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Phonon-mediated asymmetric Fano profiles in a semiconductor quantum well
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We predict, on the basis of a model calculation, that an asymmetric Fano-type line shape in the inter-
subband absorption spectrum will be produced by the electron —LO-phonon interaction in a suitably
designed quantum well. The asymmetry parameter q, the broadening I, and the frequency shift Leo~ in
the Fano profile are varied with the change of the quantum-well structure parameters, and q is also al-
tered by the variation of the doping density in the well.

I. INTRODUCTION

Quantum interference effects in the absorption of
atoms and molecules have been investigated since they
were originally studied by Fano. ' Examples of Fano
profiles may be found in all areas of atomic, molecular,
and solid-state physics. Recent examples include interfer-
ence between multiple absorption pathways in two-
photon absorption and in molecular dissociation. The
effect of Fano interference on the absorption and emis-
sion profiles has attracted considerable interest with re-
gard to "lasting without inversion. " More recently,
Fano interference in type-II semiconductor quantum-well
structures, in quasi-one-dimensional electron
waveguides, and in absorption in a coupled-quantum-
well semiconductor have been investigated. These Fano
effects result from the coupling between an electronic
discrete state and an energetically degenerate electronic
continuum.

Fano interference occurs when transitions, whatever
the excitation mechanism is, ' couple a discrete state and
continuum to a common ground state and when the
discrete state is quantum-mechanically coupled to the
continuum with matrix element V. Interference of LO
phonons with an electronic continuum in Raman scatter-
ing was investigated in heavily doped p-type and n-type
Si during the 1970s. We have recently studied the asym-
metric Fano resonance in Raman scattering resulting
from the electron —LO-phonon coupling in a semiconduc-
tor quantum well. '

In this paper, we analyze the asymmetric Fano profile
of absorption caused by the electron —LO-phonon cou-
pling in a semiconductor quantum well. We present the
theoretical calculations for the asym. metry parameter q,
broadening I', and frequency shift Am~ of Fano-type
asymmetric line shapes for appropriately designed
quantum-well structures.
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um and the other to a bound state which interferes with
the continuum. Such an interference is known to lead to
an asymmetric line shape. '

In the system shown in Fig. 1, there exists a ground
state ~g ), an excited electronic state ~e ) with excitation
energy E„and a one-phonon excited state p ) with ener-

gy E =%co . The transition matrix elements connecting
the latter two states to the ground state are T, and T .
The electron-phonon interaction matrix element is
V=&e~H„~P).

Consider ~e ) to be one level in the continuum. We as-
sume for simplicity, as in Ref. 11, that the transition ma-
trix element T, and the interaction matrix element V are
both constant for each level

~

e ) in the continuum. When
an optical beam irradiates the system, with a formalism
similar to that of Ref. 11 which describes the Pano profile
of Raman scattering in heavily doped Si, we can deduce
that the absorption intensity is proportional to

II. THEORY

Fano resonances occur in a system containing two
different transition channels, one belonging to a continu-

FIT&. l. System with an electronic excited state ~e) and a
one-phonon excited state ~P ) coupled by a matrix element V.
The transition matrix elements connecting ~e) and ~P ) to the
ground state ~g ) are T, and T, respectively.
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where

~q+a~'
1+@

is the Fano profile with

E E ——V R(E)
E'=

mV D(E)
(3)

terference, the quantum-well structure is so designed that
the energy of the discrete one-phonon excited state falls
within the extended continuum of electronic states. This
means %co~ ~Eh. When an optical beam irradiates the
quantum well, an electron in the ground state can absorb
a photon and be excited to the extended state which has
the same energy as the photon. The corresponding tran-
sition matrix element is

VT /T, +V R(E)
nVD(. E)

(4)

Here q is the asymmetry parameter of the Pano line
shape, D (E) is the density of continuum states, and R (E)
is its Hilbert transform, i.e.,

R (E)=PfD(E')(E E') '—dE',

where P stands for the principal value.
In the problem we discuss, which is somewhat different

from Ref. 11, T, is not the electronic Raman matrix ele-
ment but the direct transition matrix element of the elec-
tron, and T is not the phonon Raman matrix element
but the resonant absorption matrix element of the pho-
non. Such an adaptation is based on the fact that the
Fano theory is independent of the transition mecha-
nisms. '

The broadening I and the frequency shift Ace are re-
lated to the reduced-energy expression (3) as follows:

AI =nVD(E).

where $0 and P, are, respectively, the electronic wave
functions of the ground and extended states in the con-
duction band, N is the phonon number in the system, and
H, &(A'co&) is the electron-photon interaction Hamiltonian
with %co& being the energy of the absorbed photon.

At the same time, if the energy of the incident photon
is equal to the energy of the LO phonon in the well ma-
terial (e.g., GaAs), i.e., Ace& =A'co~, a resonant absorption
phenomenon occurs. In the resonant process, an electron
absorbs the photon and makes a transition to an excited
state and immediately emits an optical phonon with the
same frequency of the photon, and then returns to the
ground state. According to perturbation theory, ' for the
second-order transition we can obtain the resonant tran-
sition matrix element as

&++ 1,y, ~a„ly„w) &X,y, ~a„(~,)ly„X)

and

Rb, co = V R(E) .

As shown in Fig. 2, we consider the case that only one
bound state exists in the quantum well with a barrier
height Vb. Let the energy (Eo) of the bound (ground)
state be zero (ED=0), the energy of the bottom of the
well be E, (E, )0), and h—ence the energy for the bar-
rier height be E& =

V&
—E&. In order to obtain Fano in-

where H, is the electron —LO-phonon interaction Hamil-
tonian, and N and N + 1 are, respectively, the numbers of
phonons in the quantum well before and after absorption.

III. CALCULATION OF I, q, AND ha)

In the quantum well, the Fermi energy EF depends on
the doping density n, the temperature T, and the quan-
tum well width a through the relation'

Eg

m k~T
n = In[1+exp(Eb /kz T)],aM

(10)

Vh

Ko=o

where m is the electron effective mass in the well, and
k~ is the Boltzmann constant. In Eq. (10) we have as-
sumed approximately that the electrons are all populated
in the ground state with energy Eo( =0). The density of
the electronic continuum in extended states is given by
the expression'

-E

FIG. 2. Energy-level structure of a quantum well with bar-
rier height V&. Eo =0 denotes the bound (ground) state, —E& is
the energy at the bottom of the well Eg= Vg E& and E~
denotes the one-phonon excited energy.

a* +2m
D(E, )=

2~ 2r+E, —E,
'

where a ' is the effective well width.
The electron —LQ-phonon Hamiltonian for the polar-

ization potential (Frohlich term) is'~
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f dq„= —mf fdx, dxz[F'*(x, )F(x, )
Q +q

Xg —exp(iq. r) [a ( —q)+a (q) ],1

q
(12)

XF'(xz )F*(xz )

X lx, —x, l] . (22)

where Vz is the volume of the sample, a(q) is the annihi-
lation operator for a photon with wave vector
q(q, q~, q, ), and e(00) and e'(0) are, respectively, the
high-frequency and static relative permittivities. The ini-
tial and final electronic states for the phonon emission
process can be written, respectively, as

8 exp(kix), x (—a/2
F(x)= Ccos(kx), —a/2(x (a/2

8 exp( —k,x), x )a/2
(23)

The envelope wave functions for the bound and extended
states F(x) and F'(x) can be expressed as'

and

P, ( k', r ) = —exp( ik,' p )F'(x )
1

S

$0(k, r)= exp(ik, p)F(x),1

S

(13)
and

(14)

8'cos(kzx —g), x (—a/2
F'(x) = C'sin(k'x ), —a /2 (x (a /2

8'cos(kzx +g), x )a /2,
(24)

where F'(x) and F(x) are the electronic envelope wave
functions, x is along the growth direction of the quantum
well, S is the quantum-well area, and p = (y, z) and
k', =(k~, k, ) are the in-plane components of the electron
position vector and electron wave vector. We can derive
the modulus square of the electron —LO-phonon interac-
tion matrix element for phonon emission as follows:

+2m E,k= (25)

where 8 (8') and C (C') are the normalization
coefficients, and the phase g makes the wave function of
the extended state to match at the interface. The wave
vectors k, k', k „and k2 are

vz=
l (x+ I,y, la„lx, y, & I'

e %co
(& +1)ff f dqdQ,

„ lr(q. ) l'

2(2m ) e Q2+q2

where

(15)

+2m„E,
fi

+2mb Eb
k, =

(26)

(27)

Qz= lk' —k l'

r(q„)=f dx F'(x)F'(x)exp(iq x),
e '=e '( Do ) —e '(0),

(16)

(17)

+ „exp[iq„(x,—xz ) ]
dq = exp && &2 ~

Q'+qx

(20)

and X is the thermal population of optical phonons:

X= [exp(A'cd� /ks T) 1]—
In Eq. (15) we have assumed that photons in the well are
bulklike modes. Calculating the integral for q„ in Eq.
(15), we obtain

+2mb(E Eb )
k2= (28)

where mb is the electron effective mass in the barrier. As
mentioned in the above section, the resonant condition
AcoI =%co for the phonon emission is satisfied by the en-

ergy Ace of the LO phonon of the well material. The
contribution of the Fano interference comes mainly from
the well region, because the energy of the phonons of the
barrier material is off-resonance. Thus Eq. (22) can be
simplified as

lr(q. )l'f. Q, ",, dq

~C C' f dxz[cos(kxz)sin(k'xz)P(xz)]—a/2

exp( —Qlx, —xzl)=1 —Qlxi —xzl . (21)

Substituting Eq. (21) into (20) and its result into (15), and
using (17), we obtain

Since the transition process for the phonon is induced by
the light-excited electron and the wave vector of the ab-
sorbed photon is very small, the corresponding change

Q ( = l
k', —k, l ) of the in-plane wave vector of the phonon

is also very small. Thus we have

with
a/2

P(xz ) = f dx, [cos( kx, )sin(k'x, ) lx, —xz l ]—a/2

sin[(k'+ k)xz ] sin[(k' —k )xz ]
(k'+k ) (k' —k )

xzcos[(k'+k )a/2] xzcos[(k' —k)a/2]
k+k +

k —k

(30)
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Substituting the calculated result of Eq. (29) into (15) and
then integrating for Q in the range of the photon wave
vector (i.e., ~ Q~

~ co&/c ), after some mathematical manip-
ulation, we obtain

e Ace mE,
V = (%+1) C C' ref(k'),

2(2') e cA

where

(31)

sin[(k'+ k)a] sin[(k' —k )a] a a
4(k'+k) 4(k' —k ) 4(k'+k)2 4(k' —k)2

sin(k'a) sin(k'a )

4k'(k'+k) 4k'(k' k)2—

+ sin(ka) sin(ka) a cos[(k'+k)a/2] sin[(k'+k)a/2] a cos[(k' —k)a/2]
4k(k'+k) 4k(k' —k) 2(k'+k) (k'+k)2 2(k' —k)

sin[(k' —k)a/2]
(k' —k)

(32)

with

cos[(k'+ k)a /2] cos[(k' —k)a /2]
k'+k k' —k

(33)

1(E)

The largest contribution from the density of states to
the Pano profile parameters (q, 1, and b,co ) is made at
the phonon frequency. Hence we obtain the broadening

z

M

z

z

250 350 400 450
E(cnx )

FIG. 3. In-plane component k, of electron wave vector and
the corresponding energy-level structure. EF denotes the Fermi
energy and E,„corresponds to the higher limit in the electron-
ic continuum associated with the direct transition. The other
notations are the same as in Fig. 2.

FIG. 4. Asymmetric Fano profiles in absorption spectra cor-
responding to quantum-well structures with (a) well width

0
a =30 A, barrier height Vb =71.06 meV, and doping density
n =1.71 X 10' cm; (b) a =40 A, Vb =71.06 meV, and
n =1.29X 10' crn; (c) a =50 A, Vb =71.06 meV, and
n = 1.03 X 10' cm; (d) a =60 A, V& =71.06 meV, and
n =0.86X 10' cm; (e) a =30 A, Vb =107.66 meV, and
n =1.71X10"cm
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TABLE I. The quantum-well parameters and Fano-profile characteristic quantities.

Corresponding
Fano profile

Aluminum composition

Well width
a (A)

Barrier height
Vb (meV)

Ground-state energy
E j (meV)

Doping density
n (10' cm )

Asymmetry parameter
qr

Frequency shift
hcu~ (cm ')
Broadening
I (cm ')

Fig.
4(a)

30

55.6

1.71

1.78

0.144

0.161

Fig.
4(b)

40

48.8

1.29

1.49

0.300

0.400

0.1

71.06

Fig.
4(c)

50

42.4

1.03

1.13

0.511

0.905

Fig.
4(d)

60

36.0

0.86

0.58

0.719

2.458

Fig.
4(e)

0.15

30

107.66

77.0

1.71

0.70

0.106

0.302

+2m e A'co ~E~sr= ' (Ã+1)
2$+E Eb 2(27—r) e

X C'C'~f (k, ),

k =+2m E„/A'

(34)

(35)

optical transition and estimating the range' of wave vec-
tors by using the uncertainty principle, we can derive
from Eq. (11) the Hilbert transform of the density of con-
tinuum states as follows:

)fc E
R(E )= +2m P4~ E~ V'E' E,(E E—')—

Figure 3 shows the in-plane component k, of the electron
wave vector and the corresponding energy level struc-
ture. The parabola represents the total electronic energy
E, given by E, =E, +m A' k, /2, where E, is the elec-
tronic energy along the growth direction of the quantum
well, and E, =Eo for the bound (ground) state and E, =E
for the extended excited state. EF denotes the Fermi level
and E,„corresponds to the higher limit in the electronic
continuum associated with the direct transition. Consid-
ering the conservation of electronic wave vector in the

I

+2m QE,„E~+QE—
p
E~-

ln
2vrA QE —E QE E QE

with

E „=E)+EF+Eb

(36)

(37)

Substituting Eqs. (8), (9), (11), and (36) into (4), and mak-
ing an algebraic replacement, ' we can get the asym-
metric parameter as follows:

V2 P fD(E')(E E') 'dE'+ir—r g o(E, E) + V R(E—p)
e

rrV D(E~)

2 R (E~) 4 QE, +EF+V E~ Eb—
+i =—ln +i .

vr D(E ) ~ QE, +E QE E— — (38)

Putting Eqs. (31) and (36) into (7), we can obtain the fre-
quency shift caused by the Fano effect as follows:

e Ace mE~
A'bcop= (%+1) C C' mf(k )2(2') e cA

In order to get the correct line shape, the Fano line
shape tEq. (2)] is convoluted with a Lorentzian corre-
sponding to pure resonant absorption by an LO phonon
in the quantum well. The convoluted line shape is also
Fano-like, in the form

+2m QE) +E~+QE Eb—
X ln

2rrfi QE EQE +E— 1 ~q+e'~ y
I +~ ]+ 2 I +~ (40)

(39) where
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E—E —fihco
I

x(r+r) (41)

Here y is the linewidth of the LO phonon in the absence
of interaction with the electronic continuum. This
linewidth y is usually determined by anharmonic decay
into two acoustic phonons. " The dependence of y on the
temperature T is given by'

y(T)=y(0) 1+ 2
exp(A'co„ /2k~ T) 1— (42)

We take GaAs/Al„Ga, „As quantum-well structures
as an example. For a given Al composition x, the barrier
height Vb of the quantum well can be written as'

Vb = Q ( 1266x +260x ), (43)

where Q =0.55 is the band-offset factor. To obtain a
stronger Fano effect in the absorption spectra we optim-

ize the structure parameters (x and a) and doping density
n of the quantum well. Table I shows some numerical ex-
amples, where we also show the corresponding calculated
results for the ground state energy E„the real part (q„)
of the asymmetry parameter q [from Eq. (38)], the
broadening I [from (34)], and the frequency shift b,co

[from (39)]. In the calculation we have used the following
parameters: LO-phonon energy in GaAs, Ace =36.2
meV, ' the phonon decay constant A'y(0)=0. 58 meV, '

and T=300 K. Substituting the values in Table I into
Eqs. (40) and (41), we can obtain the corresponding Pano
profiles for absorption spectra, as illustrated in Figs.
4(a) -4(f).

In summary, the Fano interference between a discrete
phonon and an electron continuum will occur in the in-
tersubband absorption in an appropriately designed
quantum-well structure. Hence, in the absorption spec-
trum there will be an absorption minimum at a particular
frequency.
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