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Expressions are given for the coherent (specular) and incoherent (dN'use) reflection and transmission

of x rays by rough surfaces. In particular, the results from the distorted-wave Born approximation are
critically compared with those obtained by us using the Rayleigh method. It is shown that the validity

of the various expressions depends on the values of the perpendicular wave vector, the root-mean-square
surface roughness, and the lateral correlation length of the roughness. The conservation of intensity in

the various approximations is considered.

I. INTRODUCTION

X-ray reflectometry and related techniques form a
powerful tool for the investigation of samples with rough
interfaces. ' Specular reflectivity measurements can yield
the magnitude of the average roughness perpendicular to
an interface, and diffuse scattering experiments give in-
formation about the lateral extent of the roughness. '

Moreover, the compositional depth profile can be mea-
sured. Whereas specular reflectivity provides the density
profile of a sample, the elemental depth profile can
be found from angle-dependent x-ray fluorescence
(AD-XRF) experiments, where the amount of adsorbed
x rays (i.e., transmitted by the surface) is measured.

If a well-collimated x-ray beam is incident at a glancing
angle on a rough sample, coherent scattering gives rise to
a specularly reflected beam and a single transmitted, re-
fracted beam, whereas incoherent scattering causes
diffusely scattered reflected and transmitted radiation.
Several theories exist to describe the influence of rough-
ness on x-ray scattering. ' ' One of the factors determin-
ing the applicability of a theory is the lateral correlation
length of the roughness. ' In this paper we will critically
review existing theories relating to coherent and in-
coherent reflection and transmission, and will consider
the conservation of intensity in the various cases. We
will show that the existing theory for incoherent scatter-
ing may fail in the case of large correlation lengths, and
we will propose an improved description for that case.

In all theories discussed below the sample is character-
ized by its (complex) refractive index, and its atomic
structure is neglected, an assumption which is justified if
the inverse wave-vector transfer is much larger than the
interatomic distances. For simplicity s sake, the sample
surface is assumed to have a Gaussian random roughness,
i.e., the height deviation has a normal distribution. We
will explicitly give results for the case of s-polarized radi-
ation, although they are also valid for p polarization in
very good approximation (cf. Ref. 4). Most of the con-
clusions are expected to be valid for neutron scattering as
well.

II. COHERENT SCATTERING
AT SMALL CORRELATION LENGTHS

Nevot and Croce used the reciprocity principle to
derive expressions for the specular reflectivity by starting
with the solution for a smooth surface and calculating the
change in the electric field due to the roughness. Consid-
ering a plane wave with wave vector k incident on a sam-
ple with refractive index n and a rough top surface with
root-mean-square (rms) surface roughness 0, a self-
consistent solution for the reflection coefficient is

t=kt„ex [p(
k—o k, ) o /2], (2)

rk =rkexp( —2kok

where rk =(ko —k, )/(ko+ k, ) is the re6ection coefficient
at the smooth surface, ko is the perpendicular component
of the wave vector of the incident wave, and k

&
is the per-

pendicular component of the wave vector of the refracted
wave. Defining the critical wave vector k, according to
k, =

~
k

~
( 1 n), one can—write k

&

= ( k o
—k, )

' ~ . In the
derivation the approximation is made that just above the
surface one can use the analytical continuation of the
electric field just below the surface. This is a good ap-
proximation for small roughness (koo «1) and also if
ko )&k„where k, =ko.

Nevot and Croce argued that their method is valid in
the case of a roughness profile with a predominance of
high spatial frequencies, or, in our terminology, with a
small correlation length. It can be shown that, if the
correlation length is g, the above method is correct if
gko'/ski «1.'

Many other authors " follow the same scheme. That
is, they start with the solution for the smooth surface and
make the approximations of small correlation length as
well as small roughness or large ko.

Vidal and Vincent used Green's theorem to find a rela-
tion between the electric fields in the cases of smooth and
rough interfaces in a multilayer. Their result implies that
Eq. (1) is valid for the reAection coefficient, whereas the
transmission coefficient is given by
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where»k =2ko/(ko+ki) is the transmission coefficient
for a smooth surface. Expressions like Eqs. (1) and (2) ap-
ply for each interface in a mulitlayer.

Sinha et al. used the distorted-wave Born approxima-
tion (DWBA) to calculate the scattering. In this ap-
proach, the deviation of the refractive index from that of
a smooth surface is considered as a perturbation. In this
way, a formula is found for the reAection coefficient
which up to O(koo ) is the same as Eq. (1). With the
same method and up to the same order, we found Eq. (2)
for the transmission coefficient. Pynn' also found that
in the DWBA Eq. (1) is a self-consistent solution. '

Caticha" used a Green's-function method, equivalent
to the Nevot-Croce formalism. He found that different
results may be obtained, depending on which side of the
surface the analytical continuation of the electric field is
chosen. There are two possible methods which give the
same result [Eq. (1)] for the refiection coefficient, whereas
one of the methods gives Eq. (2) for the transmission
coefficient and the other one yields

»k=»kexp[ —(ko —ki) o /2](1 —rk)/(1 rk) . —

Caticha suggests that the geometrical mean (»k»I', )'r be
used. The expressions are the same up to O(koo ) and
for ko»k„but, as will be seen in Fig. 3, can differ in the
neighborhood of the critical wave vector.

Other methods' ' also lead to the above results, at
least up to 0 (koo. ). In conclusion, for this section, Eqs.
(1) and (2) are expected to give a good description in the
case of small correlation lengths of the roughness.

III. INCOHERENT SCATTERING
AT SMALL CORRELATION LENGTHS

A formula for the differential cross section for diffuse
reRection, which is applicable for small roughness
(koo ((1),is ' '

d~(ko p, )
AP (ko ~po )C(pl kl )

with

P(k, p, ) = Ik, I'I»„I'I», '(p", /Ip, I')/(16~'), (8)

where the scattered wave vector is (pl, pi ),
»-=2pi/(pi+po) and p', =Re(p, ).

There has been some discussion of whether the
transmission coefficients in Eqs. (4) and (8) should not be
substituted by those of Eq. (2).' ' Considering all argu-
ments, ' we conclude that the use of Eqs. (4) and (8)
should be preferred, with the effect of the roughness in-
cluded in the factor

I exp( —
q o /2) I

of Eq. (6).
A problem with Eq. (5) is that it can yield a total scat-

tered intensity which exceeds the incident intensity. The
integrated incoherently reflected intensity divided by the
incident intensity is (cf. Appendix B)

1 d pR;=
Iplll & lkl po

der�

(ko ~po )

dQ

For instance, consider the case in which the scattered in-
tensity distribution is so narrow that we can approximate
po ——ko. Then we find

R; = Irk (ko/Ik, I ) [exp(8k, o. )

—exp[ —4(k, —k, )o ]J,
where k', =Re(k, ) and k", = —Im(k, ). If cr is large, this
can easily exceed 1 in the neighborhood of the critical
wave vector (cf. Fig. 1). In Sec. VI we will derive formu-
las which fulfill the requirement of intensity conservation

With the same method [using the results from Ref. 6 and
Appendix B, Eq. (B7)], for the differential cross section
for diffuse transmission we find

do(ko~p, ) = AP(ko~p, )S(p~~
—kl, k, —po),

where the incident wave vector is k=(k~~, ko), the scat-
tered wave vector is p=(pl, po), A is the (irradiated and
detected) sample area, and C(ql) is the power spectral
density of the surface roughness, i.e., the two-dimensional
Fourier transform of the correlation function of the
roughness profile (Appendix A). The prefactor is

p, ) = Ik, 'I», I'I», I'/(16~') . (4)

For the case of larger roughness, Sinha et al. , with the
use of DWBA, derived

d cr( ko ~po ) = AP(ko po)S(pl —kl, k, +p, ),

1X10'-
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where

exp( —
q o. /2)q, g

X f d X exp(iql X)

X[exp[IqI C(X)]—1] .

FIG. 1. Coherent and incoherent reQectivity vs wave-vector
transfer, calculated in the DWBA for Cu Ea, radiation on gold
with rms roughness o =1.5 nm and large correlation length g.
Long dashes: coherent reflectivity

I r„I [Eq. (12)]; short dashes:
only the first-order contribution to the coherent reflectivity Irk I

[Eq. (1)];dash-dotted line: integrated incoherent reflection [Eq.
(5)]; solid line: sum of coherent and incoherent reflection. All
intensities are relative to the incident intensity.
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and do not suffer from this problem.
The formulas of Sec. VI are valid in the case of large g.

Indeed, Eq. (5) only gives too large an intensity if both a
and g' are large. Admittedly in the derivation it was not
explicitly stated that the correlation length is small.
However, it was assumed that the electric fields are con-
tinuous at the average, smooth surface. Moreover, the
DWBA assumes that the electric field can be written as a
perturbation series (cf. Appendix C). Both approxima-
tions are expected to fail in the case that both g and cr are
large.

Hence we expect Eqs. (5) and (7) to be valid for general
o if gko/lkl &1. In the limit of g'ko/lkl «1, it can be
shown that incoherent scattering can be neglected if
compared to the coherent scattering. The fact that the
incoherent scattering vanishes for small g can also be in-
ferred by noting that S(q~~, q) is proportional to g, as is
found by substituting a formula like Eq. (Al) into Eq. (6)
for C(X). Then it is found that the integrated incoherent
scattering [Eq. (9)] can be neglected if gko/lkl « l.

IV. COHERENT SCATTERING
AT ARBITRARY CORRELATION LENGTHS

Recently, we showed that in principle the DWBA
should be pursued up to second order to calculate the
coherent scattering' up to O(kocr ) We fou. nd that the
second-order contribution depends on the lateral correla-
tion length g of the roughness. If gko/lkl «1, the
second-order contribution can be neglected. Hence in
that case the DWBA results discussed in the preceding
sections remain correct.

For arbitrary g, the results can be written as6

~„=~~ exp —2k0k, o- 2

2

k k, „CPll
—kll, 10

Iplll I&l p0+p&

ti = tqexp —,'(ko —k, ) o — (ko —k, )k,
4~

d2

Iplll & I&l p0+p )

V. INTENSITY CONSERVATION
AT SMALL CORRELATION LENGTHS

In a scattering process we expect that the incident in-
tensity (expressed as the number of photons per second) is
equal to the sum of reAected and transmitted intensities.
This equality is a manifestation of the conservation of
(energy) fiux through a plane parallel to the average
smooth sample surface. The methods to calculate
scattering from rough surfaces involve approximations.
Then the sum of all scattering contributions is not neces-
sarily equal to the incident intensity. However, the degree
of intensity conservation can give a clue to the applicabil-
ity of a theory.

The conservation of intensity can be checked by calcu-
lating explicitly the reAected and transmitted intensities.
We will assume that an x-ray beam of unit intensity irn-

pinges on the sample. Without roughness, the reflected
intensity is R o

=
l r&, the transmitted intensity is

To =
l ti, l

k', /ko, and it is easily checked that
1 —R0 —T0 =0.

Next we will consider the case of scattering at rough
interfaces if there is no absorption. If k0&k„we find
that, since k', =0, the transmitted intensity
T= t&l ki/ko=0. As was indicated above, incoherent
scattering can be neglected in the case of small correla-
tion lengths. From Eq. (1) we see that in that case the
coherently rejected intensity R = 1 for k0 & k, . That is,
the reAectively is not affected by the roughness if the
transrnissivity is zero and the correlation length is small
(a conclusion already made by Rayleigh for the refiection
of sound ').

We conclude that for k0 & k, the formulas guarantee
intensity conservation if there is no absorption. For
k0) k, this is not necessarily true. It is easily checked
that the intensity is conserved if we follow Caticha's"
suggestion and use (tztz)'~ for the transmission
coefficient in the case that there is no absorption. If Eq.
(2) is used, the intensity is only conserved up to 0 (koo ).

In the case with absorption it is convenient to calculate
the absorbed intensity explicitly. In that way, the devia-
tion of the position of the rough surface from that of the
average surface is taken into account correctly. This will
give rise to a contribution from absorption in the rough
interfacial layer (cf. Appendix C). Elementary considera-
tions show that, if an x-ray beam of unit intensity strikes
a sample with surface area 2, the absorbed intensity is
given by

In the case that gko/lk ))1, the integrals can be per-
formed analytically and Eqs. (10) and (11)become

2k', k",
T= f d r~Pz(r)l

0
(14)

r„=r„exp( —2koo ),
tz =tj,exp[ —(ko —k, ) 0 /2] .

(12)

(13)

In Eq. (12), ri, is multiplied by the well-known so-called
Debye-Wailer or Rayleigh factor. Equations (12) and
(13) can also be obtained by averaging the phase factors
of the reAection and transmission coefficients obtained for
normally distributed surface heights. ' In Sec. VI we will
discuss a more thorough derivation of these equations.

where P&(r) is the electric field due to the x rays at posi-
tion r in the sample. We note that the absorption can be
measured, e.g. , in an AD-XRF experiment. '

In Appendix C the absorbed intensity in an infinitely
thick sample is calculated using the DWBA. It is found
that, if gko/~k~ &&1, the significant contributions to T
are the absorption of the coherently transmitted beam
To+ T, =To~exp[(ko —ki) /2]~ and the absorption in
the rough interfacial layer Tz = To[exp(2k

&
cr ) —1].
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The incoherent scattering can be neglected and, accord-
ing to Eq. (1), the coherently rellected intensity is
R =RoIexp( —2kokicr )I . With this we find 1 —R
—T=O(Iko —k, I

o ). That is, there is no strict conser-
vation of intensity. This result is not improved by pursu-
ing the calculations of Appendix C up to higher order.
The reason seems to be that the electric field was approxi-
mated by its analytical continuation, which is only true
up to 0 (koo. ) in the case of small roughness and up to
0 (k, /ko ) in the case of large ko.

For larger correlation lengths we find in the DWBA
(Sec. IV and Appendix C) that even this is no longer true,
but that 1 —R —T can be of 0 ( I k I

cr /g)
From Sec. IV and Appendix C it is readily checked

that the intensity is conserved up to 0(koo ) again if the
correlation length is so large that g'ko /IkI »1. If both g
and o. are large, however, the intensity in the DWBA is
not conserved (cf. Sec. III). In Sec. VI we will give for-
mulas which guarantee intensity conservation at large g
and arbitrary o..

VI. SCATTERING
AT LARGE CORRELATION LENGTHS

In Appendix D we calculate the coherent and in-
coherent scattering for the case of large correlation
lengths. The calculation method was used originally by
Rayleigh ' to describe the reflection of sound at a corru-
gated surface. For coherent scattering of x rays the
method has already been used by Croce, Nevot, and Par-
do. In that case, Eqs. (10) and (11)are obtained.

In the case of incoherent reflection, the result is

dcr(ko —&po) = AP (ko ~po )$(p~~
—

k~~, ko+po ), (15)

p, )

2 $(p(( k((~ko+po )
16m.

Ik, l4= A $(pii —
kii~ko po)

16~

with the prefactor given by Eq. (4), whereas in the case of
incoherent transmission Eq. (7) is obtained.

Hence the expression for incoherent transmission ob-
tained with the Rayleigh method is the same as in the
DWBA. However, the expression for reflection differs in
that Eq. (15) has q =ko+po, whereas Eq. (5) has

q =k, +p, in the argument of $(q~~, q). The integrated
incoherently reflected intensity obtained from Eq. (15) is
R, =IrkI [1—exp( —4kocr )] (see Sec. VII). This never
exceeds 1, in contrast to the intensity obtained in the
DWBA (Sec. III). Note that both Eqs. (5) and (15) reduce
to Eq. (3) in the case of small roughness.

It is interesting to compare the above results with
those of the Born approximation (BA), which is correct
if k02))k, . In the BA the starting point is a simple in-
cident plane wave, and the whole sample is considered as
a perturbation. In the case of coherent scattering, this
yields Eq. (12) for the reflection coefficient [with
rk-—k, /(4ko)], whereas it gives tk-—tk -—1. For the in-
coherent reflection and transmission the results are

Note that in the case of reflection the roughness depen-
dence is the same in the BA as obtained with the Ray-
leigh method for large correlation lengths.

VII. INTENSITY CONSERVATION
AT LARGE CORRELATION LENGTHS

To check the conservation of intensity for the Rayleigh
method, we will calculate the total reflection and absorp-
tion, just like in Sec. V.

The coherently reflected intensity is, according to Eq.
(12), Roexp( 4k—ocr ) Th.e total incoherent refiection is
found from Eqs. (9) and (15), setting po ——ko.
R;=Ro[1—exp( —4koo )]. The sum of the two is

R =R o, just as if no roughness were Present (cf. Fig. 2).
Analogously to the calculation performed in Appendix

C, we can calculate the various contributions to the ab-
sorption in an infinitely thick sample. Setting po =ko, we
find the following. For the absorption of the coherently
transmitted beam: To Iexp[ —(ko —k, ) o /2] I

. For the
absorption of the incoherently transmitted beam:
To l exp[ —(ko —k, ) o'/2] I'[exp( Iko —k, I'0') —1]. For
the correction due to absorption in the rough interfacial
layer: To[I —exp(2ki cr )]. The sum of the three is just
To, again as if no roughness were present (cf. Fig. 4). In
the DWBA (Appendix C) the three contributions are
To + TI + T2 T3 and T4 + T5, respectively, which are
the same up to 0 (kocr ).

The conclusion is that for the Rayleigh method with
gko/IkI »1 the intensity is conserved.

VIII. EXAMPLES

1X10'=

0.0
] I

0.5 1.0
q, (nrn ')

1.5

FIG. 2. Coherent, and incoherent reflectivity vs wave-vector
transfer, calculated with the Rayleigh method for Cu ECa, radia-
tion on gold with rms roughness o.=1.5 nm and large correla-
tion length g. Long dashes: coherent reflectivity I r„ I [Eq. (12)];
dash-doted line: integrated incoherent reflection [Eq. (15)];
solid line: sum of coherent and incoherent reflection (or
Irk I', cr =o).

To compare the result obtained with the various
methods, in Figs. 1 —6 we show calculations for Cu Eel
radiation (IkI =40.784 nm ') incident on a gold sample
with a = 1.5 nm.

Figure 1 shows the reflected intensity as a function of
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wave-vector transfer qo=2ko calculated in the DWBA
for the case that gko/~k~ ))1. In the first-order DWBA,
the effect of g on the coherent reflectivity is not taken
into account and the result, Eq. (1), is given by the short-
dashed line. The second-order result for the coherent
reflectivity [Eq. (12)], given by the long-dashed line, is
smaller. The integrated incoherently reflected intensity,
obtained from Eqs. (5) and (9), is also shown (dash-dotted
line) as well as the sum of the latter two (solid line). Note
that the reflected intensity exceeds the incident intensity.
It can be concluded that this approximation fails if both
rr and g are large.

Figure 2 shows the same, but now obtained with the
Rayleigh method. The coherent reflectivity (dashed) is
again given by Eq. (12). The integrated incoherently
reflected intensity (dash-dotted line), obtained from Eqs.
(9) and (15), does not exceed the incident intensity. The
sum of the two (solid line) is the same as the reflectivity
R o without roughness.

Figures 3 and 4 show ~t& ~

and the other contributions
to the so-called transmission factor Tko/k', . By plotting
the transmission factor instead of the transmissivity T,
the magnitude of the various contributions is shown more
clearly.

Figure 3 shows results for the case that /k'/~k~ &(1.
The long-dashed line shows the coherent transmission ob-
tained from Eq. (2) (essentially equal to To+ T, from Ap-
pendix C). For comparison, the result obtained with the
formula ~t&tk, suggested by Caticha, " is shown by the
dash-dotted line. The difference between the two is only
small. The short-dashed line shows the contribution due
to absorption in the rough interfacial layer, T4 from Ap-
pendix C. This is seen to be only appreciable for ko & k, .
The solid line shows the total transmission, equal to the
sum of the long-dashed and short-dashed contributions.

Figure 4 shows the various contributions for the case
that gko/~k )&1. The coherent transmission is given by
the long-dashed line. In this case, the correction due to

0---

0.0 0.5 1.0 1.5
q, (nrn ')

FIG. 4. Coherent and incoherent transmission factor Tko/k',
vs wave-vector transfer, calculated with the Rayleigh method
for Cu Ea, radiation in gold with rms roughness o=1.5 nm
and large correlation length g. Long dashes: coherent transmis-
sion ~rk~ [Eq. (13)]; dash-dotted line: incoherent transmission
[Eq. (7)]; short dashes: correction for absorption in rough inter-
facial layer; solid line: total transmission (or

~ tk ~, cr =0).

absorption in the rough interfacial layer (short dashes) is
negative. The dash-dotted line shows the integrated in-
coherent transmission. The sum of the three contribu-
tions (solid line) is just the value

~ tj, ~
without roughness.

As an example of reflected scattering distributions,
Figs. 5 and 6 show the calculated reflected intensity
around ko=0. 3 nm ' for the case that entrance and re-
ceiving slits are used which have a divergence of 10 rad
in the scattering plane and are wide open in the perpen-
dicular direction. Figure 5 shows the intensity as a func-
tion of parallel wave-vector transfer

q~~ =p~~
—

k~~ in trans-
verse scans (in good approximation equal to rocking
scans) at ko+po=0. 6 nm '. Figure 6 shows detector
scans at ko =0.3 nm ', where the intensity is plotted as a
function of perpendicular wave-vector transfer
qo=ko+po. In both figures the dashed and dash-dotted

1X10':=

ix10

1X10 '=

1X10 '=

0.0 0.5 1.0
q, (nm ')

1.5
1~10 '=

0

FICr. 3. Coherent and incoherent transmission factor Tko/k &

vs wave-vector transfer, calculated in the DWBA for Cu Ea&
radiation on gold with rms roughness o.=1.5 nm and small
correlation length g. Long dashes: coherent transmission ~tk~

[Eq. (2)]; dash-dotted line: coherent transmission according to
Caticha (Ref. 11) (see text); short dashes: absorption in rough
interfacial layer; sold line: total transmission.

FIG. 5. Coherent and incoherent reAectivity vs parallel
wave-vector transfer in a transverse scan at qo=0. 6 nm ', cal-
culated for Cu Ka& radiation on gold with rms roughness
o = 1.5 nm and two different correlation lengths g. Dashed line:
(=20 nm (DWBA); dash-dotted line: (=2 pm (DWBA); solid
line: /=2 pm (Rayleigh method).
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is what to use for incoherent reAection. We would like to
have a way to interpolate between the small-g behavior,
Eq. (5), and the large-g behavior, Eq. (15). A possibility,
suggested by Eq. (10), is to substitute k, in Eq. (5) by

2
1 ~

d p

and analogously for p&. Comparison with experiments
has to show whether this is a sensible approach.

Note added in proof G. P. alasantzas [Phys. Rev. B 48,
14472 (1993)] recently proposed a correlation function
very similar to Eq. (A2).

APPENDIX A: THE CORRELATION FUNCTION
AND ITS POWER SPECTRAL DENSITY

FIG. 6. Coherent and incoherent reAectivity vs perpendicu-
lar wave-vector transfer in a detector scan at ko =0.3 nm ', cal-
culated for Cu Ka& radiation on gold with rms roughness
o =1.5 nm and two different correlation lengths g. Dashed
line: g'=20 nm (DWBA); dash-dotted line: g'=2 pm (DWBA);
solid line: (=2 pm (Rayleigh method).

lines show the results of calculations in the DWBA for
/=20 nm and 2 pm, respectively, whereas the solid line is
obtained using the Rayleigh method for g =2 pm. It is
seen that the incoherent scattering is small for small g
and large for large g. The integrated incoherent scatter-
ing R; can be obtained by numerical integration of a
detector scan. From Fig. 6 we find R; =0.025 in the case
that g =20 nm. In the case that g =2 pm (where
gk02/~k =4.4), we find R;=1.29 for the DWBA and

R, =0.35 for the Rayleigh method. This can be com-
pared with the numbers for gko/ k~ ))1 obtained from
Figs. 1 and 2: R; = 1.59 and 0.44, respectively. Also here
we see that in the DWBA the calculated scattered inten-
sity exceeds the incident intensity.

IX. CONCLUSION

For small lateral correlation lengths of the roughness,
gkc/ k ((I, the existing expressions for the coherent
scattering, Eqs. (1) and (2), are expected to give a good
description at small kocr and for ko &)k, and they inter-
polate smoothly between the two regimes. For the
transmission coeKcient other interpolations are possible,
but the difference is not dramatic (cf. Fig. 3). However,
in some cases it is important to take into account the ab-
sorption in the rough interfacial layer. The incoherent
scattering can be obtained from Eqs. (5) and (7).

For large correlation lengths g'k o /
~
k

~
))1, expressions

(7), (12), (13), and (15), obtained with the Rayleigh
method, are expected to give a good description.

For intermediate values of g', one can use Eqs. (10) and
(11) for the coherent scattering. We propose to neglect
the correction for absorption in the rough interfacial lay-
er, since in general it is a relatively small correction,
which changes sign in going from small to large g. For
the incoherent transmission we expect that Eq. (7), which
is valid at both small and large g', can be used. A problem

C(X)=o exp[ —(~X~/g) ], (A 1)

where g is the lateral correlation length of the roughness,
and the parameter H describes how jagged the surface is
(0 (H ~ 1). For ~X~ ((g the surface is a self-affine frac-
tal. Alternative forms with the same limiting behavior
were discussed by Palasantzas and Krim. Following
Church and Takacs, we recently proposed a dift'erent
form, which is more in agreement with fractal growth
models:

C(X)=Pg' ~X~ K (~X /g'), (A2)

where EH denotes the modified Bessel function of order
H, and P is a constant which is related to cr according to
cr =Pg '2 'I (1+H)/H For the PS. D this yields
the simple form

(q„, =4~Ho g( +q~ g)
In all cases, C(q~~) is a bell-shaped curve centered at
q~~=0, with a height proportional to o g and a width
proportional to g

APPENDIX 8: CALCULATION OF COHERENT
AND INCOHERENT SCATTERING

We assume that a plane wave with wave vector k is in-
cident on a sample with surface area A. The incident
electric field at position r=(x, z) can be written as

(r)k=E&~&(k)e p[ix(k~~ x+kcz)], (B1)

the scattered rejected field as

The correlation function of the roughness profile of a
rough surface is defined as

C(x —x') = (z(x)z(x') ),
where ( ) indicates a configurational average and z(x)
denotes the height deviation of the sample surface at po-
sition x=(x,y) with (z(x)) =0. For a random surface,
the correlation function only depends on ~x —x'~. Its
two-dimensional Fourier transform

C(q~~)= J d Xexp(iq~~ X)C(X)

is the power spectral density (PSD) of the surface rough-
ness.

A functional form for C(X) which is often used is
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Pk(r) = g Eot (p)exp[i(p
~~

x —poz )],
P

and the scattered transmitted field as

0k(r)= &Ei(p)exp[i(p~~ x+piz)l,
P

(82)

(83)

the scattered intensity per unit solid angle is obtained by
dividing Eqs. (86) and (87) by Ako/lkl. The total scat-
tered intensity is calculated by integrating over d 0 (ex-
pressed above in d

p~~ ), yielding Eq. (9).

where the subscripts 0 and 1 denote the materials above
and below the surface, respectively, and the superscript
arrow denotes the direction of the perpendicular wave
vector.

The total outgoing fiux (averaged over the sample sur-
face) is given by A ' fd x leak(r)l, which equals

QI lEo(p)l above the surface and g E ~(~p) below it.
We will divide this by the incident Aux lEo(k)l . For a
rough surface one has to take a configurational average.
In the case of reAection the coherent part of the outgoing
flux divided by the incident fiux is gI (Eo (p)/Eo (k) )
and the incoherent part is gI[( Eo(p)/Eo(k)l )
—(Eo(p)/Eo(k)) ] (cf. Ref. 20), whereas in the case
of transmission E~~(p ) has to be substituted for Eo (p).
For the coherent case only the terms with p =k will sur-
vive, if the amplitudes are given by expressions like Eqs.
(D3) or (D4) [or the expression for T'"'(p, k) from Ref. 6].
Then the coefficients for coherent reAection and transmis-
sion are given by

F„=(E t (k)/E t (k) ),
tk =(E,"(k)/E() (k) ) .

(84)

(85)

der(ko~po)
dQ

Eo(p)

(R )(p) )e
E(i) (k)

(86)

In an analogous way, for the differential cross section for
incoherent transmission we find

d(r(k p ) g, E (p)

4' E(~) (k)

E I (p)

E(~) (k)
(87)

If an x-ray beam of unit intensity impinges on the sample,

The incoherent scattering is most conveniently ex-
pressed as a differential cross section, i.e., the outgoing
intensity per unit solid angle divided by the incident Aux.
We will calculate this assuming that the sample is so
large that we can substitute g = A /(4' )f d p~~. In the
case of refiection fd

p~~
= lkl fdOpo, in the case of

transmission f d p
~~

=
l k l fd Qp '„where d 0 is an ele-

ment of solid angle. In the case of reAection, the aver-
age outgoing Aux divided by the incident Aux can
be written as 2/(4m )lkl fd&po[(lEo(p)/Eo(k)l )
—

l (Eot(p)/E~~(k) ) l ]. Multiplying by the cross section
Apo/ kl of the outgoing refiected beam, for the
differential cross section for incoherent reAection we ob-
tain

APPENDIX C: ABSORPTION IN THE DWBA

In this Appendix we calculate the x-ray absorption in
an infinitely thick sample with a rough surface using the
second-order DWBA. Up to second order, the electric
field in the samples is given by

0~(r) =0k"(r)+0~ '(r)+0k"(r»

where Pk '(r) =tkexp[i(k~~ x+k, z)], and Pk"'(r) for n )0
is given by Eq. (2) of Ref. 6:

(n)(r)
d

p~~ T'"'(p, k)e xp[i(p~~ x+p, z)] .

The T matrix T'"'(p, k ) and its configurational average
are given in Ref. 6, and will be substituted below.

The square of the electric field is

+2 Re[/& '*(r)Pk"(r)

+ P„' '*(r)Pk"(r)+Pg"*(r)Pg"(r) ]

The adsorbed intensity, given by Eq. (14), can be split
into two parts:

I II

T= f d x f dzl()(z(r)l

I II

+- f d x f dzlP (kr)l
Ako o

In the case of Gaussian random roughness, the surface
height z(x) is normally distributed with standard devia-
tion o, and configurational averages can be taken. In
principle, 12 terms are involved, but up to O(koo ) only
the following six terms are present ( To to T5 ):

I II I

T = d d „'' = t„

i.e., the change in transmission for small correlation
lengths. Up to O(kocr ) we have To+ T& =k&/koltkl,
with tk given by Eq. (2);

i.e., the transmitted intensity in the case of a smooth sur-
face;

2k ik", o
T, = J d z j dr2Re(()e '"(r)d'e''(r)]l

Wko

=T()Re[(k() —k, ) (r ],
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Tz —— fdzx f dz 2Re[()'z "(r)d'z'(r)])
2k', k", 0

Ak0

= T0Re — (k0 —k, )k,2~'

E ~0(k)expIi[kll' x+k 0 (

+ y E0" (p )exp [ i [p
ll

x —p0z (x ) ] ]
P

= y E,'(p)expIi[p„x+p, z(x)]],
P

(D 1)

k0E&~ (k)exp I i [kll x+ k0z(x) ] ]

i.e., the change in transmission for larger correlation
lengths. Up to 0 (kjo ) we have T0+ T,
+ T2 =k

&
/k0 ~ t& ~, with tk given by Eq. (11). If

gk0/~k~ &&1, Tz-—0, whereas if gk0/~k~ &&1,

T2 = T()Re[ —2(k0 —k, ) 0. ];

—g p()E() (p)exp[i[pll'x p()z(x)]]
P

= gp, E, (p)expti[pll x+p, z(x)]] .
P

(D2)

2k', k )' 0're= f d'x f dz dzt
"(r) ')

pid
'4~'k' l~ l l~l

[ +

i.e., the absorbed diffusely scattered radiation. If
gk0/~k &&1, T3=0, whereas if gk0/~k ))1,
T, =T0~k0 —k, ~

o;
I II

T4 —— d2x dz k(0) r 2

0

=T0[exp(2k& cr )
—1]= T02k &

0'

These form a series of coupled equations which cannot be
solved exactly for the general case. However, if g is large,
we can make some further approximations.

We can consider g as a measure of the largest period
present in the roughness profile. If radiation is diffracted
from a grating with period g, first-order diffraction peaks
occur at wave vectors p with pill =lk l+2~/4 «om
which we find p0=k0[1+4m~k~/(gk0)]' and an analo-
gous expression for p]. We anticipate that higher-order
diffraction peaks will only have a small intensity. Indeed,
the final result, Eq. (15), will correspond to a single nar-
row peak for large g.

Then, if we make the approximations p0 =k0 and

p &

——k &, Eqs. (D 1) and (D2) remain correct up to
0[~k~/(gk0)]. Multiplying Eq. (Dl) by k, and subtract-
ing Eq. (D2), we obtain

i.e., the absorption in the rough interfacial layer if the
transmitted beam were not affected by the roughness; and y E0 (p)exp[i(pll kll)'x] rkE0 (k)exp(2ikoz(x)) .

P

I II

T5= d x dz2Re k'* r k" r
0 0

Since this can be considered as a Fourier series, it follows
that

ToRe
ik", k, d pii

Jp~~ (
( )k( p0+p &

E0(p)
EX(k) Jd x exp[ —i(p —k ) x]exp(2ik0z(x))

i.e., the correction to T4 due to the change in transmis-
sion caused by the roughness. If gk0/~k~ &&1, T5 -—0,
whereas if gk0/~k~ ))1, T5 = T0( —4k, o ).

(D3)

In the same way, after multiplying Eq. (Dl) by k0, adding
Eq. (D2), and Fourier transformation, we obtain

APPENDIX D: THE RAYLEIGH METHOD

Here we will use a method devised by Rayleigh ' to
calculate the scattering at a corrugated surface. We will
assume that at each position x along the surface with
height deviation z(x), the electric field and its normal
derivative are continuous. We will suppose that g' is so
large that the local surface slope can be neglected.

Writing the incident, rejected, and transmitted fields
as Eqs. (Bl), (82), and (83), the continuity of the field and
its normal derivative at position I yield

E, (p) tk

Et(k) Id x exp[ —i(p —k ) x]

Xexp[i(k0 —k, )z(x)] . (D4)

Now we can use the formulas of Appendix B to calculate
the coherent and incoherent scattering. Using Eqs. (84)
and (85), we obtain Eqs. (12) and (13) for the coherent
scattering.

Using Eqs. (86) and (87), for the incoherent refiection
and transmission we find
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der(ko~po)
dQ

k2 p2
, Ik, I 4 S(pl —

k~, , &ko),
ko+k& '

d~(ko pi ) a, ko p't'

k, +k, '2 I k, 4 S(pl —
kp, k

& ko—),

with S(ql, q ) given by Eq. (6). At first sight, these equa-
tions do not fulfil the reciprocity principle, ' i.e., sym-
metry in the interchange of p and k. However, since we
assumed that po ——ko and pI ——k&, the scattering cross
sections are given with the same accuracy, i.e., up to
0 [ I

k
I /( gk o ) ], by the symmetric formulas Eqs. (15) and

(7).
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