomb interaction U whenever two electrons oc-
cupy the same site. If the kinetic energy is completely
neglected, each electron (or hole) may be characterized
by its spin. When kinetic energy (described by hop-
ping) is included perturbatively, one finds a spin Hamil-
tonian, which in low-order perturbation theory can be
expressed as the sum of contributions H(¢,j) from each
bond (%,7). This spin Hamiltonian describes the per-
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turbative removal of degeneracy. In higher order in the
hopping, one encounters contributions to the spin Hamil-
tonian from plaquettes (at order t*/U3, where t is a hop-
ping matrix element) and eventually from even higher-
order clusters. Ignoring higher-order contributions, An-
derson obtained an isotropic exchange interaction be-
tween nearest-neighbor spins,

where J(i,j) = 4t%/U and t;; is the hopping matrix
element between sites ¢ and j.

Soon afterwards Moriya! used Anderson’s formalism
to study the effect of spin-orbit interactions on superex-
change between magnetic ions. He showed that for suf-
ficiently low symmetry the most general effective spin
Hamiltonian for two spin-} magnetic ions, such as Cut™,
is of the form

H(3,4) = J(5,5)8(5) - 8(4) + D(3,5) - S(2) x S(J)
+8(i) - M(3,5) - S(4) (2)

where M(%, j) is a symmetric 3 x 3 tensor. The first term
represents the isotropic symmetric exchange. The second
and third terms represent the antisymmetric and sym-
metric anisotropies, respectively. Moriya’s results were
obtained to second order in the hopping perturbation,
but in principle provided a framework in which the spin-
orbit interaction could be included to arbitrary order.
Convenient explicit results were given to lowest nontriv-
ial order in the spin-orbit coupling constant, A.

Much more recently, Thio et al.# found that La;CuO4
is described by Eq. (2). Consequently Coffey and co-
workers® invoked this Hamiltonian to describe the CuO
planes in the cuprates. They found that D(¢, j) cannot be
the same for all bonds (ij), as was assumed by a number
of previous authors. The form of the D(z,j) is deter-
mined by the symmetry properties of the crystal struc-
ture. The first attempt at a microscopic calculation of
the vectors D(4, j) was made by Coffey, Rice, and Zhang®
in the framework of the Moriya theory of the anisotropic
superexchange interactions. Within this theory, D(z, j)
is of order A, whereas M(3, j) is of order A2. Therefore,
many authors neglected M. Naively, one expected a gap
in the spin-wave spectrum due to anisotropy, and this is
what one finds when M(¢, j) is neglected. Subsequently,
Shekhtman, Entin-Wohlman, and Aharony (SEA)7 have
shown that M(%, j) can never be neglected. Most inter-
estingly, when M(, 7) is included, they found a hidden
symmetry in H(Z,j), as a result of which inclusion of
spin-orbit interactions did not reduce the degeneracy of
the ground state of the pair of spins (3, j).1* Their result
was that H(%,7) could be written in the following form:

#G.3) = (7 - 2;) 86 8G) + D(ins) - () x SG)

D®D .
= 80, ®

where the vector D(Z,j) is bond dependent and [A ®
B].. = A,B,. As SEA show, the result (3) indicates
that although the pair interaction is not of the isotropic

+5(9) -
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form of Eq. (1), it is rotationally invariant and hence the
energy level spectrum of the pair interactions consists of
a singlet and a triplet, just as it would in the absence
of spin-orbit interactions. In previous work the terms in
D(¢,7) and those in M, ,(3,j) = D,(3,7)D.(¢,5)/(2J)
were not treated on an equal footing, and therefore this
hidden symmetry was never noticed. Furthermore, SEA
showed that even though each individual bond might
have this hidden symmetry, the crystal as a whole could
have anisotropy because of the frustration caused by the
competition between exchange interactions of different
bonds.'* In particular, for La;CuQOy4 they found that the
anisotropy was a result of this frustration.

All the work cited so far relied on the idea, intro-
duced by Moriya, that the effect of spin-orbit interac-
tions could be taken into account by a gauge transforma-
tion on the hopping between sites. As used by Moriya
to obtain results up to order t2/U, this formulation is
correct and convenient. However, this formulation does
not form a correct basis for calculations to higher or-
der in ¢/U. Thus, as we shall see, the hidden symme-
try of SEA, although maintained at order t? for con-
stant U, is broken at order t® for constant U or at or-
der t? for nonconstant U. (Here constant U means that
the Coulomb interaction between holes in two orbitals
does not depend on which orbitals are involved.) In
addition, the calculations of Shekhtman, Aharony, and
Entin-Wohlman®® or Bonesteel'® for the anisotropy of the
cuprates were based on terms requiring the existence of a
distortion from tetragonal symmetry. However, the easy
plane anisotropy is observed!?!! to have similar magni-
tudes in both the orthorhombic and tetragonal cuprates
isostructural to La,CuQO4. The main reason for the fail-
ure of the previous calculations to give anisotropy for the
tetragonal cuprates was the fact that these calculations
neglected the Coulomb exchange interaction. From the
results of Barriquand and Sawatzky!” (BS) one can see
that they partially included such interactions. However,
it remained unclear which aspects of the BS results would
persist when the calculation was pursued more systemat-
ically. In fact, in Ref. 18 it was shown that for tetragonal
symmetry Coulomb exchange interactions played a cru-
cial role in determining the anisotropy.

In view of the above history, the following points re-
mained to be clarified and are addressed in the present
paper. (1) One should generalize Moriya’s results for
H(i,7) to the case of nonconstant U. Having done that,
we find that when reduced to the case of constant U, our
present results differ in a small way from those of Moriya,
who overlooked some A-dependent contributions to the
magnitude of the isotropic exchange interaction, J. We
also give general results for superexchange interactions,
i.e., for the case when the copper ions are separated by
an intervening oxygen ion. However, the results are given
in a general form which can equally apply to systems of
ions other than Cu, as long as their ground state is or-
bitally nondegenerate. (2) Since earlier calculations for
the cuprates omitted hopping between excited states of
the Cu ions, we have reanalyzed the role of symmetry at
arbitrary order in the matrix elements tc,_cu =t which
describe the effective hopping between copper ions. We
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find that in the absence of Coulomb exchange interactions
[i.e., for K = 0 in Eq. (4), below], one recovers isotropic
exchange for a simplified “generic” model which describes
the complete 3d band for copper ions on a simple tetrago-
nal Bravais lattice. This isotropy is the result of the high
symmetry of the crystal field levels and the resulting high
symmetry of the hopping matrix elements. This result
shows that in the absence of Coulomb exchange terms,
one retains isotropy in #(¢,j) to all orders in both A
and t;; /U and thus that inclusion of Coulomb exchange
interactions is essential to obtain anisotropic exchange
interactions in the tetragonal case. (3) For a tetragonal
lattice we find that this accidental isotropy in H(s, j) is
removed at order t2A2K when Coulomb exchange inter-
actions are allowed and we give detailed expressions for
the exchange anisotropy in terms of the hopping matrix
elements and the matrix elements of the Coulomb inter-
action. (4) For a crystal with arbitrarily low symmetry
(i-e., when the crystal field states have no special symme-
try), we expect to (and do) find a removal of degeneracy
of the spin triplet. This breaking of rotational invariance
occurs at order t8 for the case of constant U and at or-
der ¢ when U is nonconstant. These results modify the
conclusion given in Ref. 7. (5) In contrast to all previous
work, we also found an in-plane anisotropy originating
from the anisotropy of the spin-wave zero-point energy.

Most of the above results have been obtained analyt-
ically, both for the “generic” model (with only Cu ions)
and for the “real” model (in which the Cu ions are sep-
arated by oxygen ions). Furthermore, we have corrobo-
rated our results by comparing them to results obtained
by numerically diagonalizing the Hamiltonian which de-
scribes all possible states of two holes on one bond. For
the “generic” model, there are 20 single-particle orbitals,
10 on each copper ion, so that in all there are 190 two-
hole states. For the “real” model there are six additional
2p states on the oxygen ion, so there are 325 two-hole
states in all. In the tetragonal case, where we know that
the exchange interaction matrix J,,(4,j) [see Eq. (13),
below] is diagonal, its values may be deduced from the
values of the energy splittings of the ground manifold, as
is discussed in Appendix A.
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Briefly, this paper is organized as follows. In Sec. II,
we first introduce “generic” and “real” Hamiltonians and
then discuss the perturbative framework we use to calcu-
late the spin Hamiltonian Hg. The actual perturbative
calculations of Hg are described in Sec. III, although
many of the details are relegated to Appendixes. Here we
give expressions for J(z, j), D(%,7), and M(z, 5) up to or-
der t2A2A%,. for the “generic” model and analogously for
the “real” model, where A, represents Coulomb inter-
actions beyond the approximation in which the Coulomb
exchange K is zero and U is constant. The case of tetrag-
onal site symmetry is discussed in Sec. IV for both the
“generic” and “real” models. There we prove a theorem,
valid to all orders in the hopping matrix elements and
spin-orbit coupling, which says that for nearest-neighbor
hopping, the complete spin Hamiltonian is isotropic when
Coulomb exchange is absent. There we display explic-
itly the leading contribution to the anisotropic exchange
when Coulomb exchange is treated perturbatively. In
Sec. V we discuss the experimental consequences of these
results. In particular we estimate the anisotropies and
spin-wave gaps which our work would predict. In Sec.
VI we study the case of arbitrarily low symmetry for the
“generic” model and show that the anisotropy in J,, (, 5)
is of order t®\2 for the case of constant U and of order
t2)2 when U is not constant. Finally, in Sec. VII we sum-
marize the conclusions of this work. A brief summary of
our major conclusions has been given previously.!%:18

II. HUBBARD HAMILTONIAN AND
SYMMETRY OF EXCHANGE

A. Generic model

In this section we introduce a general Hamiltonian,
versions of which will be studied in this paper. We start
from the following generic model,2® which captures the
symmetries of the cuprates. For holes which reside only
on the Cu ions, this model is given by

H=> €iadlpydiao + Y AL(R)-S(h) + D tiaip(dl,dips + dlg,diao)

1,0,0 holes,h

1 t
+ 5 Z Uia,ia'dzaadial,dia’adiad +

i,a,af
0,8

a,B,o

i#]

1
5 Z Kioz,ia’d}‘aad;‘talsdiasdia’a

i,aFal
o,8

1
+5 > Viais(dlaodls, dipsdias + dlg,dl,diasdipo)

«,8,0,8

i1#j

1
+ 5 D Niasp(dlagdlp, diasdips +

a,B,0,8
i#£]
Here d;'a - creates a hole in the ath spatial orbital, whose
single-particle energy is €;, With z component of spin o
on the Cu ion at site ¢. In general we allow hopping with
matrix elements t;, j3 between the o orbital on site ¢ and

dl5,dl.digedias) - (4)

I1;he (3 orbital on site j. This Hamiltonian also includes di-
rect Coulomb interactions between electrons on the same
site (scaled by U) and on different sites (scaled by V) and
exchange Coulomb interactions between electrons on the
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same site (scaled by K) and on different sites (scaled by
N). Our numerical work indicates that when t # 0, the
effects of V and N are not qualitatively different from
those of U and K, respectively. Since the latter are of-
ten dominant, we shall neglect V and N. In principle
one should also include Coulomb terms with four states,
Uaprsd)aydlg,divediss. Here we follow most of the liter-
ature and start with the simpler Eq. (4), which involves
only the Hartree-like terms U and the simple Coulomb
exchange terms K. Equation (4) can easily be extended
to the “real” model in which we include p states on the
oxygen ions, with hopping between them and the d states
on the nearest-neighboring Cu ions.

B. Single site Hamiltonian for noninteracting holes

In this subsection we briefly discuss the basis states
used in the perturbative scheme described in the next
subsection. We first consider ions within a single-particle
picture. We therefore start by considering the effects
of the crystal field Hamiltonian, H,, and the spin-orbit
interaction, #Hs,. The former is constructed so as to give
the observed ionic levels. Including only such energies
the single-particle Hamiltonian is

He + Hso = Z G'I:C!d;!:ao'd'iaﬂ'
iao
A Y wila B)loordlp,digor (5)
iag

oo'!

where
i) = 5 30 | L | iB)(0)owrs  (6)

in which (ia | L, | i8) = L5 is the matrix element of the
p component of the orbital angular momentum between
the two single-particle states, and o, is the Pauli matrix.
We shall often present results for i-independent matrix
elements of L.

For many purposes it is convenient to diagonalize the
single-particle, single-site Hamiltonian H, + H.,. We
may choose the wave functions |ia) to be real, in which
case the matrix elements Lgﬁ are purely imaginary. As a
result, every single-particle energy of H, + Hs, is at least
doubly degenerate. That is, the two linearly independent
wave functions which are related to one another by time
reversal,

Ya=D (Yoa | @) + 2aa | @ 1)),
$a=D (~2ha|lat) +yhtalal)), ()

belong to the same energy. We use greek indices to label
the crystal field states in the absence of spin-orbit inter-
actions and roman ones for the eigenstates of H, + Hso.
The latter can be characterized by pseudospin quantum
numbers, 0 = +1, and are associated with the creation

operators CIM. These operators are related to the d:-‘aa’s
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via

d;!aa' = Z(miza);ou cIaal ’ (8)

aoy
where the unitary matrix m?, is
. i _ zi * 3 L .
mi, = (Y ) sudiaioe, @

where u} , is a real scalar, v?,, is a real vector, and I is

the 2 x 2 unit matrix. This leads to

He + Hso = ZEiacgao-ciacn (10)
iao
where
{zei(,(mza)fm:;b . z;<m:',,,>fwi<a,mmzb}
«@ af o102

= Eia(sab‘solaz . (11)

[Here the dagger operation on m¢ , operates only in terms
of the 2 x 2 matrices as in Eq. (9) and is not to be applied
to the scripts ¢, a, or a.] The transformation m,, that
diagonalizes the single-particle Hamiltonian is in general
different for each site. Consequently, the single-site ener-
gies may depend on the site index. However, in certain
situations, for example, in the presence of the tetrago-
nal to orthorhombic distortion in La;CuQy, it is possible
to define the transformation such that the single-particle
energies are site independent. This will be the case for
some of the explicit calculations which are presented be-
low for the cuprates.

C. Formulation of perturbation theory

For Cu™™ ions in a d® configuration we are dealing with
an ionic ground state having one 3d hole whose spin is
arbitrary. When we include the oxygen ions in the model,
those ions have filled 2p bands in their ground state. In
either case, in the absence of hopping, i.e., for t = 0,
the many-electron ground state manifold is one in which
one hole of arbitrary spin resides on each copper ion.
The energy levels within this ground manifold, when the
remaining terms in the Hamiltonian, especially hopping,
are considered, are the object of our study.

When hopping is introduced as a perturbation, the
splitting of the hitherto degenerate ground state mani-
fold can be described by a spin Hamiltonian, Hs. In view
of time reversal invariance H g will consist of two-spin in-
teractions (between nearest and further neighbors), four-
spin interactions, and so forth. In the present paper most
of our results will be for the nearest-neighbor two-spin
coupling constants, except for the general theorem of Sec.
IV, which makes no assumptions about the specific form
of H#s. If we only consider two-spin interactions between
nearest-neighboring spins, we effectively write

Hs = ZH(%J) ’ (12)
(i)
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where (ij) indicates a sum over pairs of nearest-
neighboring sites and for spins-%

H(id) =D T (6,4)Su(9)S. () (13)

where p and v label Cartesian components. We refer to
the case when J,, ,.(¢,7) = J(%,7)0,,., where § is the Kro-
necker delta function, as isotropic exchange. [To avoid
confusion between the two kinds of exchange, the terms
in Eq. (4) proportional to K are referred to as Coulomb
exchange.] Appendix A contains a discussion of the pos-
sible anisotropies in H (3, 7).

The major objective of this paper is to discuss the sym-
metry of the matrix J(¢,7) and develop perturbative ex-
pressions for it on the basis of the generic Hamiltonian
of Eq. (4) and its generalization to include the inter-
vening oxygen ions. From our point of view the most
important early work was that of Moriya,! who studied
a simplified version of the above model. The most signif-
icant simplifications necessary to obtain Moriya’s main
result were to neglect the Coulomb exchange, K, and to
assume constant U, i.e., to assume that Uj, g did not
depend on either the site index 7 or the orbital indices a
and B. In particular, when Ujq,ig is independent of o and
B, the wave functions for the two-hole states are Slater
determinants of the one-hole states as obtained by the
canonical transformation of Eq. (8). In other words, in
this very special case, the exact eigenstates of the Hamil-
tonian H, + Hso also diagonalize the Coulomb interac-
tion, H.. In terms of these new single-particle states the
transformed hopping Hamiltonian now assumes the form

Hhop = ZT'ija (143‘)
%J
where
I'ij = Z(ffl];))ﬂd'czaacjba' (14b)
ab

oo'!

represents hops from site j to site ¢, and (f;;"b) is the 2 x 2
matrix

(th) = Ztia,jﬂ(m;a)fmz,’b
of
= A1 +:iBY, -7, (14c)
in which A% (B%) is a real scalar (vector), that can
be found using Eq. (9) and the representation in which
tia,jp is real. By Hermiticity these coefficients obey

AL =4i, , Bh=-Bi . (15)

Actually (and this seems to have caused much subsequent
confusion), Moriya did not write down Egs. (14a)-(14c).
Instead, in a further simplification, he truncated t to
include only hopping between the t = 0 ground states.
Even for his calculations at order 2, this simplification
is slightly incorrect. However, we should emphasize that

10 243

this truncation is totally inappropriate for a discussion
of effects of order higher than ¢2, since hopping between
excited states then comes into play. Also, when U is
not constant, hopping between exact eigenstates of H, +
Hso + Hc is no longer a single-particle interaction. To
see this, note that there are matrix elements between an
initial state, in which both holes are in their ground states
on different ions, and a final state in which, for instance,
both holes are in excited states of one ion. Such a process
explicitly relies on the fact that the two-hole states are
not simply obtained from single-hole states. Thus, in
this case, when “final-state interactions” are present, the
hopping perturbation involves four electron operators.

Accordingly, to study the case when U is not constant
and when Coulomb exchange is not neglected, we write
He = Heo + AH, where

HcO

I

1 t ot
§U0 2 diaadwa'diﬂa’diaa
oo!

=1 t ot
= EUO '_zb: Cia0Cibo! Cibo' Ciaoy (16)
6‘:7'

and the additional Coulomb terms resulting from non-
constant U and K take the form

1 ~ . '
AH,. = 3 Z g, [AUyo10,01 (15 abb'a’)
a;';la{

+I§'m,,,1,i (3 a,bb'a')]clwcjba,cﬂ,:(71 Ciaraly  (17)
with
Aﬁao'awi (4;abb’a’) = Z AU;a' [(mfm)nga']aai

aa'

x[(mip) ' miplors,,  (182)
K'oa’crlcr{ (i; abb’a,) = Z Kia’ [(mixa).rmix’a']aall
X [(mi'b)fmiab’]o"o'l . (18b)

Expressions for AU and K for tetragonal crystal field
states in terms of Racah parameters are given in Ap-
pendix B.

In the following, we will calculate the effective spin
Hamiltonian using perturbation theory in which we take
the unperturbed Hamiltonian to be

HO = Hz + Hso + Hco
1
= Z Eiacl yCiao + §Uo Z cIaacha’ Cibo'Ciae  (19)

iao iab
oo’

and the perturbation to be
V = Hpop + AH. , (20)

where these quantities are given in Eqs. (14) and (17).
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III. PERTURBATIVE CONTRIBUTIONS where the factor of 2 accounts for the similar term when
TO #(3,37) the hopping is in the reverse direction. Here | 1) and

| 1¥4) are states in the ground manifold with one hole

A. Contributions of order t2 per site, and the superscript (2) indicates a result which

is second order in t. In using the result in Appendix C
we must truncate the matrix element so that it remains
within this manifold. Also, in evaluating this expression
it is convenient to use the identity

The lowest-order contributions to 7(z, j) are second or-
der in t. At this order in t in the absence of the Coulom-
bic perturbation A%, we can use the result of Eq. (C2)

in Appendix C to evaluate 1
C;'ro.ycio.:' =13 +8(i) - ) (22)
1 !
H(z) i’ y i T 'l/) 9 21 e

(3,3) = Yo|T5 Ho 0 (21) whereby we obtain the result
|
1 . .

’H(Z) (3,7) Z( { §i t.’]l |:2 +S(i) - 5-‘:| }/(Uo +E;p)+ (i & ]))
b

~ii |1 zii |1 N
o[t so-of a2 s

}/Uo , (23)

where the traces are over the 2 x 2 matrices in o space and (i <> j) denotes the sum of all previous terms with ¢ and
7 interchanged.

The first term in (23), which only involves hopping of a single hole (from site ¢ to j and back), is easily shown to be
independent of the spins at 7 and j. [This follows directly from the identities of Eq. (15), or more simply from time
reversal invariance.] Therefore, this term contributes a spin-independent constant, and does not affect the splitting
of the ground state. Similarly, the terms coming from the factors of 1/2 inside the square brackets in the second term
also give constants. To order t? we have thus arrived at an effective magnetic Hamiltonian of the form of Eq. (12),
with

HO(i,5) = —~Tr{t 0[S() - F1Eq[S () - 61} (24)
In view 6f Eq. (14c), this becomes
HO(i,5) = “Tf{[A +iBg) - 51[S(7) - 71[4d + iBfo - 51S(3) - 51} (25)

The symmetry of this form is further discussed in Appendix D, where we show that in fact 2£(?) (3, j) is of the isotropic
form of Eq. (1).

B. Contribution of order t2A#,

To calculate the contributions of the Coulomb terms of Eq. (17) to the magnetic exchange we need to carry out
third-order perturbation theory. By taking two factors of the hopping matrix element we generate terms of order t2.
We must include an additional factor of AH.. This factor is only relevant in the intermediate state when there are
two holes on the same site. The relevant matrix element for third-order perturbation theory is written in Eq. (C4)
of Appendix C. In using this result it is convenient to use the identity of Eq. (22). Then we obtain the correction to
the energy at second order in t including perturbatively the leading Coulombic contributions [which we indicate by
the superscript “(2,c)”]:

1 s
(2,0) (7 7\ — _ [3
H (17.7) = I: E § UO T Em) UO 7 )(t )6201 (t{)a)o’ss

”"102’3 ab

x[AUsa:aza(i; a0b0) + Rss’aza(i; a0b0) — AU, ooy (2;a000) — K40 050, (2; a00D)]
1 L 1 N - . .
X(E +S(z)-a> <§+S(])-a) +(z<—)]):| , (26)
os' o103

where we have used the property Aﬁaa’alai (i;abbla’) = Aﬁa'aa;ol (%; baa'd’), f{aa'alai (¢;abbla’) = K,:,aial (7; baa'd’).
(In writing the above result we set E; o = E; o = 0 for simplicity.) In order to carry out the spin summations, we
insert here the explicit expressions for AU and K, Egs. (18). This leads to
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HE (i, 5) = =D (AU [Tr{[3 + S(3) - F)(xL )T (5 + S(4) - &)xE,
—Tr{[3 + S(i) - 5] (m; 'o)Tmi o} Tr{[3 + S()- Flwii}]
+Koaw[Tr{[} + Si - 7)(xLo)'[5 + S() - 810}
—Tr{[} + S(5) - F)(mlo) ' m&o} Tr{[3 + S() - FIWL,}) + (G © 5)], (27)
where
= —1__ J T Ji NrJl | =
aa' Z Uo +E th(m ) m a'0 = Xaa’I+ZYacx’ 0, (28&)
and
1 TR L
. £ (mi, ) tmi, 20 = Wi 1427, .3,
aa Z (UO +E UO +E1,b) Oa(maa) myiptyo aa +1 aa (28b)

in which Xaa, and Wia, are real scalars and Y

o and zi 2 are real vectors. It is straightforward to verify that in

Eq. (27) the terms which involve two traces, as ell as those coming from the factors of 1/2 and involving one spin

variable, do not contribute to spin dependence in the spin Hamiltonian. This follows by noting that (a) (

and wJ i

i i
mt, ) m?,,

23, are proportional to the unit matrix, and (b) one can interchange a and o’ in the sums.

The full effective magnetic Hamiltonian, to order t2, is obtained by combining #(?) (3, 5), Eq. (24), with H(2°)(3, 5),

Eq. (27). The result has the form of Eq. (2), with

76,3) = g T{E E) - 5 Al Tr{ ) ()" + o) o))
=3 Koo Tr{ () (i) + (2,0 (x0T (29a)
D(i,j) = —Uim{iz;am{tsfo&} )
+1 ZAUM {[Tr{aci, Y Te{ x5, 115} — Te{[xdd )N} Ir (i, 3)] — (i 5 5))
ZZKM AITe{x YT (x5, )16} — Tr{ ()Y I, 6Y] — (6 6 9)} (29D)
M, j) = 5 (e{E57} @ Tr{Eha} + (i ¢ )]
2 3 AV [T (x5} © Te{(x )15} + Tr{ (050,18} © T {x1] + 6  3))
——ZKM {[Tr{xdi, 5} @ Tr{(x5,) 16} + Tr{(x3i,) 15} @ Te{xi,. 3}] + (i © 4)}
+2Kaa/[’l‘r{(m 0)fmi 3} @ Tr{w?t .3} + (i & 7)] - (29¢)

aa'

One notes that when the contributions of AU, and
Koo are ignored, Egs. (29) reproduce Eq. (3), with

D(s,j) = —i[Tr{t§o} Tr{E05}/TUo — (i ¢ j)], and J =
2 Te{t3:ti}/Us. The results (29) hold for general site
symmetry, and to all orders in the spin-orbit coupling.
They become particularly simple in the special case of
tetragonal symmetry, as is discussed in Sec. IV. In Eq.
(29a) we see that even when U is a constant and K = 0,
J(¢,7) does depend on A. Moriya’s expression for J(z, j)
is only correct to zeroth order in A.

C. The copper—oxygen—copper bond

Here we derive the effective magnetic Hamiltonian of
the copper spins for the bond Cu—O—Cu. The spin-
orbit interaction on the oxygen is much smaller than that
on the copper,?! and therefore may be neglected. Then
the microscopic Hamiltonian (4) is modified as follows.
First, the kinetic energy now represents hopping between
the oxygen and the copper ions. That is, in place of Egs.
(14) we now have
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Huop = Y Toi + Hec. (30)

where

Ty = Z Z(t_giz)ad'p;naciao’ ) (31)

an oo'

in which pgns (pl.,) are the destruction (creation) oper-
ators for a hole on one of the states (n) of the gth oxygen,
and

J
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na)o’d' = Zt (maa)aﬂ’ . (32)

Here tZ, describes hopping from the ath orbital on the
ith copper ion to the nth orbital on the gth oxygen ion.
The matrix element (£¢%,),, describes hopping between
the copper states [see Eq. (8)] which diagonalize H,+H.so
and the gth oxygen ion.

Second, we add to the Hamiltonian the on-site single-
particle energies and the Coulomb interactions on the
oxygen. These terms are written in the form

H Z Enpqnapqna + 5 2 Z Z U(q)pq'napqn. U'pqn o”pqna

gqno gnn' oo'!

+‘;‘ Z Z AU(q ,pqngpqn o' Pgqn'o'Pqno + = E Z

gnn' oo’

= ’Hl(,p) + AHP |

where ’H((,p ) is the first line of this equation and AHP
is the second line. Thus, the total Hamiltonian for this
case is taken to be Ho + V, where

Ho = He + Hao + Heo + HE (34)
and V, which we treat perturbatively, is
V = Hpop + AH + AHP . (35)

In the above, the index ¢ distinguishes between oxy-
gens on the bond along the z and y directions from the
copper ion in question. However, the perturbation ex-
pansion gives results in the form of contributions summed
over all pairs of single bonds between nearest-neighboring
copper ions ¢ and j. Then, the index q is fixed once the
values of ¢ and j are specified, as one sees from Fig. 1.
Accordingly, we henceforth omit the index g, so that,
for instance, €%, — ti,, t¥, — ti,, T, — T, and
p;na - p;‘:w'

We now turn to the perturbation expansion, from
which we obtain the magnetic Hamiltonian of the cop-
per spins. It is clear that the lowest-order contribution

to the effective interaction between two copper spins is of
y

FIG. 1. A CuO plaquette. Here we distinguish between
“y” oxygen ions (on y-directed bonds) and “x” oxygen ions
(on z-directed bonds.) In each case we show a p orbital on
the oxygen ion to which we give the symmetry label, 2, since
these orbitals can only hop to an orbital on a copper ion with
that same symmetry label, i.e., to 9. ~ zy, which is also
shown.

fz‘:?’p;napqn o—'pqna'pqn o
qnn' oo
(33)
|
order t*. There are two possible channels in this order,

which we denote by a and b. In channel a, the hole is
transferred from one of the coppers to the oxygen, then
to the second copper, and then back to the first copper
via the oxygen. Hence in this channel there are two holes
on the copper in the intermediate state. In channel b, the
hole is transferred from one of the Cu ions to the oxygen,
and then a second hole is taken from the second copper
to the same oxygen. Afterwards the two holes return to
the coppers, i.e., back to the ground state in which there
is one hole on each Cu ion. Thus in channel b there are
two holes on the ozygen in the intermediate state. When
the terms coming from the Coulomb interactions AU,
and K, for the oxygen ions are included, then their ef-
fect will appear only in channel b, in which the two holes
have a state where both are on the oxygen.

It turns out that for channel a all our previous ex-
pressions, derived for the Cu—Cu bond, hold with the
replacement

oy g ¢

H= 3 temtm (36)

n

We show this explicitly in Appendix E for the t* process.
Similar arguments hold for the processes of order AU
and t*K, where AU and K are the Coulomb interactions
on the copper ion. (Note that for this channel AU and
K represent the Coulomb interactions on the copper.)

It thus remains to investigate the perturbation expan-
sion in channel b. Applying once to 19 the term in the
Hamiltonian of Eq. (30), which describes hopping from
the copper ions to the intervening oxygen ion, one obtains

| Y1) = Z (T: +13) 03006}061 €500, Cioo | Po)

ooy

= Z Z [(t—:zo)azo'pjzazC;Oal
n ooioz
+(t—-7’10)0'20’1CIOUPL02]61001Ci06 I 1/)0) ’ (37)
which represents virtual states with energy €,. In the
next order, the second hole is put on the same oxygen.
This leads to
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1 1 1 1
[Y2p) = Z (,H—OTJ‘ ,H—OTi + :ﬁ;TiH—OTj> CIOC,C;-OUI Cj0o, Cioo|Po)

ooy

1 1
- Z Z Z (6 € ,) €, + €, + U (tno)aza( '0)0301pn02pj; 13 Cj001 Cioo I 1bO) (38)
n n n n

nn' 0oy 0303

In order to return to the ground state two more powers of the hopping are needed. This gives

HED (i, ) = —z(l + ) L [Te{[L + - S(0)[EnEio}

€n €nt €n + €nt + U

xTr{[5 + 6 - S()|8hnEhio} — Tr{[5 + 7 - S(O)[Eon Ehiol} + 7 - S()]E5aE00}] (39)

where we used the identity Eq. (22). (We labeled this contribution with a superscript 2 because even though it is
fourth order in the t’s, it is really a second-order process in terms of a renormalized Cu-Cu hopping interaction. The
superscript “b” indicates a contribution from channel b.) In a similar way to the arguments given after Eq. (23), one
can convince oneself that the first term in Eq. (39) as well as the terms coming from the factors of 1/2 in the second
term do not contribute to the spin Hamiltonian. Thus, to order 4, the contribution of channel b is

2
. 1 1 1 t
HE@) (5, §) = Z(e_ + ;) m’n{a S(i)th, 8,45 - S(5)E .t} - (40)

Next we calculate the effect of the Coulomb terms AU,,: and K,,' of Eq. (33). To this end we apply them to the
state |125) of Eq. (38). The result is

2
1 . .
—"—(AU FE) ) =— D > > (6 . ,) (m) (Fro)oao (Fri0)osen

nn' 0oy 0203
X[AUnn'pnagpn’aa + Knn'pjl'ogpjlﬂs]cjoo'l Cioo | 11)0)' (41)
Finally we apply two factors of the hopping which bring the holes back to the ground state. This leads to
1 1 1 ?
(2b,¢) _ 1 I . VTe{ G - S()E . G- S()E. T

+Enn Te {7 - S(i)Eo, T, o}Tf{U S(5)Entiio} — Knn Tr(G - S(0)E0, 807 - S(7) T Ero}]- (42)
Combining Eqs. (40) and (42) we obtain the magnetic interaction arising from channel b in the form of Eq. (2),
with the nearest-neighbor interactions

2
1 1 1 AUpn e s
®) (5, 5) = = 1-— nn Te{ti, 2.0t 850)"
J (%J) ;(En + Gn') 5n+€n’+Up< €n+€n’+Up) { on nO( on nO) }
1

2
1 Knn’ Ti
—Z(— + 6—,) P T (£, 80 (85, 800) 1) (43a)

€n (eén + €n + Up)

2
® )= b 1.1y 1 [y AU
D™ (4, j) 2Z(Cn+€n' €nt+en + U, €nt+ e +U,

X (Te {83,850} Tr{€6,, 82,06} — Tr{E6, 800} Tr {E0,E005))
K n =i i i
—m('ﬁ{tfm't o} Tr{E4n .08} — Tr{E5, 820} Tr{E),. oU})] (43b)
n n p

2
1 1 1 1 AUpp
®)(; 5y = = 4 [ . —rnm
M (’L’J) 2;(6"’4—6"') fn+€n’+Up[(1 6n+€n’+U)

X (Tr{fsn'ﬁuof—f} ® Tr{t?)nt:zo‘f} + rI\r{tOn nOU} ® ’I‘r{tzn’t] ’OU})

K. .. e
R Y, R T&r{t’ #, &}
+€n+€n' +Up( { on n00}® on®n'0

—Tr{E, .7} ® Te{E] &5} — Tr{¥, T3} ® Tr{E,t,,5} | |- (43c)
on*“n'0 on'’*n0 on’'“n0 n'0
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The full magnetic Hamiltonian for the copper spins
of the Cu—O—Cu bond is obtained by combining the
results of Eq. (43) for channel b, with those for channel a
given by Egs. (29), in conjunction with the identification
of Eq. (36). These results generalize those of Refs. 15,
16, and 22, which were obtained in the absence of the
Coulomb terms AU and K.

IV. TETRAGONAL SYMMETRY

This section consists of three subsections. In Sec.
IV A, we apply a canonical transformation to show that
without Coulomb exchange interactions the effective spin
Hamiltonian is isotropic at all orders of ¢t and A. In Sec.
IV B, we use this theorem to isolate the most important
contribution to the anisotropy, namely, that involving the
Coulomb exchange energy. In Sec. IV C we corrobo-
rate our analytical results of perturbation theory by nu-
merical solutions for single-bond clusters: Cu—Cu and
Cu—O——Cu.

A. Canonical transformation

We start by proving our strongest result, namely, that
the spin Hamiltonian Hg arising from the generic model
is isotropic for a wide class of models in the absence of
Coulomb exchange interactions. In particular, this re-
sult holds for a commonly used model of the cuprates, in
which interionic Coulomb interactions, V and M in Eq.
(4), and the Coulomb exchange terms K are neglected,
hopping is between nearest-neighboring Cu ions, and the
site symmetry is tetragonal. Strictly speaking, the only
use we make of site symmetry is that it has to be high
enough so that the 3d spatial orbitals which diagonal-
ize the crystal field Hamiltonian are o(r) ~ z% — y2,
Y1(r) ~ 322 — 12, Y (r) ~ yz, Py (r) ~ oz, and ¥, (r) ~
zy. Here the z axis coincides with the tetragonal ¢ axis
and the z and y axes coincide with the nearest-neighbor
directions in the plane perpendicular to the c axis, as
shown in Fig. 1. These symmetry labels are chosen so
that 9,(r) transforms (under the operations of tetrag-
onal symmetry) like L, for @ = z,y,z and t(r) and

J
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11(r) transform like scalars.

An important observation is that the orbital angular
momentum operator L has matrix elements only between
states of specific symmetry. For instance, L, connects
() only to the states 1o(r) and 1, (r) and it connects
1y(r) to ¥, (r) and vice versa. Similar statements can be
made about the other components of L. We now intro-
duce a transformation in spin space (to pseudospin) such
that the spin-orbit interaction is diagonal with respect to
pseudospin. For that purpose we introduce pseudospin /i
as follows:

|, 1) = Ya(r) Y [oallnbn = fl ulvac) (44)

where ¢, is a spin function for spin “up” if n = 1/2
and for spin “down” if n = —1/2, and |vac) denotes the
vacuum state. Here o for a = z, y, z are the Pauli ma-
trices, and o9 = o; = I is the unit matrix. As discussed
in Appendix F, the above transformation is such that the
spin-orbit interaction is diagonal in pseudospin:

Hso = Z Z W(kvaaﬁ)fll‘a”fkﬁu )

k=i,j o,8,p

(45)

where W(k,a,3) is a spin-orbit matrix element. [The
transformation of Eq. (44) should not be confused with
Eq. (8). The latter involves an exact diagonalization and
requires a knowledge of all the parameters. In contrast,
the transformation of Eq. (44) is independent of the in-
teraction parameters. It merely brings the Hamiltonian
into block diagonal form in which there are two identical
blocks, one for yu = % and one for p = —%] Because
the unitary transformation of Eq. (44) does not mix spa-
tial states, it does not affect the form of the Coulomb
interactions scaled by U. Furthermore, in view of the
lattice symmetry hopping can only involve holes moving
from one site to a neighboring site without changing their
symmetry. Thus holes in a state 1, on one ion, where
a = z,y, or 2, can only hop to states of the same a on a
nearest-neighboring ion. Likewise, holes in states 3o(r)
or 1 (r) on one ion can only hop to states 1o (r) or ¥, (r)
on an adjacent ion. Since states a and 8 which are con-
nected by hopping must be states of the same symmetry,
we have

Tij = Y tiaipdlaudion = 3 tiiploaleufinloalpufise = D tiaiaflpfise - (46)
a,B.p B, 14,0,T a,B,p
In other words, the total Hamiltonian (for K = 0) can be written in the form
H= " exaflaufran+AD_ > Wk a,B)flofrou+ D timinfhufion
ko k app 2,5,0,8,1
1
+§ Z Z Uka,ka’f):a,,,f):a'#' fka’p'fkau- (47)

k a,a,u,p

Thus this Hamiltonian can be written?® in terms of the
quantities

Qap(6:5) = fl.fisu » (48)
123

[
which themselves are invariant under rotations in pseu-
dospin space. Therefore #H is invariant under rotations
in pseudospin space. To construct the effective spin
Hamiltonian H(%,7) involves using degenerate perturba-
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tion theory to eliminate the excited states. Accordingly,
it is clear that the resulting spin Hamiltonian will be ro-
tationally invariant in pseudospin space. Since we have
defined pseudospin so that in the ground state (in which
all the holes are in the state o) pseudospin and real spin
are identical, it follows that for the tetragonal case with
no Coulomb exchange interactions the spin Hamiltonian
is also rotationally invariant. This theorem indicates that
even though Hs may include further-neighbor two-spin
interactions, four-spin interactions, etc., it is nevertheless
rotationally invariant, so that the spin-wave spectrum
cannot have a gap at zero wave vector in the absence of
Coulomb exchange terms.

For the case of the nearest-neighbor exchange inter-
action we can make some further explicit statements.
For tetragonal symmetry, J,, (%,j) must also be diago-
nal (with its principal axes along the tetragonal axes).
Thus, H(3, j) is an isotropic Heisenberg model.

The above theorem can be generalized to include the
intervening oxygen ions. Here we consider a Hubbard
model which includes the three 2p spatial orbitals. Now
we introduce different unitary transformations for oxygen
ions on y-directed and z-directed bonds (see Fig. 1). For
those on y-directed bonds we set 1o(r) = |2py), ¥ (r) =
|2p.), and 9, (r) = |2p,). We then introduce states |a, u)
by

ot 1) = Ya(r) S [oallnbn(0) | (49)

similar to Eq. (44) which was used for the Cu d states.
We need to examine how the hopping and spin-orbit in-
teractions are affected by this transformation. Note that
hopping along the y direction can only take place between
Cu states like z2-y? and oxygen 2p, states. These are
both associated with symmetry 0 or 1. Likewise, an oxy-
gen 2p, orbital can only hop to a copper yz state, both of
which have symmetry label z. Also an oxygen 2p,, orbital
can only hop to a copper zy state, both of which have
symmetry label z. Thus with this labeling of states, hop-
ping occurs only between states of the same symmetry
label and the canonical transformation has no effect on
the hopping, just as in Eq. (46). One can verify that the
spin-orbit interaction on the oxygen ions does conserve
pseudospin. Oxygen ions on the z-directed bonds are
treated analogously. For them we write ¥o(r) = |2p,),
Py(r) = |2p.), and ¢, (r) = |2p,) and we again use Eq.
(49). Then, we conclude that the Hamiltonian of the
entire lattice can be expressed in terms of the quanti-
ties Qqp(%,7). Thus the theorem holds with intervening
oxygen ions: in the absence of Coulomb exchange, this
model gives no anisotropy in Hg for a tetragonal lattice.

The fact that this conclusion is demonstrated to all
orders in perturbation theory represents an important
new result. The low-order perturbation result of BS is
in accord with this theorem. As mentioned there, this
conclusion modifies the conventional wisdom that the
anisotropy in the exchange interaction is trivially related
to the anisotropy of the g tensor. Finally, we empha-
size that this theorem depends crucially on the fact that
the eigenstates of the crystal field are those of tetragonal
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site symmetry and that hopping is only between near-
est neighbors. In addition, the theorem is only valid for
Coulomb terms which have the Hartree form, i.e., those
which only involve two orbitals, as in Eq. (4).

B. Anisotropy

Anisotropy can occur via various mechanisms. One
such mechanism is to introduce Coulomb exchange inter-
actions, as done implicitly by BS. In the context of the
above discussion we note that exchange interactions com-
pete with spin-orbit interactions in the following sense.
With only the former interactions the eigenstates of a
single ion are states of total real spin 1 or 0. With no ex-
change but with spin-orbit interactions, the eigenstates
of a single ion are states of total pseudospin 1 or 0. In
both cases, our numerical evaluation of the energy levels
gave singlets and triplets as this argument requires. How-
ever, the wave functions are different, of course. When
both interactions are present, the degeneracies are re-
moved because wave functions cannot be simultaneous
eigenfunctions of both real spin and pseudospin. From
our calculation, treating hopping, spin-orbit, AU, and
exchange interactions as perturbations, we reach the fol-
lowing conclusions. For the “generic” model, anisotropic
exchange appears at order t2A?K. An efficient way to
perform this calculation is to use the hopping matrix el-
ements, t, of Eq. (14b) and work to order t2K, as we
did in Sec. III. The perturbation expansion yields the
general expression, given in Eq. (27). In Appendix G we
analyze this expression for tetragonal symmetry and find
that it agrees with the result given previously,'® namely,

Janis — _2/\2 | Lg,u |2 tg,lKl,u i 1 2
s (eu+e1+Uru)? lep €1+ Uon

+ Ko, (tu,u — t0,0) L5,
(eu + Uo,u)? €u
a2
to, Ly, , (50)
€1+ Uo

where Liﬁ denotes the orbital angular momentum ma-

trix element, (a|L,|3), p assumes the values z, y, and z,
and the superscript “anis” indicates that we have arbi-
trarily omitted isotropic (i.e., p-independent) contribu-
tions. The same expression is also derived directly from
perturbation theory in t, A, and K in Appendix H.
Now we briefly discuss the implications of the above
result. First of all, note that within tetragonal symme-
try the result does display the expected full anisotropy
for a single bond, under which Jz, = J), Jyy = J1, and
J.. are all different. To get biaxiality (J # J.) requires
either tg; # 0 or t., # tyy; see, Fig. 2. Of course,
in tetragonal symmetry single-site quantities cannot dif-
ferentiate between the = (||) and y (1) directions. To
understand why t9; # 0 introduces biaxiality, note that
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FIG. 2. Schematic view of |y) = d.. and |z) = d. of two
Cu ions when they are on the = axis. Note that while d..
orbitals are in the same plane, the plane of d,, orbitals are
parallel to each other. Hence there is no reason that t. .
should be equal to ty 4.

2]
X

Yz

to1 changes sign when the local = coordinates are ro-
tated into the y coordinates. Also note that even in the
limit when U is considered to be very large, the result
still does depend on the hopping between excited levels
through t,,. Finally, we remark that these expressions
differ in several respects from those of BS. This point is
discussed in Appendix I, where we give the results more
explicitly.

C. With oxygens

Turning now to the Cu—O—Cu bond in the tetrago-
nal symmetry, we again discuss separately the anisotropy
resulting from channel a (the two holes occupy the same
copper in the intermediate state) and that coming from
channel b (the two holes are on the oxygen in the inter-
mediate state).

For channel a, we use the transformation of Eq. (36).
Using Egs. (G5) and (32) we obtain

. 1. . .
(ﬁ’b) =Y it smiames(080p)0res »  (51)
o102 noB €n

where Mo, are scalars [see Eq. (G5)]. For tetragonal
symmetry, a and 3 belong to the same symmetry class
(e.g., @ = @ for a = z,y, or 2z, or a and B are 0 or 1).
Hence f'.;]b becomes the unit matrix times a scalar given
by

7. - —
t7 = _;_ tzﬁm;amgb , tZB = E e—tfmtflﬁ , (52)
af n n

in which o and g refer to tetragonal d states. The calcu-
lation can now proceed exactly as for the “generic” model
described in Appendix G (or H), with the effective hop-
ping matrix elements t,g given by
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too = t(z)p, [€pas tor = top,tp,1/€p.;

toe =0, tyy = th, [€p.s tzz = tﬁp, /epy, (53)

where p,, py, and p, represent the p states on the oxy-
gen. Thus the contribution of channel a to the sym-
metric anisotropy of the spin Hamiltonian for a bond
along the z direction is reproduced by Eq. (50), with
the replacements (53). Analogous expressions hold for a
Cu—O—Cu bond along the y direction.

Now let us consider the magnetic anisotropy in channel
b. Inspection of Egs. (43b) and (43c) shows that we need
to examine the 2 X 2 matrices tontn0. (We omit the site
indices which are irrelevant for the tetragonal symmetry.)
Using Eq. (32) and tetragonal symmetry, we write

tontnio = Ztantn’ﬁmlomﬂo
ap

= Ztantnramf;omao . (54)

(o2

Therefore, they are proportional to the unit matrix.
As a result, there is no contribution to the magnetic
anisotropy in channel b in order t*. The reasons are that
there is no spin-orbit coupling on the oxygen, and that
in this channel (and to this order) the excited states on
the copper are not visited at all. Therefore, just as is the
case for the Cu—Cu bond when those states are ignored
[cf. Eq. (24)] the magnetic Hamiltonian resulting from
this channel is isotropic.

D. Numerical study

We have checked our analytical results of perturbation
theory against results (shown in Fig. 3) obtained from
exact diagonalization for the four lowest levels out of the

hopping
A=0.1
50 F K=1.0 4
40 | :
O R
3 A
20 | [/
10 F :
! Y =
0 AAAAAAA
0 t 1

FIG. 3. Comparison of perturbation results (dotted line)
with the exact results (solid line). Here Jyj, J1, and J, corre-
spond to Jzz, Jyy, and J;. of Eq. (50). The hopping matrix
elements t, 3 are estimated from Eq. (53) as explained in
the text. In the left and right panel the to,g and Ko, are
replaced by t ta,3 and K K, g, respectively. The values of A
(in eV), t, and K are given in the panels.
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TABLE I. Values in eV of parameters used.

Uo® A B C®° (pdo)d €1° ez = €,° €,° €, F €p,’ €. f
9.34 7.00 0.15 0.58 1.5 1.8 1.8 1.8 3.25 3.25 3.25

®Refs. 25 and 26 use Uy = 8.8. Local density calculations of
Refs. 28 and 27 give 10.5 and 9.4, respectively.

®The Racah coefficients, A, B, and C are defined in Ref. 29.
°For the solid, the values of B and C are appropriately taken
from the free-ion optical values of Ref. 30, as is discussed by
Eskes, Tjeng, and Sawatsky (Ref. 31).

9See Ref. 32.

°See Ref. 31.

fReference 32 gives €, = 3.5, but smaller values of ¢, are
plausible (Ref. 17).

190 possible two-hole states for a pair of Cu sites. The
relations between the exchange constants and the four
lowest levels are obtained in Appendix A.

For our numerical results shown in Fig. 3, we used the
values of the parameters listed in Table 1,25732 together
with A = 0.1. The hopping matrix elements are related
to (pdo) as follows: tg,, = —\/§t1‘p: = @(pda) and
typ, = tzp, = (pdm), with (pdr) =~ —1(pdo).3® The ex-
pressions for U, g and K, g in terms of the Racah param-
eters were taken from Ref. 29 and are listed in Appendix
B. We also checked that the szis, shown in Fig. 3, agree
to within about 10% with those obtained from the full
325 site Hamiltonian for the Cu—O—Cu cluster. Very
crudely, as A increases above 7 eV, the J Z:“is are inversely
proportional to A2 and are proportional to a linear com-
bination of B and C. (When B = C = 0, our theorem
indicates that there is no anisotropy in J,,.) Thus our
results are not highly sensitive to increasing the value of
A. As A is decreased below about 6 eV, perturbation
theory rapidly becomes increasingly inaccurate. Now we
discuss briefly the numerical values of the Racah parame-
ters. We took the values of B and C from Ref. 31. Then,
fixing the value of A is equivalent to fixing the value of
Uy = A+ 4B + 3C. Recently proposed values for U
are 8.8, 8.8, 9.4, and 10.5 eV from Refs. 25, 26, 27, and
28, respectively. As a compromise, we took Uy = 9.34
or A = 7 eV. Our parameters yield an anisotropy in J
of order 0.03 meV and, as we shall see in the next sec-
tion, give an out-of-plane gap in the spin-wave spectrum
within 10% of the experimental® value 5 meV.

)

V. SPIN WAVE SPECTRUM
OF THE EFFECTIVE SPIN HAMILTONIAN
IN TETRAGONAL SYMMETRY

Given Egs. (13) and (50) for single bonds, the clas-
sical ground state of the effective spin Hamiltonian is
rotationally invariant in the basal plane. The out-of-
plane anisotropy axy =~ AJ/Jp is positive (see Fig. 3),
and therefore the spins order in that plane, as is well es-
tablished. In the absence of spin-wave fluctuations, the
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in-plane gap is zero. However, the classical rotational
invariance within the basal plane is broken by the depen-
dence of the spin-wave energies on the angle § between
the staggered magnetization and the crystal = axis. The
purpose of this section is to study this anisotropy and
show that it leads to a nonvanishing in-plane gap in the
spin-wave spectrum.!819

In order to show this, we start with the following gen-
eral Hamiltonian for the CuO; plane in a tetragonal sys-
tem

Heg =Y Hy, (55)
(i)

where for (ij) along the « direction, H;; is

H;j = J,S7S7 + J.§¢S? + J.S7S%, (56)
and for (ij) along the y direction H;; is

H;; = J,S7S7 + J)S{SY + J.S7S% . (57)

We will now calculate the spin-wave spectrum of this
Hamiltonian and then the first quantum correction to the
classical ground state energy. We consider the case where
the spins lie in the zy plane and are ordered antiferro-
magnetically (Jj, JL > J, > 0). Assuming the staggered
magnetization moment makes an angle 8 with the posi-
tive x axis, we use the following transformation so that
spins are parallel to the new z axis:

0 —sinf cosf
S;=| 0 «cosf sinf |S.. (58)
-1 0 0

Defining sublattice A to have up spins (in the rotated
frame) and sublattice B to have down spins (in the ro-
tated frame), we have the following bosonic spin repre-
sentation:

s;”:,/iz—[ama?], S’?=—i\/§[ai—ai+]v

S’ =8—a}a; (59)

for sublattice A, and

S . /S
V5 b +81, ST =iy/5 b -],

8’7 =—S+b]b; (60)

T
S';

for sublattice B. For later convenience we consider the
case of general spin, although in the end we set S = %
Using Eqs. (58)—(60) we may write the effective spin
Hamiltonian Heg given in Eq. (55) in momentum space

as

Heg = Eo +4JayS Y [alaq + blibq
q
+(Aqaqb_q + Bqaqb:’; +H..)], (61)

where q is summed over the first Brillouin zone of the
magnetic reciprocal lattice and
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Eo = —2JoyNS? |, Jow = 3(J) +J1),

1
Aq = i [J1 cos(gza) + J2 cos(gya)] ,
1
By = - [J3 cos(gza) + J4 cos(gya)] . (62)
4J.y

Here N is the total number of spins and

Jy=Jysin® 0+ Jcos?0 + J, ,
J2=J”C0520+JJ_SiIl20+Jz s
J;;=J”sin219—+-J_|_coszb?—Jz s
Jy = Jjcos® 0+ J. sin?6 — J,. (63)

Henceforth we will set the lattice constant a to unity.
Note that our conventions imply that 3° 1 = N/2. As
one expects, the classical ground state energy Eo does
not depend on 6 and thus we have complete degener-
acy with respect to 8. However, diagonalization of the
Hamiltonian in Eq. (61) leads to the result

Heg =By + ) _{wi(@)a'lag +w_ (@b}, (64)
q
where the new ground state energy Ej is now
’ 1 2
Ey=-2 (1 + 5) NJ,wS
1
+5 2 _{wi(@ +w-(@)}, (65)
a

and thus does depend on 8. This dependence on 6 arises
because the zero-point motion contribution [which is the
sum of spin-wave energies w4 (q) + w_(q) over the Bril-
louin zone] depends on 6. The spin-wave energies are

wi(q) = 4Jav Sy /(1 — Bq)? — A2,
w—(q) = 4JavSy/(1 + Bq)? — A2 . (66)

Note that when Jy = J1L = Jz, Bq is zero and thus we
have two degenerate spin modes as usual. When JiJo
and J, are different, the two modes are no longer degen-
erate. This remains true when q — 0:
wi(0) =454/ 2Tay(Jay — J2) , w_(0)=0.  (67)
This result shows that we have only one gap in the nonin-
teracting spin-wave picture even though the ground state
energy is anisotropic and therefore selects®® a value of 6.
In Fig. 4 we plot the noninteracting spin-wave spec-
trum according to Eq. (66) along different directions
in the Brillouin zone. For illustrative purposes we arbi-
trarily chose values of the J’s which correspond to much
larger anisotropy than we have for the cuprates. An in-

htk
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o | Jo=1J,=1 1 =1
1

2} J,=17J,=171=08 ]

A=

3 1 ]
o | J,=1J,=09 J,=08
1 F
0

(0,0) (W/2,m/2) 0,m) 0,0
(a.9) (n/2-q,m/2+q) (O,%—q)

FIG. 4. Noninteracting spin-wave spectrum along different
high symmetry lines in the Brillouin zone according to Eq.
(66) for @ = 0. For this plot the lattice constant a is set equal
to unity. The J’s and w are all in the same arbitrary units.

dication in the spin-wave spectrum that §J = Jy—Jo
is nonzero is the removal of degeneracy>® between w, (q)
and w_(q) on the boundary of the Brillouin zone (where
gz + gy = 7). This effect is illustrated in Fig. 4. Even
though noninteracting spin-wave theory does not lead to
two gaps at zero wave vector when J; # Ji, one can
obtain the second gap by calculating the spin-wave spec-
trum including higher orders in 1/S. However, below we
will estimate this in-plane gap without explicitly invoking
spin-wave interactions.

For this purpose we study the quantum zero-point en-
ergy (per spin) in detail. It is given by

Bz(0) = 5 S lws (@) +w_(a)] (69)
From Egs. (62), (63), and (66) one can write

wa(q) = 4J8,,S[(f +g) + (h + k) cos(26) ( 9J )] v

Jav
(69)
where
JZC’E_ J.C,C_
F=1-g "= e
Jav — J,)C C_
g=£——2‘.‘]‘—)‘i7 kz—Ta 8J=Jy—-JL, (70)

with C,, C_ given by
C4 = cos(ggya) % cos(gya) . (71)

To obtain the leading # dependence of the mode ener-
gies, we expand w4 (q) up to second order in powers of

(6J/Jav):

wate) = 475t £/ {14 (A5 ) costan (32) - 3 (455) " cos?(20) (j—")} (72)

ft
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By using this in Eq. (68) we can obtain the leading 6
dependence of the quantum zero-point energy,

Ez(0) = 2J,S I:Co +C cos(29)j—J

8V

—C3 cos?(26)—— (6‘]) } , (73)

where the numerical constants are

= A {VITe Vita)

B h+k)  (h—k)\ _ 3

C, = 2NZ{\/?_ \/___}_0+0_0,
_ 1 (h + k)2 (h— k)2

@ SNXq:{(f+g)3/2+(f—g)3/2}' (74)

Note that coefficients of odd powers of §J vanish due to
the fact that these terms include odd power of C_ which
changes sign under g, < g, while the other expressions
are invariant under this operation.

In Fig. 5 we show Ez(0) from Eq. (73) and from
the exact sum given in Eq. (68) for J; = 1,J, = 0.9,
and J, = 0.8 for which Co = 0.44 + 0.39 = 0.83 and
Cp, = 2.95 x 1073 4+ 0.7 x 1072 =~ 1 x 10~2, where the
first and second numbers are the contribution from out-
of-plane and in-plane modes, respectively. Note that the
in-plane mode contributes almost twice as much as the
out-of-plane mode. The agreement between the exact
and approximate results is excellent even though we have
taken 8J/J,y = 0.1. Since in many real systems this ratio
is extremely small, Eq. (73) should give nearly the exact
value. For Jy=J, =J, =J we have

Co=0842, Co=1x10"2. (75)

Note that the zero-point fluctuation energy favors the
staggered magnetization to point along a [1,0] direction
within the easy3®:37 plane. Experiments3® indicate that
this may be the case for YBayCu3QOg, where the dipolar
energy does not select a value of 8,'° although it is not
easy to distinguish the direction of the staggered magne-
tization in such systems.3® For other tetragonal cuprates,
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FIG. 5. Variation of the zero-point energy as a function of
the angle 8 between the staggered magnetization and a [1, 0]
direction in the easy plane. Dotted and solid lines are from
the approximate [Eq. (73)] and exact [Eq. (68)] expressions
for Ez(0), respectively. The J’s and Ez(8) are all in the same
arbitrary units.

the magnetic structure in the ground state is determined
by the competition between Ez(#) and other anisotropies
which result from interplane interactions.'®

We are now ready to estimate the in-plane gap due to
the anisotropy of quantum zero-point energy shown in
Fig. 5. To do this we assume that the quantum zero-
point energy is equivalent to an effective Hamiltonian for
general S of the form

Hozpe = Y %inS(SF?SY%/5%) . (76)

Since we are interested in the region where q =~ 0, this
effective interaction is probably adequate to approximate
the dependence of Ez(0) on #; even when 6 has a slow
nonzero spatial variation. Note that Hqzpg is of order S
because Ez(6) in Eq. (68) is of that order. By comparing
the angular dependence of Eq. (73) and Eq. (76), one
obtains

6J)?

av

= 8C;, = 4J5v0in - (77)
Transforming S, and Sy into the local quantization axis
by using Eq. (58) (with 6 = 0) and Eqgs. (59) and (60),
and keeping only the terms at order of 1/S° = 1, we find
that

HQZPE = 4NJav5in + 4Jav‘5in Z{a;‘ai + b}‘bi —_ %[af + b? =+ Hc]} . (78)

7

In momentum space, Hqzpg is

Hqzpe = 4N Jaybin + 4Javbin 3 _{alaq + blibq —
q

1laqa—q +bgb_q + Hec]} . (79)

Hence the total Hamiltonian Hioy = Hqzpg + Hes, Where Heg is given in Eq. (61), is
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Hiot = Eiot + 4JavS Z(l + 87 16i) (al aq + blbq)

q

1,
=D 55 "im(afial g + aqa_q +bLbL, +bab_q)
a

+ Z Aq(aldl , + agb_q) + Z Bg(aqdl + a;bq)] )
q q

The spin-wave energies w4 are given as

(80)

2
w-zf-(Q) = (4Javs) (1 —Aq — Bq) (1 + ZS'léin + Aq — Bq) ’

2
w2 (q) = (4Javs> (1 +Aq + Bq) (1 +25 V6 — Ag + Bq> .

To get the in-plane and out-of-plane gaps, we set q = 0,
in which case

wi (g =0) = 4Jay SV/2[1 — (J2/Jav)[1 + S 26i]
w_(g=0)=4JsySV2[1 + (J./Jav)] S~ 15in, (82)

where w_ (g = 0) is the in-plane-gap due to the quantum
zero-point energy that we are looking for. Note that w
V'S, as was originally found° in a similar situation where
the gap is due to quantum zero-point effects. Thus we see
that the noninteracting result, plotted in Fig. 4, which
gives one gapless mode, needs to be modified as we have
just done.

We now give a numerical evaluation of the gaps w+ (g =
0). For that purpose we approximate the result of Eq.
(82) as

w4(g =0) =45v/2Jav(Ja

w_ (g =0) =8Ja:SVin/S = 88J+/(25)C>

zO.SIJ“—J_J_', (83)
where we have used Eqs. (75) and (77) and set S = 7.
To evaluate w, (¢ = 0) we use the experimental value®*!
Jav = 130 meV and take J,y — J, = (JL — J;) — (JL —
J|)2 = 30 peV from Fig. 3, in which case

w4(g=0)=25(59 meV) . (84)

Measurements!! show that zero-point fluctuations reduce
2S to about 0.8. Using this value, we get wy (g = 0) = 4.7
meV, which compares favorably with the experimental®
value of 5 meV. From the data shown in Fig. 3 we see that
the in-plane gap, w_(g = 0), should be about 25 peV.
It would be interesting to observe this via an infrared
absorption experiment. Because the theoretical estimate
of the frequency range is uncertain, it might be useful to
locate the mode at high magnetic field and follow it back
to zero applied field.

VI. THE LOWEST SYMMETRY MODEL

In Sec. IV we showed that for the model of Eq. (4)
in tetragonal symmetry the anisotropy vanishes in the

(81)

absence of Coulomb exchange. This was due to the fact
that we have only hopping between orbitals of the same
symmetry. However, the theorem breaks down when we
have nonzero hopping between orbitals of different sym-
metry. Thus in this section we consider a system with
lower symmetry to show that we can have anisotropy
without Coulomb exchange.

Here we again consider the effective spin Hamiltonian
for two copper ions, but now we do not assume any par-
ticular symmetry. Thus the orbitals localized on the
two Cu ions which diagonalize #, are no longer the
same and will be some arbitrary linear combinations of
z? —y?,32% — r2, 2y, yz, 2z, respectively. We write these
orbitals as

dl, = RL(5)df, (85)
B

where R, (i) is the matrix element of the orthogonal
matrix which gives the new states in terms of the undis-
torted d orbitals for the ith copper ion.

Within these orbitals the hopping matrix elements now
are

Eia,jﬁ = ZRaﬁ(i)Rﬂm D)ty

Yn

(86)

where ¢, ,, is the usual overlap integral between the undis-
torted d orbitals, listed above. Similarly, the matrix ele-
ments of angular momentum in this new basis are

f‘ia,iﬂ = Z Ram(i)Rﬁm(i)L%n .

Y

(87)

A. Numerical study

We now present our numerical results for the effec-
tive spin Hamiltonian when we use these new hopping
and angular momentum matrices for two arbitrarily cho-
sen matrices R(z) and R(j). In Fig. 6 we show the
anisotropy (energy differences between triplet states) for
two different situations: (1) the on-site Coulomb repul-
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FIG. 6. Anisotropies (energy differences between triplet
states) as a function of ¢t and A for nonconstant (left) and
constant (right) on-site Coulomb interaction. If the energies
of the triplet states are A\; < Az < As, the data points are
A1-Az (circles) and A;-As (diamonds). The solid and dashed
lines are power-law fits, as indicated.

sive interactions depend on the orbitals (Uag # U) and
(2) orbital-independent (constant) Coulomb interactions,
Usp = U. As in the tetragonal case (but now with no
Coulomb exchange interaction), we have full anisotropy

J
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for both cases. By fitting the numerical results shown in
Fig. 6 we showed that anisotropy is proportional to t2)\2
for nonconstant U and to t®A? for constant U. In the
next section we give an analytic proof that for constant
U the anisotropy vanishes up to order t*.

B. Order #* results for constant U and K = 0

With only (nearest-neighbor) (NN) hopping on the
square lattice, there are no contributions at order ¢°.
The calculations at order #* will generate two types of
contributions:*? one a four-spin interaction, the other
two-spin interactions either between nearest neighbors or
between next-nearest neighbors. The first type is gener-
ated when a hole hops around a closed loop, i.e., from
site 1 to 2, the hole which had been earlier on site 2 hops
to 3 and so on, until the hole from site 4 hops to 1. The
second type of interaction is generated both by closed
loop processes and by various arrangements of four hops
involving two or three sites.

In this paper we are mainly concerned with the evalu-
ation of the NN pair exchange interactions. In particular
we have concentrated mostly on the anisotropy of these
interactions due to spin-orbit interactions. To study the
contributions to this anisotropy from repeated hopping
within a single bond to order %, we use Eq. (C2) of
Appendix C and apply to it two more hopping terms,
T:;;Ho 'T;iHg !, ending at a ground state. After some
algebra we obtain

ARG, 5) = Tr{w S;) (z fz;:,f:;z;ff;a) (G- 80)(E }
ab

2 1 1

1

X =— +
Uo [Eja(UO + E)

Combining Egs. (24) and (88), we end up with Eq.
(D4), in which both (A]_ + ’LB1 . 5) and (Az + ZB2 . E)
are of the form Zg + O(£3). Since at order ¢? we had
D; = 0, Eq. (D5) now yields D, = O(£*), and thus the
energy splitting of the triplet due to D; is of order [cf.
Egs. (D6) and (D7)] D%/A;A; = O(®), irrespective of
the details of Eq. (88). Thus, the NN magnetic exchange
interaction becomes anisotropic only at order %, and this
is correct to all orders in the spin-orbit coupling A and for
all lattice symmetries. This result is indeed confirmed by
our single-bond numerical diagonalization, as we showed
in Fig. 6.

We end this discussion with two comments. First, note
that the separation of (A; + ¢B; - &) into a sum of terms
of orders ¢ and £ was only possible because the sums
over a and b in Eq. (88) all appeared within one matrix
[which appears between (¢ -S;) and (&-S;)]. This would
not have been possible if we had contributions of the kind
> o Tr{(6-S;)T2(F-S;)Ts}, representing interference be-
tween different hopping paths. Such contributions arise
at order %, and generate further anisotropy. (Without

Ei(Uo + Eja) (Uo + Eja)([Uo + Ei)

J+Gen. (88)

[

them, the analysis of Appendix D indicates that the en-
ergy levels would be two singlets and a doublet.) Second,
note that the symmetry contained in Eq. (25) would per-
sist to all orders, had we ignored excited states, allowing
only £g).

VII. DISCUSSION AND CONCLUSIONS
A. Discussion

It is clear that the role of spin-orbit interactions in
causing anisotropy in the exchange interaction is an in-
teresting and subtle one. In particular, there has been
much controversy concerning the way the exchange inter-
action J,, depends on the crystal symmetry and under
what conditions one expects to find a gap in the spin-
wave spectrum. For a long time after Moriya’s seminal
paper it was thought that one could neglect M in Eq. (2)
and that the spin Hamiltonian for a single bond would
be anisotropic if the Dzyaloshinskii vector D were nonva-
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nishing. It was then observed by Kaplan'# and by SEA”
that although M is of order A2 and D is of order ), one
must nevertheless keep both terms when discussing the
anisotropy or the gap in the spin-wave spectrum. Two
other conclusions of these authors were (1) the single-
bond spin Hamiltonian Hg(¢,j) was rotationally invari-
ant and (2) the overall anisotropy of the Cu-O plane re-
sulted from a frustration between bonds with different
values of D. In view of the results of the present paper
we are in a position to state clearly the conditions under
which the first conclusion is valid. In particular, our re-
sults show that rotational invariance (when the Coulomb
exchange K is zero) of the single-bond spin Hamiltonian
to all orders in t is only to be expected when hopping
between excited states is ignored, as the SEA argument
does implicitly. We remark that since the spin-orbit in-
teraction involves coupling to excited orbital states, it
is only non-negligible when the energies of the excited
states involved are finite. This being the case, strictly
speaking, it is not totally consistent to neglect hopping
between such states, especially since the associated hop-
ping matrix elements are comparable to those involving
hopping to or from the orbital ground state. Nonethe-
less, as we have seen, the departures from the SEA ro-
tational invariance theorem (due to hopping between ex-
cited states) are numerically quite small in most cases of
physical interest. In fact, for the case of constant U con-
sidered by SEA, the deviations from rotational invariance
only enter at order t5.

In Moriya’s original work to order ¢2 it was correct to
ignore hopping between excited states because he consid-
ered the case when U was a constant. In this case, as our
results in Sec. VI show, rotational invariance only breaks
down at order t8, because one has to go to that high or-
der for hopping between excited states to come into play.
When U is nonconstant, hopping between excited states
leads to anisotropy in Hs(4,j) at order 2, as our results
in Sec. VI demonstrate. These results thus represent
a generalization of those by Moriya and by most of the
literature which followed him and assumed constant U.

From this discussion one might now conclude that spin-
orbit interactions would lead to anisotropy for the Cu-O
planes as long as one includes hopping between excited
Cu states. However, the theorem of Sec. IV shows that
for the special case when the Cu sites have tetragonal
symmetry, the generic model of Eq. (4) with only t, A,
and U nonzero does not yield nonzero anisotropy. The
same result also applies to the “real” model including
oxygen ions. This theorem explains why most previ-
ous calculations give no anisotropy for tetragonal site
symmetry and it emphasizes the importance of includ-
ing Coulomb exchange terms, K. It is then clear why
the exchange anisotropy is so small, especially (as noted
by BS) when compared to the anisotropy in the g tensor.
We thus find that for each bond the exchange interaction
has biaxial anisotropy (J), J., and J, are all different),
where the anisotropy in J is of order t3, 5 ,A2K, or more
correctly, it is of order t%,_c,A?B or t%,_c,A?C, where
B and C are the Racah parameters which represent de-
viations from the simple constant U Hartree term.

Even though the single-bond exchange has biaxial
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anisotropy, the classical ground state energy, because
it is averaged over bonds along [1,0,0] and [0,1,0], does
not select an orientation of the staggered magnetization
within the easy plane. As we have shown, the anisotropy
within the easy plane results from quantum zero-point
fluctuations. In summary, a complete discussion of the
anisotropy of the Cu-O planes requires an interesting
study of several novel symmetries and the way they are
broken by fluctuations.

B. Conclusions

We may summarize our conclusions as follows.

(1) For tetragonal site symmetry, with only Hartree-
like direct Coulomb terms, the effective spin Hamiltonian
is isotropic at any order in the parameters ¢ and A. Inclu-
sion of Coulomb exchange breaks this degeneracy at order
tZ_cuA’K for our generic model and at order t&, (A2K
for the cuprate system with an oxygen ion between the
copper ions.

(2) Since the easy-plane anisotropy (observed via
the “out-of-plane” spin-wave gap at zero wave vector)
has comparable magnitudes for many orthorhombic and
tetragonal cuprates, it cannot depend significantly on the
orthorhombic distortion. Our result, Eq. (50), yields a
biaxial anisotropy in the exchange interaction of order
t&,_oA2K which can explain the observed® out-of-plane
spin-wave gap.

(3) In the tetragonal case, with the exchange inter-
actions having biaxial anisotropy given by Eq. (50),
the ground state does not depend on the orientation of
the staggered magnetization within the easy plane. (As
shown in Ref. 19, this remains true when dipolar inter-
actions are included.) However, as we show,!® quantum
zero-point fluctuations cause an anisotropy within the
easy plane which leads to ordering of the spins along
the (1,0) axes, as indeed was claimed to be observed in
YBa;Cu306.%% A rough estimate yields a resulting “in-
plane” spin-wave gap of about 25 pueV. An experimental
measurement of this gap would be very desirable.

(4) In real crystals, the three-dimensional ordering of
the spins is determined by a competition between the
anisotropies treated in the present paper and several
other mechanisms, such as interplane hopping and in-
teractions, as discussed recently in Refs. 19, 43, and 44.
These may also affect the estimate of the in-plane gap
given in conclusion (3).

(5) For sufficiently low symmetry and without ex-
change interactions, the rotational invariance of the
single-bond Hamiltonian is broken at order 2 for con-
stant U. For arbitrary U, g and sufficiently low sym-
metry, the single-bond Hamiltonian is not rotationally
invariant even at order t2\2,

(6) We have given results for arbitrary symmetry for
the effective spin Hamiltonian at order t? including, for
the first time, the effects of realistic Coulomb interac-
tions. These expressions are valid for the orthorhombic
phases of La;CuQOy,.

(7) In view of the controversies in the literature con-
cerning the results which include spin-orbit interactions
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we have implemented several checks of our perturbative
results. First of all, we compared the results given in
Egs. (29) and (43) with expressions obtained by treating
both the hopping and the spin-orbit interactions as per-
turbations. In addition, we subjected our analytic results
for the tetragonal symmetry case to numerical verifica-
tion as follows. We diagonalized exactly the Hamiltonian
within the basis of two holes on either a Cu—Cu cluster
or a Cu-O-Cu cluster. Then we compared the splittings
of the ground state manifold (in this case, the lowest four
states) with those predicted on the basis of our analytic
evaluation of the perturbative contributions to the spin
Hamiltonian. This comparison (see Fig. 3) was made
with small enough values of the perturbative parameters
that we can easily check how the results depend on the
parameters.
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APPENDIX A: EXCHANGE AND FOUR
LOWEST ENERGY LEVELS

In this appendix, we explain what we mean by
anisotropy and how we study it by identifying the eigen-
values of H obtained numerically with those of a general
spin Hamiltonian such as that given in Eq. (13).

The most general effective spin Hamiltonian for a sin-
gle bond can be written as

Ju Jiz Ji3
Heg =FEo+S: | J21 J22 J23 | Sa,
J31 J3z2 Ja3

(A1)

where the matrix J is a 3 x 3 real matrix. There exist
two transformations R; and R, which transform J into
diagonal form if we rotate the spins: S; = RS and
S: = R,S,. To obtain R; and R, we first obtain the
orthogonal matrix O which diagonalizes JJ?, where the
subscript “t” indicates transpose:
0330 =J?, (A2)
where J?2 is a diagonal matrix with non-negative entries.
For simplicity we assume that all its entries are actually
positive. Then we define J and J~! to be the correspond-
ing diagonal matrices with positive entries.
Then we set
R; =0, R,=J0J"1¢, (A3)
where 0 = DetJ/|DetJ|. In terms of the transformed
spins the Hamiltonian is
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0
0 |S;, (A4)
J2

Hlg = Ey +0S;

o o8
o &Moo

where all the J,’s are positive. Obviously, a further ro-
tation could be made to change the sign of any two com-
ponents of S} (or S5). So the energy level scheme must
be invariant under such a change of signs. It also has to
be invariant under permutations of the J,. We find the
four energy levels to be

As =Ey—o(Jo + Jy + J.)/4,
A=Ey+o(Jo+Jy+J,—2Ja)/4, a=u=, y, 2.
(A5)

This set of energies has the proper invariance under
change of the signs of any two J,’s. For the case of
arbitrary low symmetry, we did not try to identify the
principal axes, but tabulated anisotropies, defined to be
A1 — Az and A; — A3, where A\; < A2 < A3z are the three
eigenvalues of the set {A}.

For D35 bond symmetry, J must be diagonal, so that

Het = Eo+ Y JaS1,a52,a - (A6)

In this case the eigenvalues are given by Eq. (A5) with
o =1 and the J, have whatever signs they have in Eq.
(A6). The identification of the J’s from the set of eigen-
values of Eq. (A5) is not unique, because either permut-
ing the J’s or changing two of their signs leaves the set
of eigenvalues invariant. Thus, identification of the J’s
with coordinate directions requires consideration of the
eigenfunctions. For this purpose we write them explic-
itly:

s =1 —IN/V2, ¥ =1 +I1)/V2,
Yo = |1t —L)/V2, ¥y =1 +)/V2. (A7)

Then the eigenfunctions are distinguished by their expec-
tation values:

"/)S: (SI,ZSZ,z> = (51,23’2,z> = (Sl,ySZ,y> — ___1/4
Yoi =(S1,:52,2) = (S1,052,0) = (S1,4520) = 1/4, (A8)

and so forth for the other v¢,. Having identified which
wave functions (coming out of the diagonalization of the
190 x 190 matrix) are which, one can easily deduce the
values of the J,. For instance

Je=—=As —As+ Az + Ay . (A9)

APPENDIX B: COULOMB INTERACTION
PARAMETERS IN TERMS OF THE RACAH
COEFFICIENTS

Here we list the Coulomb interaction parameters for
the tetragonal symmetry crystal field states for a d®
configuration in terms of the Racah parameters.2® Here
AUy = —2K,g, where Uy = Uy + AUysq, with
Up = A+ 4B + 3C. In terms of the triplet and sin-
glet energies given in Ref. 25 one has U® = U + K and
Ut=U-K
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| dpr_yr dspr_pz  dpy  dy,  dis
dii_y2| 0 4B+C C 3B+C 3B+C
_ds2,2|4B+C 0 4B+C B+C B+C

K="4,| ¢ 4B+Cc 0o 3B+C3B+C" (B1)
dy. |3B+C B+C 3B+C 0 3B+ C
d.. |3B+C B+C 3B+C 3B+C 0
|
In the numerical calculations we used (see Table I) A = | 1) = iTﬁ | %o)
7.00, B = 0.15, and C = 0.58, so that U = 9.34, all in Ho )
ev. =) mjyic;!001c;002€joazci001 | %o)
o102
(Eif))osa t 1
APPENDIX C: MATRIX ELEMENTS NEEDED = B T Cibes ChoosCiveaioey | Yo) , (C1)
FOR PERTURBATION THEORY 010203 0 0

where Ho and T;; are defined in Eqgs. (19) and (14b),

Here we record some of the matrix elements needed  respectively, and where we set the ground state energy
to implement perturbation theory. If |to) represents any of #Hy to zero. For results to second and fourth order in
state in the ground state manifold (having one hole per t with no Coulombic perturbations we need to generate

site), then we may write the following matrix element:
J
| ¥2) = Tij | ¥1)
= Z [(Eﬂ))ﬂsax (521)040303ca4c;0u2 - (ii3)0501 ({::{))0402 czTca4c;bos](Ejb + UO)_lcjooz Ci0o, ‘ 1/)0> . (02)
aloizaa.,
We also need
| 9s) = - Az Ty: | o)
3/ = HO CHO Jji (1]
= E (518)0361 [Aﬁsa’azas (]a alaZOb) + K&s’azﬂs (.77 a1a20b)
o5, | (Ejv + Uo)(Eja, + Eja, + Up)
ss'aijazb
_A[jsa’aacrz (.7, a1a2b0) - i(ss’aaaz (.77 alazbO)]c;-al,c;-azs, }Cj002 Ci0o, | 1/)0> . (C3)

Finally, to get the energy at order t2A%H,. we need

| ¥4) = Tij | ¥s)
— Z (Ei(z))asﬁ
o1030304 (Ejb + Uo)(Eja, + Eja, + Uo)
ss'ajazb

X [Aﬁsa’agas (.7, alaZOb) + f{ss'agoa (.71 a1a20b) - Afjss'ascrg (.7; a1a2b0) - Kaa'asaz (]a alaZbO)]

X[(5:)111)043010046;[03'&2,0 - (igaz)048’630.:740;055'11,0]}CJ‘OOzciOcn | %o) - (C4)

In order to make sure this matrix element connects to the ground state, we had to insert the factors 0az,0 and dg, 0.

APPENDIX D: SYMMETRY OF THE MAGNETIC HAMILTONIAN

In this appendix we analyze the eigenvalue spectrum of a system of two spins—% with coupling which is arbitrary

except that, for simplicity, we consider the isotropic interaction to be dominant. In the presence of antisymmetric
exchange interactions one can always put the Hamiltonian into the following canonical form:

H(i,j) = o'S(5) - S(4) + B (S(3) x 8(5)) +'S(i) - M - S(j) , (D1)

where 7 is a unit vector specifying the orientation of the Dzyaloshinskii vector and M is a symmetric matrix. Here
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we will show that the eigenvalue spectrum of this Hamiltonian consists of a singlet and a triplet, if and only if the
matrix M is such that #(Z, j) can be written in the form

#H(i,5) = aS(i) - S(5) + B - (S(2) x S(5)) +7(S(2) - A) (A - S(7)) ,

where the coefficients obey the relation

(D2)

y=—a+al|l+(8/a)?|V?, (D3)
for finite a/B. [The reason for phrasing the condition in terms of Eq. (D2) rather than Eq. (D1) is that the former,
unlike the latter, is a unique representation.] In this case, as we shall see, the spins can be rotated (about the same
axis, but through opposite angles) so that in terms of the rotated spins the Hamiltonian looks isotropic. This result
shows that for this relation between the parameters the Hamiltonian is rotationally invariant, even if it is not isotropic.

(By isotropic, we mean B =+ = 0.)

As seen in the text, many of the perturbative results have the form

H(i,j) = %’I‘r{(Al +iB, - §)(S(j) - &) (Az + iBy - §)(S(i) - 5)}.

Defining the vectors D and D,
D = A4;B; - A;B,,
this becomes

.D-D,

I

#H(1,7)

Uo (24142)2

UioAlAzTr{ (1 i -a) (S() - &) (1 +igga -a) (S(i) -a)}

_ 4414, { (1 + _D_g__Di)s(j) -S(i) + ———D - S(j) x S(3)

1

oA Az (SU) D)(SE) - D) — (S(7) - D2)(S() Dz)]}.

This is clearly of the general form (2), with
the Dzyaloshinskii vector 2D/Up and the symmetric
anisotropy matrix 2(D ® D — D, ® D;)/(UpA1A42). The
most general form for M would involve introducing a
third linearly independent vector Dj.

We now show that the eigenvalues of the Hamiltonian
of Eq. (D6) are a singlet and a triplet if and only if D,
vanishes. To see this we study its eigenvalue equation,
which, after some algebra, can be cast into the form

A=z} [(A—z)(A+3z)—4|V,|?]=0, (D7)
where
4 D? — D2
T = —l—];AlAg (1 + m),
(D8)

4 1
sz-l]—o(Dz—mz-DXD2> .

It is clear that a triplet occurs if and only if V, = 0,
which, in turn, happens if and only if D, = 0. Q.E.D.
Furthermore, we see that in the presence of nonzero D5,
the triplet is split into a doublet and a singlet. To remove
all degeneracy it is necessary to introduce a third vector
Ds.

We make some further remarks about the case when

(D4)
D; = A;B; + A;B,, (D5)
.D+ D,
AiA;
(Dé)

D, = 0. One can easily verify that the conditions of
Eq. (D3) and (D2) are equivalent to requiring that D,
in Eq. (D6) vanish. We further show now that when
D, = 0, the Hamiltonian is rotationally invariant. For
this purpose note that

. D o 1 ied.e 3 D
F= —eedd g D
Lt iodid, 77 cost® D]
(D9)
_ |D]|
tanG—zAlAz.

The Hamiltonian (D6) with D, = 0 then becomes

’H(Z,J) = UiO/hAz (1 + w——(zA?zz)z)
xTr{(F - 8'(7))(5 - S'(4))}

= UiOA1A2(1 + @—Al:m)s'(i) -8'(j), (D10)

in terms of rotated variables [equivalent to those of SEA
(Ref. 7)]:

& - S(]) — eiga-&'&' . Sl(j)e—i%&i’
(D11)

-S(i) = e713995 . §/(1)ei3d7,

QL
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When D, is finite, the triplet splits into a singlet and
a doublet. One may ask whether it is possible to per-
form rotations of the spins such that the antisymmetric
Dzyaloshinskii term will be eliminated and the Hamilto-
nian will contain only the symmetric anisotropy. This is
in general not the case. Returning to the Hamiltonian
(D4), we put

(D12)
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where the unit vector & and the angle o are yet to be
determined. The Hamiltonian then takes the form (D4),
with the replacements S(z) — S'(z), S(j) — S’(j), and
A; = AL, B; — B, (i =1,2) with

Al = A, cosa Fsina(B,; - a),
2 2 2
(D13)
B, = B, + A,asina — 2sin® = (a- B;)a.
2 2 2 2 2

The condition that the Dzyaloshinskii term vanish is
therefore [cf. Egs. (D5) and (D6)]

[A1 cosa —sina(B; - 8)][B; — a(a - By)] — [A2cosa + sina(B; - 4)][B; — a(a - By)]

= ﬁ[sin2a(A1A2 + (é . Bl)(é. . Bz)) + cos 2a((A2B1 - A1B2) . ﬁ)] (D14)

Since the vector on the left-hand side is orthogonal to a, Eq. (D14) yields

(A1B; — 4;B4) -a
tan2a = = = ’
A1A2 =+ (a . Bl)(a . Bz)

[A1cosa — (a-Bp)sina](B; —a(a-B;)) = [A2cosa + (a-By)sina](B; — a(a- By)) . (D15)
It can be shown that these two equations can be satisfied only when the vectors B; and B, are parallel. Hence
the antisymmetric anisotropy can be eliminated from the Hamiltonian only for specific configurations. Moreover,

the criterion for complete rotational invariance of H(%,j) is that D; = A;B; + A3;B; = 0, or equivalently, that
B;/A> = —B;/A;, which is equivalent to the condition that

Ay
A,
Returning to Eq. (24) we note that (£i)" = &5, and therefore that #(?) (i, ) is indeed rotationally invariant. This

represents an alternative proof for the SEA result,” which holds to order t2, to all orders in the spin-orbit coupling A
and for all site symmetries providing Uag = U and K=0.

(A; +iB; - 3)t = 22 (4, 4+ iB; - 3). (D16)

APPENDIX E: PERTURBATION THEORY INCLUDING OXYGEN ORBITALS

Here we show that the perturbation theory results for the Cu—O—Cu bond, through the intermediate state in
which the two holes are on the copper ion (channel a), are obtained from those of the Cu—Cu bond, with the
replacement (36).

We start from the state |¢1) in Eq. (37). As explained in the text, the index ¢ that labels oxygen ions on the bonds
along z and along y may be omitted for simplicity. Applying again the hopping Hamiltonian yields

1 1
|%h2a) = Z Ho (T’T’H—()Ti + TT,H T) Ci00C Ioalcyomcloawo)

ooy

- Z (Tho)ozo (Fon)osos Aot
€n U()-}-Eja jaos 300y

n oo
0203

(E‘Z;O)Uzd’l (t_Zn.)
Up + E;q

a2 C'joaczacra:l cj00'1 Cioo | 1/}0> ’

+ (E1)

where we have written the energy denominators explicitly. We now concentrate on the terms that will eventually
contribute to the spin Hamiltonian. To order t*, these are obtained by applying two more factors of the hopping that
bring the holes back to the ground state. The result is

1 1
(TTH T +TT )I¢2a> - Z Z Z €n€ n’U (t 0)0’20(t0n)0302(t ’0)0401 (tOn )05‘74 ;Ocr:; 1-005

nn' 00102 030405

+( n0)0'201 (tOn)Usaz (t—z;l’o)040(t—{]n’)05040;00501]:003]cj0010i00 l "/"0) ’ (EZ)

from which it is clear that using Eq. (36) one arrives at Eq. (24).
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APPENDIX F: DTIAGONALIZATION OF THE SPIN-ORBIT INTERACTION

In this appendix we show that the transformation of Eq. (44) does indeed make the spin-orbit interaction diagonal
in pseudospin space. We wish to show that

(B, v|L - &la, ) (F1)

vanishes unless ¢ = v, in which case it is independent of u. First of all, note that L has zero diagonal matrix elements,

e., the above matrix element vanishes when o = 3. There are now three cases to consider: (i) « =0 and 8 =1 or
a=1and 8=0; (ii) a =0,1 and 8 = z,y, 2; and (iii) a # B but both are z, y, or 2. In case (i) the matrix element
of L is again zero, so this case is as desired. In case (ii) with @ = 0 (o = 1 is similar) we express the above matrix
element as

D (Ws(0)|La |%0(x)) (98)w,p (b6 (0) |01 bu(0)) = (b5(r)| Lpltbo(x))S,,s - (F2)

P

In the last step we used the fact that the orbital matrix element is only nonzero when v = 3. So case (ii) is as desired.
In case (iii) we write the matrix element as

D Ws(0)| Ly |$a () (0a) 2 (08)up(bo (@) o[- (0))= Y (¥a(X)| Ly %a(r))(0a) ru(08)vp(0)p,r

YT YPT

= (¥p(r)|Ly|¥a(r))iegyadu,y » (F3)

where €53, is the totally antisymmetric tensor. In the last equality we used the fact that «, 8, and v are Cartesian
indices which are all different. Thus all the types of matrix elements are diagonal and independent of pseudospin, as
asserted.

APPENDIX G: RESULTS FOR TETRAGONAL SYMMETRY

The only nonzero matrix elements of the angular momentum within the manifold of normalized tetragonal d states,
[0) =dyz_y2, | 1) = dsz2_y2, | 2) = day, | ) = dy., and | y) = d,, are

(2 — y*|Lolyz) = (22|La|zy) = —(zy|Lalez) = —(yz|La|z® — y*) = (zy|Ly|yz)

= (2 — |L,Jo3) = —(welLyloy) = —(zalLyla? — ) = (yz|Lulez) = —(eo|Lafoy) =i, (G1)
(32% — 12| Ly|yz) = —(yz|La|322 — r2) = — (322 — r2|Ly|2z) = (22|L,|32% — r?) = V3, (G2)
(zy|L.|z? — y?) = —(2® — y?|L.|zy) = 2i . (G3)

From Appendix F and the pseudospin transformation (44) it follows that
[w(a,B)loor = @(a, B)(0a08)0,0" (G4)

where w was defined in Eq. (6), and @(a, ) is a scalar. Turning now to the diagonalization of the single-particle,
single-site Hamiltonian H, + Hso of the Cu—Cu bond, one finds that this can be accomplished by putting

Myg = OqMaa (G5)

where 7, are scalars which are determined by Eq. (11), which now becomes

Z €aMigMab + A Zw(a B)Maemas = 6abEa, Z Maa My, = 8ag- (G6)

o af
The solution of this equation, to second order in A, reads

w(a,v)w(%a) _ @(a,a) | 2 @ (o, 7)@(7, @)
_5M<1— 5 Z ey ) + (1 a,m)(,\6 +A2)° (Ea_%)(ev_%)). (G7)

— €
a e ~
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The hopping matrix elements are diagonal in the tetragonal symmetry, except for the states | 0) and | 1), and are
independent of the site indices ¢ and j. It follows that f;’b are scalars independent of the site indices as well, and that
the hopping is not accompanied by a pseudospin flip. This implies that x,o [Eq. (28a)] is diagonal in that space, and
that Xqq is independent of ¢ and j. Thus the vector D;;, Eq. (29b), vanishes and the matrix M(z, 5), Eq. (29c), is
given solely by the K, terms, and is independent of ¢ and j.

From these arguments and using Eqgs. (28), one obtains that the symmetric matrix M(z, j) (which is diagonal in
tetragonal symmetry) is given by

M(i,j) = 2 ) Koo (Tr{m},,maod} ® Tr{w’,, &}
aa'

—3Tx{x,, 7} ® Tr{(x?, )16} — 1 Tx{(xl}, )15} @ Tr{x?L, 5})

1 1 i ~ij
=2 HE S Koo (Tr{m],;mu05} ® Tr{m} mg;}
§(U0+Ea)(Uo+Eb)° ”OZ;, - >0 o
—3Tr{m{ ma05} ® Tr{mf,gmapd} — §Tr{mf,masd} ® Tr{m} mar05}). (G8)

Performing the sums over o and o/, this yields

1 1 i
Sy tJl E‘J
M:m:(za]) 8 Eab (UO +Ea) (UO +Eb) 0a”b0

[Kom(m;OmSa - msom;a)(moomzb - szmOb)

+ K1 (Mzomia — MioMya) (M10Mab — MaomMis)

+Kyz (mioﬁl;}a - m;om:a)(myﬂmzb - szmyb)] ’ (GQ)
with analogous expressions for the yy and zz entries of M. The next step is to write M, in terms of the spin-orbit
matrix elements, Eq. (G7). In doing this we keep in mind that both states a and b cannot be the ground state 0, as

they refer to intermediate states of the perturbation theory. Therefore, it is sufficient to retain for the coefficient of
Ko, the terms

" " W o(x,b
_610,621; - AézaW(i, b) + Aazbw((i m) - /\2 wfil, z)u’(w’_ ) . (G].O)
€p — €z €z — €q (f:c 5b)(€:n ea)
Similarly, the coefficient of K, is
w(z,0)w(0,
—Az%(——cclé'm&lb A (Gll)

The leading order of the coefficient of K, is of order /\zdyb(Sza, etc. But then 50,t~y0 will be proportional to A2 too.
Therefore, to order A%, the terms arising from K,, do not contribute. Collecting terms we find the contribution to
the anisotropic exchange as

toztao — 0atzo
€a — €g z — €a

/. - 1 - 1 o(z,a); - o(a,z) - -
Jon¥(i,j) = —8Kox | =————toxtzo + A E t —t
=z (6:7) 1 TUs+e)2° ot Uo + €z 4 (

1 1 o(a,z)o(z,b) ; ;
)\2 t at
+ % Uo + €q UO + € (61 - €b)(efc - Ga) 0a™e0

- - @(z,0)@(0,x)

1
—8K 1A% toit , G12
1z To +1)? oito1 2 ( )
where we have retained terms up to order A%. Finally we write, using Egs. (14c) and (G8)
3 2(0 o(1,
tog = /\M(too — tz:z) — )‘tmu , (G13)
€ €1 — €

and put a and b in the sums of (G12) equal to 1, with fo; = #o;. (These are the only possible contributions up to
order A2?). It then follows that

1
(Uo + €2)?

@( w(1,z)

2
K
Uo+ e + R

0,z
! )(tOO - tzz) - t01
€z

) = X [KOI Uo+e

! th(:’O) r:l . (G19)

This result reproduces that of Ref. 18. This result differs slightly from that given in Ref. 18 and Eq. (50) in the
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text, in that the denominators include just the constant part Uy of the Coulomb interactions. The corresponding
expression in Ref. 18 [and Eq. (50)] includes instead Uy, Uo.1, and Uy, and thus represents an expansion, described
in Appendix H, in K but not in AU.

APPENDIX H: PERTURBATION THEORY FOR THE TETRAGONAL CASE

In this Appendix we give an alternative derivation of Eq. (50) based on conventional perturbation theory in which
we treat hopping, Hnop, spin-orbit, #s,, and the Coulomb exchange interactions, H.yx, as perturbations. For the
“generic” model, anisotropic exchange appears at order Hﬁop’H;"o’Hex. To perform this calculation we therefore need
to work to fifth-order perturbation theory and will arbitrarily omit contributions to the isotropic exchange. Of course,
Hex can only exist when there are two holes on the same ion, so the five perturbations must be arranged so that
Hhop and Hex occur in the order HpopHexHnuop- In principle, there are ten ways to insert the two factors of Hs,. But
some study shows that only if the two powers of H,, are separated by He, does the result lead to anisotropy. So the
relevant fifth-order terms in the effective Hamiltonian are

1

.. 1 1 1 1 1
7‘[(2, .7) = I:Hso E’}{hop + Hhop E%so] EHexE [Hso‘g‘ﬂhop + %hopz

uso] , (H1)

where £ is the appropriate energy denominator. If we write the spin-orbit perturbation as

Heo = ,\Z( > La(h)sa(h)) = Vo, (H2)

a holes,h

then it is easy to see that there are no cross terms, i.e., terms involving V,Vg with a # 8. In addition, hopping from
site 7 to site j and back will give the same result as the reverse process. So if hopping from site j to site ¢ is denoted
T:j, then we may write

.. 1 1 1 1 1 1
7‘[(2,]) - zza: [VaET]z + T]i'g‘va] E’Hexg [VaETu + nggva]

1 1
— t = —

_2;Qa5%exgqa, (H3)

where the operator Q, that we need to evaluate is simply
1 1
Q. = VQETiJ‘ + Tj; EVQ . (H4)

There are two channels to be considered for the intermediate state in which #.. operates. Channel “0” is one in
which site j has orbitals |0) and |a) occupied, whereas channel “1” is one in which site j has orbitals |1) and |a)
occupied. Then we may define

1 1

[Q(a"/)]am;a’ o = <0‘di,7,adi,a,n [VQETiJ’ + T'ij EVQ:I d!,oynld}’07allo> ) (HS)

where v = 0 or 1. Then

T
HG6,0) =233 [Q)] HUw QY (a + € + V) 7, (6)
a v
where

Hzx,a = *%’CG‘Y [II +4- é’] . (H7)

Here 7 is the identity operator and o - o denotes the sum over direct products, Y 0404. Also, each matrix [Q(V)

or ’Hé}é’] is a matrix in the direct product of the two spin variables. Any operator in this space can be written as a
linear combination of direct product operators. We define 4B via

[AB]a,n;d’m’ = Ao,o' By - (H8)

Explicit calculation of the processes shown in Fig. 7 shows that
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[Q(O)] — too M| La|0) (60,00 [Talnn _ 8yt 0Taln,o! + 0,0 [0alnm
* Jomot ' 2 €o Uoo Uoo
M| Lo |0)taa AMa|Lg|1)tor
e loalner — e G b ool (H9)

To write this in operator form, note that %[II + & - Glo,mor,p is unity if o = 1’ and n = o’ and is zero otherwise.
Thus

[Q©)] = C1 [Zoal + 1C2 [Zoa] (IZ+5 - 4]

= (C1 + C) [Toa) — C2[Toa][0] , (H10)
where (0] = [IZ — ¢ - &]/2 and
A too(&]La‘()) t()()(a]La|0>
- H11
G 2 { €a + Ugo ’ ( )
A too(a|Lal0)  taalc|La|0)  tor{a|La|l) :
Cy = —— + + . Hi12
2 2 { Uoo €a (e1 + Uio) ( )
Also
Ato1{a|Lq|0) [ 1 1 )
(1) _Molellel0) (1 1 N H13
5] - : g ) S el (H13)
so that

[le)] _ /\to1(012|La|0) (é + m}ﬁ) [Zoo] = Cs[Toa) - (H14)

Thus we have the result

H(s,j) = — E{ (——59"——— [CITT + C3IT — C30][Z0o] [ZIT + & - 5] [Toa]

€q + UOa)2
x [C1IT + C.IT — C0] + —l{-l—al—gL [Zoa] [ZT + & - 5] [Iaa]} . (H15)
(€a + €1 + U1a)?
To simplify the above result we use the identity for Pauli matrices,
[Zoa|[ZIT + & - 3] [Toa] = [IT + 20004 — G - &) . (H16)

From the form of Eq. (H15) we see that all the anisotropic contributions come from the term 0,0, in Eq. (H16).
Keeping only such terms we have

LN 2Koq * * * 21'{1<;vzlc'3|2 [0a0a]
H(i,5) = ;{ ot o) [CITT + C3IT — C30)[0004] [CLIT + C2IT — C,0) + Ctailt [ (H17)

The terms involving the operator O give only isotropic terms. This can be seen by using the equality

2[0a0a] (0] = [0a0a] [ZT — & - &) = [¢ - ¢ — 1T], (H18)
which is isotropic. Thus the anisotropic exchange terms are correctly given by #H(i,7) = (1/4) 3_, J;‘Eisa“a,, =
> u Jan®Su(9)Su(d), with
Janis — _2/\2 | Lg,u |2 tg,lKl,# i 1 2
s (u+e1+Uru)? L e+ Uon
tuu — too)LE toaL¥ |2

KO,u 5 ‘( 22123 0,0) 0,u + 0,11 1 , (ng)

(€u + Uo,u) €u €1+ Uo,

where L ; denotes the orbital angular momentum matrix element, (a|L*|G).
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APPENDIX I: EXPRESSIONS FOR J:;:i’

In this appendix we give expressions for J;“is [see Eq. (50)] assuming the relations for the hopping matrix elements

M

implied by Eq. (53) and the relations involving (pdo) and (pdw) listed in Sec. IV D:

t:c:c=0,

tyy =t,, = t00/3a

t01 = '—tOO/\/§ . (Il)

Also, we use the identifications of the Racah coefficients given in Appendix B. Thereby we obtain

B+C

Janis — -—2/\2t2
o oo [3(em+el +A+2B+C)?

B+C

(ez+ A—2B + C)2

3B+ C 1 1 2
}[E:+61+A—4B+C} ’ (12)

2
i 1 1
Janis _ —2A2t2 -
vy 00{3(6z+61+A+2B+C)2 [ez+61+A—4B+C]

3B+C 2 1 2
t et A_2B 1Oy [‘E+61+A—4B+0] } (1)
I, = —8A%t2 4B +C l+ 1 2+ © 2 i (14)
= 013, +e1+A—-4B+C)?2 |e, e +A—4B+C (ez+ A+ 4B + C)2 | 3e, ’

where we set ¢, = €, for tetragonal symmetry.

We now compare our results with those of Eq. (14) of BS. In that equation the only hopping matrix element that
was included was that between the ground state orbitals of the Cu ions. If we keep only such terms in Eq. (50), we

obtain

3B+C

A%tg,

anis __ gyanis __ 2,2
Jemie — Jenis — 223,
€2 (e

Jaris = —8A%t

YA-2B+C)2

214
2 c _ A tOsz

- 1 . 1 (15)
e e |e+A—-5B e+A+B+2C]°

0 2, + A+ 4B+ C)Z

where we used Eq. (53) to set too = t3 ,_/€p, and wrote
our expression in terms of singlet and triplet energy de-
nominators to facilitate comparison with BS. We note
the following differences between their results and ours.

T —_— — — — —_ =
— — N —_— —_
£ - —Z e £ ——
1 2 3 4
‘L\— ~ ~.
—— - —'@— :o—
5 6 7

FIG. 7. Processes (1-5) which contribute to QY [in the
order written in Eq. (H9)] and those (6-7) which contribute
to Qf,l) [in the order written in (H13)]. Here the left site is
the site 7 and the right site is site . The dashed line depicts
the first matrix element and the full line the second. The
orbitals are the ground state lowest, the state |1) next, and
the state |a) highest. In term 3 the second process promotes
the left-hand hole to an excited state, whereas in term 2 the
left-hand hole remains in the ground state.

2 .2
€5, €z

1 1
- s 16
[ez+A+4B 6,+A+4B+2C] (I6)

[

(1) Our results are smaller by an overall factor of 2. (2)
Instead of our evaluation in which too = t2;/A (to use
their notation), they use too = t2;/(A + Eay). (3) The
last energy denominator in their Jy, is wrong: their 4B
should be replaced by B. With respect to the first differ-
ence we would note that, as described in the text, we did
compare results from the full diagonalization with those
using the spin Hamiltonian. Thus an error by a factor of
2 in our calculations is extremely unlikely. Difference 2
comes about because BS do not sum over all processes.
In particular, consider process 1 of Fig. 7. When the
hop actually consists of two hops, one from a Cu to an O
and another from an O to a Cu, this process corresponds
to two orderings of the three perturbations, one in which
the spin-orbit interactions comes first and one in which it
comes second. (The case when it comes third should be
identified with processes 2 or 3 of Fig. 7.) Summing over
these two orderings converts the denominator (A + E,)
of BS into ours. The correct energy denominator can also
be obtained from Eqgs. (E1) and (E2).

In principle, we ought also to compare with Eq. (20)
of BS, where contributions involving 1, (r) are claimed to
be included. Here their results are so different from ours
that we cannot identify their terms with ours. In par-
ticular, we note the following. (1) Although they claim
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to include the effects of 14 (r), their expressions do not
include any energy denominators which depend on the as-
sociated crystal field energy €;. Obviously, when €; = 0,
the ground manifold would be described by a totally dif-
ferent spin Hamiltonian to remove the spin and orbital
degeneracy. (2) In our Eq. (50) (Ref. 18), to1 enters in
several places and thus gives rise to many more terms
than appear in BS. (3). When ¢o; # 0, as we have noted,
each bond has biaxial anisotropy in contrast to the ax-
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ial anisotropy they implicitly assume. (4) We include
hopping between excited crystal field states. These give
contributions which are of the same order of magnitude
as those involving hopping into the ground state. (5)
We have not included covalency corrections. It may in-
deed be a good idea to include such corrections, but at
present the parameters are themselves so uncertain that
we regard this correction as a refinement.
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