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The normal-state thermoelectric power of the high-T, superconducting cuprates shows a systematic but

unusual dependence on temperature and on the concentration of holes in the Cu02 planes. In this paper it is
shown that the observed pattern is predicted within a conventional Fermi-liquid picture and follows from the

observation, already inferred from thermal-conductivity data, that the acoustic phonons remain scattered pre-
dominantly by electrons up to room temperature.

There is an increasing body of evidence that the high-T,
superconducting cuprates can be understood on the basis of a
conventional Fermi gas, but a thorough understanding of all
the transport properties on this or any other basis is not yet at
hand. One of the most commonly measured transport coeffi-
cients which still lacks a satisfactory explanation is the
thermopower. Within a simple picture of conventional met-
als this parameter is expected to be approximately linear in
temperature, with sufficiently pure metals showing a sub-
stantial "phonon drag" peak below OD/2 (OD = Debye tem-
perature). The thermopower S(T) of the high-T, cuprates,
typified by the results for Bi2Sr2CaCu20s (Bi2212) in Fig.
1, differs from this simple behavior. The temperature depen-
dence is most often linear in these materials, but the zero
temperature extrapolated value (So) is nonzero, ' as illus-
trated in Fig. 1(b). There is a systematic shift with increasing
concentration of holes on the CuOz planes which is so nearly
universal in these materials that it has been used as a gauge
of the hole concentration. It has caused some confusion that
the shift is towards more negative values with increasing
hole concentration, in the opposite sense than implied by the
simple expectation that the thermopower has the carrier sign.
This expectation is not to be trusted, for even in some simple
metals (e.g. , the noble metals) the sign of the thermopower
differs from that of the carriers. Indeed the calculated band
structure of at least one member of the "hole carrier high-

T," class, YBa2Cu307 (Y123), has been shown to lead to a
negative thermopower.

The behavior shown in Fig. 1 is found in many of the
cuprates, including all the Bi, Tl, and Hg series. In these
materials the thermopower is linear in temperature, and the
slope is not a strong function of either the material or the
hole concentration. The most prominent exception is Y123,
with a temperature dependence which is both weaker and
nonlinear, but the shifts still occur without large changes to
that dependence. Thus a set of curves S(T) for samples with
differing hole concentration is a set of nearly parallel lines,
with the extrapolated value So falling from about 20 pV/K
for an underdoped sample (T,= T, ,„/2) to near zero when

T, approaches 0 K on the overdoped side. (The third law of
thermodynamics implies that the thermopower must fall to
zero at 0 K, so that even in the absence of superconductivity
the curves of Fig. 1 would deviate from the linear behavior at
some low temperature. ) This simple behavior has not been

predicted on the basis of any unconventional theory for the
electron gas. It is the purpose of this paper to establish that it
can be understood within conventional Fermi-liquid theory,
and that the apparently anomalous behavior is simply a
manifestation of the strong scattering of phonons by elec-
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FIG. 1. (a) Thermopower of Bi2212, after Ref. 4. The various
curves are for different concentrations nI, of holes on the Cu02
planes, controlled by systematically altering the 0 stoichiometry.

(b) shows the dependence on hole concentration of the extrapolated
zero-temperature thermopower (filled squares; right scale) as well
as the zero resistance and superconducting onset temperatures (open
squares and circles, respectively; left scale).
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trons which has already been noted in connection with the
thermal conductivity of these materials.

The thermopower of conventional metals is comprised of
a diffusion contribution, which as suggested by the name is
related to the temperature dependence of the carrier diffu-
sion, and a phonon drag contribution resulting from the
transfer of phonon momentum to the electron gas. The dif-
fusion contribution is proportional to temperature provided
there is no thermal excitation to energies at which there is
structure in the quasiparticle contribution to the conductivity.
The phonon drag contribution is more complex, falling at
low temperatures as the phonons freeze out and at high tem-
peratures as the excess phonon momentum is limited by
phonon-phonon (anharmonic) scattering. Thus the "phonon
drag peak" in conventional metals rises as T below OD/10
and falls as T above approximately OD/2. It is in part the
absence of such a clear peak which has discouraged the in-
terpretation of the cuprate thermopowers in terms of phonon
drag.

It is significant in this connection that above 100 K the
thermopowers of several transition metals show a close re-
semblance to that of the superconducting cuprates. There
can be little doubt that the thermopower in these entirely
conventional metals is adequately described by a diffusion
plus drag combination, but that the usual T dependence is
absent. Evidently the phonon-phonon scattering in these met-
als remains weaker than phonon-electron scattering even at
room temperature. It is central to the present interpretation of
the cuprate thermopowers that the same model applies to the
cuprates, so that the phonons remain scattered predominantly
by electrons up to 300 K. Thermal conductivity data support
this model; the lack of strong temperature dependence in the
thermal conductivity above T, establishes that phonon-
phonon scattering is weak and its sudden rise below T, can
be related to a reduction of a dominant phonon-electron scat-
tering upon entering the superconducting states.

A further argument which has been used against a phonon
drag model for the cuprates is based on the weak dependence
of the thermopower on impurities introduced at a level suf-
ficient to affect the resistivity. It is known from conventional
metals that the phonon drag thermopower is often dimin-
ished by impurities. That sensitivity is however related to
phonon, rather than electron, scattering, for it derives from a
reduction in the fraction of the phonon momentum which is
transferred to the electron gas. Even in conventional metals
there are cases in which the introduction of electron scatter-
ers leads to no change or even a small increase in the phonon
drag thermopower. ' Thus neither this nor the previous ar-

gument for discarding the phonon drag model apply to the
superconducting cuprates, and it is shown below that the
inclusion of phonon drag can explain the thermopower re-
sults within a conventional Fermi liquid.

The diffusion thermopower for an electron gas is given by
the Mott formula,

mk T Blno
Sd(T) =

3e BE

or on its generalization for situations in which there is struc-
ture in the quasiparticle characteristics within kT of the
Fermi energy rg. ' lf Eo is the typical energy range over

which there are changes in the parameters describing the gas
then the Mott formula predicts a thermopower which is pro-
portional to temperature,

Sd(T) = (280 p V/K) (kT/Eo).

The magnitude of the slope in Fig. 1 then yields a value of
about 0.8 eV for Eo, which is the correct order of magnitude
considering the narrow bands in the high-T, cuprates.

The theory of the phonon drag thermopower is well
established, ' ' and the most useful expression for the
present discussion, applicable in the constant relaxation time
approximation, is
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w

(2)

Here ~ is the electron relaxation time, o. and 0, are the con-
ductivity tensor and volume of the material, and W is the
occupation number of the phonon with momentum q in the

j th branch, u is the phonon velocity, and Av is the change in
the electron velocity caused by the absorption of the phonon.
The change in the crystal momentum of the electron, Ak, is
of course equal to the phonon wave vector q. nq J is the
fraction of phonons (q j) which are absorbed by electrons,
and (Av) is the average electron velocity change for the
scattering events involving that phonon. In what follows o. is
set to unity, in accordance with the contention that electron
scattering dominates all other phonon scattering channels.

It is important in the present context to notice that the
contribution to Sg is negative if the change in the electron
velocity is in the same sense as that of the absorbed phonon,
and positive if the two velocities are opposed. It will be
demonstrated below that the balance between the positive
and negative contributions is altered systematically as the
hole concentration nz changes, which leads to the observed
correlation between So and nh.

The temperature dependencies of the terms in the sum of
Eq. (2) are given by the function

(dN/dT) =(k/fico)(X /sinh X), X= fico/(2kT). (3)

Contributions from phonons q in different branches are thus
proportional to (u/co), so that the acoustic branch dominates
due to both the low frequency and the high speed of acoustic
phonons. Inserting the frequency high in the acoustic branch
(100 cm ) (Ref. 17) into Eq. (3) leads to the absolute tem-
perature scale in Fig. 2, and it can be seen that the contribu-
tion to the phonon drag thermopower, even from this rela-
tively high-frequency acoustic phonon, will vary by less than
15% between 100 and 300 K. Thus phonon drag will lead to
a simple shift of the linear diffusion thermopower in this
temperature regime, as is illustrated in Fig. 2. In this picture
the extrapolated So is simply the saturation value of the pho-
non drag thermopower.

The high-T, cuprates are all nearly tetragonal, quasi-two-
dimensional conductors, so that the surfaces of constant qua-
siparticle energy are approximately cylindrical with fourfold
rotational symmetry about the cylinder axis. ' Thus the
cross section of the Fermi surface looks qualitatively as
shown in the repeated zone scheme in Fig. 3. As the hole
density is raised the regions of empty states expand toward
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FIG. 2. The temperature dependence of a contribution to the
phonon drag thermopower, labeled Sg, from a typical phonon in the
acoustic branch. The diagram also shows a negative diffusion con-
tribution (Sd) and illustrates how the observed thermopower in the
cuprates results from a sum (S„„)of the two contributions. The net
thermopower is set to zero below a superconducting transition tem-
perature of 90 K, where the value it would have in the absence of
superconductivity is indicated by a dashed line. The magnitude of
Sd has been set to reproduce the linear term observed in Bi2212,
while that of Sg gives So of 8 p, V/K, in the center of the observed
range for Bi2212 (see Fig. 1).

their neighbors, ultimately contacting them at some critical
concentration (e.g. , 0.79 for a circular Fermi surface). The
magnitude of the phonon drag thermopower will now be
estimated within such a Fermi surface.

As a start Sg is determined in the very simple model
which ignores all scattering between the different cylinders
in Fig. 3, in the limit of circular symmetry [v= ~(fi/m)k,
o.= (N, e ~/m)]. Treating the acoustic phonons in the Debye
approximation [co=cq, u, =c(q, /q), c=acoustic phonon
speed] leads to

where

-+ C,[1—P(T)]
N, hei

(4)

8%
(fico)(q, /q)

and

8%~
~AM

BT j

~aw~
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i BT/

is the heat capacity of the acoustic phonons, which is even
flatter above 100 K than is the Einstein function of Eq. (3).
N, is the carrier density. p(T) lies between zero (in strictly
two dimensions) and unity. Equation (4) can be compared
to the corresponding result (2C,/3N, e) for a spherical
Fermi surface in three dimensions. Note that (C, /N, e)
=/c/e = 86 p, V/K. This figure is a substantial overestimate in

FIG. 3. Transitions in a band with a circular cylindrical Fermi
surface in the repeated zone scheme. The left (right) panels corre-
spond to a hole filling factor of 0.44 (0.60). The upper panels show
filled regions of the electron Brillouin zone as filled with an array of
dots; empty regions are shown clear. The first Brillouin zone is
shown dotted, with 1 marked by a cross. The arrows show a set of
electron transitions caused by a given phonon wave vector
(q= Ak) and label them as contributing a positive (p) or negative

(n) phonon drag thermopower. The lower panels show the regions
within the phonon Brillouin zone which support transitions making
positive and negative contributions to the phonon drag ther-
mopower.

all conventional metals, for it ignores the reduced phonon
speed near the Brillouin zone boundary and the contributions
of opposite sign arising from umklapp events. The typical
magnitude of So found in the cuprates, up to a few tens of
p,V/K, agrees well with the model.

The competition between positive and negative contribu-
tions to Sg is affected by changes in the hole concentration.
To illustrate the point Fig. 3 shows a set of transitions avail-
able for one particular phonon q for a circular Fermi surface.
The phonon energy is too small to cause a transition to a
discernibly different energy on the scale of the diagram, so
that they are drawn as between points directly on the Fermi
surface. For convenience the scattering events are labeled as

p or n transitions according to whether they make a positive
or negative contribution to Sg. (Recall that the simply con-
nected regions contain empty states, and that the electron
velocity is directed into these regions. ) The regions in the
Brillouin zone containing phonons which can cause n tran-
sitions differs from that for p transitions, as shown in the
lower panels in Fig. 3. Large q phonons can cause either type
of transition, and as these involve relatively distant parts of
the Fermi surface they all have similarly large values of
Av. I suggest that the two contributions from these high-
momentum phonons approximately cancel. The contribution
from lower q phonons is purely positive, so that the net
phonon drag thermopower will be positive, as observed for
the low hole-doped materials represented by the Fermi sur-
faces of Fig. 3.

An increase in the hole concentration is of course accom-
panied by an expansion of the regions in the Brillouin zone
which contain empty electron states. The tubes then expand
out toward their neighbors, increasing the volume in the pho-
non Brillouin zone which makes a negative contribution to
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Sz . To illustrate this point Fig. 3 has diagrams corresponding
to two different hole concentrations. Ultimately, when the
hole Fermi surfaces contact, all phonons contribute to both p
and n transitions, and it is then that the extrapolated value

So falls to near zero.
The most important consequence of the present model is

that even the apparently anomalous behavior of the ther-

mopower of the superconducting cuprates does not require
an explanation based on an unconventional Fermi liquid. In
addition it supports the contention that the phonon mean free
path is limited by electron scattering events. The diffusion
thermopower is clearly negative for all hole concentrations
and proportional to the temperature for the majority of the
cuprates. The exception is Y123, but in this material the
strong energy dependence in the quasiparticle conductivity
predicts a thermopower which agrees in sign, magnitude,
and temperature dependence with the diffusion thermopower

implied by the data and interpreted within the present model.
The complex temperature dependence for Y123 is presum-

ably related to a competition between the portions of the

Fermi surface dominated by the Cu02 plane and the CuO
chains. The simpler electron dispersion found in the other
members of the high-T, class, those without chains affecting
the electronic states, can be expected to predict a more con-
ventional temperature-linear diffusion thermopower.
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