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Transverse-velocity-Suctuation autocorrelation function of holes in silicon:
The effect of valence-band anisotropy
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Qualitative behavior is reported for the transverse-velocity-iluctuation autocorrelation function C, for
holes in silicon. Results of high-field Monte Carlo transport calculations show a negative minimum, or
"undershoot" in C, . Previously considered to occur only for the longitudinal-velocity-fluctuation auto-
correlation function CI, the undershooting is shown to depend upon both the orientation of the electric
field and the degree of anisotropy of the valence band. This potentially holds consequences for the na-
ture of the very-high-frequency transverse noise and diffusion characteristics of holes in any material
with a warped band structure.

I. INTRODUCTION a second rank tensor:

The velocity-fluctuation autocorrelation function C„of
charge carriers in semiconductors shows the rate at
which the motion of those carriers is randomized through
scattering. From this autocorrelation function may be
determined both the thermal noise spectrum and the
diffusivity of the charge carriers. ' The velocity-
fluctuation autocorrelation function exists both when no
electric field is applied to the material, and when a field is
applied and driving a current. In the former case, the
temporal behavior of the correlation function is a decay-
ing exponential, starting at some maximum positive value
at t =0 and approaching C, =0 asymptotically. The rate
of decay is of the order of the charge-carrier scattering
rate. In the latter case, with an electric field present, two
distinct correlation functions exist. One involves velocity
fluctuations aligned with the applied field and is known as
the longitudinal-velocity-fluctuation autocor relation
function, denoted C&. The other involves velocity fluctua-
tions perpendicular to the electric field and is known as
the transverse-velocity-fluctuation autocorrelation func-
tion, denoted C, . Although having different values, these
two functions approach the same value as the electric
field is reduced to zero.

It is generally known that under high electric Geld, the
longitudinal function C& exhibits undershoot. ' That is,
starting from some maximum positive value, C& decreases
rapidly, crosses zero, and reaches a minimum value less
than zero, then returns toward zero asymptotically from
the negative side. This is attributed to the competing
effects of momentum relaxation and energy relaxation.
In distinction to this behavior, generally it has been be-
lieved that the transverse function C„under high field,
does not exhibit undershoot, but rather decays monotoni-
cally, toward zero, from a maximum positive value at
t =0, much as in the zero-field case. It is this behavior of
C, which has been reexamined in the present work, using
Monte Carlo calculations for the case of holes in silicon.

The velocity-fluctuation autocorrelation function is a
function of time, and can most generally be expressed as

Ct(t) = (n.5v(t')n 5v(t'+ t ) ),
C, (t) = (m 5v(t')m. 5v(t'+ t ) ), (2)

where 5v is the fluctuation of the velocity vector:
5v =x5v„+y5v +z5v, . In this work, fields oriented in
three different directions were used: [100], [111], and
[101]. For the [100] field, n=x, and all directions per-
pendicular to n are equivalent, for example m=y. The
following relations hold:

Ci =C

C, =Cy =C„,
C„y=C, =C, =0 .

(3)

For the [111]field, n=(x+y+z)/&3, and all directions
perpendicular to n are equivalent, for example
m = (x—z) /V'2. The following relations hold:

a Cxx yy Czz

Cb =Cxy
=

Cyz
=Czx

C( =C, +2Cb,

C, =C, —Cb ~

(4)

For the [101] field, n = ( x+ z ) /v'2. In this case, not all
directions perpendicular to n are equivalent. Taking
m, =y and rn2=( —x+z)/&2 as the symmetrically dis-
tinct, perpendicular unit vectors, the following relations
hold:

Ci(t)= (5v;(t')5vj(t'+t) ),
where 5v;(t') is the fiuctuation of the velocity com-
ponent, in direction i, with respect to its average (drift)
value. The brackets denote averaging over all charge car-
riers; the average is independent of t'. If n and m are
unit vectors, respectively parallel and perpendicular to
the electric field, then the longitudinal and transverse
correlation functions are straightforwardly given by
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C =C, =O,
CI =C, +Cb,

C,)=C

C,2= Cg —Cb

C, =cos PC, i+sin QC,z,

(5)

II. RESUI TS

The undershoot in C, was first noticed for holes under
high electric fields oriented in the [100] direction. Data
for CI and C, are shown in Figs. 1 and 2, respectively, for
this field orientation, over the range 0—50 kV/cm. As ex-
pected, C& shows an undershoot which increases with
field magnitude. Our finding is that C, does qualitatively

where P is the angle between the y axis and m.
In the course of our theoretical research on high-field

hole transport in silicon, we have discovered that, con-
trary to the general belief that C, approaches zero mono-
tonically, for holes, C, exhibits undershoot similar to CI.
This paper presents the results of our systematic investi-
gation of this phenomenon and an explanation for its
cause.

The work was carried out by simulating hole dynamics
in silicon under both zero electric field and high electric
field (up to 50 kV/cm), using a Monte Carlo method
which has been thoroughly documented in earlier publi-
cations. ' The Monte Carlo calculation simulates
transport in all three anisotropic valence bands, in which
p-type symmetry is fundamentally incorporated using a
k-p method, along with spin-orbit splitting. The eigen-
states are formed from the six-dimensional basis:
~x ) 1 .

~z ) 4. The band structure is obtained by calcu-
lating the eigenvalues of the sum of the Shockley k p
Hamiltonian and the spin-orbit perturbation Hamiltoni-
an. The form of the Hamiltonian is given in Ref. 8.
Acoustic and nonpolar optical-phonon scattering were
used at a lattice temperature of 300 K. The models of
these scattering processes, which are more fully described
in Ref. 8, use deformation-potential operators which have
ofMiagonal components. The form of these operators
arises from the p-type symmetry of the system, and
prevents the usual use of an overlap function as a separ-
able part of the squared scattering matrix element. One
consequence of this is that the scattering rate depends on
the initial and final trajectories, separately, and not only
on the scattering angle between them.

Each calculation consisted of an ensemble simulation
of 200000 holes, each having a 2-ps time of flight. In ad-
dition to studying the correlation functions as varying
with respect to field magnitude and orientation, we inves-
tigated the role of anisotropy of the undershoot of C„by
varying the band-structure parameters, so as to cover the
range from a completely isotropic band structure to one
that is more anisotropic than in real silicon.
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FIG. 1. Longitudinal-velocity-Auctuation autocorrelation

function CI for holes in silicon, T =300 K. The electric field is
oriented in the [100]direction.
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FICx. 2. Transverse-velocity-Auctuation autocorrelation func-
tion C, for holes in silicon, T=300 K. The electric field is
oriented in the [100] direction. This shows undershooting of C,
for E =20 and 50 kV/cm.

the same thing. This undershoot in CI is related to the
possibility of the carriers reversing their direction by the
inAuence of the accelerating electric field. ' Previous un-

derstanding of the transverse characteristics was that the
carriers could not be accelerated transverse to the electric
field and therefore would never be reversed by the field
between scatterings; thus there would be no undershoot
in C, . The data in Fig. 2 contradict this, and indicate for
holes that indeed there can be acceleration perpendicular
to the field.

The simulations were repeated for other field orienta-
tions ([111]and [101])over the same range of magnitude
(0—50 kV/cm). The data of C, for all three field orienta-
tions are shown in Fig. 3. Along with the undershoot dis-
cussed for [100] fields, a somewhat weaker undershoot
was found for fields in the [111] direction. As noted
above, for fields in the [101]direction, there are two non-
equivalent transverse directions: [010], denoted tl, and
[101],denoted t2 For neithe. r of these transverse direc-
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FIG. 3. Transverse-velocity-fluctuation autocorrelation func-
tion C, for holes in silicon, T =300 K. The applied electric field
is 50 kV/cm, in the following orientations: [100], [111], and
[101]. For the [101]orientation, the curve [101] (1) is C, &, per-
taining to fluctuations in the [010] direction; and the curve la-
beled [101] (2) is C,&, pertaining to fluctuations in the [101]
direction. C, is clearly seen to undershoot zero for fields in the
[100] and [111] directions, though not for either transverse
direction for the field in the [101]direction. :
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tions was an undershoot found for fields between 0 and 50
kV/cm.

Next we investigated how C, undershoot is controlled
by the anisotropy or warping of the band structure. To
do this we compared the result for silicon, with the field
in the [100] direction with results for three other ficti-
tious siliconlike materials, referred to as 3, B, and C.

These fictitious materials had band structures with vary-
ing degrees of anisotropy, achieved by varying the Lut-
tinger parameters y2 and y3 from the silicon values.
These parameters were adjusted so that the resulting
heavy-hole density of states was as close as possible to
that in silicon over the range of 0—10 meV. All other
material parameters were kept the same as used for sil-
icon. The Luttinger parameters used were as follows: Si
(yi=4. 22, y2=0. 39, and yi= 1.44); A (yi=4. 22,
yz= 1.67, and y3= 1.67); 8 (yi=4. 22, yz= 1.00, and
y3= 1.61); and C (yi=4. 22, y2=0. 00, and yi= 1.32).
Material A is isotropic (y2=yi). Material 8 is less an-
isotropic than Si. Material C is more anisotropic than Si.
The calculations of C, for these four materials for an elec-
tric field of 50 kV/cm, in the [100] direction, are shown
in Fig. 4. Consistent with earlier work, ' the isotropic
material (A) shows no C, undershoot at all. Examining
C, for Si and materials B and C, a correlation is evident
between the degree of warping of the valence band and
the degree of C, undershooting zero. This implies that
while, in an isotropic band (such as for electrons), there is
no acceleration perpendicular to the field, in a warped
band (such as for holes), at high fields, there is a possibili-
ty of perpendicular acceleration.

The longitudinal autocorrelation function C& exhibits
little variation with respect to changes in the degree of
anisotropy. Data for materials A —C are qualitatively
like that for Si, as shown in Fig. l.

III. DISCUSSION

The results of this work show a feature of hole trans-
port which is qualitatively different from that of electron
transport by virtue of the warping of the band structure.
A very simple calculation can show that this is plausible.
The velocity is the crystal momentum gradient of the en-
ergy:

0.8 Ct.. E = 50 kV/cm v= —T E.k (6)

0.6
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Consider, for example, an electric field F applied in the
[100]direction and a perpendicular velocity fluctuation in
the y direction, 5u~ =5u . The fluctuation occurs during
a free flight of duration 5t in which the energy changes
from E, to E2, and may be expressed as

0.0 5Ui= y. [(V„E)2 (VkE), ]—. —1
(7)
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Performing a Taylor expansion on the energy,

E2=E, + 5tx (VkE), . —F

FIG. 4. Dependence of the transverse-hole-velocity-
Auctuation autocorrelation function on the band-structure an-
isotropy. Data are shown with an electric Geld of 50 kV/cm ap-
plied in the [100] direction for silicon (dashed curve) and three
fictitious materials (solid curves): A, 8, and C. Material A is
isotropic, material 8 is less anisotropic than silicon, and materi-
al C is more anisotropic than silicon. No undershooting of C, is
seen for A, the isotropic material. Undershooting is seen to in-
crease with the degree of anisotropy.

And so the perpendicular velocity fluctuation is given by

5ui = y 5t [V„x (VkE—),]-1 F

F BE
'Bk Bk.

(9)

For an isotropic, parabolic band structure, E=A k /
2m', B E/Bk~Bk =0, so that 5u~=0 for all wave vec-
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tors. Ho~ever, for a sharped parabolic band, such as

( gk2+QB2k4+C2(k2k2+k2k2+k2k2))

(10)
8 E A' 4B C sinPcos P(sin P c—os P)

2m' (B +C cos /sin P)

where cosP=k„/k, sinP=k /k, k, =0. This shows how
a transverse acceleration (5U~/5t) may arise for some
wave vectors in the case of a warped parabolic band, but
does not occur in the case of an isotropic parabolic band
for any wave vectors. The transverse acceleration results
from variation of the inverse effective mass tensor, as ex-
pressed in Eq. (3), and drives a transverse momentum re-
laxation. As in the case for Cl, this effect competes with
the energy relaxation and causes an undershoot in C, .

Transverse acceleration may occur, in principle, for
both isotropic and warped nonparabolic bands. Howev-
er, for an isotropic nonparabolic band, with a dispersion
relation of the form E(1+aE)=Pi k /2m', we have
found that the transverse acceleration is typically at least
two orders of magnitude smaller than in the case of the
warped band, for a comparable density-of-states effective
mass. We carried out Monte Carlo simulations on this
type of isotropic nonparabolic band structure, and found
no undershoot for fields up to 300 kV/cm, and nonpara-
bolicity factors n up to 5 eV

In summary, we find that the transverse-velocity-
Auctuation autocorrelation function for holes in silicon

exhibits an undershoot behavior which is qua1itatively
different than expected on the basis of electron transport.
This phenomenon is a consequence of the warped shape
of the valence-band energy surfaces. Between scatterings,
the hole will experience not only a longitudinal accelera-
tion in the direction of the applied field, but also a trans-
verse acceleration, which varies with wave-vector orien-
tation. This transverse acceleration drives a relaxation of
the transverse component of the momentum. The com-
bination of transverse momentum relaxation and energy
relaxation results in an undershoot of the transverse-
velocity-fluctuation autocorrelation function, in the same
way that it occurs for the longitudinal autocorrelation
function. This undershooting will cause the transverse
noise spectra and diffusion of holes, with fields in selected
orientations, to exhibit features previously thought to
occur only for the longitudinal characteristics.

Finally, it has been suggested to us that an analogous
effect to C, may occur in nonwarped band structures with
the application of a transverse magnetic field. This does
seem plausible, although we are not aware of any investi-
gations in this area.
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