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The previous analysis [S. Semenovskaya and A.G. Khachaturyan, Phys. Rev. B 46, 6511 (1992); Physi-
ca D 66, 205 (1993)] of the structural transformations in nonstoichiometric YBa2Cu306+„oxides is ex-
tended to a "tetragonal" stoichiometry region, x (0.4. Available diffraction data [Th. Zeiske, D.
Hohlwein, R. Sonntag, F. Kubanek, and G. Collin, Z. Phys. B 86, 11 (1992); Tan Kemin, Hu Meisheng,
and W. Yening, J. Phys. Condens. Matter 1, 1049 (1989)] (on the v 2ao X2v 2ao structures formed at
small x & 0.4) are analyzed by the concentration-wave method and computer-simulation technique. It is
found that at small x & 0.4, oxygen ordering results in a sequence of transformations different from those
observed at x &0.5. It produces the pseudotetragonal and orthorhombic [ 4 ~0] phases formed by the

( 2
—'0) and [ —„'40] concentration waves. These phases form a family of [110]oxygen-atom chain struc-

tures, which are different from the [010] Cu(1)-0 chain structures formed at x )0.5. These differences
can be explained only if a significant change in oxygen-oxygen (O-O) potential near x -0.4 (where the
superconductivity disappears) is assumed. The O-O interaction potential at x &0.4 was estimated and
used to perform computer simulations of oxygen ordering kinetics at x =0.25.

I. INTRODUCTION

In spite of numerous studies of the ordered phases in

YBa2Cu306+ „high-temperature superconductors, there
is still no convincing evidence that the YBazCu306+ sys-
tem undergoes a decomposition into a mixture of ordered
phases to maintain the stoichiometric composition at low
temperatures, as it is required by the third law of thermo-
dynamics. This behavior may be expected if the interac-
tion between oxygen atoms is a repulsive long-range
Coulomb-like interaction. When the decomposition
mechanism is not operative, the stoichiometry x can be
only reached by a series of the consecutive congruent or-
dering reactions, adjusting the ideal stoichiometry of the
resultant ordered phases to the current stoichiometry x.
In this respect, the congruent multiple ordering of oxy-
gen seems to be the only feasible alternative to the
decomposition. Therefore, we can expect a large variety
of ordered phases in this system, especially rich at low
temperatures.

The superconducting properties of the YBa2Cu306+x
oxides are known to be closely related to the oxygen or-
dering in the (001) Cu(l)-0 basal planes resulting in for-
mation of the Cu-0 chain structures along the [010]
direction. They are the orthorhombic 0-I and double-
period 0-II ordered phases formed from the disordered
tetragonal T phase. The diffraction data indicate that be-
sides these two phases small domains of the [010] chain
structures with an nao Xao unit cell (ao is the perovskite
lattice parameter, n = 3—5) may also be formed.

However, even the earliest electron-diffraction studies
of nonstoichiometric YBa2Cu306+ oxides found the
structures which are not the [010] chain structures. They
generate the [ —,

'
—,'0]-type superlattice diffraction maxima

and are generally referred to as the 2v'2aoX2v'2ao

phases. ' ' It is interesting that the recent neutron-'
and the x-rays- diffraction studies of the oxide with
x=0.35 found new P—,'0] phases which substantially
differ from the previously discovered ones. Figure 1

schematically shows three different diffraction patterns
with the I ~ —,'0]-type superlattice diff'raction maxima that
were observed for the structures named below as the
I —,

'
—,'0] phases. Figure 1(a) illustrates a recently found

new type of diffraction pattern obtained by Zeiske et al.
by x-ray diffraction from a tiny crystal with domains of
one orientation (the sample of YBa2Cu30$ 35 had
x =0.35). The same diffraction pattern was observed ear-
lier by Kemin et al. Actually, the last study received
two types of diffractions, shown in Figs. 1(a) and 1(b), al-
though the difference between them was not underlined
in this work. The pattern of Fig. 1(b) was received in two
orientation variants. The same pattern, but observed as a
superposition of diffractions from two orientation vari-
ants, was obtained in Ref. 11 and attributed to x -0.1.
Unfortunately, the pattern of Fig. 1(b) was overlooked in
later publications. As we see, both patterns include the
p —,'0]-type spots but not the [ —,'00]-type spots. The
structures corresponding to these patterns have a
+2aoX2+2ao unit cell. The atomic structure related to
the diffraction of Fig. 1(a) was suggested in Ref. 2.

Finally, Fig. 1(c) presents the most frequently observed
pattern which was first found by Alario-Franco et al.
and later reported in many publications. ' ' ' ' Be-
sides the [ —,

'
—,'0]-type spots, it also has the [ —,'00]-type

diffraction maxima, absent in Figs. 1(a) and 1(b). The
pattern shown in Fig. 1(c) was attributed in Ref. 11 to
the stoichiometry x -0.85. The corresponding atomic
structure has a 2+2ao X2+2ao unit cell.

The appearance of the P—,'0] phases at small x (which
is at odds with the existing theories of ordering) and also

0163-1829/95/51(13)/8409(17)/$06. 00 51 8409 1995 The American Physical Society



8410 S. SEMENOVSKAYA AND A. G. KHACHATURYAN 51

the fact that, unlike the usual observed diffuse maxima of
the 0-II ordered phase, these phases give sharp and
strong diffraction spots, sometimes resulted in the
opinion ' ' that these phases are not completely related
to the oxygen ordering. However the recent quantitative
neutron' ' and x-rays single-crystal studies seem to
dispel these doubts. In the majority of studies (exceptions
are Refs. 11 and 18), the various P—„'Oj phases were all
observed within the "tetragonal" region of stoichiometry,
i.e., at small x &0.4. The appearance of such a rich
variety of diff'erent P—,'0 j phases within a narrow
stoichiometry region requires an explanation. This also
demonstrates that the issue of the oxygen ordering in this
system is still far from being resolved. While part of the
phase diagram at x )0.5, describing the orthorhombic
phases with the Cu-0 [010] chain structures, is reason-
ably well studied, at least at moderate temperatures, this,
however, cannot be said about the part at x & 0.4, related
to the tetragonal nonsuperconducting region.

The purpose of this work is to address the problems re-
lated to the P—'0 j phases and other oxygen-ordered
structures formed in the YBazCu306+ system at small x,
i.e., in the "tetragonal" part of the phase diagram. The
concentration-wave method' ' and the information
about the superstructure wave vectors k, contained in
the diffraction patterns of Fig. 1, allow one to determine
the sequence of oxygen-ordering phase transformations
and the atomic structure of ordered phases at x &0.4.
The O-O interaction potential, consistent with the [ —,

'
—,'OJ

structures in this stoichiometry region, is also estimated.

Using this potential as input data, we performed the com-
puter simulation of the multiple oxygen ordering at
x =0.25 which characterizes the atomic and mesoscopic
structure rearrangements. Earlier, the same approach,
the concentration-wave analysis combined with the
analysis of diffraction data and the computer simulation
of ordering, was employed to study the structure trans-
formations in the superconducting YBa2Cu306+ oxides
at x &0.4. '

II. CONCENTRATION WAVE ANALYSIS
OF THE {4 ~ 0 j PHASES FORMED AT SMALL x

The concentration-wave approach formulates the gen-
eral symmetry constraints imposed on the atomic struc-
ture of stable ordered phases. These constraints give a
guideline for analyzing a complicated picture of multiple
ordering. The stable high-temperature ordered structures
are known' ' to be the structures in most cases generat-
ed by the concentration waves whose wave vectors [k j
correspond to the Lifshitz points in the first Brillouin
zone of a disordered phase.

The first Brillouin zone of the disordered tetragonal T
phase in the YBa2Cu306+„system has only three stars of
the Lifshitz points, (000), [ —,'00j, and ( —,

'
—,'0). These stars

are responsible for the oxygen ordering in Cu(l)-(0) basal
(001) planes in YBa2Cu306+„. The (000) star generates
the stable orthorhombic 0-I phase, whereas the concen-
tration wave k=(2m. jao)[ —,'00] belonging to the [ —,'00]
star generates the double-period 0-II ordered phase. '

010 010

000 100 000 100

, 000 ,1 00

(b)

FIG. 1. Schematic presentation of three
types of observed (HKO) difFraction patterns
for the {4 40j phases in the YBa2Cu306+„sys-
tem: (a) x-ray diffraction from the
&2ap X 2&2ap structure observed by Zeiske
et al. (Ref. 2) from a single orientation variant
of YBa2Cu306 35 (x =0.35); (b) the diffraction
pattern of another &2ap X 2&2ap structure ob-
served by Kemin et al. ; (c) the most frequently
observed diffraction for the 2&2ap X 2&2ap
structure (Refs. 7, 10—12, 14, 15, and others).
The superstructure maxima are shown by large
circles, the fundamental rejections by small
points (indices of three fundamental reflections
are marked).
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Thus, the (000) and [ —,'00] stars generate the most stable
orthorhombic ordered phases, 0-I and O-II, observed in
this system. These phases are built as the Cu-0 [010]
chain structures. It will be shown below that the third
Lifshitz star ( —,

'
—,'0) also plays an important role in gen-

erating the family of ordered phases in the YBa2Cu306+
system at x & -0.4, i.e., within a "tetragonal" region of
stoichiometry.

A. Ordered structures related to the ( 2 20)
Lifshitz point

n( l, r), =c+ ),exp(ik rD),

n(2, r), =c+i),exp(ik0 r), (la)

and

n( i, r)2=c+i)0+(rii+i)', )exp(ik0 r),
n(p, r)2= '

n(2, r)2=c g0+(ri, —i))exp(i k—ar),
(lb)

where k0=(2m/a0)( —,
'

—,'0), r=xia&+x2a2, a, and a2 are
the perovskite lattice unit translations in (001) basal
plane, x& and x2 are the integer coordinates of the Bra-
vais unit cells; i), is the long-range-order (LRO) parame-
ter related to the symmetric irreducible representation of
the group of the wave vector k0 whereas g0 and g& are the
LRO parameters related to the antisymmetric irreducible
representations of the groups of the wave vectors k=0
and k0, respectively; c=No/2N is the overall oxygen
stoichiometry [No is the total number of 0 atoms in the
Cu(1)-0 (001) basal plane, while N is the total number of
the unit cells in this plane]. The constant terms c, c+r)0,
and c —i)0 in Eqs. (1) actually give the fraction of intersti-
tial sites in the corresponding sublattice, p=1 or p =2,
occupied by 0 atoms. Sum of them give the oxygen

Diffraction patterns presented in Figs. 1(a) and 1(b),
which are related to the P—,'0 } phases with
i/2aDX2i/2aa unit cell observed at x ( -0.4, ' do not
contain the j —,'00]-type diffraction spots. Instead, they
have the P—,'0] diffraction spots. The latter is an indica-
tion that these phases are the superstructures of the pri-
mary ordered structure generated by the ( —,

'
—,'0) Lifshitz

star.
To describe the positions of 0 atoms in an ordered

structure, it is convenient to use the occupation probabil-
ities n (p, r ) to find an 0 atom in the interstitial site (p, r )

where r is the translation vector labeling the origin of a
unit cell [the position of Cu(1) atom in our case] and the
index p (p =1,2) labels the type (or the sublattice) of in-
terstitial site within this unit cell. The probability func-
tion n(p, r) can be always presented as a superposition of
the concentration waves which are revealed on the
difFraction pattern as the superlattice spots. The stability
criteria I and II, found in Refs. 19 and 20 (see the Appen-
dix), impose the very strong symmetry constraints on the
amplitudes of the concentration waves which are able to
generate a thermodynamically stable ordered phase.
These constraints limit the number of possible ordered
phases generated by the Lifshitz star ( —,

'
—,'0) to two:

stoichiometry x. It is always equal to 2c, i.e., x =2c. As
in all previous theories, we consider the two-dimensiona1
(2D) model which is a good approximation to describe
the ordering in the (001) basal plane.

(2 —,'0)2 phase. It follows from Eq. (la) that the func-
tion n(p, r), describes the primary ordered structure
where 0 atoms equally populate both interstitial sublat-
tices (p=1,2). This actually means that this structure is
pseudotetragonal. In the completely ordered state the oc-
cupation probabilities n(p, r), by definition, may assume
only two values, either 1 or 0. Using this condition in Eq.
(la) gives the values c and i), for the completely ordered
(fully stoichiometric) primary ordered phase: c=i),= —,'.
Placing 0 atoms in the sites where n (p, r) i

= 1 yields the
structure shown in Fig. 2(a). Hereafter this phase is
named ( —,

'
—,'0)z to refiect the star generating the ordered

pattern and the equal occupation by 0 atoms of all two
interstitial sublattices (subscript 2). Since 0 atoms occu-
py both interstitial sublattices, its diffraction pattern
meets the extinction rules for some of the ( —,

'
—,'0)-kind

reAections in different Brillouin zones. The above-
obtained value c =

—,
' corresponds to the stoichiometry

x =2c=1. Therefore, in the relevant range x &0.4, the
( —,

'
—,
' 0)2 primary high-temperature ordered phase is

strongly off-stoichiometric. To reach the stoichiometry x
at low temperatures it should undergo a series of ordering
reactions.

( —,
'

—,'0)i'"'" phase. The ordered phase described by Eq.
(lb) is generated by two stars, (000) and ( —,

'
—,'0). Different

average occupations of two sublattices, c+pa and c —ga,
make the first sublattice (p = 1) preferential. This results
in the orthorhombic distortion proportional to the pa-
rameter g0. The completely ordered state of this phase is
achieved if c=ga=g&=g&= —,'. Placing 0 atoms at the
sites, where the function n(p, r)z with these parameters
assumes the value 1, gives the 2aa X 2a0 structure shown
in Fig. 2(b). We designate it ( —,

' 2'0)ie"" to refiect the star
generating this structure, the fact of occupation of the
only sublattice and the centered 2aa X 2aa unit cell of this
structure. The value c =

—,
' corresponds to the

stoichiometry x =2c =
—,
' which is also outside the range

x &0.4. Therefore, this phase is also off-stoichiometric
and should also undergo the ordering to reach the
stoichiometry x.

The function n (p, r )z differs from n (p, r ), by two addi-
tional LRO parameters, i)0 and i)'„appearing in Eq. (lb).
Therefore, the ( —,

'
—,'0) i'"" phase described by n (p, r)2 is the

superstructure of the ( —,
'

—,'0)2 phase described by n(p, r),
Since two additional LRO parameters are involved, the
( —,

'
—,'0)2~( —,

'
—,'0) ""ordering is the first-order transition.

As it has been mentioned above, the ( —,
'

—,'0)z and
( —,

'
—,'0) ""phases should undergo multiple ordering at low

temperatures to adapt their stoichiometries to the current
value of x. The presence of the superlattice maxima in
the [ —,

'
—,'0]-type positions in Figs. 1(a) and 1(b) indicate

that this ordering involves the concentration-wave vec-
tors {ki]=(2m/a0)P —'0]. These concentration waves
should be added to functions (la) and (lb) so that the
resultant function n (p, r ) satisfies the constraints imposed
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on the concentration-wave amplitudes by the stability criteria formulated in the Appendix. The corresponding pro-
cedure gives only two possible functions:

and

n( l, r)P'=c+t), exp(iko r)+2ri2cosk, r,
n(p r)(2) —.

n(2, r)', '=c+t)texp(iko r) —2gzcosk, r,

n(l, r)z '=c+q o+(g, + )7i)e xp(ik or)+2(qz+ )tz)c osk, r,
n(p, r),"'=

~

n (2, r)z' ' =c bio+—(rit —t)'t )exp(ikor) +2(riz —gz)cosk, r .

(2a)

(2b)

Equations (2) describe the ordered t —,
' —„'0]phases. In Eq.

(2b), qz and tiz are the LRO parameters related to the
symmetric and antisymmetric irreducible representations
of the group of the wave vector k„respectively.

( —,
'

—,'0)2 phase. The function n(p, r)I ' describes the
secondary structure with the same occupation of both
sublattices. Thus, this structure is pseudotetragonal. It
is designated below as the ( —,

'
—,'0)z phase where the sub-

script 2 indicates that both interstitial sublattices are
equally occupied. The completely ordered state of this
secondary ordered ( —,

'
—,'0)2 phase is attained if

c=g, =F2=4. The structure of this phase is shown in

Fig. 2(c). The ( —,
'

—,'0)z phase is the superstructure of the

primary ordered phase ( —,
'

—,'0)2. The value c =
—,', obtained

above, corresponds to the stoichiometry x =2c =0.5.

Therefore, this phase is still off-stoichiometric in the
range x &0.4 [for a sample studied in Refs. 2 and 13 with
x =0.35, the maximum occupation probability given by
n(p, r)(t ' is 4c =2x =0.7 rather than 1]. Since 0 atoms
occupy both interstitial sublattices, its diffraction pattern
meets the extinction rules for some of the I —,

'
—,'0] and

P—,'Oj kinds of reflections in different Brillouin zones.
The diffraction pattern generated by the ( —,

'
—,'0)z structure

is the same as the one presented in Fig. 1(a). With the
accuracy of atomic displacements, the ( —,

'
—,'0)z structure

[Fig. 2(c)] coincides with the structure obtained by Zeiske
et al. from the x-ray single-crystal diffraction data. It
should be specially emphasized that the pseudotetragonal
character of the ( —,

'
—,'0)z and ( —,

'
—,'0)2 phases should drasti-

cally change the strain-accommodating morphology
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FIG. 2. The [110]oxygen chain superstruc-
tures (a) —(d) at x & -0.35, generated by the

(2 20) Lifshitz star. The structures are de-

scribed by Eqs. (1a), {1b),(2a), and (2b), respec-
tively. The (4 40)2 (c) and (4 ~0)& (d) are the

secondary and tertiary ordered structures with
a +2aoX2+2ao unit cell. Their diffraction
patterns are shown in Figs. 1{a)and 1{b). The
transitions order [sequence (3) or (22c)] upon
cooling is shown by arrows.

x = 0.5 x = 0.25
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(with respect to the morphology of orthorhombic phases).
The (110) transformation twins, accommodating the elas-
tic strain caused by the tetragonal~orthorhombic crys-
tal lattice distortion, should not be formed in these cases.

The atomic structure described by the function
n(p, r) i' has been suggested in the phenomenological
short chain ordering model ' for the stoichiometry
x=0.5. It can be also found in the list of possible
ground-state structures suggested by Aligia et ah.

( —', —', 0 ) &
phase. The second function n (p, r) z ', given by

Eq. (2b), describes the completely ordered structure if

C —'QO —'91 —'91 '92 '92
g

Then it gives the structure shown in Fig. 2(d). The value
c =

—,
' corresponds to the stoichiometry x =2c =0.25

which is within the range x &0.4. Therefore, this phase
does not undergo the further ordering transformation in
this composition range. For this structure, the average
occupation numbers in two sublattices, c+go and c —go,
are different. The first sublattice with a higher occupa-
tion is preferential. Because of that, this structure is or-
thorhombic and thus should form the (110) accommoda-
tion twins. We designate this phase as the ( —,

'
—,'0), phase

where the subscript 1 indicates that one interstitial sub-
lattice is preferentially occupied. Comparing Eqs. (2a)
and (2b) shows that the ( —,

'
—,'0) i phase, whose ideal

stoichiometry is x=0.25, is the superstructure of the
( —,

'
—,'0)2 phase.
Since the ideal stoichiometry x =0.5 of the secondary

ordered pseudotetragonal ( —,
'

—,'0)2 phase is outside the
relevant range x & 0.4, the tertiary ordering
( —,

' —4'0)2~( —,
'

—,'0), brings the stoichiometry inside this
range. Thus it should be expected at low temperatures.
Because this ordering is the first-order transition, it devel-
ops through the nucleation mechanism. The ( —,

'
—,'0),

phase [Fig. 2(d)] generates the diffraction pattern which
coincides with that shown in Fig. 1(b). It was observed in
two orientation variants by Kemin et al. and as a super-
position of two orientation variants, by Alario-Franco
et al." (the stoichiometry of the sample was attributed to
x -0.1). Comparison of the diffraction patterns of Figs.
1(a) and 1(b) (observed in Refs. 2 and 3), related to ( —,

'
—,'0)2

and the ( —,
'

—,'0), structures, respectively, indicates that
both structures have the same v'2ao X2+2ao unit cell.
The difference between them is the absence of certain
{—,

'
—,'0] and P—,'0] kinds of retlections on the pattern of

Fig. 1(a) related to the ( —,
' —4'0)2 phase. These extinction

rules are eliminated when the ( —' —'0)2~( —' —'0) i tertiary or-
dering, resulting in the transition of 0 atoms from one of
the O sublattices into another, occurs.

Figure 2 shows all atomic structures generated by the
( —,

'
—,'0) Lifshitz star which are the superstructures of the

( —,
' —2'0)2 phase. All of them, including the latter, are the

[110]chain structures formed by alternating oxygen-atom
chains along the [110]direction.

B. Sequence of ordering transformations

It follows from foregoing that at x &0.4 the expected
sequence of ordering transformations in YBa2Cu306+

upon cooling, which is consistent with the observed
difFraction patterns of Figs. 1(a) and 1(b), is

(220)2 (44 )&~(44 (3)

could be, in principle, expected, they however should be
ruled out because they do not include the ( —,'40)2 phase
whose diffraction pattern [Fig. 1(a)] was observed in Refs.
2 and 3.

Sequence (3) includes two pseudotetragonal phases,
( —,

'
—,'0)2 and ( —,

'
—,'0)2, formed at higher temperatures, and

the low-temperature orthorhombic ( —,
'

—,'0), phase. Only
the latter forms the (110) elastic-strain accommodating
twins. Therefore, when the transformation sequence (3)
is observed in the opposite direction, upon heating, it
should result in the orthorhombic~pseudotetragonal
transition ( —,

'
—,'0)i~( —,

'
—,'0)2 and thus in disappearance of

the (110) twin morphology. This prediction, following
from the concentration-wave analysis, seems to be
confirmed by Kemin et a/. , who observed dense (110)
microtwins of the orthorhombic P—4'0] phase at more
low temperatures and the orthorhombic —+ tetragonal
transition (disappearance of microtwins) upon heating,
the {—,

' —4'0]-type superstructure maxima being present in

both phases, orthorhombic and tetragonal (pseudotetrag-
onal).

It is important that the ordering sequence (3) realized
at x & 0.4 radically differs from the sequence

T~0-I~0-II (4)

observed upon cooling the tetragonal T phase in the oth-
er stoichiometry range, x )0.4—0.5. It will be shown in
Sec. IIIA that the cooling of the 0-II phase in this
stoichiometry range may result in appearance of the

{—,
'

—,'0] phases. These phases are formed from the 0-II
secondary ordered phase by the tertiary ordering transi-
tion 0-II~ {

i —„'0].Being the superstructures of the O-II
phase, they inherit its {—,00 j -type diffraction spots.
These phases, which are the superstructures of the 0-II
phase, are different from the {—,

' —4'OJ phases formed at
x (0.4. The latter are the superstructures of the ( —,

' —2'0)2

phase and thus do not have the {—,'00]-type diffraction
spots.

III. RELATION BETWEEN ORDERED STRUCTURES
AND 0-O INTERACTION POTENTIALS

In terms of the pairwise O-O interaction model, the
stability of different ordered structures is determined by
the minima of eigen values of the Fourier transform
V(k )zq of the O-O pairwise interaction potentials
W(r —r')w

V(k)zq =g W(r)zqexp( ik r)'
where (p, r) and (q, r') are the coordinates of interacting

Although the alternative sequences T~( —,
'

—,'0)2~( —,
'

—,'0),
or

(
1 10) (

1 10)Ce&t& (
1 I())
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X( —,
'

—,'0) =min[A(k) ] & A, (000) (6a)

within this range, whereas the T~O-I primary ordering
[sequence (4)] occurs at x & 0.4 if within this range

0 atoms; p, q=1,2. The spectrum of eigenvalues of the
2X2 matrix of V(k) forms two branches, A, (k)+ and
A,(k), where A,(k)+ )A(k) . The values A, (k)+ and
A, (k) are the eigenvalues corresponding to the sym-
metric and antisymmetric representations of the group of
the vector k. The symmetry of the primary ordered
phase is determined by the eigenfunctions
u(p, k0) X exp(ikar } related to the eigenvalue k(k0)
which provides the global minimum of A,(k)

Since the trace of the matrix W(r —r')
~ is an invariant

and the occupation of the same site by two 0 atoms is
forbidden [i.e., W(0)~~ =0],we have

Tr[W(r —r')zq]=g [A(k)++A(k) ]=0 .
k

The latter identity implies that the eigenvalues A, (k)+ and
A, (k) assume both negative and positive values at
different k, and thus the global minimum of A, (k) is al-
ways negative [A,(k0) & 0].

It should be mentioned that, by definition, the spec-
trum A.(k) has extrema at all of the Lifshitz points, ir-
respective of the choice of the potential W(r —r') . Aw
specific choice of the potential just determines the values
of the extrema at the Lifshitz points and the kind of these
extrema (minimum, maximum, or saddle point}. The
values of A,(k) at the Lifshitz points usually determine
the main features of the topology of the A, =A, (k) sur-
face in the first Brillouin zone of a disordered phase,
which, in turn, determine the structures and ordering
transformation sequence upon the cooling of a disordered
phase. Particularly, the primary ordering provides the
first step in the transition sequence (3), viz. , the
T~(—,

'
—,'0)2 transition, at x & 0.4, if the interaction poten-

tial W'(r)
~ is such that the global minimum of the func-

tion A(k) is at the Lifshitz point k=ka=(2m/a0)( —,
'

—,'0).
On the other hand, at x &0.4, where the primary order-
ing results in the T~O-I transition [sequence (4)],
the potential W(r) should provide the global mini-
mum of A(k) at k=O [its eigenvector u(p, O)
=[u(1,0},u(2, 0) ]=(1/v'2)(1, 1) describes the homo-
geneous transition of 0 atoms from the second to the first
interstitial sublattice].

Therefore, the T—+( —,
'

—,'0)2 primary ordering [sequence
(3)] occurs at x &0.4 if

important materials properties of YBazCu306+„,such as
the lattice parameters, different types of bondlengths,
bond valence sums, etc., also drastically change. ' The
electronic spectrum in this range undergoes a major
reconstruction as well, resulting in a loss of superconduc-
tivity and transition from a metal to a semiconductor
state.

Below in this section, the estimates of the A,(k) for
three Lifshitz stars (000}, [ —,'00], and ( —,

'
—,'0} at different x

are presented. They show that the 0-0 potential should
drastically change between x -0.25 —0.3 and 0.40—0.45
to provide the agreement with observed structure trans-
formations. The other important result following from
these estimates is the appearance of the third type of
transformation sequence within a small intermediate re-
gion of x, this sequence being different from both the (3)
and (4) ones.

Since there is no sufticient information about the width
and location of this small intermediate region, we assume
it to be within the interval -0.35 &x & -0.4. This as-
sumption is based on the following: (i) according to Ref.
2, the ( —,

'
—,'0)z phase, realized in sequence (3), forms at

x -0.3S, (ii) according to Ref. 24, the orthorhombic 0-II
phase, realized in sequence (4), forms at x -0.4. This es-
timate of the intermediate region, between x -0.35 and
0.4, agrees with the findings that the
orthorhombic ~tetragonal and superconductor ~semi-
conductor transitions occur between x =0.34 and 0.38.
Hereafter we consider three physically different regions
of oxygen stoichiometry: x & -0.35, x & -0.4, and the
small intermediate region -0.35 &x & -0.4.

A. Range x )0.4
Condition (6b) characterizing this range is, in fact, the

condition of the T~O-I primary ordering. Another
condition, which is necessary to observe also the
0-I~O-II secondary transition within this concentration
range, is

[otherwise, if 1(—,
'

—,'0) & A, ( —,'00), then the O-I
~(—,

' 20)p"" secondary ordering rather than the O-I
~O-II ordering would occur]. Therefore, combining
(6b) and (7), we arrive at the conclusion that the neces-
sary condition to obtain the observed ordering sequence
T~O-I ~0-II [Eq. (4)] within the relevant range,
x &0.4, requires the interaction potentials to meet the
chain of inequalities:

A(000) =min[A(k) ] & A( —,
'

—,'0) (6b) A, (000) & A, ( —,'00) & A.(-,' —,'0)
Comparison of (6a) and (6b) indicates that the spectrum
A, (k) should depend on the oxygen concen'tration x so
that it changes the relation between A,(000) and
A, ( —,

'
—,'0) with the concentration. To provide the order-

ing sequence (3) below x -0.4 and the sequence (4) above
x -0.4, the 0-0 pairwise interaction potentials
W(r —r')~q should change around x -0.4. This change
of the potential is not unexpected. Near the same
stoichiometry x -0.4 (within -0.3S &x & -0.45), many

At low temperatures and x )0.5, according to different
studies, the off-stoichiometric 0-II phase adapts its struc-
ture in different ways: the excess 0 atoms are incorporat-
ed either into the interstitial plane faults in the O-II
structure forming the Magneli-type phases ' or by
formation of a "glassy" (short-range order) state consist-
ing of the antiphase nanoscale domains of the 0-II struc-
ture whose domain boundary absorbs the excessive 0
atoms (or excessive oxygen vacancies). ' In the last case,
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the size of the domains should depend on x, decreasing
with deviation from x =0.5. Experimentally, this effect
was observed in Refs. 18, 26, and 27. It follows from the
bulk neutron-diffraction data that the 0-II phase is ob-
served only in the form of this "glassy" (short-range or-
der) state at all compositions. The exception is the case
of the nearly exact 0-II phase stoichiometry x =0.5, at
which the domains become macroscopically large (be-
sides, a special condition of a very slow cooling, is re-
quired ' ') and thus give the sharp superlattice spots on
the diffraction patterns.

However, if the function V(k)

V(k) = V(k)22+ V(k kin oo)z2

2

has its minimum at the [ —,
'

—,'Oj point, then another phe-
nomena has to occur at low temperatures. This is the
tertiary ordering 0-II~ [ —,

'
—,'Oj, producing the [ —,

'
—,'Oj,

phase with the 2&2ao X2&2ao unit cell (only one of the
0 sublattices is occupied in the completely ordered state).
Its diffraction pattern is similar to that shown in Fig. 1(c):
besides the P—,'Oj-type maxima, it has the [ —,'OOj-type
diffraction maxima inherited from the parent 0-II phase.
This [ —,

'
—,'Oj, phase becomes then the most stable phase at

low temperatures.
It is interesting that the 0-0 potential, estimated at

x =0.5 in previous studies' ' (it includes the aniso-
tropic screened-Coulomb potential, the strain-induced in-
teraction potential, and the short-range correction 5 W, ),
indeed, provides the minimum of the function V(k) in (9)
at the points [k&j =(2m/ao)P4'Oj. Therefore, the

[ —,
'

—,'Oj, phase with a 2&2aoX2&2ao unit cell should
form at low temperatures as a stable tertiary phase. It
forms in the tertiary ordering transition 0-II~[—,

'
—,'Oj,

which, according to the computer simulations, ' results
in formation of, at least, two low-temperature
2&2ao X2V 2ao phases for relevant composition range.
These phases, having the stoichiometries x = —,

' and x =—'„
are named below as a —

[ 4 ~0j &
and P-[ 4 ~Oj &, respective-

ly. Their structures and the corresponding diffraction
patterns are shown in Figs. 3(c) and 3(d).

Since the

0-II—+ [—' —„'0j t 2&2a o X 2v'2a o

transition is of the erst order, it occurs at low tempera-
tures through the nucleation mechanism and, thus, is
kinematically hindered. But these [- —,'Oj, phases may
still form at (110) twin boundaries playing a role of nu-

0
0
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FICx. 3. The [010] Cu-0 chain superstruc-
tures (with corresponding stoichiometries x)
generated by the (000) Lifshitz star at
x ) -0.4—0.45. The observed 0-I and
double-period 0-II ordered structures corre-
spond to the Lifshitz points (000) and [ ~00].
The a-(

4 ~0)& aud P-( 4 40)~ phases (c) with a
2&2ao X2&2ao unit cell are the tertiary or-
dered superstructures of the secondary ordered
0-II phase. Their diffraction patterns are
shown in (d). The transitions order [sequence
(4) or (22a)] upon cooling is shown by arrows.
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cleation sites. ' They were observed in Refs. 11 and 18
[for the compositions x-0.85 (Ref. 11) and x-0.64
(Ref. 18)].

B. Range x & -0.35

In this range [where the transformation sequence (3)
holds], the following estimate of the O-O interaction po-
tential W(r)~q can be made. It was shown above that to
ensure the primary T~( —,

'
—,'0)2 ordering at x (0.35, the

minimum of A, (k) must be at the ( —,
'

—,'0) point [Eq. (6a)].
Then the entire transformation sequence [Eq. (3)] turns
out to be completely different from the one [sequence (4)]
occurring at x )0.4 [the sequence (4) realizes if the
minimum of A,(k) falls at the (000) point] [Eq. (6b)].

Besides, the ordering sequence (3) realizes if the forma-
tion of the above-discussed 2/2aoX2+2ao structure
(formed from the 0-II phase) is avoided and, instead, the
( —,

'
—,'0)z phase with the +2ao X2&2ao unit cell is formed.

To avoid the formation of the 0-II phase, which is a pre-
cursor of the a- and P-P —,'0]

&
phases, the relation

A, ( —,
'

—,'0) & A, (000) & A, (-,'00) (10)

should hold, where A, ( —,'00) becomes the largest eigen-
value. As we see, these relations (10) providing sequence
(3) are completely different from relations (8) which are
necessary to ensure the sequence (4) at x & 0.4.

To estimate the value A, ( —,
'

—,'0) in (10), we can compare
the calculated mean-field transition temperature To for
the T~( —,

'
—,'0)2 transition, given by the equation

A, ( —,
'

—,'0)
To = —c(1—c)

k~
(1 la)

A, ( —,
'

—,'0) ——(7610 K)k~ . (1 lb)

This value was used to find the 0-0 potential for
x ( -0.35. In this work we used the same class of the
O-O potential that was used previously. ' ' As before,
it was assumed to consist of two parts: the anisotropic
screened-Coulomb potential W(r —r')~q and the strain-
induced interaction potential W(r —r')z'q'".

W(r —r') = W(r —r') + W(r —r')z'q"',

where W(r —r')„has the form

(12)

(where kz is the Boltzmann constant) with the observed
transformation temperature. According to Ref. 15, the
superstructure reffections of I —,

' —40] phases disappear
upon heating inside the electron microscope at about
-550—570 C. In a similar experiment' for a sample
with x=0.25, the [ —,

'
—,'0] phase was found to form at

T) 500 C. We use these data to estimate the tempera-
ture To in (1 la). Assuming To —830 K (560'C) at
x =0.25 (c =0.125), we have, from Eq. (11a),

W(r —r')~fq = .

(z 4 )2
exp

a;

(z')(1+f) exp
ao

ao

r
+5W2 for i=2 at ~r —r'~=a2 0

a;
+5W~ for i%2 at ~r —r'~Aao,

(13)

Here a; are the radii of 0-0 coordination shells num-
bered by the integer i in order of their increase character-
izing different distances between interstitial sites (p, r)
and (q, r'), ao is the perovskite lattice parameter, z* is
the effective oxygen charge including the dielectric con-
stant, rD is the screening radius, f is the anisotropy factor
for the next-nearest intersite distance (i=2) which is
used with the sign ( —) for the O-O interaction across a
Cu atom and with the sign (+) otherwise; 5W; are the de-
viations from the screened Coulomb asymptotic associat-
ed with the spatial dispersion of the dielectric constant
for the interaction of 0 atoms in near interstitial sites.

In the previous analysis, ' ' a more simple potential
W(r —r')~fq adjusted to obtain the experimentally ob-
served transition temperatures at x=0.5 was used. It
contained only the deviation 58'& and the anisotropy fac-
tor f=0.5 (it is similar to the anisotropic screened
Coulomb potential used by Aligia et al. ). However, the
potential W(r —r') valid for the relevant interval
x (0.35 cannot be mapped in such a simple model. To
be consistent with observation results, a more general
form (13), which includes the deviations 5W; in several
coordination spheres, have to be used. It was also found

I

that the relations (10}between the eigenvalues A,(k), re-
lated to the Lifshitz points ( —,

'
—,'0), (000), and I —,'00], are

not sufficient to provide the transformation sequence (3)
at x (0.35. The other constraints have to be met also.
Particularly, the specific numerical ratios between these
three eigenvalues are required in relation (10). This im-
poses a very strong limitation on a possible form of the
O-O potential (13).

Using the above found value A, ( —,
'

—,'0) = —7610'k~, we

tested in our computer simulations a large variety of
di6'erent parameters in the electrostatic part of the 0-0
potential given by Eq. (13) to find the best fit to the avail-
able experimental data. ' An interesting result following
from this analysis is that the secondary ordering invari-
ably produces the ( —,

'
—,'0)2~( ~~

—'0)z transition, generated
by the vector k, =(2m. /ao)( —,

'
—,'0). This result is practical-

ly insensitive to the choice of interaction parameters as
long as condition (10) holds. On the other hand, the
( —,

'
—,'0)z~( —,

' —„'0},transformation, involving the star (000),
turns out to be very sensitive to the choice of interaction
parameters. A wrong choice results in formation of a
stable "glassy" state consisting of ultrafine mixture of
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domains of ( —,
'

—,'0)z and ( —,
'

—,'0), phases. This state pro-
duces the short-range diffuse maxima rather than the
sharp superlattice spots that are really observed in Refs. 2
and 3 [Figs. 1(a) and 1(b)].

The best potential, providing the smallest (and simul-
taneously the shortest-range) deviations 5W„gives the
following parameters in (13):

rD =4a0/V'2,

68 )
= —392 k~,

5 8'2 =441'k~,

58 3
= —415 k~,

58 4
= —105 k~,

58'5 = 133'k~,

58' =0 at i &5,

f -0.07,
z =0.287e (e is the electron charge) .

(14)

u,'-,'0) = —7610'k, ,

A,(000) = —4160'k~,

A, ( —,'00) = —1480'k~ .

(15a)

We note that though some of the values 5 W; in (14) are
negative, the parameter W(r r')z~~ in (13—) is repulsive
(positive) for all separation distances.

The procedure of finding the parameters (14) was per-
formed for the total W(r r') p—otential (12) including
the strain-induced interaction W(r —r')~~'". The latter
was expressed through the phonon Green function and
the transformation strain in a way similar to that used be-
fore. ' ' In calculating this term we used the new data
on the elastic constants c; for YBa2Cu307 & reported
in Ref. 31: c» -2.3 X 10' dyn/cm, c,2

—1.0X10'
dyn/cm, and c« -0.85 X 10' dyn/cm .

The total potential (12), including W(r —r')"'" and
W(r —r')~~ with the parameters (14), was used in the
computer simulation of oxygen ordering kinetics at
stoichiometries x & 0.35. Some of the results obtained for
x =0.25 are presented in the next section.

Parameters (14) give the following values of the eigen-
values k(k) for the Lifshitz points ( —,

'
—,'0), (000), and

( —,'00) at x =0.25:

value A.( —,'00) = —1690'k~ is found by a similar pro-
cedure [see Eq. (24) from Ref. 1] consisting in fitting the
transition temperature T& of the 0-I—+O-II secondary
ordering to the observed transition temperature, recently
found in the neutron diffuse scattering study,
T& —150'C at x =0.5. To find the value
A, ( —,

'
—,'0) = —1180 kz, we used the ratio A, ( —,

'
—,'0) /

k( —,'00) -0.7. This ratio was found in Refs. 1, 28, and
29 to provide the right transformation sequence (4) at
x )0.5.

Comparing Eqs. (15a) and (15b) demonstrates that this
is the eigenvalue A, ( —,

'
—,'0) that undergoes the most

dramatic change somewhere inside the interval
0.25 & x & 0.5. The other eigenvalues, A.(000) and
A, ( —,'00), do not change so much. Such a discriminated
effect of the change of the O-O potential on the eigenval-
ue A, ( —,

'
—,'0) proved to be possible due to the anisotropy

of the deviations 5W,. in Eq. (13). As we see from the ob-
tained parameters Eq. (14), the values 5Wi and 5W3
(corresponding to the first and third coordination spheres
and, thus, representing the 0-Q pairs along the (110)
directions) are negative, whereas the values 5W'2 and
5W5 (corresponding to the second and fifth coordination
spheres and representing the O-O pairs along the (100)
directions) are positive (the fourth sphere represents an
intermediate direction). This anisotropy contributes to
the alignment of oxygen atoms along the (110) direc-
tions, thus promoting the formation of the [110] oxygen
chain structures in the relevant stoichiometry range (see
structures of Fig. 2).

C. Intermediate range -0.35 &x ( -0.4
According to Eqs. (15a) and 15(b), the decrease in the

oxygen concentration from x =0.5 to 0.25 drastically de-
creases A, ( —,

'
—,'0) while insignificantly increasing the

values of A, (000) and A.( —,'00). The decrease of
A, ( —,

'
—,'O, x) should change its relation with two other ei-

genvalues, A(000) and A( —,'00), which are almost con-
stant. An approximate stoichiometry dependences for
the values A, ( —,

'
—,'0), A,(000), and A, ( —,'00) are presented

in Fig. 4.
It is obvious, that with decrease of x, the value

A, ( —,
'

—,'0) = —1180'k~ first drops below the value

A. ( —,'00) . This turns the inequality A, ( —,
'

—,'0, x )) A, ( —,'00) into I,( —,
'

—,'O, x ) & A, ( —,'00) . Since A, ( —,
'

—,'O, x )

is still bigger than A.(000), a new relation appears:

The same functions estimated at x =0.5 are equal: A,(000) & A,(-,' —,'0) & A.( —,'00) (16)

X( —,
'

—,'0) = —1180 k~,
A,(000) = —5190'k~,

A, ( —,'00) = —1690 k~ .

(15b)

In (15b), the value A.(000) = —5190'k~ is found by com-
paring the calculated mean-field transition temperature
TD of the primary ordering T~O-I with the observed
temperature, T0-970 K (Ref. 32) at x =0.5. The same
value of k(000) was used in the previous works. ' The

The point, where A, ( —,
'

—,'O, x) =A, ( —,'00), is marked as

point B in Fig. 4. Its stoichiometry is probably close to
x -0.4 since the orthorhombic Q-II phase [formed by re-
lations (8)] was still observed at x -0.4.

When, with a further decrease of x, the value of
A, ( —,

'
—,'O, x) also drops below the value of A,(000), then

relations (10) become valid. This change, (16) to (10),
happens at point 2 in Fig. 4 where
A, ( —,

'
—,'O, x ) =A,(000) . The stoichiometry of this point is

probably close to x -0.35, since the ( 4 40)2 phase
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x =0.34 and 0.38). Similar results were obtained in Ref.
33.

IV. CONCENTRATION WAVE ANALYSIS
OF ORDERED STRUCTURES

WITHIN THE INTERMEDIATE RANGE
-0.35 (x ( -0.4

In this range the primary ordering is dictated by ine-
qualities (16). It results in the same T~O-I transition
that is observed at x & 0.4 [where relations (8) are valid].
This happens because in both regions A, (000)
=min[A, (k) ]. The occupation probabilities describing
the 0-I phase are given by the function

n(l, r)o=c+7)o ~

-6000- n(, r) = '

n(2, r)o=c —7)o,
(17)

—7000

—aaaa

-7610

0.2 0.4 0 5

FIG. 4. Approximate stoichiometry dependences of eigenval-
ues k(000), k( 2 00), and k( 2 2 0) . The value

k(2 20) ——7610 K at x=0.25 is found with Eqs. (11a) and

(11b) from the assumed transition temperature To —830 K for
the T~(

2
—'0)2 primary ordering transition. The values

A,(000) ——5190 K and A,(200) ——1690 K at x=0.5 are

found from the observed temperatures [To-970 K (Ref. 33)
and T, -420 K (Ref. 26)] of the T~O Iand 0-I~O--II transi-
tions, respectively. The intermediate stoichiometry region
around x =0.4 corresponds to the intermediate relations [Eq.
(16)] between the three main eigenvalues A,(k)

[formed by relations (10)] was observed at x -0.35.
Therefore, the experimental data ' imply that rela-

tions (16) may realize approximately between
x -0.35—0.36 and x -0.39—0.40 (points A and B in Fig.
4). This estimate is an agreement with the neutron-
diffraction study demonstrating that the orthorhombic-
to-tetragonal and superconductor-to-semiconductor tran-
sitions happen near x -0.35 (and certainly between

I

where go is the LRO parameter related to the antisym-
metric representation of the group of the wave vector
k=0. The c+go terms, describing the preferred occupa-
tion by 0 atoms of the first sublattice, also enter Eqs. (lb)
and (2b) describing the ( —,

'
—,'0), and ( —,

'
—,'0), phases.

According to relations (16), the secondary ordering is
generated by the concentration wave ko=(277/ao)( —,

'
—,'0).

To find the corresponding function n (p, r )2 describing the
secondary ordered phase, this concentration wave has to
be added to function (17) so that the resultant (np, r) 2

would meet the stability criteria' ' presented in the Ap-
pendix. This function is given by Eq. (lb). It produces
the orthorhombic ( —,

'
—,'0) "" secondary ordered phase

shown in Fig. 2(b) with a 2ao X2ao centered unit cell (0
atoms occupy only one of two sublattices in the complete-
ly ordered state). The stoichiometry of this phase is
x =2c =0.5. Since within the relevant range
k( —,

'
—,'0) (A, ( —,'00), this ( —,

'
—,'0)i'"" phase is energetically

more favorable than the 0-II structure (generated by the
POO] concentration waves).

However, since the stoichiometry of this ( —,
'

—,'0)
phase, x =0.5, is outside the relevant range, it should un-
dergo the tertiary ordering with the decrease of tempera-
ture. This tertiary ordering is generated by the "second
best" concentration waves POO] competing with the
( —,

'
—,'0) wave in relations (16). The tertiary ordered phase

is described by the equation

n(l, r)3:c+7)o+( ) +7iI' )7eixp(ik r)o+( 7 +72)z)7[c s(oker)+c s(ok&'r)],

n(2, r)3=c 7)0+(7)l 7)1 xp( ko )+(7)2 7)2)[c s(k2 )+cos(k2r)) (18)

where kz=(27t/ao)(0 —,'0) and kz'=(2m. /ao)( —,'00); 7)2 and 7)z are the LRO parameters related to the symmetric and an-
tisymmetric irreducible representations of the groups of the wave vectors kz and k", respectively. The completely or-
dered state is achieved if c =go=f1=g&=g2=qz= —,'. Therefore, its ideal stoichiometry x =2c =0.25 is also outside
the relevant range. Within this range, this phase can be formed only as a nonstoichiometric precursor of a quarternary
ordered phase.

The structure of the tertiary phase, described by Eq. (18), is shown in Fig. 5(c). It also has a 2ao X2ao unit cell. But
this cell is primitive. Since oxygen atoms preferentially occupy one of the two interstitial sublattices, this structure is
orthorhombic. To refiect these characteristics, we designate this phase ( —,

'
—,'0)P' . The diIFraction pattern correspond-

ing to the ( —,
'

—,'0)P' phase was observed by Reyes-Gasga et al. It is distinguished from the difFraction pattern of the
( —,

'
—,'0) i'""phase by the presence of the POO] -type refiections.
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To find the concentration waves generating the quarternary ordered phase at low temperatures, we have to take into
consideration the fact that the I

—' —,'OI waves participate in formation of the low-temperature ordered phases on both
sides of the 0.35&x &0.4 interval, i.e., at x &0.35 and x )0.4. Thus, it is natural to assume that the same star is
operational within the 0.35 &x &0.4 range. Constructing the occupation probability function, by adding the concen-
tration waves I —,

'
—,'0] in such a way that the resultant function n (p, r)z would meet the stability criteria (see the Appen-

dix), we have the atomic distribution for the quarternary ordered phase:

c+go+ (ri&+ g, )exp(ikcr ) + (g2+ riz) [cos(k2r) +cos(k2'r )]+( g3+ 7}3)[cos(k3r) +cos(k3'r) ]

c —bio+ (ri, —g', )exp(ikor ) + (r)2 —
riz )[cos(k2r) +cos(kz'r )]+(g3 —g3) [cos(k3r) +cos(k3'r) ], (19)

where k3= (2n. /ao)( —,
'

—,'0) and k3'=(2'/ao )( —,
'

—,'0), g3 and ri3 are the LRO parameters related to the symmetric and an-
tisymmetric irreducible representations of the groups of the vectors k3 and k3'. lt is interesting that this function is able
to describe the ordered structures of the same symmetry but with different stoichiometries. One of them is of particular
interest because its ideal stoichiornetry is inside the range 0.35 & x & 0.4. This stoichiometry is achieved if
c =qo=q, =ri', =

—,'„gz=gz=—
—,'„r}&=713=—,'. With these values, the function n(P, r }4given by Eq. (19}assumes only

two values, either 1 or 0. Placing 0 atoms at the interstitial sites [p, r j where the function n (p, r)z assumes the value 1,
we obtain the completely ordered structure shown in Fig. 5(d}. Its stoichiometry x =2c =—', =0.375.

Therefore, the function n (p, r)4 describes the ultimate ordered phase which at low temperatures does not undergo the
further ordering. Thus, this phase could be observed within the relevant range, 0.35 &x &0.4. It is one of the ( —,

'
—,'0),

orthorhombic phases with a 2)/2ao X2+2ac unit cell. This phase is named below as y-( —,
'

—,'0), . Its atomic structure is
given in Fig. 5(d). The diffraction pattern of this phase coincides with that shown in Fig. 1(c). The same diffraction pat-
tern was found by Rayes-Gasga et aI. %'hat is important is that, in an agreement with our analysis, these authors also
observed the ( —,

'
—,'0)(" phase as a precursor of the y-( —,

'
—,'0), phase. The same y-( —,

'
—,'0), ordered phase was also reported

in the neutron-diffraction study' (for a close stoichiometry x -0.35). We note, that this ordered structure was suggest-
ed, as one of several possible ground-state structures at x =—', , in the analysis ' based on screened-Coulomb O-O in-
teraction.
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within the intermediate range -0.35 & x
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Summing up the above results, the following sequence of ordering reactions at cooling the tetragonal T phase can be
predicted within the interval 0.35 & x & 0.4:

T~O-I~( —,
'

—,'0) ""(2aoX2ao)~(—,
'

—,'0)(" (2aoX2ao)~y —( —,
'

—,'0), (2+2aoX2+2ao) . (20)

Therefore, the change of the O-O interaction with the de-
crease in stoichiometry from x =0.5 to 0.25 results in the
relative change of the eigenvalues A,(000), A, ( —,

'
—,'0), and

A, ( —'00) transforming inequality (8} into (16) and then
into (10). Upon decrease in stoichiometry the sequences
(4), (20), and (3) are successively observed.

V. COMPUTER SIMUI ATIQNS
DF OXYGEN ORDERING AT x =0.25

The O-O interaction potential, described by Eqs. (12)
and (13) with the parameters (14), allows us to carry out
the computer simulation of the structure transformation
kinetics during the multiple ordering at the stoichiometry
x =0.25 [at which the parameters (14) were found] and at
close stoichiometries where we do not expect for the O-O
potential to change considerably. We present below the
results of the computer simulation for x =0.25.

The simulation method, based on the numerical solu-
tion of the nonlinear crystal-lattice-site diffusion equa-
tion, is exactly the same as that used before. ' ' Since
it was described in full detail in Ref. 1, we do not repeat it
here. The only change made is the introduction of the
"random noise" fluctuations, meeting the requirement of
the fluctuation-dissipation theorem, into the microscopic
diffusion kinetic equations and, thus, effectively trans-
forming them into the stochastic Langevin equations.
The Auctuations allow a system to avoid trapping in
free-energy local minima (metastable states) which is
essential since most of the phase transformations related
to formation of the P—,'0} phases are the first-order tran-
sitions. The Langevin microscopic diffusion equation is

dn(p, r t) ~=2, $FQL(r —r')~q, +(~(r, t), (21)~q 6n q, r';t

where n(p, r;t) is the same function of the occupation
probability that is used in the above analysis, t is the
time. The function L(r —r ) is the matrix of the kinetic
coeKcients which are the typical inverse times of an ele-
mentary diffusional jump from the site (q, r') to the site
(p, r). The variational derivative, 5F/5n(q, r';t), is the
transformation driving force; g (r, t ) is a random noise
meeting the requirement of the fluctuation-dissipation
theorem. The summation over r' is carried out over aH X
unit cells of the crystal.

As before, oxygen ordering was described with the Is-
ing model allowing all structure states to be obtained by
the O atoms redistribution over interstitial sites of two
sublattices (p, q=1,2) located in a basal Cu(1)-O(001)
plane of YBazCu306+„. Equation (21) was formulated in
a dimensionless form using the reduced time t *= t jw,
where w=(4AL, )

' is the typical time of an elementary
diffusion event, Li is the kinetic coefficient L(r —r ) for
the nearest-neighbor diffusional jump, A = (z *

) /
(ap/+2) [see Eq. (13)]. The simulation of the oxygen or-

dering kinetics was realized by numerical solution of the
kinetic equation (21) with the periodical boundary condi-
tions. The computational cell consists of the 64 X 64 unit
cells in the Cu(1)-O(001) basal plane. The computer-
simulation results are presented in Figs. 6 and 7.

The oxygen-ordering kinetics was simulated by
"quenching" the disordered tetragonal T phase to a tem-
perature T„which is below the order-disorder transition
temperature To for the T—+( —,

'
—,'0}2 transition, and subse-

quent "annealing" at T, and more low temperatures.
The simulations at different temperatures T, have shown
that the ( —,

'
—,'0)2 phase forms only in the very beginning of

evolution at any temperature T„i.e., the transition tem-
perature To practically coincides with the next transition
temperature T, for the secondary ( —,

'
—,'0)2~( —,

'
—,'0)2 order-

ing. However, the tertiary transition ( —,
'

—,'0}2~(—,
'

—,'0},has
a significantly lower transition temperature T2 -0.7 X To
at x =0.25 ~

Figures 6(a) —6(c) demonstrate the evolution of atomic
and mesoscale structures formed at multiple ordering

[sequence (3)]. Figures 6(a) and 6(b) show the structures
corresponding to the "short" and "long" annealing times
(the reduced time t =60 and 420, respectively) at a com-
paratively high-temperature T, =0.95 X To [ To =830 K
at x =0.25, see Eqs. (11)]. Figure 6(a) (t*=60) presents
the mixture of two orientation variants of the metastable
( —,

'
—,'0)i'"" phase which starts to transform into the stable

( —,
'

—,'0)2 phase [these structures are shown in Figs. 2(b) and

2(c)]. However, residues of the primary ordered ( —,
'

—,'0)2
phase can be seen in Fig. 6(a) as the one-line oxygen
chains in (110) directions located mostly on interfacial
boundaries. This ( —,

'
—,'0)2 phase [see Fig. 2(a}] forms only

in the very beginning of the transformation, rapidly
transforming into the transient ( —,

'
—,'0)i'"" structure. The

latter transforms much more slowly into the stable secon-
dary ordered ( —,

' —'0)2 phase. This evolution is easily seen

by comparison of Figs. 6(a) and 6(b) ~

Figure 6(b) (t *=420) demonstrates only one phase, the
( —,

'
—,'0)z (v'2ao X2v 2ao ) ordered structure in two orienta-

tion variants with the antiphase domains within each
variant. This is the structure that was found by Zeiske
et a l. in a sample with x -0.35. Its diffraction pattern
coincides with that in Fig. 1(a). Since further annealing
(t* &420) practically does not change this structure, it is
the stable equilibrium structure at T, =0.95 X To.

This structure was then slowly "cooled" (in nine steps,
during the reduced time t* =270) to the lower tempera-
ture T, =0.4 X To which is below the transition tempera-
ture T2 for the ( —,

'
—,'0)~~( —,

'
—,'0)i transition (T2 =0.7X To

at x=0.25). The obtained low-temperature structure,
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FIG. 6. Simulated micro-
structures for YBa&Cu3Q6» ob-
tained by "quenching" and "an-
nealing" the tetragonal T phase.
The model crystal consist of
64 X 64 computational cells. Ox-
ygen atoms (large solid circles)
are shown in interstitial posi-
tions (p, r) if the occupation
probability n (p, r; t ) )c =0. 125.
Small points are the Cu atoms.
(a) Reduced time t =60 and
T/To =0.95; (b) reduced time
t*=420 d T/T =0.95. ( )

The structure (b) after additional
slow "cooling" to T/To =0.4.
Temperature To —830 K is the
temperature of the T (2 z0)2
transition. T/To =0.4 is below
the temperature of the
( 4 40)2—+( 4 40) &

transition. (a)

shows two orientation variants
of the metastable ( 2 ~ 0))'""
(2ao X2ao) phase and the stable
secondary ordered ( 4 ~ 0)2 phase

as well as the traces of the pri-
mary ordered structure ( —' —'0)2.
(b) shows two orientation vari-
ants of the stable ( 4 40)2 struc-

ture and the antiphase domains
within each variant. (c) shows
the domains of the tertiary or-
dered ( —' —'0)

&
phase.

presented in Fig. 6(c), is the tertiary ordered ( —,
'

—,'0),
(&2aoX2V2ao) structure [see Fig. 2(c)]. We found that
this structure is also the stable equilibrium structure since
it does not practically change with the further annealing
at the same and more low temperatures.

Figure 6(c) shows two orientation variants of ( —' —'0)&

(&2aoX2&2ao) structure and the antiphase domains
within each of them. This structure was suggested by
Kemin et a/. Its diffraction pattern coincides with that
in Fig. 1(b).

The simulated diffraction patterns, corresponding to
the structures presented in Figs. 6(b) and 6(c), are shown

310

300 100

FIG. 7. Simulated diffraction patterns. (a)
The pattern from the ( —' —'0)2 structure shown

in Fig. 6(b); (b) the pattern from the ( —' —'0)&

structure, shown in Fig. 6(c). Both patterns (a)
and (b) are generated by two orientation vari-
ants of the corresponding structure. All inten-
sities are given in the logarithmic scale. Three
fundamental maxima, (000), (100), and (010),
are marked in (a).
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in Figs. 7(a) and 7(b), respectively. Besides the super-
structure maxima, corresponding to two orientation vari-
ants of ( —,

'
—,'0)2 and ( —,

'
—,'0) i ordered structures, the patterns

contain the fundamental maxima. Since the width of fun-
damental maxima is negligible (it coincides with an incre-
ment in the k space), and the intensities are given in the
logarithmic scale, they are hardly visible and therefore
three of them are marked in Fig. 7(a).

Comparing the simulated diffractions of Figs. 7(a) and
7(b) with the observed diffraction patterns of Figs. 1(a)
and 1(b) shows that the simulated diffraction is just a su-
perposition of diffractions from two orientation variants.

Therefore, the computer simulation of the multiple ox-
ygen ordering at x =0.25 with O-O potentials (12)—(14)
generates the same oxygen superstructures, the ( —,

'
—,'0)2

and ( —,
'

—,'0), ordered phases with the &2ao X2V2ao unit

cell, which were observed by Zeiske et al. and Kemin
et al.

VI. DISCUSSION

The analysis of available diffraction data, the
concentration-wave analysis of ordering and the comput-
er simulation, taken together, enable one to establish the
main features of the general picture of complicated order-
ing transformations in YBazCu306+ system. Controver-
sies in interpretation of experimental results are mostly
caused by the fact that these transformations are very
different from the conventional replacive transformations
involving the ordering. Two major factors contribute to
this difference.

(1) The first one is the dominance of the long-range
repulsive O-O interaction which suppresses the conven-
tional mechanism of establishing the ideal stoichiometry
at low temperatures, viz. , the decomposition into a mix-
ture of macroscopic volumes of the fully ordered phases
with ideal stoichiometries. If such a decomposition
mechanism is suppressed, which is the case for the
YBa2Cu306+ system, then the stoichiometry can be
achieved upon cooling only by the sequence of secondary,
tertiary, and so on ordering reactions. In principle, these
structure changes have to occur until the ideal
stoichiometry of the resultant phase becomes equal to the
current overall stoichiometry x of the system. In other
words, each current stoichiometry should result in the
corresponding ground-state structure, different for each
stoichiometry. Well-known examples of such ground-
state structures are the devil's staircase structures in
Coulomb systems. The possibility of their formation in a
YBa2Cu306+„system with the screened Coulomb O-O
interaction was demonstrated by Adelman et al. using
the Monte Carlo simulation and by Aligia et al. using
the ground-state analysis.

In most cases, however, there are the kinetic and ther-
modynamic reasons preventing the complete realization
of this ideal scenario. Although each consecutive order-
ing occurring upon coolings brings an ideal stoichiometry
of the current ordered phase closer to the overall
stoichiometry, but it simultaneously reduces the transfor-
mation driving force and slows down the diffusional
kinetics. This makes the each next ordering reaction

more and more sluggish. The slowing down of the order-
ing kinetics occurs until one of the transient ordered
phases turns out to be frozen.

Since the repulsive long-range character of the O-O in-
teraction suppresses the decomposition, the composition
x is not a degree of freedom. Therefore, the Gibbs phase
rule predicts that the stability fields of different ordered
phases, as in the case of the diffusionless transformation,
should be separated by a line rather than by an interven-
ing two-phase region. The latter actually explains why
all attempts to observe a two-phase state in the
YBa2Cu306+ system still have not produced any con-
clusive result. It should also be mentioned that any
short-range interaction model for the O-O potential
should always result in a diagram with two-phase fields.

(2) The second factor contributing to the complexity of
ordering is the drastic change of the O-O interaction po-
tentials within a narrow concentration range
-0.3 (x ( -0.45 (Fig. 4), where the electron structure
of the system undergoes the radical reconstruction, trans-
forming the high-temperature superconducting state into

phase

500

300

200

)00

02 05

FIG. 8. Approximate position of the stability fields of the T,
( 2

—'0) and [ ~ 40} ordered phases illustrating the sequences of
oxygen ordering phase transformations in substoichiometric
YBa2Cu, 06+„upon cooling [Eqs. (22b) and (22c)]. The temper-
ature of the T~(

2 20)2 transition at x =0.25 is assumed to be

around of the observed values, i.e., between 500 and 600'C
(Refs. 14 and 15). The (4 40)2 —+(4 40)& transition temperature

at x =0.25 is obtained in the computer simulation with the O-O
potential {12)—(14). Points A and B, corresponding to the bor-
ders of the intermediate region 0.35 & x & 0.4 are defined in Fig.
4. The 0-I~O-II transition temperature near point B is indi-

cated in accordance with the experimental value —150 C (Ref.
26). The diffractions from the ( 4

—'0)~ and ( 4
—'0)

&
phases with a

&2ap X 2&2ap unit cell, shown in Figs. 1(a) and 1(b), respective-

ly, were observed in Refs. 2 and 3. The diffraction from the y-
{440)& (2&2ap X2&2ap) phase, shown in Fig. 1(c), was ob-

served in Refs. 7 and 13. The ( z z0)P' phase was observed in

Ref. 7 as a precursor of the y-( 4 40) &
2&2ap X 2&2ap phase.
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a semiconducting state and abruptly changing different
physical properties. ' ' This change of the 0-0 poten-
tials have to be large enough to alternate the sequence of
ordering transforrnations in different concentration
ranges.

There is one circumstance that has to be taken into ac-
count in interpretation of diffraction data for the ( —' —'0)
phases. This is the effect of atomic displacements on the
diffraction intensities caused by interstitial 0 atoms in
basal Cu-0 planes. Particularly, there are many indica-
tions that the atomic displacernents significantly affect
the intensity of the t —,

'
—,'0] superlattice reflections (see, for

example, Ref. 2}. This effect may sometimes be confusing
and lead to the assumption that these phases are formed
as a result of the displacive transformation. However, it
should be born in mind that the interstitial oxygen pro-
duces the atomic displacements of heavy cations, Cu, Ba,
and Y. The concentration waves, describing the atomic
distribution of O atoms, generate the displacive waves of
cations of the same wave vector which, in turn, contrib-
ute to the intensities of superlattice rejections corre-
sponding to these wave vectors. The contribution of the
displacements can be very considerable and, in some
cases, dominant since the cross section of scattering by
heavy cations is much higher than that of the 0 atoms.
Therefore, the large contribution of the displacernents of
cations to the intensities of superlattice spots is not neces-

sarily a manifestation of the displacive transformation.
The oxygen ordering produces these displacernents as
well.

The existing interpretations of ordering in the
YBazCu306+~ system are sometimes sketchy and often
contradictory because of its unusual complexity and also
the fact that the main part of the structural information
on the multiple ordering is based on the thin-filrn
selected-area electron diffraction rather than on the regu-
lar analysis of intensities of rejections in the bulk single-
crystal diffraction patterns (exceptions are the works in
Refs. 2, 13, 24, 26, and 36). The concentration-wave sta-
bility analysis, combining the symmetry and thermo-
dynamics arguments, as well as the computer-simulation
data on the ordering kinetics presented in this study, ac-
tually allow one to recover a part of the missing structure
information and construct a rough general picture of or-
dering in YBa2Cu306+ system. This picture seems to be
consistent with existing observations and certainly could
be modified and made more accurate with appearance of
new experimental data.

According to this study, there are three concentration
intervals where the sequence of ordering reactions upon
cooling is different. They are separated by
stoichiometries x~ -0.35 and x~ -0.4 (see Figs. 4 and 8}.

(i} At x & x~, depending on kinetics, the sequence is ei-
ther

T~O-1~0-II (or 0-II "glassy" state) ~a- or P- ( —,
'

—,'0), (2&2a~ X2&2a~)

[Eq. (4) and Fig. 3] or

T~0-I~0-II "glassy" state —+Magneli-like states .

(ii) At x„&x&x~, it is

T~0-I~ ( —,
'

—,'0) &'""(2a~ X 2az )~ ( —,
'

—,'0)(r™(2a~X 2aa )~y-( —,
'

—,'0) &(2v'2a & X 2V2a~ )

[Eq. (20) and Fig. 5].
(iii) At x &x„,it is

T~(—,
'

—,'0)2~( —,
'

—,'0)z(+2aa X 2+2a~ )~(—,
'

—,'0) &(+2a~ X 2v 2a~ )

(22a)

(22b)

(22c)

[Eq. (3) and Fig. 2].
The 0-II "glassy" state entering Eq. (22a) is the short-

range-order state consisting of ultrafine domains of the
0-II phase. Equations (22b) and (22c) present the se-
quences of oxygen-ordering phase transformations upon
cooling the tetragonal T phase which can be expected at
small x, within the "tetragonal" part of the phase dia-
gram. These sequences, together with the computer-
simulation results at x =0.25, allow us roughly indicate
the mutual position of stability fields of ordered phases
entering Eqs. (22b) and (22c). This is schematically
shown in Fig. 8 (the position of the 0-I~O-II transition
line at larger stoichiometries x )0.4 is drawn according
to the observed transformation temperature —150 C.
In accordance with the foregoing discussion, the two-
phase fields which are supposed to be suppressed by the
Coulomb repulsion are not shown. Thus, Fig. 8 schemat-
ically summarizes main results obtained in this study on

I

the phases transformations occurring at small x. These
results were obtained from the concentration-wave
analysis, available diffraction data, and the computer-
simulation analysis. We believe that to some extent these
results may give a guideline in future experimental stud-
ies of the phase diagram. The obtained results also allow
us to make certain conclusions about the structure of or-
dered phases and their structural relation at x (x~ and
xg (x (xg.

VII. CONCLUSIONS

(1) The concentration-wave analysis based on the avail-
able experimental data results in the conclusion that
there are two families of ordered phases in YBazCu306+
oxides. The ordered phases belonging to the first family
are the structural derivatives of the orthorhombic O-I
phase generated by the (000) Lifshitz star. They are
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formed at x )xz -0.35. The ordered phases belonging
to the second family are the structural derivatives of the
pseudotetragonal ( —,

'
—,'0)z primary ordered phase generat-

ed by the ( —,
'

—,'0) Lifshitz star. They are formed at x (x~.
(2) It is found that the explanation of ordered struc-

tures observed in different concentration ranges requires
an assumption that the O-O interaction potential under-
goes an abrupt change within the narrow concentration
interval -0.30 &x &0.4.

(3) The long-range repulsive electrostatic interaction
rules out the appearance of two-phase fields in the phase
diagram. The single-phase stability fields in the phase di-
agram are separated by single equilibrium lines. Under
these circumstances, the system cooling results in a se-
quence of multiple ordering reactions bringing the
stoichiometries of the ordered phases closer to the overall
stoichiometry. The structures of the P—,'0] and P—,'0}
phases and the sequences of ordering reactions at cooling
the tetragonal T phase are found (the latter are schemati-
cally illustrated by Fig. 8).

(4) Computer simulation of oxygen ordering at x =0.25
is carried out. It demonstrates the microstructure evolu-
tion during the ordering which produces the atomic and
domain structures of the ( —,

'
—,'0)z and ( —„'—,'0)

&
phases with a

i 2ao X 2+2ao unit cell [Figs. 6(a)—6(c)]. Simulated
diffraction patterns (Fig. 7) from these phases coincide
with the observed diffractions [Figs. 1(a) and 1(b)] if two
orientation variants of ordered domains are taken into ac-
count.
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n(p, r)=c+g g g, c,(r), ,
a S

(Al)

where g, are the long-range-order parameters and sum-
mations are carried out over all stars n determining the
structure and the branches s;

s(r), =—g [y(kj ),u(p, kj. ),exp(ik~ r)=1
Ja

+y(kj ),*u(p, kj ),*exp( ik r)]—(A2)

APPENDIX

The possible structures of ordered phases can be found
by using the concentration-wave method. ' ' Any occu-
pation probability function n (p, r ) describing an ordered
structure can always be presented as a superposition of
the concentration waves, the eigenfunctions P(p, r),z

u(p=k)e,xp(,ikr) of the matrix W(r —r'), where
s =1,2 numbers two branches of its spectrum A(k)+, the
coefficients u(p, k), are the eigenfunctions of the 2X2
matrix V(k) in Eq. (5). Without a loss of generality,
the function n(p, r) can be written as

is the function depending only on the symmetry of the or-
dered phase rather than on its dynamic properties. The
index j in (A2) numbers the vectors of the star [k ]; the
summation in j is carried out over all vectors of the star
a. As in the Landau theory, the constants y(kj ), areJ~ S

defined so that

(A3)

where the relation between the constants y(k~ ), deter-J~ S

mines the symmetry of the ordered phase. The functions
s(r), given by (A2) induce irreducible representations of
the space group of the disordered phase. Each LRO pa-
rameter g, describing the ordered phase is related to the
corresponding irreducible representation of this space
group.

To find the atomic structure of a stable ordered phase,
we, first, have to find the stars of wave vectors generating
the structure and, second, to determine the constants
y(k~ ), . The vectors [k ] of the stars can be found ei-

J~ S Ja
ther theoretically, as the ones that minimize the spectrum
branch A,(k), or experimentally from the diffraction pat-
tern geometry (from the positions of superlattice points in
the Brillouin zones of the disordered phase). In the
specific case of YBa2Cu306+„oxides, the observed
diffraction patterns indicate that Eqs. (Al) and (A2) in-
clude the wave vectors of the Lifshitz stars (000), ( —,

'
—,'0),

and [ —,'00] and the star [ —,
'

—,'0].
The coefficients y(kj )„required for the complete

Jtz S

determination of the functions s(r), in (Al), can be
found from the following criteria which are the necessary
conditions of the phase stability. ' '

Criterion I. All coefficients y(k. ), entering the func-
J~ S

tions s(r), are the constants within the stability field of
the superstructures.

Criterion I demonstrates that the only parameters
which are variable within the stability field of a super-
structure are the LRO parameters g, . They are the
functions of concentration c and temperature T. The
coefficients y(k ), describe the symmetry of the super-

Jiz S

structure. To determine the moduli and phases of the
nonzero constants y(kj. )„the next criterion can be used.J~ S

Criterion II. The constants y(k. ), should be chosenJ~ S

so that total number of different values assumed by the
function n(p, r) on all possible lattice sites [p, r] should
be equal to the number of the LRO parameters g, in
(Al) plus 1.

If criterion I is not trivial and requires an extensive in-
vestigation of the free-energy functional using the general
symmetry principles, the meaning of criterion II is obvi-
ous: it is, in fact, the condition that the number of de-
grees of freedom in the real lattice representation [a total
number of different values assumed by the function
n(p, r) on all lattice sites [p,r]] is equal to the total num-
ber of degrees of freedom in the reciprocal space repre-
sentation (the total number of the LRO parameters and
composition c).

Because the function n(p, r) has the same symmetry



51 PSEUDOTETRAGONAL AND ORTHORHOMBIC ORDERED. . . 8425

as the function n(p, r), it should have exactly the same
form (Al) as the function n(p, r) .The only difference is
that, in n(p, r) we have the functions g(. . . rl„.. . , c)
and c(. . .g„.. . , c), instead of the coefficients rl, and
c. Verification of the fact that the functions n(p, r) and
n (p, r ) have the same form (with accuracy to the
coefficients qa, and c) can be obtained by squaring Eq.
(Al). It is actually an additional test for correctness of

the choice of y(k ), . All the distributions n(p, r)J~ S

presented in this paper meet these stability criteria.
Finally, it should be emphasized that the above method

of the ordered structure determination is actually based
on the quite general symmetry consideration and is valid
irrespective of the approximation of the system dynam-
1cs.
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