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We have used a self-consistent Green's function theory based on the quasi-two-dimensional
Heisenberg model to explain the magnetic correlation length for both undoped and lightly doped
samples of La2Cu04 „. Our analytical expression gives an exponential decay of correlation length
with temperature and it includes the effect of doping through its dependence over the interlayer
coupling. We have compared our numerical calculations with experimental results for magnetic
correlation length in both undoped and lightly doped samples of La&Cu04 „. Our results are in
excellent agreement with experimental results up to 900 K for the undoped compound.

I. INTRODUCTION

Spin correlations in both pure and doped cuprates
show some very interesting magnetic properties, which
have been the focus of attention lately. Most of the
magnetic properties in the insulating antiferromagnetic
regime can be easily reconciled on the basis of a two-
dimensional square-lat tice Heisenberg antiferromagnetic
model (2D-SLHAFM). The real cuprates, however, are
quasi-two-dimensional with a weak interlayer coupling
which is responsible for the long-range order below the
antiferromagnetic Neel temperature. The interlayer cou-
pling for undoped La~Cu04 has been estimated to be of
the order of 10 . The efI'ect of this weak but finite inter-
layer coupling towards the magnetic properties of these
cuprates has been identified as extremely important and
it afI'ords us with a better understanding of the real sys-
tems.

Recently, the antiferromagnetic spin Huctuations have
been studied with a variety of local as well as ex-
tended probes to find the spin correlation length in the
cuprates. Most informative among these experiments
have been the neutron-scattering experiments since they
cover the entire Brillouin zone and a wider range of ener-
gies. The neutron-scattering results of Keimer et al." for
the spin-spin correlation length in La2 Sr Cu04 within
the doping range 0 & z & 0.04 have been one of the most
comprehensive studies to date. They have shown that
the magnetic correlation length is severely suppressed as
a function of doping. Their results within the doping
range 0.015 & x & 0.05, which is referred to as the spin-
glass state, shows various features which are similar to
the AF state at x=0. Various other experiments prior to
this one have also shown that the magnetic correlation
length in undoped high-temperature superconductors de-
creases as the temperature is increased. ' Birgeneau et
al. have shown that a tiny amount of hole concentration
is enough to limit the correlation length. The correlation
length was found to increase with decreasing tempera-
ture even in the presence of doped holes. Once it be-
comes comparable to the separation between two holes,
it strongly suppresses the low-&equency part of the spin
fIuctuations as compared with the pure phase. All of
these experiments were carried out for T & 600 K.

More recently however, the study of correlation length
has been extended up to a temperature of 900 K by Cu
NMR and NQR experiments of Imai et al. on undoped
and doped cuprates. They have obtained the correla-
tion length &om the Gaussian component of the spin-spin
relaxation rate for the undoped compound. Above 600
K, they show that the correlation length has an inverse
linear dependence over temperature. Their results indi-
cate that the growth of the antiferromagnetic correlation
tends to saturate in the metallic region with decrease in
temperature as soon as it becomes comparable to the
average distance between two holes.

There have been numerous efI'orts to explain the mag-
netic correlation length for undoped compounds. '

Chakravarty, Halperin, and Nelson calculated the tem-
perature dependence of the magnetic correlation length
of a 2D spin-1/2 Heisenberg antiferromagnet by the
renormalized group analysis of the Quantum nonlinear o
model. According to this theory the magnetic properties
of the 2D Heisenberg antiferromagnet can be divided into
two regimes in the paramagnetic state when the ground
state is described as a Neel state. The temperature de-
pendence of various properties in these two regimes are
different &om one another. In order to explain the experi-
mental results of the correlation length, the expression for
the renormalized classical regime (2p, (T ( J) was used
and good agreement was obtained for pure La2Cu04.
This theory was later modified by doing an exact an-
alytic calculation including the first-order corrections in
temperature by Hasen&atz and Niedermayer. Recently,
however, expressions for the spin-spin relaxation rate in
the quantum critical regime of a 2D Heisenberg antifer-
romagnet have been used to fit the neutron-scattering
results of the correlation length. The Green's function
method has also been used lately to study the correlation
length in a 2D model and a quasi-2D model by Majlis
et al. Majlis et al. have used a two-dimensional mean-
field expression for the Neel temperature to evaluate the
magnetic correlation length.

Various simulation studies have also been used to
fit the experimental data for the correlation length.
Manousakis has obtained the magnetic correlation
length by a direct simulation of the quantum nonlinear
o. model. Manousakis has also pointed out that samples

0163-1829/95/51(10)/6754(4)/$06. 00 51 6754 1995 The American Physical Society



51 BRIEF REPORTS 6755

II. THEORY

We start with a quasi-two-dimensional Heisenberg an-
tiferromagnet, with a weak three-dimensional interlayer
coupling. ' Below the Neel temperature, the interlayer
coupling is responsible for the appearance of the long-
range antiferromagnetic order in cuprates. The asymp-
totic form of the instantaneous spin-spin correlation func-
tion is used to obtain the correlation length. Following
the method of Majlis et al. and Yablonskiy one ob-
tains the following expression for the magnetic correla-
tion length &om the spin-spin correlation function:

( (r, T) —= —exp
1 D Tgg(r)

where 1/C = h s/4~2 and D = (vr/2. Here, b s is the
lattice constant within the Cu02 plane and ( is a con-
stant. T~(r) is the coupling-dependent Neel tempera-
ture. It is obtained &om the expression of magnetization
which has been evaluated by us using a Green's function
theory and a quasi-two-dimensional Heisenberg model in
Ref. 17. The self-consistent expression for the magne-
tization in terms of the spectral function p(u) is given
by~~

M(T) =
jo d(u [p(u))/(u][1+ 2ngy((uEo)]

(2)

nI3 is the Bose distribution function and E0
M(T) J~~Z/pg. The spectral function is defined as

p((u) = (u D(gl —(u')/Ql —ur',

where D(ur) is given by

D(~) = ) Im
2

(4)

with higher Neel temperature give difFerent values of the
correlation length. The correlation length via a large-
scale Monte Carlo simulation on lattices up to 128x128
was done by Ding and Makivic. They have, in their sim-
ulations, reached temperatures as low as J/4. Through
their Gts to the experimental data an estimate of J =
1450 + 30 K was obtained.

In this paper we have calculated the magnetic correla-
tion length by using the Green's-function approach and a
quasi-two-dimensional Heisenberg model. ' ' We find
an analytical expression for the correlation length in
terms of the Neel temperature which depends crucially
on the ratio of inter- to intraplanar exchange couplings.
Our expression for the Neel temperature is di8'erent
than the mean-Geld expression and is consistent with the
results of Mermin and Wagner. We have used this ex-
pression to numerically evaluate the correlation length
for the pure as well as lightly doped La compounds. Our
results are in good agreement with the experimental re-
sults.

Here, p~ = (cosq a+ cosq„a+ r cosq c)/2+ r and r is
the ratio of the inter- to intraplanar coupling strengths.
By changing the summation over q by integration, the D
function becomes

vr/2

D(cu) = Il(0)de
0

where

I'(8) = K ( 1 —(a + rw/2 —r/2 + r sin 0)~) . (5)

Here K is the complete elliptic function of the Grst kind.
Function D is the diagonal element of the generalized
Watson function. We have calculated T~(r) appearing
in Eq. (1) from Eq. (2), since for temperatures above the
Neel temperature, the sublattice magnetization vanishes.
We have calculated M(T) vs T self-consistently by using
Eqs. (2)—(5) and have found the value of T~(r) from this
calculation.

Schwinger-boson mean-field theory (SBMFT) and
spin-wave theory (SWT) are also used to calculate the
Neel temperature in cuprates. Recently, Keimer et al.
have shown that for undoped cuprates SWT gives good
results at low temperatures when the staggered mag-
netization is large whereas SBMFT is appropriate at
higher temperatures when the staggered moment is suf-
Gciently reduced. Both these theories, however, over-
estimate the Neel temperature in pure La2Cu04. On
the other hand, we have shown that the self-consistent
Green's function method is able to explain the temper-
ature dependence of the magnetization over the entire
temperature range. ' ~ Our self-consistent calculation
gives Neel temperatures which are in excellent agree-
ment with those obtained &om experiments. ' In this
method, the dependence of T~ over the interlayer cou-
pling is given by T~ oc [1 + Cin(1/r)], where C is a
constant. A similar expression has also been obtained by
Majlis et al. In retrospect, both SBMFT and SWT give
T~ oc [ln(1/r)]

—i 2o,22

III. RESULTS AND DISCUSSION

Our expression of the magnetic correlation length con-
tains a Neel temperature which is dependent on the ra-
tio of inter- to intralayer exchange couplings. It has
been shown that varying the coupling ratio changes the
Neel temperature in these compounds. We have also es-
tablished that a linear dependence of the coupling ra-
tio over the doping concentration can suitably explain
the efFect of moderate dopings on magnetic properties
in cuprates. There have been a few recent attempts to
study the doping dependence of the correlation length.
Keimer et a/. have used a generic mean-field expres-
sion for undoped samples and a simple relation to fit
their neutron-scattering results for four doped samples of
La2 ~Sr~Cu04 &. Majlis et al. have taken the mean-
Geld theory to evaluate the Neel temperature. In appar-
ent contrast to these results our expression for the mag-
netic correlation length is more suited for both lightly
doped and undoped superconductors since it depends
upon the doping concentration through the interlayer ex-
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FIG. 1. Variation of ( with T for undoped La2Cu04.
The experimental results are taken from Keimer et al. (o)
and Imai et al. (~ ).

change coupling.
We have calculated the magnetic correlation length for

the undoped and oxygen-doped sample of La2Cu04
compounds. In Fig. 1, we show the variation of the in-
verse correlation length with temperature for undoped
materials within the temperature range T~ & T
900 K. Such high temperatures have been experimen-
tally inaccessible until very recently. Imai et a/. have
used NMR and NQR techniques to measure the spin-
lattice relaxation and spin-echo decay rate in undoped
cuprates. They have derived the magnetic correlation
length &om the measured values of the Gaussian com-
ponent of the spin-echo decay rate. They have shown
that within the temperature range 600—900 K the inverse
correlation length has an inverse linear temperature de-
pendence. We have calculated the magnetic correlation
length from Eq. (1) with JII = 0.130 eV and r = 1.0
x 10, which are close to the values reported for un-
doped La2Cu04. The Neel temperature calculated with
these values for the undoped compound is 318 K, which
is in excellent agreement with the experimental results of
Keimer et al. The Neel temperature is evaluated through
M (T) self-consistently. 2t

I"urther, we have put C 4~2/h s and have varied
D to obtain good agreement with experimental results.
Here, h s 3.8 A. . Having obtained the theoretical val-
ues of the magnetic correlation length for an undoped La
compound, we have compared it with. the experimental
results of Imai et al. We have shown that although the
slope of the theoretical curve is in excellent agreement
with the data of Imai et al. there is a slight difference
between the magnitudes. Yet, the nature of the theoreti-
cal curve and the experimental results are consistent with
each other. The experimental data points at least below
600 K, taken &om Keimer et al. , that we have plotted
here, do not contain the relatively large error bars. Hav-
ing that in mind, our theoretical results are in excellent
agreement with the experiments both qualitatively and
quantitatively.

Figure 2 shows the variation of the inverse magnetic
correlation length for oxygen-doped and undoped sam-
ples of La2Cu04 „.The open and solid circles represent
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FIG. 2. Variation of ( with T for undoped and doped
samples of La2Cu04 „.Experimental results from Keimer et
al. for the oxygen-doped sample (T~ = 190 K) are denoted
by (o) while experimental results for the undoped (T~ = 325
K) sample are denoted by (~). Lines represent the theoretical
results, as discussed in text.

the experimental results for oxygen-doped and undoped
samples of La2Cu04 y obtained &om neutron-scattering
experiments of Keimer et a/. " Again, we have omitted the
error bars in the experimental data. For the doped sam-
ple La2Cu04 y, with a hole concentration of 0.01, the
experimental Neel temperature is 190 K. In our theory,
the doping dependence of the Neel temperature comes
through the interlayer coupling. ' Using the experi-
mental Neel temperature (190 K for the doped sample),
we have calculated the interlayer coupling by evaluat-
ing Eq. (2) self-consistently. It is found that r 1 x
10 . Hence a doped sample with a hole concentration
of 0.01 corresponds to an interlayer coupling of 10 in
our theory. For this sample, we have chosen C=1.27
and D=8.909 to calculate the magnetic correlation length
while for the undoped sample C=1.48 and D=5.62, the
same as in Fig. 1. The numerical results are presented in
Fig. 2 where the curves are obtained from our expression
for correlation length Icf. Eq. (I)].

It is evident &om the figure that with these values for C
and D, the experimental results can be easily explained.
The value of C, for the undoped compound is obtained
&om the theory, however a decrease in the value of C
for the doped compound can be justified by the follow-
ing arguments. (i) When these cuprates are doped with
oxygen, they take up sites between two copper atoms in
the Cu02 planes. Therefore, this doping would slightly
enhance the separation between the copper atoms. (ii)
It may be possible that C does depend explicitly on the
doping concentration and is a function of x or y or both.
Our theory is not able to produce this doping dependence
of C in doped cuprates. According to these arguments,
the variation of C with doping should be very small. Bar-
ring this relatively small eKect of doping on the value of
C, our theoretical results can explain the experimental
data of Keimer et al.

In order to put our results into proper perspective,
let us compare our results with the simulation studies.
So far, one of the most accurate simulation studies per-
formed on the spin-1/2 quantum Heisenberg antiferro-
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magnet, by Ding and Makivic, ~~ has found that their
numerical data can be best fitted by an expression of the
kind ( = 0.27a exp[ 'T ]. If we compare our theoretical
results with these simulation results, we find that there
is a correspondence between our theory and the expres-
sion given above. According to our calculations, 0.27a
in the expression above is replaced by a constant 1/C
while 1.25J is replaced by DT~. Our numerical results
have shown that 1/C= 0.68 while simulation results have
a value of 1.1 ( 0.27a). Our estimates give a value of
DT~ ——1800 K while the simulation results give 1875 K
(1.25J) for the same value of planar exchange couplings.
Again, the theoretical expression is in very good agree-
ment with the Monte Carlo simulation results.

In conclusion, by considering a quasi-two-dimensional
Heisenberg model and using the many-body Green's-

function approach, we have found an expression for the
magnetic correlation length which is dependent on the
coupling ratio. This expression has been used to numer-
ically evaluate the magnetic correlation length for both
undoped and oxygen-doped samples of La2Cu04 „.We
have compared our theoretical results with the neutron-
scattering results for both undoped and doped samples.
At elevated temperatures (600 ( T ( 900 K), the theo-
retical results are able to explain the recent experimental
results.

ACKNOWLEDGMENT

One of us (M.S.) is thankful to the Natural Sciences
and Engineering Research Council of Canada for financial
support.

R. J. Birgeneau et aL, Phys. Rev. Lett. 59, 1329 (1987).
S. Chakravarty, B. I. Halperin, and D. R. Nelson, Phys.
Rev. Lett. 60, 1057 (1988).
S. Chakravarty, in High- Temperature Superconductivity,
edited by K. Bedell, D. Coffey, D. E. Meltzer, D. Pines,
and J. R. Schrieffer (Addison-Wesley, Reading, MA, 1990).
C. H. Penington and C. P. Slichter, in Physical Properties
of High Temperature Superconductors II, edited by D. M.
Ginsberg (World Scientific, Singapore, 1990), pp. 269—368.
Y. J. Uemura et al. , Physica C 162-164, 857 (1989).
J. Rossat-Mignod et al. , in Frontiers in Solid State Sci-
ences I, edited by L. C. Gupta and M. S. Multani (World
Scientific, Singapore, 1992), pp. 265—347.
B. Keimer et al. , Phys. Rev. B 46, 14 034 (1992).
Y. Endoh et at , Phys. Rev. . B 37, 7443 (1988).
K. Yamada et al. , Solid State Commun. 64, 753 (1987).
T. Imai et al. , Phys. Rev. Lett 71, 1254 (1993); Physica B
197, 601 (1994).
Efstratios Manousakis, Rev. Mod. Phys. 63, 1 (1991).

H.-Q. Ding and M. S. Makivic, Phys. Rev. Lett. 64, 1449
(1990).
N. Majlis et al. , Phys. Rev. B 45, 7872 (1992); 48, 957
(1993).
P. Hasenfratz and F. Niedermayer, Phys. Lett. B 168, 231
(1991).
D. A. Yablonskiy, Phys. Rev. B 44, 4467 (1991).
A. V. Chubukov et al. , Phys. Rev. B 49, 9052 (1994).
R. P. Singh and M. Singh, Phys. Status Solidi B 179, 539
(1993).
R. P. Singh, Z. C. Tao, and M. Singh, Phys. Rev. B 46)
1244 (1992).
N. D. Mermin and H. Wagner, Phys. Rev. Lett. 17, 1133
(1966).
B. Keimer et al. , Phys. Rev. B 45, 7430 (1992).
R. P. Singh and M. Singh, Phys. Rev. B 46, 14 069 (1992).
A. Singh et al. , Phys. Rev. Lett. 67, 1939 (1991)
R. P. Singh, Ph. D. thesis (unpublished).


