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In this work the problem of the prediction of the external shapes (habits) of icosahedral quasicrystals
is addressed in terms of geometrical considerations. The cut and projection method is used to find the
densest family of quasilattice planes that, according to the Bravais rule, are the most significant from the

morphological point of view. The three kinds of six-dimensional cubic lattices are worked out, namely,

primitive (P), face centered (F), and body centered (I). Algebraic methods are proposed to find the den-

sest sublattices of the six-dimensional lattices projecting onto a given quasilattice plane. The results are

compared with experimental observations.

I. INTRODUCTION

It is well known that crystals frequently grow with po-
lyhedral external shapes (habits). This fact can be under-
stood on the basis that crystals consist of identical units
that are repeated according to a lattice. The lattice
periodicity also explains why the various facets (fiat faces
of the polyhedra) of crystals form always the same angles
among themselves (law of constancy of angles) and why
the directions of the normals to the facets can be indexed
(Miller indices) with small integers (law of rational
indexes).

The name "morphologically important planes" comes
from the fact that the observed facets tend to correspond
to the densest lattice planes (Bravais rule), which at the
same time are those with the largest distances among
themselves to keep constant lattice volume. The densest
lattices planes have small values of the Miller indices
h, k, 1. '

Quasicrystals, although noncrystalline, behave in a
similar way. They also present polyhedral habits, a law of
constancy of angles is obeyed, and can be indexed, in the
Fourier module, with small integers.

In the present study the assumption is made that the
morphologically significant quasilattice planes in quasi-
crystals are also those with the highest densities and larg-
est separations. Advantage is taken of the fact that quasi-
crystals can be thought of as projections of a subset of a
six-dimensional lattice. Thus the hypothesis is formulated
as indicating that the relevant planes in R are those that
correspond (via projection) to the densest lattice hyper-
planes in R . Kupke and Trebin have addressed similar
questions in the case of a six-dimensional P lattice. These
authors compare their results with numerical simulation
of heavy ion channeling of perfect icosahedral quasilat-
tices. To some extent the present study is an alternative

algebraic approach that is extended to the cases of F and
I lattices.

At the same time several algebraic aspects of six-
dimensional lattices are treated. It is shown that most of
the time the best tool is the time-honored Gauss-Jordan
reduction of matrices to row reduced echelon form.

Within this geometrical and methodological frame-
work, the likely facets in quasicrystals projecting from P,
F, and I lattices in R are derived. We obtain that con-
sidering only the densest quasilattice planes, the most
likely external form of the ideal icosahedral quasicrystals
are the triacontahedron and the pentagonal dodecahed-
ron, for the P and F cases, respectively, in agreement
with experimental observations. The I phase, yet
unobserved, should prefer the shape, according to our re-
sults, of a triacontahedron.

II. PRELIMINARY CONSIDERATIONS

a —a —a
b a a
a b a
a a b

The starting point of the present approach is the fact
that the quasicrystals can be regarded as projections of a
subset of a lattice in the six-dimensional space R . We
shall review briefly this approach in order to state the no-
tation. Let us consider the space R equipped with the
canonical basis Ie&, e2, e3, e4, es, e6I. The connection with
the "physical space" E~i=R is achieved by projecting
R onto Eii by means of the projector ~:R —+R whose
matrix relative to the canonical basis is given by

b

b a —a —a a
a b a —a a

0163-1829/95/51(2)/857(7)/$06. 00 51 857 1995 The American Physical Society



858 J. L. ARAGON, F. DAVILA, AND A. GOMEZ 51

where a =1/+20 and b =
—,'. The projector onto perpen-

dicular space E (the orthogonal complement of E~~ in
R ) is given by vr =1—m. , where 1 is the 6X6 identity
matrix.

From this the quasicrystal is defined in the usual way.
First one considers the six-dimensional P lattice

6

L~ = g n;e; ~n; EZ

and then a strip S is selected in the way described by
Katz and Duneau. The structure resulting from project-
ing onto E~~ all the points of LI, inside the strip is the
quasilattice Q~. That is

Qp=vr(LpflS) .

The projection of all points inside the strip onto E
defines the acceptance domain E =sr (L&ClS), that in

this case is a rhombic triacontahedron.
In six dimensions there are there Bravais lattices con-

sistent with icosahedral symmetry: P, F, and I cubic lat-
tices. ' Most of the experimentally observed icosahedral
quasicrystals are of the P type, however F icosahedral
quasicrystals have been obtained in some alloys in the
system Al-Cu-R (R =Fe, Os, Ru, Mn) (Refs. 5, 10, and
11) and Al-Pd-TM (TM = transition metal). ' The last
case (I) has not yet been observed experimentally. These
lattices will be described in detail in Secs. IV and V.

FIG. 1. The projected basis vectors c; of LI are six vertices
of an icosahedron.

quasilattice (E3
—

Ez and E, —E2 in this case); the occupa-
tion density of this plane is directly related with the den-
sity of Aii, . (ii) Find the average density of the family of
planes defined by the same normal (fivefold in this case).
The denser this family of planes is, the more likely the
facet is to appear and develop.

The sublattice A~ of LI that projects onto a given
plane is known to be a four-dimensional lattice. This
can also be seen directly as follows: Consider the sub-
space generated by the set

III. PRIMITIVE SIX-DIMENSIONAL LATTICE

The method used to find the densest family of quasilat-
tice planes is proposed by Katz and Duneau, which re-
lates quasilattice planes and their normal to sublattices of
LI, . Our procedure to find these sublattices in each of the
three lattices in six dimensions is described below. We
present in detail only the case of planes invariant under
fivefold rotations (fivefold planes). Similar algebraic tech-
niques apply in all the other cases including F and I lat-
tices.

The primitive six-dimensional lattice of lattice parame-
ter one is generated by a canonical basis as in (1). Upon
projecting from R onto R the unit hypercubic cell, a
tricontahedron is obtained that is formed by ten prolate
rhombohedra and ten oblate rhombohedra whose edge
lengths are 1/&2. Consider a plane (facet) in a quasilat-
tice whose normal points in the direction of one of the
fivefold axes; by a plane in a quasilattice we mean a plane
that contains at least three noncollinear quasilat tice
points. Using the numbering shown in Fig. 1 for the vec-
tors pointing to the vertices of an icosahedron, it can be
readily seen that two vectors in this plane are

E3
—

E~ =vr(e3 ) —m (e2 )

E, Ez=vr(e, ) ——m(e2) .

The kernel of the procedure can be stated briefiy: (i)
Find the sublattice A ~ of LI, that projects onto the space
spanned by the vectors that determine a plane of the

~3 ~2&~1 ~2&83 E2 &81 ~2 &~6 J

M'= 0

0

OOOO —1/&S
1 0 0 0 —1/&5
0 1 0 0 —1/&5
0 0 1 0 —1/v'5

0 0 0 1 —1/&5

Then a linear combination of the rows of M'

x, (1,0,0,0,0, —1/&5)+x2(0, 1,0,0, 0, —1/&5)

+x3(0,0, 1,0,0, —1/&5)

+x4(0,0, 0, 1,0, —1/&5)

+x5(0,0, 0, 0, 1, —1/&5)

where E„s2are as before and s, =m (e, ), i =1,2, 3, 6.
This set is linearly independent and since n(c;) =E; and,

vr(E; ) =0, it projects onto the space spanned by

t s3 —E2, E, —E2 I. Then the (five-dimensional) subspace
spanned by (2) projects onto the fivefold plane of the
quasilattice. The sublattice A~ is then the intersection of
this subspace and Lz. There is a very simple (yet elegant)
way of obtaining a basis for A + . Write a matrix M whose
rows are the components of the vectors (2) (with respect
to the canonical basis Ie„ez,e3,e4, e5, e6), these com-
ponents in turn are to be obtained from the projection
matrices m and m. ). Then bring M to the reduced row
echelon form M'. The rows of M' form another basis for
A~ that has many zeros and ones as components. Ex-
plicitly,
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TABLE I. Generators and volumes of the primitive cells of lattices A~ projecting onto the tree
planes of a P quasilattice generated by the vectors in column 2.

Direction

twofold
threefold
fivefold

Generators in 3D

[e)+e„E,+e3I
&2

Generators of A~

el, e2, e3 —e5, e4 —e6

3 2+ 3 4 6 5 e6)

V(A~)

2
3

v's

will also lie in I.I if and only if x&,x2, x3,x4, x5 are all in-
teger and g5, x, =0, so a basis for A54 is given by

I(1,0, 0,0, —1,0), (0, 1,0,0, —1,0), (0,0, 1,0, —1,0)

(0,0,0, 1, —1,0)I,
confirming that the dimension of A~ is four indeed.

Let 8' be the four-dimensional space containing the
lattice A~, such that

A~= W fir.I .

One can obtain the pattern of projected points onto the
fivefold plane spanned by I c,3

—ez, ei —E2J by the cut and
projection method in Aii„with the strip S54, = (S l1 W).

Orthogonal to A~, there is a two-dimensional lattice
A &, which projects onto an one-dimensional space or-
thogonal to the quasilattice plane, i.e., projects onto a
space spanned by the normal to the fivefold plane. A sub-
space 8' orthogonal to 8 is obtained calculating the
null space of the matrix whose rows are the components
of the vectors (3). This procedure gives

W' =Span((0, 0,0,0,0, 1),(1,1, 1, 1, 1, 1)) .

The pattern of vertices along the normal to the fivefold
plane, that gives the sequence of separations between
planes, is derived similarly by the cut and projection
method but in the two-dimensional lattice

A, =n. 3(LP ),

with a strip Swi=~wl(S), ' where ~wl denotes the or-
thogonal projection onto the subspace 8' . From the
projection 5r &(Lp) we can obtain a basis for A ~, that
reads

Ie6, (e, +e2+e3+e4+e5)/5I .

The cut and projection method in this lattice is depicted
in Fig. 2.

In the derivation of A~ and A &, attention was paid to
the question of whether the basis obtained for the lattices
were the smallest or primitive or, in other words, if all
lattice points in the four-dimensional lattice could be ob-
tained as integer combinations of these basis vectors. Fre-
quently all that had to be done to check this was to ex-
tend the basis for Aii, (or A &) to a basis for L~ and to
check that its volume was 1. This would ensure that no
points of I.I, were missed.

Calculations were made to assess the morphological
importance of high symmetry planes, i.e., fivefold, three-
fold, and twofold facets; the assumption being made that
the densest planes are those that would contribute most
to the equilibrium habits. Tables I and II show the re-
sults for the lattice I.I . Table I gives the generators of the
three different quasilattice planes in three dimensions, the
basis for the four-dimensional lattices A~ associated with
each plane, and the volume of the smallest (primitive) cell
of A54, which is denoted by V(Aii ). Table II gives the
basis for the lattices A & that projects onto the normal to
each quasilattice plane in Table I. The area A(A &) of
the primitive cell of A & is also given.

IV. FACE-CENTERED LATTICE

A face-centered-cubic lattice in R is defined as

6 6
LF= gn;e; gn;= (m0do2) ',

h.=e, +e, +... +e,

FIG. 2. Cut and projection method in A & ~ Small points
W

come from the projection n. j (Lp ) ~ E ~~ and E are indeed m

(E) and m z (E ). The strip is generated by translating the ac-8'
ceptance domain m & (EC) (strong line along E ) onto E~~. The
primitive cell of A ~ is dashed.

W

TABLE II. Generators and areas of the primitive cells of the
two-dimensional lattices A j projecting onto the normal to
quasilattice planes in Table I.

Direction

twofold
threefold
fivefold

Generators of A
W

I (e4+ e6)/2, (e3+e, ) /2 I

I(e4+e5+e6)/3, (e, —ez+e3)/3I
(e6, (e, +ez+e3+e4+e5)/5I

A(A )

1/2
1/3

&/v'S
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TABLE III. Generators and volumes of the primitive cells of lattices A~ projecting onto the tree
planes of a Fquasilattice generated by the vectors in column 2.

Direction

twofold

Generators in 3D Generators of A~

el e2 el e2

V(A~)

threefold
fivefold

E1 E2, E,5 E6 3
v'5

and in this case a basis for the lattice is given by the rows
of the generator matrix'

—1 —1

1 —1

0 1

0 0
0 0
0 0

0 0 0 0
0 0 0 0

—1 0 0 0
0 0

0 1 —1 0
0 0 1 —1

(5)

V. BODY-CENTERED LATTICE

A body-centered-cubic lattice in R is de6ned as the
lattice dual (reciprocal) to L~ and is given explicitly by

n,.LI= g e;~n; =nj(mod 2) . ,
] 2

and a basis can be given in terms of the generator ma-
trix'

TABLE IV. Generators and areas of the primitive cells of the
two-dimensional lattices A j projecting onto the normal to
quasilattice planes in Table III.

Direction Generators of A
W

A(A j)

Note that Det(F) =2 and that in six dimensions this is
a lattice with lattice parameter 2. The lattice LF is also
known as the checkerboard lattice and is identical with
the root lattice D6, ' which has been studied in great de-
tail in Refs. 14 and 15. The quasilattice Q~ is obtained
from cut and projection method with the lattice LF and
the acceptance domain X which is the same as for the lat-
tice LI, a rhombic tricontahedron. ' ' This implies that
the vertices of QF are just the even vertices of the quasi-
lattice Qz projected from the lattice L~.

Tables III and IV show the counterpart results of
Tables I and II for the case of the lattice LF. Results are
shown in the canonical basis but calculations are made
simpler using the primitive basis given by the rows of (5).

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
1 1 1 1 1 1

2 2 2 2 2 2

(6)

with Det(I) =
—,. A primitive basis for LI is given by the

rows of the matrix I. The I quasilattice QI can be also ob-
tained by the cut and projection method in LI with the
rhombic triacontahedron as the acceptance domain.

The relationship between the three lattices LI„LF,and
LI is given as

LI(a )~L~(a ) ~L~(2a ),
where a is the lattice parameter. LF is a sublattice of LI,
of index 2 and LI, is a sublattice of LI of index 2.

Tables V and VI show the results for the lattice LI.
These are shown in the canonical basis but calculations
were worked out using the primitive basis given by the
rows of (6).

VI. AVERAGE DENSITY OF A FAMILY OF PLANES

For a given type of lattice (LI„LF,or LI) and for a
given type of facet (twofold, threefold, fivefold or any
other) the four-dimensional lattice Aii„that projects onto
the space containing the facet, can be calculated. The oc-
cupation density (number of vertices per unit area) of the
particular plane under consideration is inversely propor-
tional to the volume V(Aii, ). We have to take into ac-
count that not all the lattice points in A~ are projected
but only those inside the strip S~. The acceptance
domain in this case is just a section of the triacontahed-
ron E, given by m (Sii, AL ), where I =P, F, or I, as
depicted in Fig. 3 for the case of a plane normal to a five-
fold axis.

%'ith the above considerations, the density of vertices
(quasilattice points) in a given quasilattice plane can be
calculated as follows. Let us consider a square domain,
of area Az, in the quasilattice plane. If X is the number
of vertices inside the square, then the density is given by

twofold
threefold

fivefold

I(e4+e6)/2, (e, +e, )/2I
((e~ —eq+e3+e4+es+e6)/3
( —e, +ez —e3+e4+e, +e6)/3I
I (e, +ep+ e3+ e4+ e g ) /5+ e6,
(e, +ez+e3+e4+e, )/5 —e6)

1/2
2/3

2/&5
All the N vertices in the square domain are projections of
vertices of A~ contained in a four-dimensional region
whose volume V4D is Az times the "height" of the strip.
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TABLE V. Generators and volumes of the primitive cells of lattices A~ projecting onto the three
planes of a I quasilattice generated by the vectors in column 2.

Direction

twofold

threefold

fivefold

Generators in 3D

E, l, EP

{e/ + spy E2+ E3 l

Generators of A~

el, eg, e3 e5,
( —e, —e2 —e3+e4+e~ —e6)/2{

e
&
+2e2+ e3+ e4 —2e5+ e6,—e, —e2 —e4+2e~ —e6, e4 —e~ l

m (Sir flL )

V(Aii, )
(8)

The complete family of planes along one direction are
obtained by translating the lattice A~ over A &. In each
translation we have to cut and project, and the accep-
tance domains will be di6'erent parallel sections of the
triacontahedron. From Eq. (8), since V(Air) is fixed for
each family, the density of each plane depends only on
the corresponding section of the triacontahedron. The
average density of the family is therefore

N

1

V(A it, ) N

where 3; is the area of the section of the triacontahedron
corresponding to a plane i, and N is the number of planes
considered. In the limit, we have

Since the acceptance domain is the planar section of the
triacontahedron m (Sz, RL ), whose area we denote by
lm (S itflL )l, we have V4D=As X le (Sir AL )l.
On the other hand, this same volume is equal (up
to small boundary corrections) to the number of
enclosed unit cells of A ~ times the volume of the
unit cell, that is, V4D =N X V(Aii ). Consequently
N= As rr (Siv AL )l/ V(Air) and, by substituting in
(7), we obtain

A(A i)

~re
(10)

Therefore, we can write

d~A(A, ) .

spectively, the twofold, threefold, and fivefold directions.
Note that the average density from one family to another
is carried by V(A|4 ) and lx In th. e particular case of the
fainily of fivefold planes of a P quasilattice, V(Air) is
given in Table I and lz =2.2882 is twice the circumradius
of the triacontahedron K. Since the triacontahedron has
minor variations from family to family, oversimplifying
we can write

1

V(Air )

which means that the morphological importance of a fam
ily ofplanes varies inversely with the volume of the primi
tive cell of the four dimension-al lattice Aii that projects
onto the space containing one of the planes of that family

Following the same reasoning that led to Eq. (8), we
can see that the average separation between planes in a
given family varies directly with the area of the primitive
cell of the two-dimensional lattice A & that projects onto
the normal to that family of planes, and is given by

1

V(Air )

5-fold axis

5-fold axis

where V(IC)=2'/ r (3—r)'/ =4.3525 is the volume of
the triacontahedron and l~ is the diameter of the triacon-
tahedron measured along the normal to the planes.
These diameters are 1.9465, 2.0836, and 2.2882 for, re-

TABLE VI. Generators and areas of the primitive cells of the
two-dimensional lattices A j projecting onto the normal to

W

quasilattice planes in Table V. E

Direction

twofold
threefold

fivefold

Generators of A

{(e4+e6)/2, (e3+e~ )/2{
{(e& —e2+e, +e4+e, +e6)/6,
(
—e]+e2 —e3+e4+e5+e6)/6{

{(e,+e2+e, +e4+e, )/10+e6/2,
(e, +e2+ e3+ e4+ e5 ) /10 —e6/2 l

A(A )

1/2
1/6

1/2&5

FIG. 3. The acceptance region for the cut and projection
method in A~ is a section of the triacontahedron IC. This sec-
tion has the same symmetry as the quasilattice plane where the
accepted points of As are projected. If X'I and XI{are points on
the given plane, then their counterparts in perpendicular space
are X& and X& that lie on a planar section of the triacontahed-
ron.
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TABLE VII ~ Average densities of planes and average separa-
tions between themselves for the three different families of each
one of the three kinds of six-dimensional lattices studied in this
work.

6D Lattice Direction

P
twofold
threefold
fivefold

1 ~ 1180
0.6963
0.8507

0.2568
0.1600
0.1954

(a) (c)

twofold
threefold
fivefold

0.5590
0.6963
0.8507

0.2568
0.3199
0.3909

FIG. 4. Polyhedral shapes of icosahedral P, I", and I quasi-
crystals. The facets of each polyhedron have ratios of areas ap-
proximately similar to the ratios of densities in Table VII.

twofold
threefold
fivefold

2.2360
0.6963
0.8507

0.2568
0.0799
0.0977

Observe that since the volume of the unit cell of the
lattices Lp, L~, or LI is fixed, quantities V(Aii ) and
2 (A, ) are related in such a way that, as in crystals, the

larger the average density of a family of planes, the larger
the average separation between themselves. We have
therefore a generalization of the Bravais rule in crystal-
lography that states that the habit faces are the faces with
the highest reticular density or, equivalently, the faces
with planes with the largest separation. '

VII. RESULTS AND DISCUSSION

Average densities and separations between planes were
calculated for the three families of planes of the three
quasilattices Qz, Qz, and Qt, using formulas (9) and (10).
Results are shown in Table VII.

From Table VII, the density of each of the three quasi-
lattices can be calculated for P/d. This gives pp =4.3&3,
p+=4. 353/2, and pl =4.353 X2. But most importantly,
from the information about average densities of planes,
the following predictions about the ideal shape of the
icosahedral quasilattice can be made:

(1) In the case P, the largest occupation density is car-
ried by the planes with normal along the twofold axis of
the icosahedron. If we take into account only these
planes, the polyhedral shape should have big twofold
facets resembling a rhombic triacontahedron. By consid-
ering the inhuence of threefold and fivefold planes, the
shape should be a polyhedron as shown in Fig. 4(a),
where the facets have ratios of areas approximately simi-
lar to the ratios of densities in Table VII.

(2) In the case F, the densest planes are those of the
fivefold family so in this case, we have a polyhedron with
big fivefold facets. The ideal shape is therefore a pentag-
onal dodecahedron. Figure 4(b) shows the polyhedron ob-
tained considering also the inhuence of twofold and

threefold facets.
(3) In the yet unobserved case I we have the same re-

sults as in the I' case but with bigger twofold facets. This
resembles also a rhombic triacontahedron. Figure 4(c)
shows the polyhedron with facets with areas of approxi-
mately the same ratio as the densities.

The ideal external shape, according to the most impor-
tant facets, for P and F cases (triacontahedron and dode-
cahedron, respectively) coincides with experimental ob-
servations. More careful experiments have shown
that facets of F quasicrystals are not perfect dodecahedra
but twofold and threefold facets also appear with small
areas, this is expected since twofold and threefold planes
have a minor, but nonzero, importance in the facet for-
mation.

There exist theoretical approaches to the equilibrium
shapes of perfect quasiperiodic structure models and of
random tilings' and of cluster-based quasicrystals. '

These works entail qualitative consideration of bond en-
ergies that, since quasicrystal growth is a physical pro-
cess, will probably play a more important role than
geometrical quantities like density of planes. We show
however, that based on an entirely geometric approach,
we obtain an answer that matches experimental observa-
tions and energetical predictions. We have also shown
how geometrical crystallography rules such as the Bra-
vais rule, can be applied to quasicrystals and phrased in
terms of the six-dimensional lattice associated with the
quasilattice.

The cut and projection method and the procedure pro-
posed here to find the four-dimensional lattices associated
with quasilattice planes have the advantage of being com-
pletely algebraic so that it can be easily mechanized using
software for doing mathematics. In addition, it is also
possible to study the possible morphology of rational ap-
proximants that can be obtained by a modification of the
cut and projection method. ' ' This work is under way.
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