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Scaling equations are obtained for thermally excited vortex loops in the anisotropic three-dimensional
(3D) XY model with interplane/intraplane coupling ratio K, /K =vg 2, For high-T, superconductors,
¥ % related to the Ginzburg-Landau masses, is in a strong anisotropy regime, ¥ ! <0.5, and a length
scale ro =v,a, naturally arises (a,= lattice constant). (i) For loop major axes a > r,, the dominant exci-
tations are 3D elliptical vortex loops cutting multiple planes, with a~&_(T)=agle|™ where
lel=(T—T,)/T,|, and v=0.67. The vorticity segment components (u=3%,5,%) are J,(r)=0,%1, and
interact via a Biot-Savart-like law. The renormalized anisotropy y; '— 1, asymptotically isotropic, as
I=In(a/ay)— c: anisotropy is irrelevant. (ii) For loop scales r, >a > 2a, the dominant excitations are
quasi-2D rectangular loops with short sides J,(r)==1 cutting single planes, that are thus effectively
decoupled at finite scalei <ro. The J,==1 vortex components, of in-plane separation |ﬁ I | <ry, interact
via a logarithmic [In(|R|/ro)] plus linear [Qo(|R|/a,—1)] potential. As y;'—0, the coefficient
Qo—0, and the Kosterlitz-Thouless limit is recovered. (iii) The 3D transition temperature T, versus
K, /K|, calculated for strong anisotropies from “2D” (3D) scaling for scales <r, (>r,), matches exist-
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ing Monte Carlo data well. Critical regions |e.| <y

—1/v

are estimated. Contact is made with ideas of an

intrinsic critical current arising from linear ~ ¥4 'R | vortex segment effective potentials.

I. INTRODUCTION

High-T, superconductors' (HTS’s) have been subject of
intense research, since their discovery in 1987. Whatever
the underlying mechanism, the new layered materials
share with the ordinary superconductors the property of
a macroscopic scalar phase —m <0 <, whose gradient is
the superfluid velocity. Josephson junctions between the
old and new superconductors support a tunneling super-
current;> segmented rings of the two materials carry a
persistent supercurrent;’ and flux quantization, originat-
ing from multivaluedness of the (gauge-invariant) phase
has been observed.* Thus lattice models of coupled pla-
nar “XY” spins —7 <68; <, or phases in a layered 3D
structure, are relevant to HTS’s.

In fact, signatures of topological (vortex) phase excita-
tions have also been reported in the layered HTS’s (Ref.
5) and their artificial superlattices (Ref. 6). The nonlinear
I-V characteristics and resistances show’ signatures of
the two-dimensional (2D) vortex unbinding or Berezin-
skii, Kosterlitz-Thouless (KT) transition’ such as occurs
in strictly 2D Josephson-junction arrays® (JJA’s) and 2D
planar or XY ferromagnets.” (An effective decoupling of
layers above T, has been suggested'® to account for this.)
Vortex-point 2D scaling methods, developed for the 2D
XY model,’ have been applied!! to (3D) high-T, materi-
als.

On the other hand, there is increasing evidence that
the high T, superconductors fall into the 3D XY univer-
sality class.!?> Three-dimensional vortex-loop excitations
have been invoked to understand HTS transition temper-
atures.!> The puzzle'* of how 2D vortex behavior can be
so prominent in phase-coherent HTS’s, and yet coexist
with 3D critical behavior, motivates a study of topologi-
cal vortex excitations of the layered 3D XY model. Some
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microscopic models'® for HTS’s involve quantum capaci-
tive Josephson arrays, in two dimensions, that are
equivalent to (2+ 1)D classical XY models with an extra
“time” dimension in a path integral formalism. Once
again, this motivates a study of the anisotropic 3D XY
model.

In this paper, we generalize a previous (isotropic) 3D
vortex-loop scaling approach,!®!7 to the anisotropic 3D
XY model. The dominant topological excitations at large
and small scales are identified, and scaling equations for
the fugacity and coupling are obtained. The transition
temperature T, is calculated, and the length scale £, (T')
for T>T, is shown to have both quasi-2D (noncritical)
and 3D (critical) temperature dependences. Critical re-
gions are estimated.

The Hamiltonian is

H=— 3 3 &#,[cos(5,0)—1],

u=29,2 i

(1.1)

where the phase variables —7 < 6; < 7 are on layered lat-
tice sites {7}, with nearest-neighbor coupling and lattice
constant &,a, (£,a,) within (between) planes as in Fig.
1. A, is a discrete derivative in the u=3X,9,2 directions.
This can be transformed'® to a model for directed vortici-
ty loop segments &#,(r)=0,=*1, interacting via the Biot-
Savart potential. Each closed loop is a toroidal spin-tilt
configuration, and a tumbling loop corresponds to a stir-
ring up of the phases, on a scale of the average loop di-
ameter.

A physical realization of the model is a layered 3D JJA
with superconducting grains at the lattice sites and
different intergrain oxide thickness within and between
planes, so the Josephson coupling ratio &, /& 71. Resis-
tance and current-drive effects in 3D JJA, based on these
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FIG. 1. Anisotropic layered 3D XY lattice couplings K ,K|
and lattice parameters a,,a).

vortex-loop scaling results, will be presented elsewhere.'®
(Effects of weakly fluctuating gauge fields are not includ-
ed at this stage, as the essential nature of the transition is
unaffected?®17®),

Equation (1.1) can be regarded as a weakly (&) cou-
pled, layered, Ginzburg-Landau (GL) Lawrence-Doniach
model,?! with pair-wave function magnitudes || locked
and planes composed of & -coupled in-plane coherent re-
gions ~a,. Magnitude fluctuations are ignored as
||2<(1—T/Tg.) and the phase locking temperature
T,<<Tg. the magnitude locking temperature. Then
vo '=(&/F)=M /M, is the ratio of the Ginzburg-
Landau masses. HTS’s are in a ‘“‘strong anisotropy re-
gime,” y4!<0.5, with!'® y51~0.014 (thallium) and
vo ' ~0.2 (yttrium).

Feynman and Onsager?? had proposed a vortex-loop
blowout picture of bulk superfluid-to-normal or A transi-
tion. It was conjectured by Halperin®® that vortex loops
with a topological current J,,(r)=0, £1 (interacting via a
Biot-Savart potential) could provide an alternative
description of the 3D XY transition. The loops exist:
they can be seen visually in simulations?#?> blowing out
at transition. Monte Carlo (MC) isotropic 3D XY simula-
tions by Kohring, Shrock, and Wills showed? that
suppressing vorticity by an external chemical potential
suppressed the transition out of the ordered state. Thus,
the vortex loops are involved in the transition. Willi-
ams'® and Shenoy!” proposed a vortex-loop scaling ap-
proach and used it to calculate (isotropic case) critical
properties. Thus, the loops are spin-collective variables,
sufficient to describe the transition. Recent MC work?*?
on the anisotropic 3D XY model showed the transition
temperature was pushed down as interplane coupling
weakened, approaching the KT value, as &,/&,—0.
Thus, the 3D vortex loops must have configurations that
go over to 2D vorticity 1 pairs, as planes decouple com-
pletely.

The physical picture!®!” of the (isotropic XY), transi-
tion involves thermally activated vortex loops, which in-
crease in number and average diameter a =aye’ on
warming, where a, is the lattice constant. Nesting of
smaller loops and consequent screening of large loops
weakens their binding, allowing further expansion and
nesting, until the largest loop a~& _(T)~(T,—T)™ "
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blows out at T=T,. The transverse direction fluctua-
tions around the mean circle define a core size!”?” @, that
also blows out, g, xa ~§_— 0.

The results of the anisotropic generalization are as fol-
lows.

Excitations. The anisotropy ratio yy *=d&,/ &, defines
a regime of strong planar anisotropy (7, ! <0.5) and a
length scale?® in this regime, ro=yqa,>2a,. For a
characteristic loop length scale a =age’, defined as the
loop extent in the x-y plane, there are three types of exci-
tations, depending on the scale. For a >rj, multiplane
tumbling elliptical loops dominate, with loop fugacity
»,(a) dependent on loop orientation a with reference to
the z axis. y;(a) is peaked for (circular) loops parallel to
the plane (a=w/2), while ellipse eccentricity is max-
imum for a=0, loops perpendicular to planes. For
a <r,, ellipses are angularly constrained from tumbling
freely and have orientation constrained to be around the
plane, a=m/2. Rectangular loops appear, of vertical
unit sides of vorticity J,(r),J,(r')==1, and long sides of
length |r,—r;| <7,. Since they cut only single planes in-
dependently, they have a quasi-2D character.

Interactions and scaling equations. The interaction
U(r—r') between vortex segments J(r),J(r') is of the
Biot-Savart type, U(r—r')~|r—r| . For 7, !—0, i.e.,
scales a <r;— =, the potential U(r—r')~In(r,—r1))3, .-
is logarithmic between J(r),J,(r)==1, and confined to
the decoupling planes. The 2D Kosterlitz-Thouless limit
is thus recovered. For y, ! small but nonzero, the J I
sides of the single-plane or quasi-2D loops, contribute an
effective linear potential ~Qq(|r;—rj|/ay—1) between
the J,=+1 unit sides. The coefficient Qy~742 (g !)
with (without) screening from the in-plane circular loops.
This result makes contact with linear potentials (and con-
sequent intrinsic in-plane critical currents) obtained from
simulations, and variational estimates. %

2D scaling equations for a <r, for the vortex coupling
K{?®) and J, =+1 pair fugacity y/*® are KT-like, with
corrections from the linear potential. At a =r, they feed
into 3D scaling equations for a > r, for K; and (angularly
averaged) y;, couplings and loop fugacities, which are of
the same form as the isotropic 3D case. The larger loops
see an effective anisotropy 71_1 progressively smoothed
over by the smaller tumbling loops, and y; ! scales
asymptotically to zero. The fixed points and critical ex-
ponents are thus unchanged: anisotropy is irrelevant.

Transition temperature. T,(y,) is determined by
changes in the (3D) asymptotic scaling flows, as the tem-
perature T is varied. T,=kyT,/d, versus ¥, > matches
the MC data reasonably well, including 3D isotropic
(vo'=1, T,=2.2) and 2D (y;!=0, T,=0.91) limiting
values.

Critical and noncritical temperature dependences.
Above T, the separation £, (T') between (correlated) seg-
ments can be defined in terms of the single-segment vorti-
city density n, at large scales, £,~n, !/3, with
n,=y}’*/a’ as a— . £,(T) is found to have 3D criti-
cal®® behavior ~le|™ (v=0.67) as
lel=(T—T,)/T,|—0, and to have KT-like noncritical
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behavior £, ~exp{[T/Tgrlyy)—1]712). Here
Txr(¥,) is defined by a KT-like condition® for finite-scale
unbinding of the quasi-2D excitations, 7K ,‘OZD)(TKT)zL

where I,=In(rq/a,). Critical (|€.|) and crossover re-
gions in |€| can be estimated by 5% deviations from the
3D, “2D” limiting behaviors, with €, < 7/0_1/".

The plan of the paper is as follows. In Sec. II we con-
sider the vortex-loop Hamiltonian (derived from the
cosine Hamiltonian in Appendix A) and its limiting cases.
The bare orientation-dependent fugacity, yo(a) is dis-
cussed, with details of derivation in Appendix B. In Sec.
III the anisotropic elliptical loop scaling equations that
control large scales a >r, are obtained, with details in
Appendix C. Section IV presents modified quasi-2D scal-
ing equations for finite scales a <r, (that feed into the
asymptotic 3D equations) in the strongly anisotropic re-
gime. The critical temperature T, versus the anisotropy
(75 2) curve is numerically found from asymptotic (3D)
changes in scaling flows and compared with MC data.
Critical regions are estimated. Section V is a summary
and discussion of results.

II. VORTEX LOOPS IN THE ANISOTROPIC
3D XY MODEL

We first briefly summarize the vortex-loop ap-
proach!®!7 to the isotropic 3D XY model. The Hamil-
tonian of the planar spins on a cubic lattice {i} of lattice
constant a,=11is, asin (1.1), B=1/kzT,

BH=—B4 3 3 cos(A,0,—1).

u=2,9,2 i

2.1

A standard dual transform'®®® maps this nearest-

neighbor, angle variable { —7 <6; <7} model onto a
directed vortex loop {J,(r)} model, with long-range in-
teractions:

7K,
2

Z= 3 exp
(3L (r)}

L+#L' r#r

S S IP0) I U(r—1)
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2

BH ~ S Jo) ) Te—r') .

r#*r'

(2.2)

Here J,(r)=0,%1,... with directions n==x,9,2 are
integer-valued topological current components or 3D
vortex variables, on the bonds of a cubic dual lattice of
sites {r}. The bare vortex coupling is approximately re-
lated to the original cosine coupling Ky=~fBd&. The seg-
ments J form closed loops. U(R) is the 3D lattice
Green’s function, with the R =0 part subtracted,

UR)=[U(R)—U(0)]

_ rd’qa}
=J (2m)?
4m(e’aR—1)
[6—2cosg,ao—2 cosq,ap—2cosq,a,] ’

2.3)

where the integral is over the Brillouin zone.

A dual-lattice vortex loop corresponds to a quasi-
toroidal original-lattice spin arrangement in the XY case
or supercurrent flow in the superfluid helium case. This
can be seen by a reverse dual transform3® putting
J(r)>Xr)+JTr), where J®*(r) is externally fixed.
One finds, by going back to {6;] variables, that they are*®
appropriately biased around the J **'(r) line. Tumbling of
loops is then a stirring of spins on the scale of the average
loop diameter.

Identifying the J segments by the loops {L} to which

they belong, each loop is closed,
A-JP(r)=0VL , 2.4)

and the interaction energy can be separated into an inter-
loop part (L7L’) and an intraloop part (L=L’'). The
partition function is then

(2.5)

II»g”
L

where U(R)~R ~! asymptotically. As discussed in Appendix A, the configuration sum is over values J{£’ =1 of the
closed loops, and integral over their center of mass R 'Y and relative p ‘*) coordinates, [d°R'™ /a3 [d’p'" /aj. (For

circular loops, |p‘F|=1

1ay, with 1a; being a fixed mean radius.) The constant part U(0) in (2.3) is a segment self-

energy, and by loop closure, 3 .J LL)(r)=O, is absorbed into the fugacity y ). The bare fugacity is

K
P =exp | — —> 2J‘L’(r)-J‘L’(r')U(r-—r’)—-—Z—KOU(O)2[J‘L’(r)]z
r¥#r' r
~ o2 9L 9L
~exp | —7mK, o, lnac )

where we have considered effectively circular loops of di-
ameter @; and absorbed U (0) into the cutoff or core scale
a.. For L =1 minimum-size loops, a;_,=a, and
yiE=P =y, is the smallest-loop bare fugacity with!7®

(2.6)

_ —5.631K, .. I
Yo=e . At a general minimum scale @ =age’, the

effective core size becomes scale dependent: a,.=a,(l).
Loop segments can cross perpendicularly on the lattice
without local energy cost. So, there are no permanent en-
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tanglement effects. The scaling procedure integrates out
smaller loops of all separations from the segment under
consideration, including the loop touching the segment.
Thus, we must exclude such “bubbles” to avoid double
counting, and consider only quasicircular, crinkled, but
self-avoiding loops, of all scales. It is this class of loops
that can nest, screen, and blowout at transition.

The actual closed-loop configuration is as in Fig. 2,
with an average circular perimeter of diameter a =a e’
and random transverse excursions, (like hairpins of a dis-
torted U shape) within a core region of size a.(I/). The in-
teraction energy between the segments on loop L and a
far off L+*L' segment JTE (1) is
~JE(r')(3,I Er)/Ir—1'|). The magnetic field of a
current-carrying electric wire is cut down drastically if
the wire is folded back along itself in a narrow hairpin or
U shape. Similarly the Biot-Savart-like potential at »’ of
a width W hairpin of the loop will be cut down by factors
~W /r' <<1 through cancellation of contributions from
oppositely directed hairpin sides. Only the azimuthal,
uncanceled segments?’ of the hairpin will contribute ap-
preciably to the large-distance potential. These uncan-
celled segments, scattered over the core region a., will
add up vectorially in the azimuthal direction to an
effective perimeter ~ma. The complex topological
current distribution, as far as the outside world is con-
cerned, can thus be represented®’ as an effective circular
loop of average diameter a, and core cutoff a,, within
which the irrelevant hairpin details are hidden. This is
schematically depicted in Fig. 2.

The effective loop length ma; depends on the actual
perimeter p; as a ~p{ with §<1. A numerical simula-
tion?’ suggests that §~0.4. The intraloop interaction en-
ergy from the uncancelled azimuthal segments goes as
~aylna; /a,, as stated above. The antiparallel sides of
the hairpins contribute relatively little to the intraloop
energy of large average diameter loops. For hairpins of
width W <<a;, the antiparallel segments partially cancel
the segment self-energy contributions at a general
minimum diameter a, that scales all lengths. From U(R)
of (2.3) for antiparallel hairpin sides,

S 1P 3 P(s)U(r—s)+ 3 [ P(r)2U(0)
r(#s) r

~U(0)—U(W/a)~(W/a)P <1,

mean diameter

core region ac

SEGMENT
CONFIGURATIONS

PARTIAL
CANCELLATION
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which, moreover, scales to zero for a general scale
a>>W. Thus only (noncancelled) azimuthal segments
are considered, in the segment self-energy and segment
interaction, making up the loop self-energy. Both the in-
terloop and intraloop energy contributions depend only
on the diameter “a” and cutoff @, <a, in an effective
circular-loop picture.

Following the Kosterlitz’ procedure, the scaling equa-
tions for the interloop coupling K; and the loop fugacity
y; at a general minimum scale a =gage'are!®’

dk,
—(—H——K,—A(,Kfy, , (2.7a)
dy
_dl_’=(6_ﬂ2K1Ll)yl , (2.7b)

where 4,=4m°/3, L,=1+1In[a/a,(1)]. The key idea in
deriving (2.7) is that oppositely directed segments
J(r)=—J(r*) across the diameter |r —r*|=a, multiply
the potential U and act as a “discrete derivative” on it.
For T<T,, the fugacity falls off exponentially with
y ~e and the dominant scale £ _ ~(T.—T)™"
diverges at transition. The helicity modulus at that scale
is the vortex coupling with the absorbed scale depen-
dence removed!” and is also essentially the superfluid-
density or spin-wave stiffness p,~K, e '~|e|*. Here
dK, /dl_=0=dy, /dl_ asl_— . One sits on the y,

and K, inflection point, developing at /_, and watches
the T <T, solution become unstable as T'—7T, and
I_— oo, with (K; ,y; )—(K*,y*)

=(0.3875,0.062). Numerical solutions have been
presented elsewhere?’” with a model'” a,(I)/a =~(K,)* for
the core, and x =~0.6 the self-avoiding random walk ex-
ponent. This yields v=0.67 as the spin-spin correlation
exponent,? which is also!’® the loop diameter exponent.
The random loops for T'> T, have short-range correla-
tions over £, ~ |€| ~", which diverge as T—T.".

We now turn to the anisotropic 3D XY model of (1.1),
that is

BH=—B 3 3 &,co0s4,0;,

u=29,2 i

(2.8)

with spin coupling in a layered form &,=J&,=d,

FIG. 2. Effective loop composed of azimu-
thal current segments as seen at large dis-
tances. a,a. are the mean diameter and core
regions of the effective circular loop. Antipar-
allel radial segments in a hairpinlike excursion
within @, have canceling contributions to the
asymptotic potential.

EGQUIVALENT
SIMPLE LOOP

WITH CUTOFF
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(&, =4,) within (between) planes. The sites {i} are on a
lattice of lattice constants a, =a,=a, (a,=a,) within
(between) planes, and we later set a, =a;=a,=1.

In the long-wavelength spin-wave approximation,

BH=1B# 3 Il(q,.a,V &,/ F),

p=2,92 q

2.9)

and the anisotropic coupling constants can be absorbed
into new anisotropic lattice constants a, =a,(&,/d, )172,
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plicitly shown by vortex-loop scaling.
The dual transform'¥® of (2.8) to the vortex-loop rep-
resentation, done in Appendix A, yields!!(2)»24)

BH =7 3 (KO3 K (0, )0

(2.10)

where the segments J (J,) parallel (perpendicular) to the
x-y plane couple through K, (K,). Here, as before,

This suggests that anisotropic couplings could be ir- K;=BJ L K,~B#,. The anisotropic interaction
relevant for critical properties; however, this must be ex-  is!!(@»24¢)
J
- d%q,d iqQR _
O(R)=[U(R)—U(0)]=ala, [ — dmle T —1) : 2.11a)
(2m)* 4—2cosg,a;—2cosq,a,+vyq (2—2cosq,a,)]
and obeys the Green’s-function equation
(Al +yg *ADT(r)=—4mb,, . (2.11b)
In coordinate space, changing variables g, —g,a ,, the asymptotic behavior is [R= (R,2)]
ol 1
U(R)=y, = . (2.12)
VRMHZ2/v5Ha, /0 V(R /rgP+H(Z /a,)
Here a coupling ratio anisotropy parameter has been defined,
vo '=(K /K2, (2.13)
and a related parameter
K,
So=1———=1—y752, (2.14)
K,

later enters the vortex-loop fugacity. For the isotropic case, the anisotropy parameter ¥, ! =1 and 8,=0. For ¥, !—0,
only the J,J, contribution in (2.10) survives, yielding KT pairs in two dimensions, as in Sec. IV. In the second equality
of (2.12) a new length scale, considered by Hikami and Tsuneto?® appears naturally:

ro=ayvo - (2.15)

It suggests that different limiting forms of the potential, and different dominant loops, may enter for in-plane separa-
tions R <<ry and R >>r,.

Since all loop coordinate integrals in the partition function will be scaled in the appropriate lattice constant
3, f d3r/a,a ,2[, the lattice constants will drop out on appropriate rescaling r,—a,r,, z—za,. Thus, we can, without
loss of generality, consider ay=a, =a,, the isotropic lattice. We set a,=1 for convenience, writing it explicitly only
where needed to distinguish a length scale.

As in the isotropic case (2.5), we split vortex-loop interactions of {J *’} into interloop (LL’) and intraloop contri-
butions (L =L'). By adding and subtracting we also separate out the L7L’ part of the Hamiltonian, into a contribu-
tion that couples all J, components through the geometric average of the anisotropic couplings,

Ko =Ky, '=(K,K)"?, (2.16)
and the difference, BH,. Then (2.10) becomes, in the partition function,
Z=3 exp|—TK, 3 3 I E(r)IEeYUr—r')—BH, [Ty . (2.17a)
(7Y 2 L+#L' r#r' L
config
Here the bare Hamiltonian correction SH ,, shown later to scale to zero, is
BH,= S BHLL)= 12’-1(0( 1=yoH) 3 3 [—IP@IE () +y ol E I E () JU(r—1') . (2.17b)

L+*L' L#L' r#r'

The bare fugacity for loop L is determined by the intraloop interaction and segment self-energy, analogous to (2.6),
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v =exp ——’21 > [KLJ;L)(r)-Jf,L’(r')+K"J‘f’(r)J‘lL’(r')]U(r—r')~%U(O)2Kl[JhL)(r)]ZH(“[J‘f’(:)}z (2.18)
r#r' r
[
For the isotropic case, with the potential energy previous results!”® gave
U(R)~R ™!, the “equipotential” loop is a circle (origin _
at center of mass), with oppositely directed segments at BE,(a;)=5.631K, . (2.23)

locations r=-—r', and at a fixed separation
|r—r'| =2r=a. For the anisotropic case, similarly, from
(2.12)—-(2.14) the equipotential loop perimeter is
2
2 z = 2
rj+———=(3a)°,

2.19

which defines an ellipse of major axis a; =a, that for
Yo 2=(1—8y) <1, is in the x-y plane. As shown in Ap-
pendix B, the ellipse is (x2/A%+%*/B%)=1 in a x-q
coordinate system in the ellipse plane. The major axis is
along the x axis and the minor axis along the 7 axis, mak-
ing a polar angle a with respect to the z axis. (See multi-
plane ellipse in Fig. 3.) Comparing with (2.19), the sem-
imajor axis 4, and semiminor axis B are

(1—89)"%a

A=lq, B=1l——— ——
z > (1—84sin’a)!”?

(2.20)
The a-dependent bare eccentricity e(a), is defined by
B?=AY1—e?), ie., ela)=8}*cosa/(1—38gsin’a)!’2
The minor axis a[l—e?*(a)]'/? is smallest for a=0
[e(0)=8}"%] and largest for a=1/2, when loops are cir-
cular [e(7/2)=0].

The bare fugacity of loop L (2.18), evaluated in Appen-
dix B, is for diameter a;, and orientation angle a;, given
by

v (a)=~exp[ —BEy(ay (1—8sin’a; ) ?],  (2.21)
with the circular loop energy!”®
2 9L
BEy(ay )= Ko—a——ln(aL /a.) . (2.22)
0

For the minimum scale a; —;=a =1, lattice constant,

FIG. 3. Various loop configurations. Asymptotically dom-
inant, freely tumbling multiplane ellipses of scale >r,. Finite
scale ( <ry) rectangular loops cutting a single-plane, which be-
come 2D Kosterlitz-Thouless vortex pairs as planes decouple.
Finite scale ( < ry) angular constrained, quasi-in-plane loops.

Figure 4 shows the plot of bare fugacity (2.21) versus
z-axis orientation a with fixed a=10q, and for
76 2=0.005 (a <ry) and 74 2=0.5 (a >r,). The peak is
sharper for larger anisotropies. The peaking of the fuga-
city for a=1/2 in-plane loops (if ¥4 !<1) is consistent
with the ideas of Friedel in layered superconductors!®
and is easy to understand from (2.8). For a J, vortex
(dual) lattice segment passing through an original-lattice
x-y square, there is an angular difference A@=1/2 across
each of four x-y square sides, costing a total energy 4K .
For a J, segment passing through a z-y square, the cost is
less, 2K,+2K =4K,[1—8y/2]. Thus for y,'<1 or
80> 0 in-plane segments J, are favored.

III. SCALING EQUATIONS AT LARGE DISTANCES

The scaling procedure follows the isotropic case,!” with
the (angularly averaged) vortex-loop fugacity y, as the
small parameter. The ellipse axis in the x-y plane of the
smallest loop defines the general minimum scale a =e'.
For vyq 1«1, the axis a is the major axis, and
a[l1—eXa)]'”? <a, the minor axis. The partition func-
tion (2.17) can be written as

FIG. 4. Bare elliptical-loop fugacity y,(a) versus z-axis
loop-tilt angle a, for loop scale @ =10q,, for anisotropic cou-
pling constant ratios v, =K, /K 1 =0.005 (strong anisotropy,
solid line) and y452=0.5 (weak anisotropy, dashed line). Solid
vertical lines at =0, 7/2 denote quasi-2D excitations, and in-
plane loops, respectively, for scales a <r,=7v,a, and strong an-
isotropy. The wings of the y52=0.005 peak are cutoff by the
angular constraint of (4.2).
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Z=3 exp|—> 3 3 KIP0)IEUeUGr—r)—BH, Hy,”‘)(aL) (3.1a)
[J(L)] 2 L#L' r#r'
config
where the correction BH, at general scale is, essentially (see Appendix C),
BH =——K1(1—y, HS 3 =IEEIE ) +y, BT E (e U —T) . (3.1b)
L#L' rr

Here for the smallest scale (L =1) ellipse of scale a,
and angle a, /£ ~V(a)=y,(a), and the angular average
y = fg/zday}“)/(ﬂ'/Z) is what finally appears.
U(R):y,(Rﬁ-l—Zz‘y%)_l/z, with the renormalized
segment-segment coupling K; absorbing the general scale
a. Scaling equations for K,;,y; are found. The difference
between the scaling of coefficients in SH; and K, deter-
mines the scaling of the renormalized anisotropy y; !,
with yf=10="y0_‘=(Kl/K" )1/2 in the bare case. The gen-
eral procedure is as follows.

(1) Integrate out the smallest loops, of scales within a,
a+da. These provide an indirect interaction between
larger-loop segments, that is of the same form ~ U(R) as
the direct interaction, leading to an incremental
“thermal” coupling change, dK, ~ — K ¥,dl.

(2) Rescale all explicit scale dependences to be in terms
of a-+da, e.g., minimum-scale volume factors in
configuration integrals for the center of mass and relative
coordinates of each loop, a~ S~(a+da) %1+
6dl). Demand that the new minimum loop scale is also
the new minimum distance of approach of segments on
different loops, i.e.,

Kymax(1/R)=K,a '=(a+da)"'K,(14+dl)=(K,+dK,)

new max [1/R]. This gives a “geometrical” change
dK;~K,dl, to the coupling that has absorbed the general
lattice scale a.

(3) Absorb all explicit O(dl) corrections in redefined
fugacities y;,,4 and couplings K, 4 at the new scale
a+da.

This yields, as shown in Appendix C, scaling equations
of the same form as the isotropic case for the asymptoti-
cally dominant elliptical loops

dkK,
— ~Ki— AKH, , (3.2a)
day;

dl ~(6 o KILI )yI ’ (3.2b)
dBF, R

aq = 17;3— s (3.2¢)

with corrections ~O(1—y; ). Here the initial values

are K,—o=Kv; '=V'K K ;

Vi=0= foﬂ/zda exp[_5-631K1=0(1_808in2a)1/2] ;

and L,;=1—InK® with the same isotropic case core

[

model'7® used, anticipating the result that anisotropy is
irrelevant.

In fact, (Appendix C) the renormalized anisotropy
y[ !, close to the fixed point, scales as
d(1—y)~! .
— ===y ), 33
i (I—y; ) (3.3)

so that the relative correction of BH, (2.17b) scales to
zero as (1—y ")~e’. Asymptotically, y; '—1, and the
planes are isotropically coupled By contrast, complete
layer decoupling would imply y; !—0. The fixed point is
3D, not 2D, consistent with interlayer perturbations of
the 2D XY model, 1110

The physical picture is that the larger loops feel the
coupling anisotropy as screened by the nested, smaller,
tumbling loops, that average over and weaken the
effective anisotropy. The fugacity peaking at a = /2 be-
comes progressively weaker, and elliptical loops become
more and more circular at large scale. The fixed-point
value of the effective anisotropy is (7/1 h*=0.

The critical coupling K "c—T =(d&/kgT,) can be
evaluated numerically, from changes with temperature
variation, in the large-scale flow behavior of (3.2). An ap-
proximate expression can be found by linearizing (3.2)

about the /_=In({_)—0 “fixed points” (K; ,y, )
=(K*,y*)=~(0.3875,0.0621) when!7®
P 5
ﬂ—_1+o 654 ———1 (3.4)
K* y*

The angularly averaged bare fugacity y,, is evaluated nu-

merically. For weak anisotropy, 8, << 1, it is'”*®) approxi-
mately
—BEyyg! BE,(1—y5?)
Fo~e P70 o= (2), 2 z"—_l’/"— ,  (3.5)
4v0

where I,(z) is a Bessel function.

An approximate 7, versus ¥, > curve can also be ob-
tained by “approximate self-duality.”?*® Going back to
(2.10), note that as T— T, the 1/R potential of ellipses is
screened. Dropping the interaction terms, one is left with
the self-energy, i.e., U(R )— — U(0). Neutrality, or (2.4),

2
EJ(L)(I.)J(L)(I.)+2 (J(L) r))?=0

r¥r

3 7 ()

(3.6)

gives the partition function as
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_ wU(0)

. 3.7
) (3.7)

S DK, +J1H(0K ]

r

Z=y exp

V)

Comparing (3.7) on the dual lattice with (A1) and (A5b)
on the original lattice,

Z=~3 —oite)_ #lto) ] (3.8)
= eXpl—F=0w— =z | > 3.
o 2K, 2K,
10 T T T T T T T T T
L (a) ]
o
8 - .
o - B
=

with A-n=0, one gets the self-dual condition at T, of?*®

Yo
K, =——
e v7U(0)

where U(0) is defined by (2.11a) and is weakly varying
(~Iny,)in yq .
Figure 5(a) shows a plot (solid line) of the inverse criti-

T —1

cal coupling or scaled critical temperatures T,=K

T.=K;'=VaUy,!', (3.9)

e »

— T
3D ISOTROPIC T,
[$)
I—
= < 7.
—a /. J
2D Ty //.' —
- ”- e
S
..’/:- a< r° E
0.5 L s 1 L 1 L 1 " i "
0.0 0.2 0.4 06 _, 1.0
Ki/Ki=%

1

L 1

8 1
0.00 0.02 0.04

1 !
0.06 0.08 0.10

Ki/Ki= 76_2

FIG. 5. Dimensionless transition temperature T, =K ”—01 versus anisotropic coupling ratio y52=K, /K |» obtained from a tempera-
ture that triggers asymptotic changes in (3D) scaling flows. (a) Solid curve 1 <y5?< 15, 3D ellipse-only scaling, with inset showing
ellipses for ¥4 !> 1 (strongly coupled planes) and 4 ! < 1 (weakly coupled planes). Symbols are from MC simulations, of Refs. 25(a)
and 25(b). (b) 0<y, 2<1, expanded-scale version of (a). The solid curve is from the (inset) a <r, quasi-2D excitations and a > r,
multiplane 3D ellipses in the y5 ' <0.5 region and 3D ellipses alone in ¥ ! > 0.5 region. The dashed line for y5 !> 0.5 is from 3D el-
lipses only, erroneously extended to all scales. The dotted line is from the approximate self-duality explained in the text. MC data
symbols are O [Ref. 25(a)], @ [Ref. 25(b) and 25(c)], and A [Ref. 10(e)]. The dash-dotted line is the finite-scale unbinding Tk defined
in the text. (c) 0=<y42<0.01, expanded scale version of (b). Dashed line is finite-scale unbinding T defined in the text.
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found from scaling flow changes of (3.2) versus coupling
anisotropy K, /K, =y,? for 0<yy2<15, including
strongly coupled planes. For y5!>1 or §,=1—v; %<0,
the x-y plane ellipse axis that sets the scale, a, is now the
smaller or minor axis, with the out-of-plane major axis
a /[1—e*(a)] as shown in the inset of Fig. 5(a). The sym-
bols are the MC data,?>® for 16 X 16X 16 systems, and
match theory for 7, 2 not too large.’!

Figure 5(b) shows the same T, versus y, 2 plot, but
now in the region 0=K, /K, <1. The 3D ellipse-only
curve (solid line for y,2>0.25, dashed line for
Yo 2<0.25) again agrees with the data, but only up to
about 75 2~0.25. As the planes decouple, K, /K 1—0,
the ellipse-only curve (dashed line) is pushed down to
zero. The dotted line is from the approximate self-
duality of (3.9). As shown in the next section, the
ellipse-only picture breaks down at y,2=0.25, and
finite-scale quasi-2D a <r, excitations depicted in the in-
set of Fig. 5(b) must be included, yielding the solid curve
for y52<0.25. We now turn to the new a <r, excita-
tions that dominate, for strong anisotropies y, ! <0.5
when the tumbling-ellipse picture breaks down due to an-
gular constraints.

IV. QUASI-2D EXCITATIONS AT FINITE SCALES

The angle-dependent ellipse fugacity (2.21) is peaked
for a= /2, with in-plane circular loops becoming ellipti-
cal as they rotate out of the plane over the range
7>a>0. The tumbling of the loops is necessary for a
sampling of the three dimensionality of the system. For
the picture to be consistent, however, one must require
that the average ellipse minor axis [ay,!/(1—
8psin’a)!’?]1<ayy !, must be larger than the minimum
(interplane) lattice scale ag (=a, =a). This implies that
for a scale small compared to the ‘“Hikami-Tsuneto”
(HT) length

ro=a Yo > 4.1)

the elliptical excitations are restricted to oscillations
about 7/2 in an angular range 7 /2*a,, where

R

The tumbling-ellipse picture cannot be used for scales
a <ry, and such loops are constrained to be essentially in
plane. For the “forbidden” range of scales a <r; to be
significant, 7, ! must be small. Since the major axis a is
larger than the minor axis (which is >a,), we have
a Z2aq or ry = 2a,, for the constraint of (4.2) to be mean-

a

To

i1 a
a, =sin — 4.2)

ro

—mK, 3 J{(r,2) I (x),2)In

9137

ingful.

The J; only, strictly in-plane loops of Friedel’® have
zero-energy contribution as ¥, !—0. From (2.10), and
the discussion at the end of Sec. II, leading nonzero-
energy excitations will have as few J, and as many J; seg-
ments as possible for a given perimeter. These are
effectively rectangular-shaped loops of unit sides J, =+1
cutting single planes, with an average separation
a< |r”—r|’|| <rg, as in Fig. 3. The distribution of
I )=(J,J,,J;) segment components in existing MC
simulations?® lend some support to this idea of quasi-2D
or Hikami-Tsuneto (HT) excitations. Further simula-
tions to check this would be useful. (It should be remem-
bered of course, that these are average shapes; hairpinlike
segment excursions about these can, and will, occur.?”)

The smallest rectangular loop has unit sides a in the z
direction and sides 2a, in the plane, i.e., ro>a >2a,.
This defines a strong anisotropy regime 7, 2 <0.25 within
which quasi-2D excitations begin to be meaningful. Mul-
tiplane elliptical loops are thus effectively suppressed for
the scale region a <r, that is dominated by single-plane
HT excitations, and quasi-in-plane loops as in Fig. 3 and
the inset of Fig. 5(b). Interestingly, this strong-
anisotropy regime estimate is in agreement with the peel-
off in Fig. 5(b) of the MC data from the (dashed) ellipse-
only transition line.

The potential U(r—r’) between the vortex-loop seg-
ments, in Fourier space, is

47

4 *.3)
| TR

U(q)
where P{=4—2cosq,a,—2cosq,a;, P{=2—2cosq,q,.
For y,!—0, one gets the decoupled plane limiting
behavior, for U(R)=U(R)—U(0),

U(r—r1')——28, ,UPr,—1)) , (4.4)

where the 2D interaction potential is, integrating over
the Brillouin zone,

d2 _ iq-r”
U‘zD’(r”)Eaﬁ q"2 271_(1 e2 )
(2m) Pj

m
+
2

ol
ap

~ |In 4.5)

Corrections to the In(R) potential from expansion of
(4.3) are ~O((R /ro)).

From (2.10) and (4.4), the leading order energy contri-
butions of J, segments of rectangular loops for a separa-
tion R, with ry >>R >>a_, are given by

BH~Y
z ]
L,L’'

The J contributions of the long sides, to the energy, become cost-free, as the planes decouple, y4 '_,0. Here loop clo-
sure in the component form (3.6) has been used. We see from (4.4) and the large square bracket sum of (4.6), that each
plane contributes independently, with z=z' components only. In this limit, the quasi-2D excitations dominate, and
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planes are effectively decoupled, at finite scales <r,. [For asymptotic (3D) scales, the planes are effectively isotropically

coupled, as shown earlier.]

As y5 !0, the (circular) loops are restricted to be in-plane only. One can derive 2D KT equations for the coupling
and fugacity of in-plane circular loops. The bare Hamiltonian for J-only closed loops in a given plane z, is as in (4.6)

|, —rjl

2 -2
™Ky 7o 4.7)

BH(z)=—1rK"7/0“2 > Jh’“)(r“,z)-Jﬁ’“')(rl",z)ln
iy
L,

a

The scaling argument for nested J, in-plane loops follows
the 3D loop case closely, but with the smallest loops act-
ing as ““discrete deviatives” on the logarithmic potential,
J(r)=—=1J,(r*) for [r—r*|=a across the loop diameter.
The dressed coupling and loop fugacity scaling equations
are of the 2D KT form, and the transition temperature
for in-plane loop blowout is estimated as K yq 2~ const
or Txr~&vo 2 << T, the 3D transition temperature, for
¥o 2<<1. Thus, for temperature near 7T, the in-plane
loops strongly screen interactions of J, segments on the
same quasi-2D loop. They also screen J; interactions be-
tween the top part of a rectangle on one plane and the
bottom part of a rectangle on a neighboring plane and
help in effective decoupling of the layer excitations on
scales <ry. (The direct InR interaction of the J, —J,
sides on one plane would, of course, be unaffected by J I
screening effects, as the J; and J, segments are orthogo-
nal.)

Now consider corrections to (4.6) from J long sides of
HT excitations. Since all segment separations R between
ro and a, contribute, we retin the full potential U(R) of
(2.12). The segment self-energy contribution ~J ﬁ plus a
screened short-ranged interaction, as above, proportional
to the length ~R of the long rectangular side, provides
an effective linear potential 27Q4(R | /a —1) between the
J,==1 vertical sides, on the same loop. For y, ! small
dropping the screened interaction energy, the coefficient
may be estimated as

Qo=1K,U(0)ys?2. (4.8)
For y4 ! <0.5 but not tending to zero, the restrictions

|, —rl

BH=3Y |—nK, ¥ m(r,z)m(r),z)n

z Y I
i

The logarithmic term of (4.12) dominates the effective
linear terms right up to scales a ~rg, for y5 ! <<1. [For
(4.8) the linear term contribution at the largest scale ~r,
is Qoro~v4 !'—0, recovering''® the KT limit.] The
standard scaling procedure’® leads to quasi-2D
K{?), y(2D) scaling equations for m =1 vortex coupling
and vortex pair fugacity that reduce to the KT equations
as yo ' —0:

+ S P2

T

2

]

on angular orientations of the quasi-in-plane loops be-
come less effective, and their screening of the J I —J I in-
teraction becomes less. However, the J, —J self-energy
with the bare potential again gives a linear potential. The
two sides of the rectangle both contribute, and

ro

BH=~mKv¢> 3 -
170 & T —x]

~7Kayyo '[In(K*)"*][(R,/a))—1], 4.9

where a cutoff in the segment approach, as below (2.7),
has been used to incorporate crinkling of the on-average
horizontal long sides of the rectangle. The U(0) self-
energy terms are absorbed in the core a, [as in (2.6)] to
get the second approximate equality of (4.9). The
coefficient Q, in this regime is then estimated, with
K*=0.3875 and x =0.6, as

Q0 =~0.284K v, 'a, . (4.10)
We set
m(r,z)=J\P(r,z), 4.11)

suppressing loop labels. All {J{Z'} in (4.6) have the same
leading InR 0 interaction both within (L=L"), and be-
tween (LFL’) loops. The effective potential ~R, is ac-
tually only between J, =*1 on the L =L’ same loop, but
the error made in relaxing this condition (L#L’ in-
clusion) is of higher order in the fugacity of loops when
doing partition function scaling. Thus, from (4.6) and the
above discussion, one has effective vortex ‘points”
m(r,z) with a log-plus linear interaction,

K, 2 |ry—jl
+ 2 >m (rz)—7Qy 3 m(r”,z)m(rﬂ,z) a———l

I e I
(4.12)
[
dK(?D
7 :_3A0KI(2D)yI(2D) ,
(4.13)
dyl(ZD)
i "~"[4_27T(K1(2D)+Q081)1})1(2D) ,
where Qo =[U(0)yq 2/2]1K 3P, 3 4,=47>.
Corrections to InR of order (R /ry)’> have been
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dropped, and 3D loops take over for scales beyond r.
We therefore consider only leading ‘“‘geometric” scale-
dependences of the linear-potential coefficient, Q, ~Qe’,
ignoring possible screening corrections ~ y(ZD’ to it!%P as
higher order, and difficult to estimate consistently.

The 2D bare spin-wave corrected’?> coupling

(ZD)*K” /[1+(2 ,)_1], and pair fugacity
i) =exp[ — 7K § aoh ], are the inputs for quasi-2D scal-
ing up to l"lo_ln(ro/ao) Beyond [,, the fugacity
scales sharply to zero, y,(ZD)—->0, as the linear attractive
potential between m =1 vortices starts dominating.
This means HT excitations are suppressed as scales in-
crease beyond a=r;. On the other hand, from (4.2),
tumbling elliptical loops are angularly constrained, as
scales decrease below a =r,.. The HT single-plane loops
convert to multiplane loops at a =r;, which is therefore
the natural “handover” scale. The renormalized 2D out-
puts at /=], from (4.13) are the inputs to 3D scaling
(3.2):

K(ZD)—KIO y,‘ozD’—J‘;,o (4.14)
This handover choice /=I;=In(y,) also has the virtue
that in the limit that we ignore thermal renormalizations,
and drop fugacity terms, in (3.2), and (4.13) the 2D/3D
in-plane couplings K {2D) ~ K 2D) ~K, and K Iy

~K,vo e °=~K j are contmuously matched

For weak anisotropy 7o '>0.5, rectangular excita-
tions, that must have long sides ry>2a,, lose their
definition, ellipses tumble freely, and (3.2) is used at all
scales. The scales where (3.2) and (4.13) are used, are de-
picted in Fig. 6(a) with the solid line the a =r; handover
boundary crossed at fixed y,!. The renormalized cou-
pling K; and fugacities y; versus / are given in Fig. 6(b)
for temperatures close to transition.

The transition temperature T, EK"_C1 for all y5!
determined as before by the temperature for changes of
the asymptotic scaling flows. This yields the solid curve
of Fig. 5(b), both for ¥5!<0.5 (2D scaling handed over
at I, to 3D scaling), and ¥5'>0.5 (3D scaling alone).
The transition curve for very strong anisotropies
¥6 1<0.1 is as in Fig. 5(c). There is reasonable agree-
ment in Figs. 5(b) and 5(c) between the solid curve and
the MC data of Epiney®*® and Baeriswyl et al.2® (0),
Chui and Giri**® (@), and Minnhagen and Olsson'%®
(A). The MC simulations are done on the XY cosine
model, with typical MC error bars shown. If (4.10) in-
stead of (4.8) is used for Q, it results in a change of only
~2%. The quasi-2D finite-scale vortex ‘unbinding”
temperature for the HT excitation J, ==x1 segments,
defined by 7K [Tr(y,)]=~2 for scaling of (4.13), lies

below th T, lme, that joins it only at ¥4 !.

For T >T,, the average vortex segment separation &
at large scales is £, =n, !/3, where n, is the asymptotic
single-segment density n,=(5;)'"2/a*, a— . (Vortex-
loop closure implies that for any J, there is somewhere
on the same loop, a segment —J > SO y,l/ 2 is the relevant
single segment fugacity.) Figure 7 shows that £,(T) has
both critical 3D exponent behavior (solid lines),
In(§,)~—vinle|, where |e|=[T—T.(yy)]/T.(yy), as
well as noncritical quasi-2D behavior (dashed line)

9139

In(£,)~7'2, where®® 7=[T/Tyr(y,)—1]. We find
from numerical fits that v=0.67, the 3D XY exponent for
le|—0. Note that £,.(T) is defined in terms of the
asymptotic (3D) fugacity. The dashed lines merge to-
wards to y, ! =0 strictly 2D behavior, away from their
respective T,.(y,)’s, consistent with the effective decou-
pling ideas'® but here in a finite-scale decoupling picture.
The noncritical 2D temperature dependences from KT-
like unbinding at scales a <r;, comes from the feeding in,
by (4.14), of small scales to large scales. We elsewhere
find'® the phase slip resistance R is related to the interseg-
ment separation, and so R also has noncritical quasi-2D
and critical 3D behavior.

The 3D critical region |e| < |e,| is estimated by a 5%
deviation from the |e|—0 straight line of In(£, ) versus
In(|e|), and |e,.| is plotted (solid line) versus ¥, 2 in Fig. 8.

T T T T T
- ( O ) -
21 + .
3 r 4
16 -
3D SCALING EQUATIONS
1+ —
6 .
F QUASI-2D 1
SCALING EQUATIONS
1 L 1
0.0 0.2 1 0.4 0.6
T
T T T T T T
S E(b)
hq L
1.0 +

e—E=-0001

i \</=0,001
0.0

0.4
S5 L
02r e—€=0.001
L /=0.0
«=-0.001
0.0 1 L 1 I 1
0 2 4 6
l
FIG. 6. (a) Scale regions where 2D/3D scaling regions are

used, with a handover as the a =r;=7y,a, line is crossed for
constant y5!. (b) Renormalized fugacity yi and couplmg K,
versus scale, I =In(a /a,) for temperatures T=K ' around the
critical value, and for y5 !=0.1414. Here e=(T—T.)/T..
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In je|

In(£,)

-1/2
7V

FIG. 7. Logarithm of vortex segment separation &.(T)
versus  temperature  variables  for T>T.(y,) and
vo?=K,/K | =0.0002, and 0.02. Solid lines are referred to
upper horizontal axis In|e|, where |e|=|[T—T.(y¢)1/T.(vo)]
and have linear slopes v=0.67 for 3D critical region |e|—0.
Dashed lines refer to the lower horizontal axis 77!/, where
7={(T—Tx1(y0)1/Txr(7o), and have (noncritical) KT-like
linear behavior, away from its critical region.

0.6 T T T T T T T T T
L //, 4
0.5 F, Pid i
2D NON-CRITICAL BEHAVIOUR _~
b // -
L
7
0.4 - e -
e
- e
w u 7 .,l
—_ s _e”
7 .,’
0.3 N - |
7 2D—3D CROSSOVER
L e . e 4
7 o«
0.2 |- e L 4
’ s
- 4 R 4
’ o’
7/ ’.’
01 F 7 2 4
A 3D CRITICAL BEHAVIOUR
e , <
0.0 L L ) ! . 1 1 1 L
0.00 0.05 0.10 0.15 0.20 0.25
-2
Ki/Ki=%

FIG. 8. The solid line showing the 3D critical region bound-
ary of e=|[T—T,(yo)1/T.(yo)] Se.(yo) versus vo =K, /K|,
defined by 5% deviation from 3D exponent behavior. The
broad dashed line is the 2D region boundary in |e| defined by

5% deviation from 2D KT behavior. The dash-dotted line is an .

estimate |e| =y !/*, of the 2D-3D crossover, with v=0.67.
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For y5%=2X10"* (thallium) |e.|~1073, while for
¥4 2~0.04(yttrium)|€,| ~10~!. The |e| for which there
is 5% deviation from the linearity of In(& ) versus 7~ 1/2
is also plotted (broad dashed line). There is a 2D-3D
crossover region between. A rough bound for |€,| is the
length crossover condition, £, ~a,le|"Y=r,=a,y,, or
€] eross~ 7o /¥ (dash-dotted line).

We now briefly comment on similarities and differences
with previous work. Minnhagen and co-workers'® have
considered the anisotropic 3D XY model with vorticity-
suppressing constraints on alternate planes, either by
phases 0=0 fixed, or with external, local, Shrock-like?®
potentials. By variational and MC simulation methods,
they find that (i) the single-plane rectangular vortex loops
have J, =1 unit sides interacting via a

27K | (InR | /ay)+27Q0(R  /ag—1)

potential and (ii) the bare coefficient Q, <y, !. The re-
normalized finite-temperature linear coefficient of R,
vanishes, Q,(T,.)=0, at T=T,. (iii) Thus, vortices have
a 2D-like, purely In(R;) potential and quasi-2D resis-
tance versus temperature behavior above T, i.e., the lay-
ers are effectively decoupled for T>T,. (iv) The linear
potential terms ~R, give rise to an intrinsic critical
current, comparable to experiment (but with strength
about a factor of 8 larger).

We have studied the anisotropic 3D XY model with no
further external constraints on the vortex-loop blowout.
We find that (i) for finite scales R <r,, there are indeed
dominant single-plane excitations, with a log-plus-linear
interaction obtained from a strong anisotropic limit of
the (anisotropic) Biot-Savart potential, but the asymptot-
ic excitations are multiplane loops ~£&_(T)~|e|™". (i)
The linear potential bare coefficient Q, goes as y, 2 or
yo ! in different limits, the latter if screening due to in-
plane J-only loops are neglected. (iii) The quasi-2D
finite-scale excitations can feed into and control the (non-
critical) loop fugacity, through the scaling equations.
This suffices to produce KT-like T dependence in £ ,(T)
governing loop correlations above T, even without com-
plete plane decoupling at larger scales. (iv) With lattice
constant @, =§,, the in-plane Ginzburg-Landau length,
the ratio of our estimate 27Q,=0.5687K &y, ' to'
2rQ,=mV2K 15170 ! is about a factor of L. (v) Even
without alternate-plane constraints that suppress loop
blowout, one might speculate how a quasi-2D population
could arise even at large scales. A current drive I, will
exert, through a Lorentz-like force, a torque on J, com-
ponents in the x-y plane, rotating loops to the y-z plane.
These loops would become rectangular even on scales
larger than rj, and the J,==1 sides will be driven out-
wards, perhaps splitting into single-plane rectangles by
fluctuations. The overcoming of the in-plane binding po-
tential (log plus linear) would give rise to a critical
current.

V. SUMMARY

We have presented a vortex-loop scaling analysis of the
layered 3D XY model, generalizing our previous isotropic
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case results. Large loops cutting multiple planes are, on
average, elliptical with angle-dependent fugacities peaked
for loop orientation in the x-y plane, when the loops are
circular. The effective anisotropy seen by the progres-
sively larger loops is progressively smoothed by the
smaller, tumbling loops, driving the effective anisotropy
to zero. The asymptotic scaling equation behavior for re-
normalized coupling and fugacity is that of an isotropic
model with bare vortex-loop coupling that is the
geometric mean K,=1'K K 1=K 7o ! of the actual cou-
plings. Thus, critical exponents are unchanged: anisot-
ropy is irrelevant.

The transition temperature T,= kBT /H =K
versus coupling ratio K, /K, ~d&, /& =y, * from multi-
plane elliptical loops alone is in good agreement with MC
data points in the region 0 25<K,/K;<15. In the
high-anisotropy regime, y, 2<0.25, the elliptical loops
are restricted to a range of angles about the plane and be-
come strictly in-plane, as ¥, '—0. A new population of
long rectangular loops of unit sides J, ==1 cutting single
planes become important for in-plane scales
R, <ro=a;y, beyond which they are improbable, and
the asymptotically dominant multiplane loops take over.
Thus, for ¥, ! <<0.5 or ry>>2a |» the lattice planes fluc-
tuate independently, and are effectively decoupled, over
finite scales <r,. The in-plane potential for J, =1 sides
of these quasi-2D excitations is logarithmic, ~K,InR,
with small linear ~ R corrections. This yields KT-like
quasi-2D scaling equations for scales <rj,, with the
quasi-2D renormalized coupling and fugacity feeding in
as inputs into the 3D scaling equations. With the in-
clusion of finite-scale quasi-2D inputs, the transition tem-
perature T, found by a change in asymptotic behavior,
matches the MC data in the high-anisotropy regime,
¥4 2<0.25, and T, is driven to the KT transition temper-
ature (and not to zero) as the planes decouple.

. do,
Z= H f‘ﬂ—;exp 2 2 Béﬂ COSA”O,-
i uoi

. de,
:Hf > > exp[V({n,;})]exp En‘“AG
i T ‘n ,'} Kt
= 2 exp[V( ,ul ]HSABI,O
(e}
Here n,;=0, £1,%2,...,+ 0 (exp[V({n

u,i})]) are the Fourier labels (Fourier coefficients), with n

With the scaling equations in the high anisotropy,
finite scale <r, regime, one can now calculate!® renor-
malized stiffness constant or helicity modulus—superfluid
density, quasi-2D resistance behavior, and nonlinear I-V
characteristics. These could have relevance for recent
work on layered high-T, superconductors.>® Using the
anisotropic scaling equations, one might also examine the
problem of quantum fluctuations in capacitive Josephson
arrays,>* granular superconducting films at low tempera-
tures,®> and high-7, models'® that map onto an (aniso-
tropic) classical (2+1)D XY model.

In conclusion, a vortex loop scaling analysis of the an-
isotropic 3D XY or planar ferromagnet has been present-
ed, which may have relevance for other problems of
current interest.
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APPENDIX A: DUAL TRANSFORM
OF THE ANISOTROPIC 3D XY MODEL

The dual transformation!®® extracts topological exci-
tations and their long-range interactions from nearest-
neighbor Hamiltonians and their symmetries. The trans-
form, applied to the partition function of the anisotropic
3D XY model, follows the isotropic case closely. The re-
sults are as elsewhere!!®2* with derivation sketched here
for completeness. We take at an intermediate stage
a,=ay=1 a cubic lattice, without loss of generality, as
noted in the text. The number of lattice sites is
N=N,XN,XN,.

(i) Fourier expand the Boltzmann factor, and integrate:

(A1)

i as integers,

reflecting the AO— A6+ 27 symmetry of the cosine Hamiltonian. Direction labels are p=Xx,9,%, or 1,2,3. The Fourier
coefficients will tend to increase, with decreasing temperature, which is inconvenient for a low-7 calculation. Although
A-n; =0, we will use the phrase “vortex loops” only for dual-lattice variables J(r), with A-J(r)=0, which appear later,
and whose (renormalized) loop fugacity is the small expansion parameter, at low temperatures.

(ii) Satisfy the constraint as an identity. Introducing dual lattice variables N(7), with N, (i)=0,%1,£2,...,%+ o ona
dual cubic lattice displaced from the original lattice by (1, 1,1), the original lattice n; can be written as the curl

n,i= 3 €ualAN),
vA=1,2,3

(A2)

where €,,, =11 (—1) for cyclic (noncyclic) coordinate direction labels, and zero for any two coordinates directions
that are equal. Thus A-n=A-(AXN)=0. Then (A1) becomes
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z='s im0

(N, (D)

(A3)

(iii) Use the Poisson summation formula. This gives new integer variables {J(r)} (vortex-loop segments) and continu-
um variables {¢(r)} (“spin waves”)

Z=T1 [ " déy(r) 3 exp(V{[(eAd),;]})exp
A. — o0

(7,0}

) (A4)

2mi 3, ¢(r)-J(r)

with A-J(r)=0 by gauge invariance ¢(r)—¢(r)+ Ax(r) and integration over x(r). So far, everything is exact.

(iv) Evaluate the Fourier coefficient in low-T approximation. We have e *wil = Il e *wi' and the inverse Fourier
transform gives the Fourier coefficient or weight factor as
o i) = f - d6; f 7 d0it, PP 0%, 08,0,
-7 2 -7 2T
EIXW(Bo"u)=IO(/B’JH)exp[ln( {I,/I,—1}+1)], (AS5a)
where I, (x ) is a modified Bessel function of imaginary argument. For (BJM)_1 <1
— 52
el s (B, Je IR (A5b)

with K, =K, (B#,)=Bd, at low temperatures. The behavior of K ,(B#,,) near T is discussed later.
(v) Integrate over continuous variables ¢,(r). In Fourier space, the weight factor in (A4), using (A5b), is given by

exp[V({eAd})]=exp | 3 V{[(eAd), ]}
M0
~ox _E[GA%,I-]Z
e 2K,
- _ < IP(@)X¢(q)I
exp % K, , (A6)
where lP#(q)|zE 2—2cosq,a, and a,, are lattice constants. Changing variables
¢, =K', P,=(K,"'?P,, (A7)
we have
[(eP'¢"),.:? P29’ (q)]2
expV{[(eAd), ]} =exp ‘%‘mz— =exp |— 3 2K K , (A8B)

where K, =K, =K, K, =K for layered couplings and a gauge P’-¢'(q)=0 is chosen. Using (A8) in (A4), and integrat-
ing over ¢'(q), the partition function in Fourier space is
_Ts K K} |7,(q]
2 o K, |P,(@
where the term that has |P’(g)| =0 is excluded, and irrelevant factors are dropped.
The anisotropic vortex-loop model partition function is then, with (J,,J,)=J,J,=J,

Z =3 exp
3

, (A9)

—% > (KLJ"(r)-J“(r’)+K“Jl(r)Jl(r’))l7(r—r’) . (A10)

Z=7 exp
{J} r#r

The potential is the lattice Green’s function, with

d’q 1 949, e'dR4q
2m)} 4—2cos(g,a;)—2cos(g,a;)+[2—2 cos(g,a ) lyg?

Here y5 =K, /K, and we define U(R)=[U(R)—U(0)], i.e., U(qQ)=[U(qQ)—8p| cZ,U(q)/N].
With {J}=({J%}) vortex segments are labeled by the loop (L) to which they belong, and there is closure for each

loop separately, A-J F(r)=0VL. The constant U(0) terms by closure Z,JLL’(r)=OVp of (3.6) go into the fugacity of
(2.6) and get absorbed into the core size!®!” a,. Separating L7 L’ interloop segment interaction energies,

UR)=a,a} (A11)
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Z= 3 exp|—-T 3 3 KIPOIEC)+HKIP@OIE @) UE—r) | XTIrE (A12)
P m=0,£1) 2 [FLiee L
where y (L) is the fugacity from the L =L’ intraloop segment interaction, as in (2.6) and evaluated in Appendix B. From
(A10), with R=(R“,Z) and r; as in (2.13) and (2.15),
UR)~ L , (A13)
V(R /re*+(Z /a, P
asymptotically. More precisely U(R) is the 3D lattice Green’s function,
(Al +yo 2ADU(R)=—47dg , . (A14)
Z can be written as in (2.17) of the text, by adding and subtracting terms,
Z=S exp —% S S K ()T U(r—r)—BH, [y . (A15)
() L#L' t#r L
Here K=K ,yo ! and the bare anisotropic correction term [of (3.1b)] can be written as
BH,= %KO(I—yO“') S S-I0I () +yl (0 () ]U—r) . (A16)

L+#L' r¥r'

We need a connection between the vortex coupling K|,
and the temperature T, valid near the transition temper-
ature T=7T,. From (AS5), as mentioned, K | = B&N for
T —0, and the bare vortex coupling is the original cosine
coupling. The cosine interaction supports both vortices
and spin waves, and for low temperatures, T <<T,, there
will be (long-wavelength) spin-wave corrections as in two
dimensions®? to the bare (even short-distance) vortex cou-
pling, since vortices are extended objects.

Working with3® a truncated version of (AS5) in (Al),
and restricting n to three values n ui =0, +1 with A-n=0,

Z= ¥ exp ) (A17)

[n#=0,:t1]

—> n}/2K'
i

in the isotropic case. Comparing this with the first three
coefficients of the cosine weight factor yields*® a non-
linear relation between K’ and B#. However, the deriva-
tion of (A4) from (A1) requires a sum over all integer
values nw-=0,il,i2, ...t in an intermediate step.
It is the final “vortex” variable J,(i) (and not the inter-
mediate variable n;) that is eventually restricted to its
smallest values 0,%1 in a leading-order vortex-fugacity
expansion. It is not obvious what the relation K (Bd&) will
be in such a case. The spin-wave stiffness must be renor-
malized by the vortices; the short-distance force between
vortices is renormalized by spin waves. A self-consistent
scheme is required, in general. We appeal, therefore to a
physical argument near T,.

In two dimensions, the long-wavelength spin-wave
stiffness is nonzero at Txr, spin waves are well-defined
right up to transition, and the low-T expansion gives a
good description®® of the actual spin-wave renormaliza-
tion of the bare vortex-vortex coupling.

In three dimensions, however, the long-wavelength
spin-wave stiffness vanishes?® at T, as a power of T, —T,

spin waves are less well-defined at the transition, and any

I

spin-wave corrections must go as a power of 7. — T, im-
plying the bare vortex-type coupling is again valid with
K ~B& near T,. This assumption was made earlier'” and
gave good results for the critical coupling; here it is as-
sumed to hold also in the anisotropic case, K ”zﬁci",
K, =~pB&,. The good agreement in this paper between the
critical coupling from the MC simulation of the cosine
model [B&.(7,)] and the vortex scaling [K.(7,)] lends
indirect support to this physical picture.

APPENDIX B: LOOP SELF-ENERGIES
FROM INTRALOOP INTERACTIONS

The large-scale excitations are a continuous closed line
of vortex segments having the same potential,
U(r—r')=U(2r) between opposite r=—r’ segments. In
the isotropic case, (2r)>=a? represents a circle r =(a /2).
In the anisotropic case, we set (with a; =a,=ay= 1),
from (2.12),

i+z2/(1-8))=(a/2)%, 8,=1—v5°=1—(K,/K,),
(B1)

representing an ellipse. For a coordinate system with x-n
in the plane of the ellipse, x2/4%+mn*/B?=1, where
A, B are the semimajor (along x) and semiminor (along 7)
axes. For a segment J making an angle ¢ with respect to
the x (major) axis, x = 4 cos¢ and 7= B sin¢. With a the
polar or ellipse tilt angle between  and Z, the coordi-
nates are z=mncosa and y =msina. Substituting into

(B1), the semimajor and semiminor axes are
(1—‘8 )1/2
a a 0 _ 2 172
A=< == " =[1—e*a)]'*4 . (B2)
2 2 (1—8,sin’a)!”? [ ]

Here a is the ellipse scale in the x-y plane and is the ma-
jor axis for 8,>0, yo !<1. In-plane a=/2 loops are
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circular, of diameter a, while ellipse eccentricity e(a) is -

largest for vertical, a=0 loops, when 7=z,
B=(a/2)(1—8y'? and e(0)=8}2. For 1y,
=(K, /K )"*—0, loops get squeezed to higher eccentri-

parametrized in terms of a and ¢. If ¥ is the angle be-
tween the J direction and the x axis in the x-n plane,
then, in the general X-y-z frame,
J=(cosy,sinysina,sinycosa). Since J is tangential to the

cities. The ellipse distance from the origin is elliptical curve, tany=d7/dx = —B cot$/ A. Then
(x2+p?+zH)'2= A(1—e’sin’¢)' %
With this parametrization, cospp= 1 ,
iy V1+(B%/ A%)cot’d B4)
lvo 'U(r—r)P=(x—x")+(y—y")*+ % sing B cotg
iny=—— .
2 A V'1+(B*/ A%)cot?¢
[2(1—cos(¢—¢")], (B3) The fugacity, for a loop a; =a, a; =a is
wﬂth the form on the right as it appears!”?” in the isotro- (D=, —BEG , (B5a)
pic case.
The topological current segments can also be where
J
BE = 2 (K J(0)-3(e")+ K J (0 () ]U(r—1")+ - U(O) K, 3 Jin)+K, 3 I } . (B5b)
r#r
The energy can be written as (temporarily suppressing the U(0) self-energy term)
K [sin%¢+ (1 —e?)sin’a cos’p ]+ K, (1—e?)cos’a cos? —eZsin?
BEWL) ~ ayofzfrl f2‘n’ 1[sin"¢ ] ,” ¢ | (1 ezsm2¢) i (B6)
V2[1—cos(¢p—¢')] (1—e?cos’d)
[

where we have, as in the isotropic case,!’ made a sharp- y{E(a)=exp[ —BEy(a)(1—38sin’a)/?], (B8)

peaking ¢=~¢' approximation in the current-current
products.

With a cutoff a//a on the ¢ —¢’ angular integration
and absorbing constants of integration and wU(0) self-
energies, etc., into the final core size a,, as mentioned in
the text, the isotropic case loop energy is!’

BEo(a)=mK;—Inla/a.(D] . (B7)
0

Doing the ¢ integration®”® in (B7), the anisotropic case

as in (2.21) of the text. Here we have dropped corrections
~[1—eXa)]'*{[1—eXa)]'’>—1}, which are small in
all relevant limits a ~ /2 for all §,, and §,—0, §,— 1 for
all a.

APPENDIX C: VORTEX-LOOP SCALING

At a general minimum scale, a =aye’ the partition
function of (2.17) can be written as a sum of an isotropic
current scalar product part, plus an anisotropic correc-

fugacity is angle dependent tion [J,=(J,,J,), J, =J,],
J
Z=3 exp|—— 2 S KJIE@) I E (e Ur—1)—BH, (TI»Play), (C1)
{J(L)} L#L' r#r' L
coI;Lxﬁg

where the (A16) correction term SH | can be written in a symmetrized form

BH\=TK(1—vi) 3 3 [4(r,

L#L' 11

The coupling K; has absorbed a minimum length scale a, as mentioned in the text.
+1, 4,,=4,,=
g; is a coupling constant that may be generated by scaling with the bare value g,=1.

JoI=J J, ¥ -3 =3,J,J,4,, with 4,,=

— g T P(r)- T EU )+ Ly, + DIE (eI () ]U(r—1') . (C2)

We here define a product
—1, while, of course, J-J=J,J, +J,-J,=3,J,J,. Here

s
) is as

The bare fugacity y

defined in (2.21), and the bare coupling in the main part of the Hamiltonian is K;_= =vK K, 1K, the geometric mean of
the anisotropic couplings. Here the interaction U(r—r’) satisfies the equation at general minimum scale a,

(Al 4y ?AHU(r)=D*U(r)=—4n8,, ,

(C3)

where we have allowed for possible renormalization of the anisotropy, and introduced 71_251—6,, with
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Yi20=70=(K, /K;). We have defined the derivative operator D=(A",7/1_1Az ), and in Fourier space
U(q)=4r[P} +7/0_2Pl 17%, with (P,,P,)=(P,,P,,P,) and P, =2—2cosq,a,. We first consider the scaling behavior of
the J-J Hamiltonian term in (C1) and then see how the corrections of BH, modify the results, and yield scaling equa-
tions for ;. The argument follows the circular-loop case closely, so we first outline this isotropic model scaling.!”?’
The partition function can be separated into a part Z , that involves only loops of scale >a +da and a part 6Z that

involves interaction of the smallest loops in a range a,a +da, with the rest
z=3 ¢ " [[yP=2z, +5Z . (C4)
i'I(L)} L

Here BH=17K;3; 21 3 o (L(r)-3 L)' )U(r—r') involves all the loops of scales © >a; >a. Z is as in (C4), with a
Hamiltonian BH ., that involves only loops a; >a +da, while 8Z involves the smallest loops L =1 in the shell a,a +da:

8Z=3 II i 1S y, II exp |—7K 3 TV)- T E(0)U(r—r,) (C5)
{70} L(#1) {7y LD LIy
config config
with y{V=y, for the smallest L =1 loop. We define the “mirror position” r} as the position where an oppositely direct-
ed segment occurs, J ' (r;)=—J(r}), so that the small loop acts as a “discrete derivative,”

ST e)UE—r)=L IV (e)[U(r; =1 )= Ulr} —r)]
n n
=%2J§L”(r1)a-A,lU(r,-—r) R (Ce6)
8}
where the unit vector 2= [(r,—r})/a ] spans the loop, and |r;—r}|=a is the circular loop diameter, and the minimum
scale.

The term in square brackets in (C5) can then be written, for interaction with two larger-loop segments on loops
L+#L’ (i.e., L,L'F#1),

[]=2 3 »0m

K '
1_% EJ(I)(I.I),J(L )(r)(a.Arl)U(rl—r)
ll’

{J(L)] IJ(I)

K S e ey g ey |
1 5 EJ (ry)- I (r' )@ A,Z)U(rz r') [+ . (C7)

By J, () =141 symmetry, with a partial integration, shlftmg the derivative to act on U, and a sum over J'V=+1, the
term m square brackets is

[ ] = Vi
J(L)] r#r'
conﬁg

13 Ulr;—1)(@-A,, 2U(r,—r1') | . (C8)
T

Doing the angular average over the diameter vector 2 gives ((’zi-A,l)z)U(rl—r)=§Afl U(rl—r)=—4ﬂ'/38,]’r. The
configuration sum J‘!) is over the center of mass R{!) and relative p ‘" coordinates of the L =1 loop in a shell
a,a +da, with the shell integration 1a <p't <ia+da) giving f d 3p(”/a3=%17'dl. The center of mass of the loop
f d*R!) /a® gives a volume factor Q/a’ for the first terms in the large parentheses of (C7) and allows the delta-

function argument in the second, to be satisfied, as R sweeps through the system.

So, finally,
~ (L), ~PH £ }"_4 2 (LY )5 (L) S
8Z= 3 I 2wy dl— + ydlKi 3 3 ()Y (1) Ue—1') | . (C9)
{ J(L)} L+#1 a 3
config
[
Recombining Z=2Z_ +8Z and reexponentiating, we get The loops are now of minimum size a +da, but the
a thermal renormalization contribution to coupling, minimum interlc()gp c(lis%ance is still a, with potential con-
ibuti ~Je. . i th
dK,=— AoK2y,dl, Ay=4n/3 (C10a) tributions 3K, /a Demanding at the

minimum loop size is the minimum interloop approach

and a free-energy density scaling equation dBF,/a’ implies an increase in coupling of the 1/R potential,
=2y, /a’dl. K,/a=[K;(1+dl)]/(a+da), or an increment
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dK,=K,dl . (C10b)

This is a geometrical contribution to the coupling K; that
has absorbed a scale a. (For 2D charges g, the potential
energy is ~¢?InR, so g2 is an energy; for 3D g2 is an en-
ergy times a length.) Combining the two increments
(C11) gives the isotropic case K; coupling equation (2.7a).

Turning to anisotropic or elliptical loop scaling, the ar-
gument carries through largely as before, but with four
differences: (i) The r;—r} vector across the ellipse is not
a constant, as it rotates through the ellipse perimeter, and
the equation obeyed by U is (C3); (ii) the shell volume in
the scale a,a +da is around an elliptical, not circular per-
imeter, (iii) U is explicitly dependent on the scale-
dependent anisotropy ¥; !, and (iv) the fugacity y,(a) de-
pends on the angle a between the z axis and the ellipse
minor axis, which could weight angular averages previ-
ously done freely over tumbling smaller loops. Angular
averages ( ) include an average over a with weight
y/(a)/y;, where 3, is the free angular average of y,(a).

The corresponding modifications of the argument are
as follows.

(i) Defining R=[(r—r*),7,(r—r*),], the ellipse is
given by (2.19), i.e.,, R2=a?2 Then, from (C3), the angu-
lar average over all segments and over all loop orienta-
tions,

([(r;—=1})/a)- A1) U=([(R/a)-D*)U

~1D?U=— %’Tano (C11)
[where (iv) below has been anticipated in the approximate
equality].

(i) The dl factor from the a,a-+da shell in the
configuration integral is changed by the ratio of the ellip-
tical to the circular perimeter. From (2.19) and (1.9)

mdl—mdl | [ dg(x> )2 /ma
_ m2de . 5. 2,10
7lef0 7/2(1 e“sin“g)

~mdl[1—1(eXa))], (C12)

where e =e(a) is the eccentricity. For §,=1—y;%<<1,
anticipating the result that y; '—1 asymptotically, the
net change is

mdl—>wdl[1—1§,] . (C13)

(iii)) The scale dependence of the effective anisotropy
y; 'in U generates a new additional potential

QPP gl
Pi+y, ’P}  PityiiaP]
[(d8,/d1)dIP}]|3(q)|?

- . Cl4
(P2 4y 2P2)? c1y

z

The additional term is asymptotically small, with
coefficient shown below scaling to zero, and so it is
dropped.

(iv) The angular average of y,(a) and other a-
dependent scaling factors, such as above, can be approxi-

mated by the product of the free angular averages, with
corrections that are higher order in §,y;,. Thus, the angu-
larly averaged fugacity y; just replaces the previous, iso-
tropic fugacity. Thus the K; scaling equation is to
o(4,7;),

de1 2—

a1 ~Ki— 4Ky,
as in (3.2a).

Other explicit scale dependences are absorbed in the
fugacity. The unit-cell a® scale factors in the
configuration integrals [center-of-mass and relative coor-
dinates ( [ d’R5) /a3)( [ d3p'"/a®) for each loop L]
give a renormalization increment dy;, =6dly;. The expli-
cit scale dependence of the fugacity (2.21) and of the an-
isotropy 7 ! give collecting contributions,

dyl z6_)_)1dl ""7T2K1L[}71dl +%—BE0((1)81 ( Sinza )yldl N

(C15)

(Cl16)

with L,=1+In(a /a.), an angular average ( ) over a
with weight y,(a)/y,. Thus, to relative order §;, shown
later to scale to zero,

d
iz(e—arzK,L,))—z, .

(C17)
dl

We now consider the scaling of the rotationally nonin-
variant BH, of (C2), and obtain the scaling equation for
y; !. Including both direct terms from BH,B8H 1 in (C2)
and the cross term SBH,BH, in (Cl), the scaling of the
coefficient, of the +J-J term of C(2), to O(§,), goes as

d(1—y;h
dl

In obtaining (C18), we must go through arguments
such as (C7) and (C8) for the isotropic case and use rela-
tions as given below in an obvious notation (suppressing
arguments for simplicity). Using (C11)

=— A Ky,(1—y; ). (C18)

43 JIUIIU=-3 3 J,J,U@,A,)’U
1
= —ZJ-JU§D2U=4TW S I1IU,

43 J8JUIRJU=—3 3 J,J, 4, U@,5,)U
I

=- s wupU="L 333U,

(€19
43 JeJUIIU=—T3 3J,J,UA, (@A) U
173

=S JesiDU=2" 3 jeU,
3 3

The common fixed point of (C18) and (C15) is clearly
the 3D fixed point unchanged, A4,K*y*=1 and
1—(y ~1)*=0. In the vicinity, to O(8}), (C18) gives

8 =1—y; *=(1—yg2e . (C20)
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The coefficient g; can be shown from (C20) to be well
behaved, not changing these conclusions. Near the fixed

point, with relative order corrections ~&?,
(1— 44K ,y,)g, is dropped, so
dg,

i.e., g, ~go—2l Thus, since (1—y; !')~e '—0, the BH,
contribution of (C2) scales to zero, and the J-J first Ham-
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iltonian term of (C1) determines the K;,y,; scaling equa-
tions.

Note that in the strongly anisotropic regime
76 2<0.25 the quasi-2D HT excitations, which scale as
(4.13), dominate for scales a <r,. The 3D scaling equa-
tions and renormalization of ¥; ! cut in only for I > [, so
(C20) is replaced, for v, ! <0.5, by

—1

—(1—=1,)
1=y '=(1—yg e =~ .

(C22)
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