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Magnetoconductance of carbon nanotubes
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As a result of the interaction between the spin and the magnetic field (B), special step structures are
predicted to exist in the ballistic magnetoconductance of carbon nanotubes. The electronic structure of
a carbon nanotube drastically changes from a metal (semiconductor) to a semiconductor (metal) during
the variation of the magnetic Aux. When the spin-B interaction is neglected, the Fermi level only
touches the conductance and valence bands of a metallic nanotube. This paramagnetic interaction could
make the subbands cross and intersect with the Fermi level within a certain magnetic-Aux range; the
ballistic magnetoconductance thus exhibits step structures. Such special structures are expected to be
observable at low temperature ( &1 K) and bias voltage ( &0. 1 mV). Moreover there exists another
effect, the doping effect, which could lead to step structures even without the spin-B interaction.

Iijima' recently reported the observation of carbon
nanotubes, which are graphite sheets rolled up in the cy-
lindrical form. These nanotubes, with radii between 10
and 150 A, represent a new class of quasi-one-
dimensional systems. They have attracted many recent
studies. ' One of the studies, made by Tian and Dat-
ta, ' addressed the interesting transport properties. The
authors mainly discussed the effects of finite bias voltages
and of finite temperatures on magnetoconductance
[G(P)]. In this work we further introduce both the in-
teraction between the spin and the magnetic field (B) and
the doping effect and predict steplike structures in ballis-
tic magnetoconductance at vanishing bias voltage and
temperature.

Quantization conductance in the low-dimensional sys-
tem was first proposed by Landauer. " This special
phenomenon has stirred considerable recent attention on
quantum narrow constrictions, e.g. , quantum wires' '
and quantum dots. ' ' lt has been identified by experi-
mental' ' measurements on the quantum constrictions
in GaAs microstructures. The carbon nanotubes closely
resemble cylindrical quantum wires. For three-
dimensional (3D) cylindrical microwires, Bogachek
et al. ' calculated the ballistic G(P) (without any scatter-
ing in the sample), which is proportional to the number
of current-carrying modes intersecting the Fermi level.
At vanishing bias voltage and temperature, they obtained
many magnetic-flux-induced conductance steps within
one fundamental magnetic fiux $0 ( =bc /e), which is due
to many transverse current-carrying modes being
switched on or off. Here each carbon nanotube is a hol-
low cylinder and so there are one or two step structures
(corresponding to four active modes) within one $0. But
carbon nanotubes may consist of X-shell nanotubes. This
special coaxial structure makes carbon nanotubes exhibit
many step structures in G (P), as 3D quantum microwires
do.

The band property, metal or semiconductor, of a car-
bon nanotube was predicted to rely on the radius and the
chiral structure about the axis. We consider carbon
nanotubes with any chiral angles existing in uniform B

field along the tubular axis. Their electronic structures
are calculated by the tight-binding model in the absence
of the intertube interaction. Each carbon nanotube could
drastically change from a metal (semiconductor) to a
semiconductor (metal) during the variation of P. The en-
ergy dispersion without the spin-8 interaction is periodic
in P, with a period Po, as a result of the Aharonov-Bohm
(AB) effect. There is no step structure' in G(P) under
such condition [i.e, . the with of G (P) is zero] because the
Fermi level only touches the conduction and valence
bands at a creation P. The spin-B interaction is currently
taken into account in calculating G(P). This paramag-
netic interaction makes the subbands capable of crossing
the Fermi level within a certain magnetic-flux range. '

Magnetoconductance of the ballistic carbon nanotubes is
thus expected to show step structures. G (tb) is calculated
at various temperatures (T) and bias voltages ( V) to see
under which condition step structures are observable.

There is another effect that could result in step struc-
tures in G(P). It is the intercalation of metallic atoms
(e.g. , K, Rb, and Cs) into the carbon nanotubes. Elec-
trons will be transferred from the metallic atoms to the
carbon nanotubes, as found in graphite intercalation
compounds (GIC's) and carbon fibers. ' Therefore, the
Fermi energy (EF ) would increase from zero to a finite
value. There are many current-carrying modes intersect-
ing the Fermi level under the doped case. The doped
nanotubes will exhibit step structures when the conduc-
tion bands cross the Fermi level to become vacant or oc-
cupied. There are eight step structures within $0 for a
single-shell nanotube. The step structures depending on
EF are available at very small P. This implies that the ex-
perimental measurements may be easier to perform.

We first present the electronic structure of the carbon
nanotube which exists in a uniform B field along the tu-
bular axis. The geometric structure of a carbon nano-
tube, as shown in Fig. 1(a), can be built from a graphite
sheet. A carbon nanotube is formed by rolling the sheet
in such a fashion that the atom at the origin coincides
with another atom at R =ma&+na~, where a&=&3be
and a2= (V 3b/2)e„—(3b/2)e~ . a, and az are the primi-
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FIG. 1. (a) A carbon nanotube is just a graphite sheet rolled
from the origin to the vector R„=ma, +na, . The tubular axis
is parallel to the primitive vector R~ ( =pa&+qs2) of the un-
rolled nanotube. The x' axis and the y' axis are relative to the
graphite sheet. The x axis and the y axis are parallel to R and
R~, respectively. (b) The conduction bands of the (6,0) nano-
tube. The valence bands are symmetric, about EI; =0, to the
conduction bands.

tive lattice vectors of the graphite sheet, e, . (e ) is the
unit vector along the x' (y') axis, and b = 1.42 A is the
nearest-neighbor distance. The nanotube so obtained
clearly is fully determined by the pair of the parameters
(m, n). The chiral angle of this tubule,
8=tan '[ —&3n/(2m +n)], is defined to be the angle
between the vector R (~~e ) and the zigzag (e, ) direc-
tion. The radius of the carbon nanotube is
r =

~
R

~
/2m =b +3(m + m n + n )/2' (I,n ) i.s used to

l

represent any lattice vector R or carbon nanotube. Also
shown in Fig. 1(a) is the primitive vector R of the un-
rolled nanotube along the axial direction ( ~~e ). R»
denoted by (p, q) is perpendicular to R„; therefore,
(p, q) gives the smallest R and satisfies p (2m +n)
+q (I +2n) =0. The transverse and axial directions are
parallel to e and e, respectively, and so the coordinate
system (x,y) is relatively convenient in expressing the
electronic structure in the presence of the B Geld.

An unrolled carbon nanotube is just a graphite sheet
with the boundary condition along the transverse direc-
tion and the translational symmetry along the axial direc-
tion. The electronic structure of the carbon nanotube
here is calculated by the tight-binding model, which is
similar to that employed for a graphite sheet, but with
the boundary condition along the transverse direction
taken into account. The boundary condition depends on
the uniform B field parallel to the tubular axis. The
gauge A=BXr/2 (~~e„) is chosen such that wave vector
is k= i V+—(e/c ii)iA. The boundary condition under
such gauge is %(r+R)=%(r), where %(r) is the Bloch
function. By the detailed calculations, ' the energy
dispersion of the (m, n) carbon nanotube is given by

E(k, k, o. , (5)=E(k„k,g)+E(o', i'),

where

E(k, k», P) =+go ~ 1+4cos (k cos8+ k„sin8) cos (k sin8 —k cos8)
3b &3b
2 2

v'3b+4 cos (k sin8 —k cos8)X

1/2

(lb)

and

E(o,g)=
m 'r' $0

(lc)

The transverse wave vector obtained from the boundary
condition is k =2'(J+P/$0)/b+3(m +mn +n )

(J= 1,2, . . . , X„/2). The positive integer J correspond-
ing to k„serves as the angular momentum or the sub-
band index. X„[=4'1/(p +pq+q )(m +In +n )/3]
is the total electron number within the rectangle
bounded by Rx and R . The axial wave vector
~k» ~~/b+3(p +pq+q ) is confined within the first
Brillouin zone. The spin-B interaction E (cr ) =- (go /
m *r )(P/$0) is very important here since it clearly
changes the characteristic of the magnetoconductance
(see later). The g factor is taken to be the same as that
( =2) of the pure graphite or GIC's. ' ir =+—' is the elec-
tron spin and m * is the bare electron mass.

The form of the energy dispersion is relatively simple
for two types of carbon nanotubes: zigzag type (8=0 )
and armchair type (8=+30 ). Their respective energy
dispersions, without the spin-B interaction, are

E(k, k», P)„s„s=+yo ' 1+4cos
3bk

cos

&3bk,+4 cos
2

1/2

(2a)

E(k,k, P)„,h„,=+go 1+4cos
&3bk

cos

&3bk
+4cos (2b)

where both (v'3bk /2)„s„s and (3bk /2)„,„„, are
equal to (m/rn )(J+P/Po) (J =1,2, . . . , 2m). All of the
armchair nanotubes are metals at / =0.

At &(=0, the (m, n) nanotube with 2m +n =3J (%3J,
where 2 is an integer) is metallic (semiconducting), as
obtained from Eq. (la). For example, the (6,0) zigzag
nanotube is a metal. Its electronic structure, in which all
of the subbands are doubly degenerate except those two
with J=rn and 2m, is given in Fig. 1(b). Both conduc-
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tion and valence bands are symmetric about the Fermi
level EF=O. The electronic structure varies with the
nonzero magnetic flux through the nanotube. It is
periodic in P, with a period Po, if the spin-8 interaction is
neglected. A carbon nanotube with 2m +n =32 (A3S)
is thus metallic at (tI, =2(tIo [(2+—,')(tIo]; otherwise, it is

semiconducting. Under such conditions, the Fermi level
only touches the conduction and valence bands at (tI, .
But when the spin-8 interaction is taken into account,
the subbands closest to the Fermi level could cross it at
the neighborhood of (tI, .' This means that a carbon
nanotube is a metal within a certain magnetic-flux range

near P, . This special feature of the electronic structure
due to the spin-B interaction could result in step struc-
tures in the ballistic magnetoconductance.

We consider an X-shell tubular system suspended be-
tween two macroscopic leads (reservoirs) and calculate
the magnetoconductance in the ballistic regime. Here the
current flowing down the carbon nanotubes is driven by
the bias voltage V between two leads. There is no scatter-
ing in the ballistic carbon nanotubes, but the elastic
scattering of electrons at the contacts between nanotubes
and leads is assumed to be very strong. By the detailed
derivations, ' the current is given by

dk l gEI(0)= To X J„„„'—„Bk If'« I «—)
—f'« —P) I E—=E(k„,k, ,.y;N, ) (3)

where 1/Pi~BE/Bk
~

is the longitudinal velocity. To [see Eq. (4) in Ref. 13] is the net probability for electrons in the
reservoirs entering the carbon nanotubes with the velocity 1/Pi~BE/Bk

~
and is just equal to 1 for the adiabatic con-

tacts. f is the Fermi-Dirac distribution function and E (k, k, o,P;N, ) i.s the energy dispersion of the N, th nanotube
in the absence of the intertube interaction. p and p+eV are chemical potentials of the two reservoirs. p is the same as
the Fermi energy E~ of carbon nanotubes at V =0 mV. We still take p=E& for VAO mV in the calculations, although
the chemical potential only needs to satisfy the conditions e V+p ~ EF and IM

~ EF.
Equation (3) is useful in calculating the magnetoconductance defined by G (P)=I(P)/V. At vanishing bias voltage,

the expression of G ((t ) is reduced to

o ~ J dk
BE Bf (E)
~ky ~E~E=E(,k„,k, , g;N )—ILI,

(4)

Bf (E)/BE is a delta function 5(E) at zero temperature.
G((tI) is thus proportional to the number of current-
carrying states intersecting with the Fermi level, which is
the so-called quantization conductance. There exists one
step structure in G(P) when one current-carrying state is
switched on or off. The step structures in G((t ) may
disappear at high temperatures and bias voltages because
of the broadening efFects.

We discuss first the result of the single-shell system.
The zigzag (210,0) nanotube is chosen for a model study
because the special step structure in G((()) is relatively
easily understood from its simple energy dispersion in Eq.
(2a) and there is no loss of generality. The (210,0) nano-
tube has a radius r =82.22 A and the B field correspond-
ing to (tIo is 19.47 T. G((t ) of the (210,0) nanotube is
shown in Fig. 2 at T=0 K and V=O mV. G((tI) (nor-
malized to e To lb) is just the number of the active states
intersecting the Fermi level EF =0. The circle-dashed
curve is the result in which the spin-B interaction is
neglected. G(P)=4 only shows at P= Jgo, where the
(210,0) nanotube is a metal in the absence of the spin-B
interaction; otherwise, G(P) =0. It is a periodic function
with a period (tIo, due to the AB effect. The periodicity of
the AB eA'ect is independent of temperature and bias volt-
age, ' but is apparently destroyed by the inclusion of th
spin-8 interaction, as shown by the solid curve. Due to
the e6'ect of Zeeman splitting, there exists a special struc-
ture (step) in G(P) at the neighborhood of Po. The other
step structures are located at the positions close to
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with spin —B

I

I

I

I

I

I

I

I

I

l
T I I I T J I I I 7 I I I I 5

/
I I

I
I I

I I I I I I ] I I Vl I I I Pl

I I I I0

0.4 0.6 0.8 1.0

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
e/eo

1.0 1.1

Flax. 2. Magnetoconductance G(P) of the (210,0) nanotuhe at
T=0 K, V=O mV, and p=0 eV. The circle-dashed and solid
curves are, respectively, calculated without and with spin-8 in-
teractions. Also shown in the inset for comparison is G(ItI) of
the (211,0) nanotube.

2(tIo 3(tIo. . . (not shown). Their Positions corresPond to
the semiconductor-metal transitions during the variation
of the electronic structure with the magnetic flux, i.e.,
they are close to JPo for a carbon nanotube with
2m +n =32.

G (P) close to Po deserves a closer examination. If the
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spin-B interaction is neglected, the bottoms (k =0) of
the subbands denoted by J, = 139 and 279 only touch the
Fermi level at P=Po. G(P) in the circle-dashed curve is
thus a single point with height of 4 at P=Po. These two
conduction (valence) bands with spin-down (spin-up)
states could cross the Fermi leve1 by including the spin-B
interaction. When their band bottoms (k =0) begin to
cross the Fermi level at 0.9858$o, the two conduction
(valence) bands become occupied (vacant). It remains so
until $~1.0145$o. Therefore, there are four current-
carrying states from two conductance bands and two
valence bands at 0.9858/&& ~ P ~ l.0145$o. Under the
condition of the crossing of Fermi level, the crossing po-
sition P, should satisfy

~
E (J„k» =0, $, )„s„s~

=~(go/m*r )(P, /Po)~. Hence the width w of the step
structure from the difference of the two crossing positions
is approximately given by'

40. ga
3bypgo m *r (5)

The step width in the solid curve is about 0.0287$o. The
approximate expression of tU in Eq. (5) is also suitable for
a carbon nanotube with any chiral angle, as estimated
from Eqs. (la) —(lc). The step width in G(P) is propor-
tional to P„at which a carbon nanotube is metallic in the
absence of the spin-B interaction. Moreover Eq. (5) im-
plies that if two different nanotubes have the same radius
and P„ they will exhibit the same step structure in G (P).

Another kind of nanotube with 2m +n&3J, for exam-
ple, a (211,0) nanotube, is shown in the inset of Fig. 2 for
comparison. The step structures of the (211,0) nanotube
are very different from those of the (210,0) nanotube, e.g,
height, position, and width. Here the step structures in
G(P) with a height of 2 center at the neighborhood of
—,'Po and —', Po, whose widths are 0.0095$o and 0.0191$o,
respectively. The step structure near —,'Po ( —,'Po) comes
form J, =281 (J, = 140) subbands crossing and intersect-
ing with the Fermi level. Hence there are two current-
carrying states which include one spin-down state in the
conductance band and one spin-up state in the valence
band in each step structure. We present only the results
of two zigzag nanotubes, respectively, belonging to
different kinds of tubules, but the basic features, height,
position, and width of the step structures are similar to
those in Fig. 2 for other nanotubes. We could make a
simple conclusion: a carbon nanotube with 2m +n =32
(%3J) exhibits step structures with a height of 4 (2) at P
close to P, = Jgo [(J+—,

' )Po], whose widths are described
by Eq. (5).

For a multiple-shell system, we neglect the
modification of the intertube interaction to the electronic
structure and the magnetoconductance. The total
current-carrying states intersecting the Fermi level is the
sum of those coming from the independent carbon nano-
tubes. G(P) of the N-shell system is shown in Fig. 3 at
T=O K and V=O mV. %=1, 2, 5, 10, and 20, and
N= 1 stands for the (210,0) nanotube. The result shows
that there are more step structures for a larger X, as ex-
pected from Eq. (4). Moreover the step structures could

T=O 'K
V=O mV
p, =0 eV

~ 24

20
Q
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N

N=l

01 02 03 04 05 06 0.7 08 09 10 1 1

Flax. 3. G(P) of the ¹hell nanotubes at T=0 K, V=O mV,
and @=0eV. X= 1, 2, 5, 10, and 20 and X =1 corresponds to
the {210,0) nanotube. P/Po is normalized to that of the (210,0)
nanotube. For visual convenience, difterent weights have been
added to each curve, i.e., G($) in all of the curves should be
equal to 0 at the small P's.

occur at the smaller B field, e.g. , the N =20 system. A
tubular system with more shells is thus more suitable for
observing the special step structures in G(P). The nano-
tubes used in the calculations are chosen to satisfy the
necessary condition: the distance between two nearest
nanotubes is limited to 3.35—3.40 A. We additionally
confine the chiral angle to —30'~0+0', i.e., I ~ n ~0.
All of the nanotubes are thus metallic (2m + n =3J ) at
/=0, except the third nanotube (2m +n&3J ). In fact,
most of the nanotubes in the multiple-shell system are
metallic (belonging to the armchair nanotubes), if the in-
tertube distances are as described above. When ( m, )n,

representing a carbon nanotube, is known, we could easi-
ly understand each step structure, as stated in the preced-
ing paragraph. For example, the two step structures with
a height of 2 in the %=5 system are due to the third
nanotube.

We further study the broadening effects due to finite
temperatures and finite bias voltages and under which
condition the step structure in G (P) could be observed by
the experimental measurements. G(P) of the (210,0)
nanotube is shown in Fig. 4 at various Ps and V =0 mV.
The step structure close to Po is gradually broadened by
the increasing temperature and it is completely buried by
the thermal broadening at T~10 K. The cause of the
disappearance is that the magnitude of the spin-8 in-
teraction ( —1 meV) corresponds to the thermal energy at
T= 10 K. Another broadening effect due to the finite bias
voltages is shown in Fig. 5 at T =0 K. The step structure
is somewhat linearized at the small bias voltage ' and it is
thoroughly lineared at V~2. 5 mV. Two reasons could
explain why the finite voltage linearizes G(P). One is
that G (P) at T =0 K is related to the difference
[8(E —p —eV) —0(E —p)] of the two step functions in
Eq. (3). The other is that the energy dispersion of the J,
subband is approximately proportional to P. There is no
statistical correlation between the broadening effects of
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FIG. 6. G(P) of the doped (210,0) nanotube at T=0 K,
V=0 mV, and p, =2. 1311 eV. The dashed and solid curves, re-
spectively, correspond to those without and with the spin-B in-
teractions. The inset shows the details around the small P's.
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eV, calculated at various bias voltages.

the finite temperatures and of the finite bias voltages. '

The step structures in G((t ) are thus expected to be ob-
servable at T &1 K and V &0. 1 mV, as obtained form
Figs. 4 and 5.

For carbon nanotubes with EF=O, the special step
structures in G(P) are mainly due to the spin-8 interac-
tion. Here the Fermi energy increases from zero to a
finite value by means of intercalation and our primary
concern is to see the roles of the finite Fermi energy and
the spin-8 interaction in G(P). The carbon nanotubes
consist of the coaxial graphite layers, which are strongly
related to both GIC's and carbon fibers. ' The charge
carries couM. be introduced into carbon nanotubes by
means of intercalation, as done for GIC's and carbon
Abers. The alkali-metal atoms are assumed to be inter-
calated into carbon nanotubes and each carbon atom re-
ceives 0.1 e on an average, as found in the stage-one
GIC's (C8M; M=K; Rb; Cs). Then, according to the
rigid-band model, the Fermi energy is self-consistently

determined by the transferred electron density.
We take the doped (210,0) nanotube with E„=2.1311

eV as a model study. G (P) of the doped (210,0) nanotube
is shown in Fig. 6 at T =0 K, V=0 mV, and p, =2. 1311
eV. The dashed and solid curves, respectively, corre-
spond to the results without and with the spin-8 interac-
tions. The results clearly show that there exist four step
structures within Po even without the spin-8 interaction.
It implies that the special step structure is caused by the
finite Fermi energy (chemical potential). There is one
step structure in G ((t ) if one conduction band crosses the
Fermi level to become occupied or vacant. There are
eight conduction bands (including two spins), for which
their band bottoms at 0 ~ P ~ Po cross EF, and so there
are four step structures with a height of 2 in the absence
of the spin-8 interaction, as shown by the dashed curve.
The step structures possibly happen at a very small B
field and their positions mainly depend on the Fermi en-
ergy. Here the finite Fermi energy replaces the role of
the spin-8 interaction in resulting in the step structures.
The main eftects of the spin-8 interaction, ' as shown by
the solid curve, are to destroy symmetry (about (to/2)
and periodicity and double the step structures. The role
of the spin-B interaction in the doped nanotube is in
sharp contrast to that in the undoped nanotube. There
are eight step structures with a height of 1 within (()o (see
the solid curve) for any doped nanotube and more step
structures are expected to exist in a doped multiple-shell
system, as seen in the undoped case.

In summary, we have calculated the ballistic magneto-
conductance of carbon nanotubes. For the undoped nano-
tubes (E+=0), we predict special step structures in the
ballistic magnetoconductance, which are mainly caused
by the spin-8 interaction. They are expected to be ob-
servable at T & 1 K and V &0. 1 mV. The tubular system
with more shells is more d.esirable in varying the step
structures in G(P). The role of the spin-8 interaction is
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replaced by the Fermi energy for the doped nanotubes,
i.e., the finite Fermi energy may also give rise to the step
structures. However, the period $0 of the AB effect is ob-
viously destroyed by the spin-8 interaction for both
doped and undoped nanotubes.
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