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Collective spontaneous emission from a one-dimensional mesoscopic exciton system interacting via
static dipole moments is investigated by virtue of the analogy to the quantum X X Z spin chain. The
rigorous expression for the initial state is obtained at any degree of excitation from the ground state
by a short intense laser pulse. The emission profile from the initial state with partial population
inversion exhibits oscillations and very rapid decay in comparison with that from the completely
inverted state. The time-resolved emission spectra are also discussed.

I. INTRODUCTION

When a collection of dense atoms (or molecules) are
prepared in the upper level of an electric transition,
it starts to radiate spontaneously and coherently with
much shorter-pulse width than the emission of indepen-
dent atoms. This phenomenon is called superradiance’
and has been studied both experimentally®3 and
theoretically®® since the pioneering work of Dicke.! He
investigated the spontaneous emission from an ideal gas
system composed of N two-level atoms and predicted
this effect as the collective spontaneous emission due to
a spontaneous phase locking of atomic dipole moments
throughout the medium as long as the system size is
small comparing with the relevant wavelength of the ra-
diation. It is a quantum mechanical phenomenon in the
sense that its intermediate transient states are described
by the superpositions of the classical states of individual
excitations. This is easily seen from the collective emis-
sion of two particles. We denote the upper (lower) level
of the ith atom by |e;) (]gi)). The two-particle excited
state is expressed as |e;) ® |ez). Classically it decays into
either |g1) ® |e2) or |e1) ® |g2), while quantum mechan-
ically any superposition of these two states is admissi-
ble and, in fact, it decays into the symmetric state: %
(I91) ® le2) + |e1) ® |g2)).

In order to describe the N particle (two-level atomic)
system, it is convenient to use the analogy between a
two-level atom and a quantum spin, that is, we regard
the upper state of the ith atom |e;) as the spin-up state
| 1) of the ith 1/2 quantum spin, and |g;) as | |). Corre-
spondingly, if we define the (pseudo-)spin operators,

8 =leail, 37 = |gi){eils (1)
e 1
87 = 5 (le)(eil — lga)(aal), (2)

they satisfy the usual commutation relations as

[57,58F) = +6, ;5T. (3)

(8F,37] = 26,53 i85 i85

z
1% 3

The system Hamiltonian of the two-level atoms Hy and
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the interaction Hamiltonian H;,; are described with these
operators as

N
Hy = hwodi = hwoS*,
Jj=1
N
Hu=-) (BE-p3f +E"- p"3;)
ij=1
=—E-puSt—Et.pu* 5, (4)

where E is the electric field operator and p denotes the
expectation value of the atomic dipole moment. If the ini-
tial state is in complete-population inversion, it is given
by

|Po) =11 ®[12® - ®|N)n,

S:%r—;M:£>,

where S(S + 1) and M are the quantum numbers of the
total spin operator $2 = -21-(5'+S’_ +85-8%) + (§%)2 and
5“, respectively. Since 82 commutes with both Hy and
H;,¢, the quantum number S, which is called the cooper-
ation number, is a conserved quantity during the super-
radiant process so that the system evolves in the NV + 1
eigenstates: |%, % , %; % —-1), ..., %; —%,’-) The emis-
sion rate Wy is given with the spontaneous emission rate
of an atom ~ by

Wy =v(5+57),

which scales as ~ N at the initial and final stage, while
it scales as ~ N2 at M ~ 0. This squared N dependence
of the radiation rate results in the “ideal” superradiance.

In realistic systems, however, the interaction be-
tween constituent atoms suppresses the superradiant
processes.® Dipole-dipole interactions cause the dephas-
ing of the symmetric states and frequency chirping of the
emission light.”® In the spin language, the total spin
S is no longer a conserved quantity and smaller spin
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states participate in the superradiance. Frenkel exciton
is the quantum for the coherent propagation of an ex-
citation in an insulating or a molecular crystal. The
excitation transfer is induced by the dipole-dipole in-
teraction between the transition dipole moments of the
molecules. Since the excitation (electron-hole pair) is lo-
calized at the molecular site and has no inner structure
in contrast to Wannier exciton, we can adopt the system
of two-level atoms with strong dipole-dipole interaction
for the model of Frenkel excitons by regarding the con-
stituent molecules as two-level atoms. Thus, the system
of Frenkel excitons under strong excitation is equivalent
to the two-level atomic system with population inversion
and it will exhibit superradiance. This superradiance of
Frenkel excitons in a linear system from the complete-
population inversion has been investigated in detail in
Refs. 7 and 8. Here, frequency chirping and slow emis-
sion tails due to the excitation transfer have been clarified
by means of the numerical calculation of emission profile
and time-resolved emission spectra.

The symmetry of the charge distribution of a con-
stituent molecule in the excited state is, in general, dif-
ferent from that in the ground state and a static dipole
moment is induced at the molecule. These static dipoles
strongly affect the nature of Frenkel excitons at high ex-
citation. For an example, excitonic strings which are the
bound states of more than two excitons are generated
due to the attractive interactions between them.l® The
superradiance of Frenkel excitons will also be influenced
by them.

The recent development of laser technology has made it
possible to generate short intense laser pulses of the order
of 10 ~ 102 femtoseconds. If we use such short pulses, we
may generate rather dense and coherent Frenkel excitons
instantaneously. The emission from them is collective
spontaneous emission if we can neglect reabsorption of
emitted light and we may observe the specific nature of
superradiance of Frenkel excitons described above. In
the actual experiments, especially for the aggregates of
dyes and conjugated polymers, which are potentially the
candidates of highly excited exciton systems, it would be
almost impossible to excite the systems in the complete
population inversion. The initial states of them would be
in the partially excited states. Hence it seems important
to clarify the features of collective spontaneous emission
from the system of incomplete population inversion.

In the present paper, we wish to clarify how the static
dipole moments modify the superradiance of Frenkel exci-
tons and to investigate the effects of partial excitation by
short intense laser pulses by giving the rigorous expres-
sion of the initial state. Some results about the former
subject have already been published.® We shall give more
detailed results and supplementary remarks. In Sec. II,
we derive the master equation for a model system of
Frenkel excitons under an external electromagnetic field
by eliminating the radiation field operators from the sys-
tem of atoms and radiation field. The elimination of low
frequency modes and that of near-resonant modes yield,
respectively, the static dipole-dipole interaction between
atoms and the propagation of excitation through transi-
tion dipole moment, while that of the just resonant modes
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gives the coherent decay. The effective Hamiltonian for
the atomic system is shown to be equivalent to that of
quantum XX Z spin model.171? We calculate the ini-
tial state distribution prepared by the short intense laser
pulse in Sec. III. A rigorous expression of the density ma-
trix for an arbitrary pulse is obtained in the short-pulse
limit. In Sec. IV, we give the expressions of emission pro-
file and that of time-resolved emission spectra. We dis-
cuss some important features of them and mention the
methods for actual numerical calculation. The results
of numerical calculations for one-dimensional mesoscopic
systems are also shown. The drastic change of the emis-
sion profile and spectra due to the static dipole moments
is presented. Pulse profile of the superradiance from par-
tial degree of excitation is derived in Sec. V, where rapid
decay and oscillation of the emitted pulse from the par-
tial excitation is also found. Section VI is devoted to
concluding remarks.

II. SUPERRADIANCE MASTER EQUATION

We start from a collection of N identical nonoverlap-
ping two-level atoms, at positions rq, ry, - - -, ry, coupled
to a radiation field. The treatment presented here is sim-
ilar to the previous works by many authors,'?® except for
the existence of static dipole-dipole couplings and an ex-
ternal electromagnetic field.

The total Hamiltonian is written as

Htot = HO + Hrad + V7 (5)
N
Hy = hwezgf» (6)
j=1
Hing = Z hwka;'(’eak,e, )
k,e
N A A~ ~ A
V== [BN(r)-P(ry) + B () -P(ry)],  (8)
i=1
where

. ) ficlk .
Et(r;) = (i) Z A / 2e(|,Q| €ay, explik - r;],
k,e

Here, a;r‘ ¢ (ax,e) is the creation (annihilation) operator
for the plane wave mode of the radiation field with wave

vector k and unit polarization vector €, and p = pe =
(ejler|g;) and p' = p'e’ = (ejler|e;) are, respectively,
the transition dipole matrix element and the static dipole
matrix element. Although these values depend on the site

index j in general, we assume, in this paper, that they do
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not. We choose p = |p| and p/ = |p'| to be real, which is piot (t) = exp[i{Ho + Hryad }t/R]ptot (t)
always possible by an appropriate gauge transformatlon x exp[—i{Ho + Hyaa}t/h]
Thus we have PT = P. In the expression of E*(r i), Qis ’
the quantized volume of the radiation field, which is much

larger than that of the atomic system. The pseudospin V(t) = exp[i{Ho + Hraa }t/R]V (t)
operators sJ and 37 are already defined in the Sec. 1. x exp[—i{Ho + Hraa}t/R]
Let pioy be the den51ty matrix of the total system, P 0 rad b

which obeys the evolution equation: we get

d 1 d 1 s o

:i‘iptot(t) = E[Htotvptot )] 9) Eptot(t) = E[V(t)aptot(t)]- (10)
Transforming it into the interaction representation: Iterative integration of Eq. (10) leads to

|
1 t+At ~ 1 t+At 1 - -
Prot (t + At) = prot(t) + E/ dr[V(7), prot ()] + =<3 (@h)? / d7'1/ dra[V(m1), [V (72), Beot ()] +---. (11)
t t

The reduced density operator for the atomic system is defined (in the interaction representation) as
A(t) = Trrad[Peot (t)]- (12)

First, we consider the case of no external electromagnetic field. Under the superradiant configuration, that is, when
the system size is small enough to neglect reabsorption of emitted photons and reflection at the edge of the system,
we can approximate

A(t) = Treaalfron (8) vac) (vac]]. (13)
Here, |vac) denotes the vacuum of the photon field. By the second Born approximation, we get

d . At + At) — p(t) 1 i ™ - - ~

G = S0P o s /t dn l dry(vacl[V (r1), [V (72), Brot (t)]]|vac) (14)

[
where At is the coarse graining time, which is much 1
longer than the time interval for light to pass through QF = - 16 3 [/ dkk*F' (krj j1)p 0
the sample and much shorter than the typical atomic re- Tco
laxation times. Then we can regard the evolution on the

atomic system as a Markov process by treating the effect _ p2k3
of spontaneous emission as fluctuation of the atomic sys- Vit = ngeth(korﬁj')’
tem (Markov approximation). Practically, this approxi-

mation is to replace the integral — AL :+At dm ftﬁ dry in F(krj ;) = /dSk(e - &) exp[ik - (r; — rj1)],
Eq. (14) by [;° d(71—72). After some algebra,* we obtain '

the evolution equation: and
d . 1 - - =
9 5(0) = - [Hxxz,p(0)] + 5, (15)  F(hrp) = [ dSule-e) explik- (s = 5]

where the first term includes the static dipole-dipole in-
teractions and the transfer of Frenkel excitons, coming
from the elimination of the low frequency modes of the
radiation field and from that of the near-resonant modes,
respectively. The second term describes the collective de-
cay of the system and is obtained from the elimination
of the just resonant modes. They are explicitly given as

where r; ;» = |rj —rj|, ko = wo/c and we neglect small
energy shift of the atomic excitation energy and several
off-resonant terms. In deriving the above expressions, we
replaced the summation over k by the integral over k in
Eq. (14), i.e., Y, = V/(2m)® [° k2dk [ dS) and utilized
the identity:

[e <}
1
~ _ - A d +i(k — k =nd(k — ko) £ ip——,
Hxxz =Y {93745 + 37 47) + 95,5 (8585}, | et explitk — kojer] = mah — ko) i
3,3'
where @ denotes a principal value. If we take the off-
. 1 - b A resonant terms into account, Hx xz contains the term
I'p= 3 Z’Yj,j’ [Sj 5.p—25; psj, + ps; sj’]? like s s L+ §]_§J_,
53’ Smce we are interested in the linear mesoscopic sys-
tem, whose length is small compared to an optical wave-
2 oo 1 length, we can take the limit kor; ;v — 0 in the above
Q= T6m3 / dkk®F (kr; J:)pk ek equations. We also keep only the nearest neighbor inter-
7€ | Jo - o actions, for the dipole-dipole interaction is short-ranged.
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Then, transforming to the Schrodinger representation,
Eq. (15) reduces to

~[Ho + Hxxz,p(t)] + To(t), (16)

2 ot) =

Hxxz = —hZ{J 87 +578],) +20.8%50),

(7)
Ip= —%7(5+5—p+p§+§‘)+75‘p5+, (18)
where
2 2
K 3(e-a)
e = 4Tega’d [ a? ] ’
12 ! 2
. 3(e' - a)
2hJ: = 4mwega’ {1 a? :l’
and
ku?
= 19
3meoh’ (19)

where a is the primitive vector of the one-dimensional
lattice and a = |a|. Hxxz is exactly equal to the Hamil-
tonian of spin 1/2 quantum X X Z spin chain, which is
one of the quantum many body systems, whose proper-
ties have been understood in full detail.!! (If we include
the off-resonant terms, the Hamiltonian becomes XY Z
Hamiltonian in the interaction representation.) Since
H, describes the interaction energy between the exter-
nal magnetic field parallel to the z axis and the quan-
tum spins for the spin system, we can conclude that
“the Frenkel exciton system is equivalent to the quan-
tum X X Z spin system under the magnetic field.”

One may think that, because of this equivalence, we
can immediately observe in Frenkel exciton system the
same thermodynamic features as those of quantum XX Z
spin, but this is not the case. The excitation energy hwg
is usually much larger than the transfer energy |AJ| and
interaction energy |hJ,|. This is also the condition that
the ground state of the Frenkel exciton system is sta-
ble. As a spin system, this condition means that it is
in a strong external magnetic field. The thermodynamic
properties of such a spin system are simple and we can-
not expect a sign of any noble feature of a quantum spin
chain. Under the strong excitation, however, some ther-
modynamic properties of quantum spin systems appear
in the optical spectra.l? Superradiance starts from the
initial state with considerably dense excitons and decays
rapidly to the ground state. It is neither stationary nor
in thermal equilibrium. Thus we may characterize the
superradiance of Frenkel excitons as an appearance of
nonstationary and nonequilibrium properties of quantum
spin, which are known very little for the actual spin sys-
tems.

Now we derive the master equation in an applied elec-
tromagnetic field. The effect of an applied field Eq(r, )
can be represented by the coherent state of the radia-

tion field prepared by the external field, which remains
unchanged after the coarse graining time At just as the
vacuum state in Eq. (13). The reduced density operator
p(t) is to be approximated as

A(t) = Trraa[prot (t) | E(2))(E(D)]], (20)

where |E(t)) is the coherent state with respect to the
applied radiation modes but the vacuum state for the
other modes:

E*(r)|E(t)) = Ba(r, t)[E(t)). (21)

Note that Eq. (13) is a special case of Eq. (21), where
Eu(r,t) = 0, i.e., |[E(t)) = |vac). Then the master equa-
tion becomes at the same level of approximation as in
the case of no applied field:

d 1 -
7P = ZHo+ Hxxz + Va(®), p(®)] + Tp(t),  (22)
where

N

Va(t) = = [Ba(rj,t) + E4(r;,0)] - P(r;).  (23)

i=1

We shall use Eq. (22) to obtain the initial state in the next
section. Then, according to the superradiance master
equation, Eq. (16), we shall calculate the time evolution
of the system.

III. INITIAL STATE
BY SHORT-PULSE EXCITATION

The initial state of the superradiance can be prepared
with a short intense laser pulse. Since the atomic system
is in the ground state before the application of the pulse,
we have to solve Eq. (22) for the external field E(r,t),
starting from the ground state distribution py = |g)(g|
The ground state |g) is equal to |S = ¥;M = —&)
in the spin state description. It is fairly difficult even
for numerical calculation to solve Eq. (22) for a general
case. When, however, the duration of the pulse ¢y is short
enough to satisfy: t; < y7!, J; 1, J;1, the evolution of
the system is well approximated by

gt_,,(t) = —Ho + Va(t), o(0)} (24)

Neglecting the spatial change of the electromagnetic field
over the mesoscopic system and denoting E(t) = p -

E(r;,t), we get from Eq. (23) and the definition of P(r;),
Ho + Va(t) ~ hwoS* — K[E(t)ST + E*(t)§7]. (25)

Then the reduced density operator at time t is given as
a pure state:

p(t) = 2 (&) (T (@), (26)

[T(2)) = F(t)lg), (27)

F(t) = Texp /Ot dr{—iwoS* +i[E(1)ST + E*(1)S7]}|,

(28)
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where T denotes the time ordered products. We wish
to reduce F(t) to a simpler form. Using the commuta-
tion relations of the spin operators, we can easily prove
the following useful equalities for an arbitrary complex
variable A:

exp[—AS?] ST exp[A§?] = TS5,
exp[—ASt] 8§~ exp[ASF] = —A28F —2A8% 4+ §-,
exp[—A87] 8T exp[AST] = —A257 4+ 2)08% + §+,

exp[—AST] 8% exp[AS*] = £A5* + 57, (29)

With an initial condition F(0) = 1, F(t) satisfies the
differential equation:
d - o N N N
aF(t) = {—iweS* +i[E(t)ST + E*(t)ST|}F(t). (30)
We find from the equalities (29) that the operator G(t)
= exp[iwotS?] F'(t) satisfies
4
dt
where E'(t) = E(t)e*°*. Furthermore, the operator
H(t), G(t) = exp[iX (t)ST]H (t), satisfies

G(t) =3[E'(t)S* + E"" (t)§7)G(¢), (31)

%I:I(t) = [2E"" ()X (t)S* +iE"(t)ST)1H(t), (32)

if X (t) is the solution of the following equation with the
initial condition X (0) = 0:

E'(t) — %X(t) +E™ )X (t)? =0. (33)

Finally we find the operator K (t), H(t) = eA®5 K(¢),
obeys

d

K0 =iE"(0)e* V8K (1), (34)
where
A(t) = L dr2E" (1) X (). (35)

]%y integrat}ng Eq. (34) and from the definition of K(t),
H(t), and G(t), we get

~

F(t) = exp[—iwotS?] exp[i X (1) §+]

x exp[A(t)S?] exp[iB(t)S ], (36)
where B(t) = fot drE'*(1)eA("). Thus, we find |¥(t)) is
given by

| ¥ (t)) = exp[—iwotS*] exp[iX (t)ST] exp {—%A(t) lg)-

(37)

Since A(t) is determined by X (¢), we can obtain the con-
crete expression of the initial state by solving the Riccati-

type equation, Eq. (33).

When we can approximate E’(t) as a real function
Eo(t) up to an unimportant constant phase factor, we
can solve Eq. (33) explicitly as

X(t) = tan [/t d'rEo(T)jI . (38)

This essentially corresponds to the rotating wave approx-
imation. By denoting O(t) = fot drEy(7), we get from
Egs. (35) and (38),

A(t) = —2In|cos O(t)]. (39)
Substituting Eqs. (38) and (39) to Eq. (37), we find

N/2

[T (2)) = |cosO)Y D

M=—-N/2

M—1+N/2
x{ I -k)"2%k+ 1)1/2}

k=0

Mot (1120 ©(£) M2
(M + N/2)!

N
o)

(40)

For an arbitrary shape of a pulse, we have to solve the
nonlinear equation (33). This is not difficult because we
can transform it into a second order linear differential
equation by changing a variable from X (¢) to u(t):

X(t) = —E*_l(t)%lnu(t), (41)

with the initial condition u(0) = 1 and £u(0) = 0. Then,
by defining 8(t) = 4 In E"*(t),

2

d d 2 _
gz () + B(8) ul?) +|E(t)["u(t) = 0. (42)

IV. SUPERRADIANT PULSE PROFILE
AND TIME-RESOLVED EMISSION SPECTRUM

The characteristics of superradiant pulse from the
highly excited system of Frenkel excitons can be under-
stood from its time dependence of the emission intensity
[emission profile I(t)] and that of the frequency decompo-
sition of the emitted light [time-resolved emission spec-
trum I(w,t; At)]. They are defined, respectively, as®

1(t) = — 4 Te{Hop(®)]
— o THE+ 5 p(1)], (43)

At/2 At/2 A
I(w,t; At) = 120 / dry / dra(SF (¢ + 1)

At J_Aty2 —At)2
X8 (t 4 12))e " (mmT2), (44)
Here and hereafter we take A = 1. The derivation of

I(w,t; At) is described in the Appendix.

For the numerical calculation, we utilize the fact that
5% commutes with Ho and Hx Xz SO that we can choose
the simultaneous eigenstates of S, and Hx x z as the basis
functions. We denote them by {|v,,)}, where subscript m
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is the eigenvalue of 5%. We employ a periodic boundary
condition for simplicity. Although we can obtain the ex-
act eigenstates of Hx xz by Bethe ansatz or quantum in-
verse scattering method, for the practical reason, we take
|vm) to be the simultaneous eigenstates of the translation
operator, the reflection operator and the Ising model (the
Hamiltonian for J, = 0). For an example, if we denote

11,2,4) = |e1) ® |e2) ® |g3) ® |es) ® |g5) ® |ge), (45)

3 ol Ol) = 3 3 (08 8l Wil plot) = T S (molofa Y02

,vll

m
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an unnormalized basis function for six particles is
11,2, 4)):

11,2,4)) = |1,2,4} + |6,5,3},

11,2,4} =11,2,4) +|2,3,5) + |3,4,6)
+/4,5,1) + |5,6,2) + |6,1, 3). (46)

The time evolution of the matrix elements of the density
operator is written down with these bases as

NSTST |l )

'

+ Z Z (Um|5_|Um+1>(vm+1|P|”#’+1)(U#'+1|5’+|”:n'>

Vi1 Uyt +1

+s (Z(vmleleviﬁleiLIplvin:)—Z(vmlplv DICH |Hxlevm'))- (47)

"
Um

We find from this expression that the equation of the
matrix element (vn,|p|v), ) is linear and couples with a
matrix element (v/, . |plvir,.) only if m —m' = m" —m'’.
Therefore, we can write

<vm|p(t+7>|vm+l>—zz oI ()

m+1
v! I'U I+’

X (v |p() v 41), (48)

where O - - - (7) is a function of 7 determined by Eq. (47).
Similarly, we can express the emission profile as

I(t) Z’Y“-’OZ Z Z(vm|'§+|7’;1—1><”:n—1|§_|vxl
x(vp, |P(t)|vm) (49)

To calculate the time-resolved emission spectrum, we
have to evaluate the time correlation function (S~ (¢t +

)8+ (t)). For that purpose, we use the quantum regres-
sion theorem which can be stated as followings.!* If an
expectation value of an operator A is expressed as

(At +7) =Y Qu(r){f(2)), (50)

then the correlation function (B(t)A(t + 7)) is given by
J

(8% ()5~

"

Vm vy, g vl v

"
‘Um,

{
(BMA(E+7)) =D Qu(r)(B(t)fn(1))- (51)

Using Eq. (48), (S'_ (t + 7)) is written as,

(S7(t+7)=Tx[S p(t+1)]
=3 Z (Vrm—1|S ™ [om) (Vmlp(t + T) V1)
—ZZZ D (UroalS7 (om)
X0 ‘(T)<v”m'lp( Nom—a).  (52)

Therefore, by the identification,

A:S'-’ :,§+,

77=(Um’v -1 m'a m! 1)

Fo = 10l _ ) (V1187 [vm) (vl

"

Qu(7) = OIm =2 (), (53)

Ym—-1

we obtain

t+mn=>33 > 02:;'21;‘(T><S+|v:::,_1><v:n_1|é—1vm><v:;,|>t

“EE TS ORI a8 i)

II nr
m—1Ymt YVt 3

X (V1|87 [vm) (v | (8) [Tt

'vm’U

From these expressions (53) and (54), we find that only
the block diagonal matrix elements of the density oper-
ator with respect to m are necessary for the emission
profile and the time-resolved emission spectrum. One
important consequence is “both of emission profile and

(54)

[
time-resolved emission spectrum are independent of the
(block) off-diagonal matrix elements of the initial state.”
In this respect, we cannot distinguish a pure state from
mixed state by the emission profile and the time-resolved
emission spectrum.
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In this section, we show the numerical results for the
superradiance from complete-population inversion sys-
tem. We take 1/10 times spontaneous emission time, i.e.,
1/10 x v~ as a unit of time. Hence 10%~y corresponds
to the unit of the energy. The emission profile and the
time-resolved emission spectrum have been studied un-
der the constraint J2 + J2? = 4 with this unit. We note
that the emission profile is invariant under the transfor-
mation: (Jg,J;) — (—Jz,—J;). This feature is easily
proven from the fact:

It =1t
=ywoTr[ST 57 p(t)]*
= ywoTr[ST 5 p(t)1]
= ywoTr[S+ 8 (1)1, (55)

and 5(t)' obeys the same equation as that of j(¢) with
Hxxz — —Hxxz. The similar arguments lead to the
fact that the time-resolved emission spectrum is also in-
variant under (J,J,,w — wo) — (—Jg, —J;,wo — w).
Thus we restricted ourselves to the values for J, > 0.
They are schematically shown in Fig. 1. The points I,
H, and X correspond, respectively, to the Ising, Heisen-
berg and X X0 models as quantum spin systems. The
emission profile I(t) for several values of J, and J, are
shown in Figs. 2(a)-(h). The system size N = 8. They
show the appearance of slow emission tails except for the
Heisenberg case (J, = J;). In fact, as we prove in Ref. 9,
the superradiance from the Heisenberg case is exactly
equal to the Dicke’s superradiance (J, = J, = 0). In the
Ising case (J, = 0), we observe the oscillating nature.
The period of the oscillation, At, depends on a value of
|J.| as is shown in Fig. 3. This oscillation in At = 27 /2J,
comes from the interference of the two transitions with
frequency difference 2J,, because the transition dipole
moments in the Ising limit have only three frequencies,
wp and wq £ 2J,.°

The time-resolved emission spectra corresponding to
the cases of Figs. 2(a)-(f) have already been reported
in Figs. 2(a)—(f) of Ref. 9. Here, we only show a stere-
ographic presentation of the X X0 case in Fig. 4. The
chirping effects clearly appear in these spectra. In the
Ising case, the peak shifts from low frequency to high

-2

FIG. 1. The values of J, and J, we adopted for the nu-
merical calculations are shown in the J,-J, plane. I, H, and
X correspond, respectively, to Ising, Heisenberg, and X X0
models.

frequency side. On the other hand, it shifts from high to
low frequency side in the X X0 case. In general, we ob-
serve blueshift to redshift for J, < J, and the opposite for
J, < J,. The reason is the following. When we reduce
one exciton from the system with high density of exci-
tons, except for the atomic excitation energy Awg, the ki-
netic energy due to the excitation transfer ( —th§;'§j_+1
+ H.c.) becomes lower, for the other excitons can trans-
fer more easily. On the other hand, the energy due to
the interaction between excitons (—hJ,8%87 ;) becomes
higher. Because, in the spin state description, the num-
ber of the down spin states increases by one in the system
where most states are in up spin state and the number of
adjacent pairs with different spins increases. At low den-
sity of excitons, the situation is just the opposite. Hence
we observe above features of emission frequency.

V. SUPERRADIANCE
FROM PARTIALLY EXCITED SYSTEM

We discuss the emission profiles from the system par-
tially excited by short intense laser pulse. We adopt the
initial state given by Eq. (40) which is completely deter-
mined by the Bloch angle ©(tf). The results for X X0
model (J, = 0) are shown in Fig. 5, where the Bloch
angle O(tf) = (a) m, (b) 0.8w, (c) 0.6w, (d) 0.5m, (e)
0.47, and (f) 0.27r. The other parameters are the same
as those in Fig. 2(e). The peak of the emission inten-
sity appears at the beginning for ©(tf) ~ 0.5w, which
is higher than that for the complete inversion ©(ty) =
m. This is because the initial state for ©(ty) = 0.57
has the largest total transition dipole moment with co-
operation number S = %N, which gives the emission in-
tensity proportional to N? just as in the Dicke’s case,
or the Heisenberg case, whereas the peak emission in-
tensity of X X0 case is proportional to N3/2 when 7 is
considerably small.!? The initial state prepared by the
short pulse pumping is described mainly as a superposi-
tion of {£7/8,+37/8} and {+n /8,457 /8} for the case
of (d) O(ts) = 0.5w. Here, {+k,,, +k,,} means that four
fermion states with wave numbers +k,,, +k/, are occu-
pied and others unoccupied as in Ref. 8. For the case if
the excitation degree (e) ©(tf) = 0.47, other configura-
tions {0,+w/4} and {0,+3n/4} are also superposed on
the above configurations. The emission intensity from
the excitation m = 4 to m = 3 comes from two con-
figurations of {+n/8,+3n/8}, and {£n/8,£57/8}, with
the energy difference of 2J, x 2{cos(37/8) — cos(57/8)}
~ 2J, x 1.44. They interfere constructively at At =
27/2.88J, ~ 1.1 and destructively at At' = 7 /2.88J, ~
0.55 in our time unit. For the transition from m = 3 to
m = 2, the emission intensity interferes with the energy
difference of 2J, - cos(n/4) ~ 2J, x 1.41, i.e., in time At
= 27/(2J; x 1.41) ~ 1.1. Under the full inversion O(tys)
= 7, a single initial state {+w/8,+37/8,+57/8,+7xr/8}
is prepared and the emission process with the largest co-
operation number is dominant. As a result, we have no
interference for the case (a) ® = w. For larger IV, the
distribution of the frequencies of transition dipole mo-
ments becomes continuous and the interference smears
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out except for the Ising case, so that this phenomenon
is due to the finite size effect and disappear in the limit
N — oco. Therefore once the oscillation is observed, we
can estimate the effective coherence length of the actual
system by this oscillation.

The difference of the emission profile for several mod-
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FIG. 2. Emission profile I(t) of the super-
radiance from the initial state with complete
population inversion. N = 8 and v = 0.1. (a)
J. =0, J, = 2.0; (b) J. = 0.765, J, = 1.85;
(c) Jo =1.41,J, =1.41; (d) J, =1.85, J, =
0.765; (&) Jo = 2.0, J. = 0; (f) J. = 1.85, J,
= —0.765; (g) J. = 1.41, J. = —1.41; (h) J,
= 0.765, J, = —1.85. The dashed lines are
the emission profile of Dicke superradiance.

els are shown in Fig. 6. Here we choose ©O(t;) = 0.5 7
and denote (a) the Ising case, (b) the Heisenberg case,
(c) the X X0 case, and (d) Jo,=—J,. The oscillation is
conspicuous in the Ising case. The emission lines in this

case consist of three lines wg, and wy & 2J, and inter-

fere constructively in every time interval At = 27/2J, ~



Emission Intensity 1(t)

0 10 20
time t
FIG. 3. The emission profile of the Ising case (J, = 0).

(a) J. =0, (b) J. = 0.5, (c) J, = 1.0. The oscillation period
isw/J,.
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FIG. 4. The stereographic presentation of the time-
resolved emission spectra I(w, t; At) from the initial state with
complete-population inversion for the X X0 case. These spec-
tra correspond to Fig. 2(e).

Emission Profile

Time

FIG. 5. Emission profile from the partially excited system
of the X X0 case. ©(ts) = (a) m, (b) 0.87, (c) 0.6, (d) 0.5,
(e) 0.4m, and (f) 0.2n. N =8,y =0.1, J = 2.0, and J, = 0.
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Emission Profile

Time

FIG. 6. Emission profile from the partially excited system

for ©(t5) = 0.5. (a) Ising case, (b) Heisenberg case, (c) X X0
case, and (d) Jo=—J,.

1.57 in our time unit. No oscillation is observed in the
Heisenberg case, for the dipole moments have a unique
frequency wo. One important feature is that the initial
emission decay of the Ising, X X0, and J, = —J, cases
is more rapid than that of the Heisenberg case, which is
equal to the Dicke superradiance. This is due to the de-
structive interference around At' = 7 /2J, ~ 0.79 for the
Ising model and at At' = 7/2.88J, ~ 0.55 for the X X0
model. As a result, the emission intensity looks to decay
very rapidly at the initial stage.

We have calculated the time-resolved emission spectra
for superradiant processes from the state ©(ty) = 0.5m.
Figures 7(a), (b), (c), and (d) correspond, respectively,
to the cases of Figs. 6(a), (b), (c), and (d). The slit-
time width to observe the time-resolved emission spec-
trum was chosen to be At = 2.56, so that it is larger
than the oscillatory periods 1.1 for the X X0 model and
1.57 for the Ising model. As a result, the oscillatory in-
tensity observed in Fig. 6 has been partially smeared out
in the time-resolved emission spectra of Fig. 7. In these
cases, the time-resolved spectra under ©(ty) = 0.57 are
very similar to those at the latter half in the superradi-
ant pulse under the full population inversion. That is, for
the Ising model of Fig. 7(a), the emission intensity on the
high energy side decreases gradually in time while that
at the central frequency is rather strong at the beginning
and decays more rapidly. For the Heisenberg model of
Fig. 7(b), the initial decay at ©(tf) = 0.57 is strongest
reflecting the Dicke’s superradiance. The observed spec-
tra for the models of X X0 [Fig. 7(c)] and J, = —J,
[Fig. 7(d)] are very similar to those at the latter half un-
der the complete population inversion.

On the other hand, the time-resolved emission spectra
observed more carefully, e.g., at shorter time-intervals
even with the same time-slit width At = 2.56, are found
to oscillate in time as shown in Fig. 8 for the Ising model.
This oscillatory behavior comes from the same origin as
in Fig. 6. As a conclusion of this section, we will be able
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The time-resolved emission spectra I(w,t; At) from partially excited initial states. They correspond, respectively,

to Figs. 6(a)—(d). The number in the figure means the time at which the spectrum is measured with the slit time width At =

2.56, i.e., (1) t = 1.39, (2) 2.39, (3) 3.39, and (4) 4.39.
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FIG. 8. The time-resolved emission spectra of the Ising
case from the partially excited initial state. The number in
the figure means the time at which the spectrum is measured
with the slit time width At = 2.56, i.e., (1) t = 1.39, (2) 1.64,
(3) 1.89, and (4) 2.14. The oscillation of intensity is observed.

to observe several phenomena in the superradiant decay
also under the partial excitation as an initial electronic
state.

VI. CONCLUSION

We have investigated the superradiance of Frenkel ex-
citons in one-dimensional mesoscopic systems in terms of
the equivalence to the X X Z spin chains. We have clari-
fied that both emission profile and time-resolved emission
spectrum are strongly dependent on the exciton transfer
J: and interaction J,, due to the static dipole moments.
In the Ising limit, the emission profile shows oscillation
with period w/J,. The superradiance of the Heisenberg
limit is exactly equal to that of Dicke. We also gave the
rigorous expression of the initial state by the short-pulse
excitation. Using the expression, we have demonstrated
that the superradiance from partially excited system of
Frenkel excitons shows oscillation in time and more rapid
decay at the initial stage than Dicke’s superradiance.

We will discuss the candidate materials to study the
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superradiance phenomena described in this paper. Exci-
tons in J and H aggregates of dyes have been well de-
scribed as one-dimensional Frenkel excitons.' 17 There
are many kinds of dye molecules. These molecules consti-
tute J aggregates in some cases and others do H aggre-
gates. We can change the sign of J,, the exciton-transfer
matrix elements in our model. The actual magnitude
of wo, Je, and v in Eq. (19) for BIC or PIC-Br J ag-
gregates are hwo ~ 2.0 eV, hJ, ~ 100 meV, and !
~ 500 ps.!®® In addition to this, decorating the dye
molecule by many kinds of radicals, we can control the
induced static dipole moment within the molecule. Con-
sequently, we can change not only the sign but also the
magnitude of J, the exciton-exciton interaction. In fact,
the value of |J,| is greater than that of |J,| for most J and
H aggregates, but PIC-Br J aggregates is known to have
much larger |J,| than |J,|.1® Therefore, it looks interest-
ing to study experimentally the superradiant pulse profile
and the time-resolved emission spectrum from the par-
tially excited J or H aggregates of dyes. These observa-
tions will be used to check the present model and will be
useful in determining the electric structure and dynamics
of elementary excitations in aggregates of dyes. Another
candidate is a weak charge-transfer exciton system such
as anthracene-PMDA (pyromellic acid dianhydride),®
where AiJ, = 5 ~ 6 meV, hJ, = 12 ~ 18 meV, and
v ~ 0.1J,. The magnitude of J, can be controlled by
an application of static electric field, so that we can ex-
pect fruitful emission spectra discussed in the present
paper. From these numerical values, the superradiance
pulse from these excitonic systems is estimated to have a
pulse width of several tens of a picosecond for the system
with coherent length of ten molecules or molecule pairs.
Therefore, we need the pumping lasers with shorter than
several tens picosecond to observe the superradiant emis-
sion. However, we must use the much shorter-laser pulses
as a pumping source in order to satisfy the condition in-
troduced in Sec. III, i.e., the pump pulse width t; <
v~ 1, J71, and J; . Therefore, we need several tens of a
femtosecond pulses to pump the excitons in anthracene-
PMDA and several femtosecond pulses for the excitons
in dye aggregates.

The static dipole moment induced in the excited state
comes from the different electronic distribution with-
out any lattice deformation in the J and H aggre-
gates of dyes. In the case of charge-transfer exciton,
such as in anthracene-PMDA, the exciton formation
and the induced static dipolemoment are carried out
instantaneously just by photon absorption without lat-
tice deformation. When these two or three excitons
are created in the neighboring unit cells, two-, and
three-excitonic strings are formed by these static dipo-
lar interactions.'%1® After the charge-transfer exciton is
formed, the lattice may be deformed so that the eigen-
energy of the exciton as well as the magnitude of induced
static dipole moment are a little modified. This effect is
observed as appearance of the emission line with a small
Stokes shift in addition to that of the original charge-
transfer exciton.'® As a result, the static dipole moment
as well as the dipolar interaction works just after the
formation of the Frenkel as well as charge-transfer exci-

tons. This may be shorter than a picosecond when we use
the femtosecond laser pulses to prepare the initial state.
On the other hand, the superradiant decay time will be
longer than a picosecond. As a result, we may expect the
present theoretical predictions to be observable.
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APPENDIX: TIME-RESOLVED EMISSION
SPECTRUM

In this appendix, we derive Eq. (44), the expres-
sion of the time-resolved emission spectrum I(w,t; At).
The time-resolved emission spectrum I(w,t;At) mea-
sures the photon energy with the angular frequency be-
tween w — Aw and w + Aw, observed for the time interval
from t — At to t + At. Here Aw is the resolving power of
the device for the measurement, so that At must satisfy
the inequality AwAt > 7 due to the uncertainty prin-
ciple. If we regard the radiation field at the position of
device r as a classical field E(r,t), the time-resolved
emission spectrum I(w,t; At) may be considered to be
proportional to |E¥(r,t)|?, where E¥(r,t) is a Fourier
component of E.(r,t):

At/2 '
EY(r,t) = / drEa(r,t 4 7)e ), (A1)
—At)2
and
At)2 at/2
B (r, 8)|% = / dry / dr Bl (r, ¢
—At)2 —At/2
+71)Ba(r, t + 75)e % (m772), (A2)

Since the measurements are quantum mechanical ones,
we have to replace E}(r,t + 71)Eua(r,t + 72) by the
time correlation function of the field operators (E~(r,t+
T1)E+ (r,t+72)), that is, the time-resolved emission spec-
trum I(w,t; At) can be written except for some constant
C as
At/2

I(w,t;At) = C x/ dmy

—At/2

At/2 . .
x/ dr(E~ (v, t + 1) ET (r,t + 72))
—At/2

Xe—-iw('rl —72) .

(A3)

Since the radiation field obeys adiabatically equations
of motion for the electronic system in the superradiant
configuration, it is intuitively obvious that (E~(r,¢ +
’7’1)E+ (r,t + 72)) is linearly proportional to the corre-
lation function of the electronic polarization operators
(8F(t + 71)5 (t + 72)). The derivation of this fact is,
however, not so easy. Here we adopt the approach devel-
oped by Bonifacio et al.,® and give a formal proof.
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A time correlation function can be obtained from equal
time correlation functions by virtue of the quantum re-
gression theorem!* as is described in Sec. IV, so that it
is enough to obtain the expression of the equal time cor-
relation function of the field operators:

(B (r, 1)) ™ (E* (xr,1))")

= T((B™ (r, 1)) ™ (B* (r, 1)) pror (t)]

=Tr[(E (r, )" (B (r,1)) Ap(t)]- (A4)
Here, Ap(t) is defined as

Ap(t) = peot(t) — po(t),

polt) = [vac) (vac] ® p(2). (45)

In deriving the superradiance master equation (16) for
the atomic system, we could neglect this deviation Ap(t)
of the density operator p(t). We need, however, Ap(t)
for the calculation of the evolution of the field.

We define the projection operator P:5

P = |vac)(vac| ® Trraq, (A6)
J

which satisfies

Pptot = pO(t)a

Ap(t) = (1 — P)prot(t) ( = Qprot(t))- (A7)
We also define Liouville operator —L as
—L=—-Lo- L,
N 1

_LOPE —[HO + Hrad7 p]7
ih

_ip= =V, (A8)
ih- "7

where Hy, H;aq, and V are defined in Egs. (6)—(8) in the
text. By noticing the equality —Lopo(t) = 0, we obtain

t By 7 Al A
Ap(t) = — / dse=O=P)La(1 _ P)Lpo(t—s). (A9)
0
Thus, we can express Ap(t) in terms of po(t).

If we define U(s) = exp[— (1 — P)Los], Eq. (A9) can be
expanded as

N t 8 8j—-1 R R N R A A
Ap(t) = z:(—l)j+1 /0 dsL dsq -- -/0 ds;U(s — s1)QL'U(s1 — 82)QL'---U(sj—1 — s;)QL'U(s;)QL po(t — s).

j=0

(A10)

With this expression of Ap(t), the time correlation function Eq. (A4) is given as

oo

(B )™ B0y = S [as [ [T as,

3=0

XTE[(B (r))™ (B* (1)) 0 (s — 82)QL' - Usjo1 — ;) QL0 (5,) QL polt — s)].

(A11)

Since (E_(r))m(E“L(r))l is a linear combination of the operators with mal and la, and ﬁ[éli’éz] = —Tx[(L'01)04],
we can show the lowest m + [ terms in the expansion Eq. (A11) vanish. Therefore, by taking the largest contribution,
(m + 1 — 1)th term, in that expansion and denoting n = m +1 — 1, we obtain

(B )™ 00y~ (-1 [ M [T s,

XTE[(B (1) ™ (B (1)) U (s — 51)QL' - U(snos — 52) QLT (s,)QL po(t - 5)].

(A12)

In this expression, @ = 1 — |vac)(vac| ® Trraa can be replaced by 1, because any term with |vac)(vac| vanishes. For

the same reason, U can be replaced by Up:
Uo(t) = exp|—Lot).

Thus, Eq. (A12) is written as

(0" @ ) = (-1 [ [Cdsse [ ads,

X Tr[(E™ (r))™ (B (r)) Uo(s — s1)L' - -

Using the interaction representation as in Sec. II, we rewrite Eq. (A14) as

(B (0, 6))™ (B (r, 1)) = (=1)™+ Ltds/os dsl---/os"'l ds,

(A13)
Uo(8n_1 — 8n)L'Uo(sn) L' po(t — 5)]- (A14)
WTr[E (t— 8)E (t— s+ 80) - 1 (t— s+ )& (5,8))™ (& (r, ) o(t — 5)]. (A15)

Here, we used the relation (t) = Up(—t) p(t).
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Because Tr[- - - po(t)] = Tratom [Trrad - - [vac)(vac|] p(t)], we first evaluate
Troaall (¢ = )L (t = 5+ 8031) - L (t— s+ 5) (B (1,6)" (B (r,8))"[vac) (vac]

= (vaclL (t =)L (t— s+ snya) - Lt — s+ 5)(B (1,H)™(B (r,5)']vac). (A16)

Substituting the concrete expression of V (t) and the formula I:J(t)X = ;lﬁ[V(t), X], Eq. (A16) is rewritten as

(@), 2

o J1,d2, 0 dn+1

X <vac

where we neglect the off-resonant coupling between the field and the polarization, and E'g denotes all the permutation

™o~ ntl =
[IP Git=s+ss)|| I P (st —s+s09)

a=1 B=m+1

L
HE (rja,t—s—i-sa(a))
a=1

o - ntl
(B (r,t))m(f‘;(rat))l{ II (rjﬁvt—ersa(ﬁ))}

B=m-+1

vac>, (A17)

~+
under the constraint: o(1) > o(2) > --- > o(m) and o(m+ 1) < o(m+2) < --- < o(n+1), and P (r;,t) is the
interaction representation of the jth polarization operator sy

The field operators satisfy the commutation relation:

~+ X hek ' i !
[E (r,t),B (,¢)) = gee-iec—ﬂe*“—r )ick(t—t) (A18)
Hence Eq. (A17) is transformed by the Wick’s theorem to

n+1

(%)n# )tem S Y ) {ﬁ ea-i)+(r,~a)] LH Eﬁ.fw(%)}

o jiyd2,sdn+1 kis€1,ko,€2,Knt1,€04 La=1 =m+1

m n+1
X exp [iwo{(m -t —s)+ Z So(a) — Z sa(ﬁ)}}

B=m+1
m n+1
X exp l:{—icZka(—s+sa(a)) +ic Z kg(—s-i-s,(ﬁ))}}
a=1 B=m+1

(A19)

e n+l 49 m n+1
X€1€2 - €nt1 (E) H k; exp[i{z ko(r —rj, ) — Z kg(r—rjﬁ)} .
j=1 a=1

B=m+1

We take the origin of the coordinates at the center of the system and assume, as in the text, that the length of the
system is short in comparison with the relevant wavelength of the radiation field, i.e., we take r —r; ~ r. Then, using
the second Born and Markov approximation just as in Sec. IT and neglecting a time delay |r|/c, we obtain

<(E~(r’t))m(]:3+(rvt))l> = C()(I‘) X e_iNO(MAl)t Z 'I‘I'[p+(rj1) e p+(rjm)ﬁn(rjm+1) ot p“(rjn+1)p(t)]‘

J1:d25--dn+1

(A20)
[
Here, P*(r;) = p3T and Cy(r) is a constant which is ) At/2 At/ At
essentially the prod]uct of the strength of the radiation Hw,t; At) o /—At/z n [—At/2 dra(ST (4 m)
from the total transition dipole moments at the position <5 (t + 'rz))e_i“’("l_”). (A21)

of the device r. We, however, do not need its explicit form ]
here. The important result is that the field-field correla- The proportional constant should be so chosen that the

tion function ((E~(r,t))™(E*(r, t))') is proportional to following relation holds:

((ST@#)™(5~ (t))l) From the quantum regression theo- I(t) = lim /de(w,t; At). (A22)
rem, we can easily show the time correlation function of At—0

the field (E™(r,t + 71)E*(r,t 4 72)) is also proportional  Thus, finally, we obtain the expression of I(w,t; At) as
to (ST (t+ 71)S™ (¢t + 72)). Thus we find Eq. (44).
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