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Fractal structure of porous solids characterized by adsorption
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The fractal dimensions of porous solids, zeolites 3, X, and Dowex MSC-1 were determined by physi-

cal adsorption and the values were 2.57, 2.37, and 2.92, respectively. In fact, it is counting the coverages
of the adsorbate on the adsorbent. The solids can be visualized and simulated by a reducing similarity
transformation. The resulting difference and significance of using the volume and area of the adsorbate
to obtain the fractal dimensions are discussed.

INTRODUCTION

Fractal geometry has been developed and progressed
rapidly in recent years (Mandelbrot, ' Falconer, Ross,
and Schroeder ). It has been employed in the areas of
biology (Peitgen and Richter ), climatology (Lorenz ),
and engineering (Hibbert and Melrose ) to simulate the
irregular shapes and chaotic movements. In general,
fractals have two key elements: one is self-similarity and
the other is fractal dimension. The self-similarity has a
reducing or enlarging factor called s and the universal re-
lationship between s, Df (fractal dimension), and N (the
number of fractal units) is N= 1/s . While Df is nor-
mally not an integer, hence it is called fractal dimension
in contrast to the conventional concept of geometry.
Louis and Pereira suggested the application of the con-
cept of the Menger sponge to the porous catalysts which
might be characterized as the structure effects of the cat-
alysts. Pfeifer and Avnir, Avnir, ' Avnir, Farin, and
Pfeifer" in a series of papers demonstrated the applica-
tion of adsorption isotherms to measure the fractal di-
mensions by consideration of the average area projection
of the adsorbate on the available sites of the adsorbent.
Radoev and Tenchov' discussed the fractal affect on the
adsorption rate of porous solids. Sheituch and Brandon'
related the diffusion and reaction to the Thiele modulus
of the catalysts.

In this study, the fractal dimensions of porous solids of
zeolite 5A, zeolite X, and polymer Dowex MSC-1 are
determined by the adsorption of different sizes of adsor-
bates. It is analogous to the classical example of using
different length scale to measure the coastline of Britain.
More properly the Hausdorff's dimension is adopted for
box-counting area or volume. In fact, it is counting the
coverages of the adsorbate on the adsorbent in this study.
The resulting difference and significance of using the
volume and area of the adsorbate are discussed.

h=2,
h=3, C=(-,')m 'V .

This implies that length r, circle mr, and sphere (
4 )m.r

are the measuring units. The measuring unit s in Eq. (1)
should have a.tendency to zero in order to eliminate the
effect of geometric shapes on the fractal dimension. But,
in practice, the measurement units should be varied in
volume occupancy for fractal dimension of 2~Df ~ 3, in
area coverage for fractal dimension of 1~Df ~2 and in
line interval for Df (1 in order to obtain the realistic
fractal dimensions. In this study, cross-section area cov-
erage and volume occupancy adsorption isotherms of
different size adsorbates are collected from literature to
investigate the fractal structure of the porous solids and
address their significance.

Following the same rationale, Eq. (2) can be
transformed into

—D, +i
n(o )=go.

where o. is the molar cross-section area of adsorbed mole-

THEORETICAL BACKGROUND

Mandelbrot' defined the fractal dimension as

log, oN
Df = lirn

4 0 log, o(1/s)

where s is the measuring unit, N is the number of objects
that can be measured by s, and Df is the fractal dimen-
sion. For the hD space where h can be integers or frac-
tional numbers, in case of h = 1, 2, or 3, we have

N(r) =Cr

for

h =1, C=( —,')L,
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cules (Mccellan and Harnsberger' ), p is the constant, n
is the number of moles adsorbed and

—D3+ j.
n(u) =qu (4)

where g is the constant and U is the molar volume of ad-
sorbate.

Equations (3) and (4) are used for area coverage and
volume occupancy isotherms, respectively. In case no ex-
perimental molar density or volume data are available,
the corresponding state theory (Reid, Pravsnitz, and
Sherwood' ) is employed to estimate the molar volume
used in Eq. (4). The fractal dimension D, is ba. sed on area
i=2 and on volume i=3, respectively, which is con-
sistent with Pfeifer and Avnir. It is worth noting that
Eq. (4), the fractal power of D3+1,—certainly deserves
further comment. Conceptually, the number of sorption
sites can be visualized as measurement or coverage by a
cube of length 1 (or sphere of radius r) of the sorbate
molecules. If the sorbate molecules are not as regular as
a cube or sphere, but rectangular (1Xh Xw), then this
extra irregular shape of ( 1 X h X w —1 ) =fraction or mul-
tiple of (1Xh Xw)=k (1 ) has to be taken care of, that
is, log, ~=log, o(1 ) '+log, ok(1 ). This first term is
considered to be the effect of fractal power of regular
shape whereas the second term is the correction of fractal
power of irregular shape.

RESULTS AND DISCUSSION
Zeolite is alumino-silicate crystals and has a very rigid

and uniform pore structure. Its structure has been stud-
ied extensively and identified (Breck' ). In comparison,
Dowex MSC-1 is an amorphous polymeric adsorbent. Its
pore structure is random and irregular. Consequently,
zeolite 5 A (the Ca form of zeolite A ), zeolite I, and
Dowex MSC-1 were selected to represent a wide variety
of porous solids in this study. From literature, the sorp-
tion capacities of different sizes of adsorbate on zeolite
5A, ' zeolite X, and Dower MSC-1 (Ref. 38) were
obtained. A log-log plot of sorption capacity vs size of
sorbate was prepared next. A regression line through the
points was obtained from which the slope (after change
sign) plus 1 was the fractal dimension of the solid charac-
terized by adsorption as indicated by Eqs. (3) and (4).
Employing the concept of the Menger sponge to
represent the porous solid, we can construct and achieve
a three-dimensional view of the porous solid generated by
a deterministic process of repeatedly taking out a certain
size of regular holes or slabs from the solid until it ended
up with the same fractal dimension as the zeolites or
Dowex MSC-1. The porous objects achieved by this re-
ducing similarity process were served as the visualized
solids.

Figures l(a) and 1(b) are the capacity vs molar volume
and capacity vs molar cross-section area plots on zeolite
5A, respectively. The slope (after change sign) plus 1 is
the fractal dimension. Similarly, the plots for zeolite X
and Dowex MSC-1 are shown in Figs. 2(a), 2(b), and 3(a),
3(b), respectively. All the fractal dimensions obtained are
listed in Table I. It should be noted that the regression
results are excellent with correlation coefficients ranging
from 90 to 99%%uo. The fractal dimensions obtained from

adsorbate volume plots are also more realistic and ranged
from 2.37 to 2.92 falling in the fractals of porous solids
with 2 Df ~3, whereas the fractal dimensions derived
from adsorbate cross-section area plots ranged from 2.69
to 3.29, and the 3.29 fractal suggested that it may be
created from a four-dimensional solid and hence not real-
istic to represent a porous polymer. The reason sorbate
volume as the measuring unit is more realistic than the
sorbate cross-section area may be speculated in that the
void in porous solids is three dimensional in nature, con-
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FIG. 1. (a) Adsorption capacity vs adsorbate molar volume.

Data source: Danner and Wenzel (Ref. 17), Derrah et al. (Ref.
18), Haber et al. (Ref. 19), Kual (Ref. 20), Lederman and Willi-
ams (Ref. 21), Loughlin and Ruthven (Ref. 22), Mcclellan and
Harnsberger (Ref. 14), Miller (Ref. 23), Reid et al. (Ref. 15),
Ruthven and Loughlin (Ref. 24), Ruthven (Ref. 25), Sorial et al.
(Ref. 26), Valitis et al. (Ref. 27), Uerelst and Baron (Ref. 28),
and Zuech et al. (Ref. 29). (b) Adsorption capacity vs adsorbate
cross-section area. Data source: the same as data source of (a).
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sequently, it is more reasonable to match the volume by
volume. Furthermore, the cross-section area employed in
this study is a projection of a sphere assumed for all the
sorbates (Mcclellan and Harnsberger' ), even though
some sorbates are obviously cylindrical or long chained
hydrocarbons. The two-dimensional projections may de-
pend on the orientation of the sorbate inside the pore and
this information cannot be correctly obtained at the
present time.

The visualized solids of zeolite 5A, zeolite X, and

0.7

sto

(co~el
0 4

0.6

0

0.5
Q

C)

0.3—

g)amer bXSC—5

C&H Oh

~ C4H O&

r7 2 —C&HI pH

0.6

O

04

R~ 0.2—

0
0.0

C)

bg
—Q. 2

—Q 4
1.4

i lope= —1.3
(con elatien coef

I

2.21.8 2.01.6

Log» / volume (cm /mole) J

Q C H4

Y CzHe

0 C~Hio

0 i-C~Hto

~ Cs Hrz

Ce Ht~

~cloCeH rz

0 Cyme

Ce aie

2.6

0

O

Cb

bq

0.2
1.8

0.7,

0.5—

1.9 2.0 2. 1 2.2

(bj
Domex hl'SC —1

0 Cg H7OH

~ C4Hg OH

z-c~FI, pH

sLope = -2.29

(core elation coeff. = 91K)

Log, o f volume (cm3lmole) J

0

bg

0.6—

0.4

0.2—

—0.2

—Q

1.4

(co

g C 8
Y Cz&e

O C~Hro

C. &,o

CeHt»

~ C H,

cpcLOCeHrz

c„H,

A ~-Ce~re

O

Log, 0 I cross section area (A2r'mole) J-
I

2.2

1.5 1.7

Log, 0 I cross-section area (A~/mole) J

FIG. 3. (a) Adsorption capacity vs adsorbate molar volume.
Data source: Chien (Ref. 38), Mcclellan and Harnsberger (Ref.
14), and Reid et al. (Ref. 15). (b) Adsorption capacity vs adsor-
bate cross-section area. Data source: the same as data source of
(a}.

Dowex MSC-I are drawn in Figs. 4, 5, and 6, respective-
ly. The construction of these solids was done through tri-
al and error but Figs. 4 and 5 seem to be reasonable rep-
resentations of zeolite 5A and zeolite X structure. Fig-
ures 4 and 5 are constructed by taking out —,

' and —' units
in each of the X, Y, and Z directions, respectively. In the
first step m = 1 both of the solids are left with eight sodal-
ites as shown in Figs. 7 and 8. DifFerences are the lack of
eight little connectors of either rectangular (for zeolite

FICx. 2. (a) Adsorption capacity vs adsorbate molar volume.
Data source: Barrer et al. (Ref. 30), Danner and Choi (Ref. 31),
Danner et al. (Ref. 32), Hyun and Danner (Ref. 33), Mcclellan
and Hansberger (Ref. 14), Reid et al. (Ref. 15), Ruthven (Ref.
34), Ruthven and Francis (Ref. 35), Wukasugi et al. (Ref. 36),
and Youngquit et al. (Ref. 37). (b) Adsorption capacity vs ad-
sorbate cross-section area. Data source: the same as data source
of (a).

Volume Surface area

Zeolite 5A
Zeolite X
Dowex MSC-1

2.57
2.37
2.92

2.88
2.69
3.29

TABLE I. The fractal dimensions of porous solids character-
ized by surface area and volume adsorption.
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5 2 ) or hexagonal prisms (for zeolite X) to the sodalites
shown in the figures. Subsequently, repeating the same
operation, we can create the solids with the same fractal
dimension as characterized by the adsorption experiment.
For instance, in the first step, m =1, the total number of
—,
' cubes are 125; 61 are taken out and 64 cubes are left.
For jth step, m =j, 61 X (64)J ' number of ( —,

' )~ cubes are
taken out and left are 64~ smaller cubes. Hence by Eq. (1)
Df =log, o64/log, 05=2.58. Similarly, the fractal dimen-
sions of 2.37 for zeolite X and 2.92 for Dowex MSC-1 are
obtained. Although the visual picture of Dowex MSC-1
in Fig. 6 was constructed by the deterministic similarity
transformation, the realistic random pore distribution
can be represented nicely by the repeating regular pat-
tern. It should be mentioned that the visualized porous
solid did not have to be exactly like the real solid in all
layers of structure, but it has to represent the sorption
and possibly the transport properties as well as the fractal
dimension of the real porous solid effectively.

It is interesting to see how the chaos game can create
the porous structure of Fig. 6. For easy explanation, let
us consider a Aat view of two-dimensional Fig. 6. The
four points of the square can be denoted by A, B, C, and
D. Let us use a fair die of tetrahedron of four faces, each
face representing either point A, B, C, or D, respectively.
Then take any point xo inside the square and throw the
die. If a face shows up representing point C, then con-
nect the xo C line. Denote the one-fifth distance of the
line segment as point xi. Repeating this procedure n

times, n could be 5000 or 50000, n points will be ob-
tained, then the upper parts of Fig. 6 will emerge gradu-
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FIG. 7. A-zeolite structure.

ally. Next, let us explain the formation of the porous
structure of Fig. 4. Again, a two-dimensional view is
used for easy explanation. Instead of building a Cantor
quinairy set in a line segment, we can build a Cantor
quinairy set in a square in the same way (Mandelbrot').
If we use the coordinate system (x,y) and take (0,0), (1,0),
(0,1), and (1,1) as the vertices of the square. The arbitrary
point in the square of the Cantor quinairy set will corre-
spond to coordinate (x,y). Both x and y belong to the
Cantor quinairy set, that is x or y falls in one of the five
equal segments of the unit x or y axis. If it is in the mid-
dle one-fifth segment then that whole section is taken out.
Repeating this process in the remaining smaller squares,
the results were shown in the upper parts of Fig. 4. If the
squares were addressed in quinairy systems of 2 digit, 4
digit, . . . , and 2n digit, even smaller squares, it could be

FIG. 8. X-zeolite structure.

an interesting chaos game on a computer screen. In this
fashion, Figs. 4, 5, and 6 were created by extension to
three dimension.

CONCLUSIONS

The fractal structure of a porous solid can be charac-
terized by adsorption of different sizes of volume adsor-
bates. The fractal solid can be constructed and visualized
by reducing similarity transformation. The possible
effects on the transport properties of the fractal solid may
be investigated by the formation of mass and energy bal-
ance equations in which the fractal dimension was incor-
porated.
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