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We present results of a computation of the electronic structure of point defects in reduced rutile using
a semiempirical self-consistent method. Calculations on models of both titanium interstitials and oxygen
vacancies are reported. We find donor levels in the range 0.7-0.8 eV for isolated defects in each case.
The defects have an effective screening radius of less than 5 A. We also report results on clusters of de-
fects. These suggest that a model in which the screening charges of multiple defects are added would be
quite accurate for systems with multiple defects. Comparison of our results with infrared experiments
suggests the presence of defect clustering in nearly stoichiometric rutile, as proposed earlier on the basis

of other experiments.

I. INTRODUCTION

Titanium dioxide is a technologically important ma-
terial, and is one of the most studied transition-metal ox-
ides both experimentally and theoretically.! The band
structure of the perfect crystal has been calculated by
various empirical and first-principles methods, both with
density-functional with local-density approximations and
with Hartree-Fock approximations.>”# Recent calcula-
tions predict a geometric structure that agrees well with
experimental results, though the predicted optical band
gaps disagree with experimentally observed ones, as they
do for most transition-metal oxides. Naturally occurring
rutile, however, is almost always reduced, and many im-
portant properties and functions of the oxide depend on
the defect structure. For example, catalytic behavior and
the growth and dissolution rates of the oxide in electro-
chemical cells depend critically on the electronic density
of states in the bulk band gap.’ It is generally agreed that
rutile is an n-type material that is oxygen deficient or
metal rich, but whether titanium interstitials or oxygen
vacancies are the dominant defects has not been
definitively established. Experimental exploration of
electronic states associated with defects arising as a result
of oxygen deficiency revealed infrared absorption arising
from an impurity band about 0.7 eV below the
conduction-band edge. Estimates indicated that oxygen
vacancies could be responsible for these states.® Experi-
ments on the dependence of the electrical conductivity
and various diffusion rates on the oxygen partial pres-
sure’ do not clearly establish whether titanium intersti-
tials or oxygen vacancies are the dominant defect. The
most recent such experiments® were interpreted as evi-
dence of titanium interstitials.

The electronic structure of rutile containing these de-
fects, however, has received little theoretical attention,
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partly because of the computational difficulties arising
from the disorder and partly because of the general prob-
lems associated with computing the electronic structure
of transition-metal oxides. An early one-electron tight-
binding model® for the oxygen vacancy assumed a hard-
sphere model for the potential associated with an oxygen
vacancy. In earlier papers, we applied the equation of
motion method to study the electronic structure of disor-
dered rutile,'° "2 using a phenomenological Yukawa po-
tential to describe the oxygen vacancies. Such a scheme
allows one to study large samples of the material, with
multiple oxygen vacancies. However, because of the
strong interaction of electrons on transition-metal ions, a
self-consistent calculation that incorporates the interac-
tion effect is desirable. Recently, a first-principles calcu-
lation based on the local-density approximation has been
reported for a single oxygen vacancy on a surface.’> A
single donor level 0.3 eV below the conduction-band edge
was found. In this paper, we present a self-consistent cal-
culation of the electronic structure of both titanium inter-
stitials and oxygen vacancies in rutile TiO, using a sem-
iempirical method which we have recently also applied to
rutile surfaces.'*

II. METHOD

Details of our semiempirical method for the applica-
tion of self-consistent methods to tight-binding studies of
the electronic structure of transition metal-oxides appear
in Ref. 14. We provide a brief description of the method
in the Appendix. In fact, the computational essence of
our approach can be stated quite simply. The advantage
of the more formal derivation of the method in the Ap-
pendix is that it clarifies how our approximations may be
improved.

The effective one-electron Schrodinger equation which
we solve is

2
(1) — e i
tk’m,‘,v'{"uk,u;i,v_‘_(l Si’k)R Sov,aﬂQk,y;i,v <1,Vl}\,) y
ki

= (k,ulA)—p (k,ulr) , (1)

4768 ©1995 The American Physical Society



where the one-electron pseudowavefunctions 1, are ex-
pressed in terms of a tight-binding basis of orbitals la-
beled i,u (i is a site label) by the coefficients {i,u|A). u,
is the chemical potential (or Fermi energy). Q; is the
charge associated with site i and calculated from
(i,uIA). The term involving Qy ., , describes exchange
interactions. It is dropped in the calculations presented
here. To obtain an expression for the intrasite term
OE, /3Q;, we use the experimentally determined ioniza-
tion potentials of the relevant ions. When the ion has in-
teger numbers of electrons, E, is taken to be a constant
minus the sum of the relevant ionization potentials. For
noninteger numbers Q, of electrons, we use a spline fit or
a linear interpolation between the integer values. The re-
sults for 9E; /9Q; for the ions of interest in rutile are
given in Ref. 14. 9E,;/9Q,; is nearly linear in Q;. In a
Hubbard model, dE, /0Q,; would be precisely linear, and
the slope would be the Hubbard U. Interpreted in this
way, one finds effective U’s in the range 10-20 eV for ru-
tile. In our calculations we use the functions determined
from ionization potentials, except that a constant is add-
ed empirically as discussed in Sec. III. [The empirical
constant may be regarded in part as compensating for the
errors in approximation (A 16).]

In general, the calculational procedure using this ap-
proach is to choose a set of initial values of Q; (and
Q) j,v if they are used), and solve the one-electron prob-
lem represented by (1). Using the eigenfunctions, Q; (and
Q) j,v) are then recalculated using (A10) and (A13), and
the procedure is iterated to self-consistency.

In the calculations reported here, we neglect the terms
of form v,‘cf’)‘;i,v and use an empirical estimation of the
hopping integrals ¢, ,.; , as described in Sec. IV.

III. MODEL FOR RUTILE

We use a tight-binding model for rutile which contains
five d states per titanium site, and three p states and one s
state per oxygen site. We reference the orbitals to a
Cartesian coordinate system as illustrated in Fig. 1. We
adopt the same hopping integrals as in the fully phenom-
enological model of Vos,® summarized in our earlier
work.!! The diagonal energies of the orbitals are calcu-
lated self-consistently as described in Sec. II, using Ewald
techniques!® to obtain the Coulomb energy in Eq. (1).
With this parametrization, as discussed in Ref. 14, we
find that the calculated optical gap is not in agreement
with the experimental one. We compensate for this
discrepancy, which may result from violations of Koop-
mans’ theorem!® or from errors in approximation (A15)
by adding an empirically determined constant to the di-
agonal parameters of the model.' In particular, the diag-
onal energies of the titanium atoms are adjusted by
—0.45 eV, and those of the oxygen orbitals are adjusted
up by 4.2 eV. We make this adjustment consistently in
all subsequent calculations for samples with impurities.
The self-consistent calculations are done with a supercell
of 3X3X5 unit cells. (~15 A on each side, containing
270 atoms). Periodic boundary conditions are applied in
all three dimensions.

For the uniform system, this empirical model predicts
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FIG. 1. A unit cell of rutile TiO,. The smaller darker circles
represent the titanium atoms; the larger lighter circles represent
oxygen atoms.

a system slightly more covalent than predicted by a self-
consistent Hartree-Fock calculation.!” (The Hartree-
Fock calculation predicts an optical gap of 10 eV com-
pared to the experimental one of 3 eV.) At self-
consistency, the (electronic plus nuclear) charge on the ti-
tanium atom is +2.18/e|, and that on the oxygen atom is
—1.09|e|. Some other details of the comparison of the
electronic structure predicted by our model for
stoichiometric rutile without surfaces appear in Ref. 14,
where they are compared with other calculations and
with experiment.

IV. TITANIUM INTERSTITIALS

We first describe the study of titanium interstitials. In
the rutile structure the oxygen atoms bonded with a ti-
tanium atom form an approximate octahedron. Howev-
er, only half of the available octahedral sites are occu-
pied. The two unoccupied octahedral sites per rutile unit
cell at the center of the four (100) and (010) surfaces of
the rutile unit cell. These unoccupied sites are apparently
favorite sites for the titanium interstitials. The octahed-
rons around these interstitial titanium atoms are more
distorted than the octahedrons occupied by normal lat-
tice titanium atoms, and we modify the hopping integrals
by linearly extrapolating the phenomenological hopping
integrals given by Vos,? except that, for the closest Ti-O
pair in the interstitial-oxygen octahedron, we use the
same hopping integral as for the normal titanium atoms.
(This exception is made because we expect that atomic re-
laxation of the oxygen atoms around the titanium inter-
stitial will make the octahedron like the octahedron
around a normal lattice titanium atom. A full treatment
of atomic relaxation around the defects has not been
made in the context of this model and is reserved for fu-
ture work.) Table I summarizes the geometry and hop-
ping integrals we use, including those between the inter-
stitials and their neighbors.

We study a cluster of (3X4X4) rutile unit cells, of 289
atoms, with one titanium interstitial, located in the cell at
the middle of the cluster. Periodic boundary conditions
are applied in all three dimensions. A self-consistent
solution of this system indicates that the conduction-
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TABLE I. Hopping integrals between neighboring atoms.

a(A) E@V) a(A) E@V) a(A) E@V) a(A) EEV)
Ti-O pdo 1.64 —2.30 1.94 —2.30 1.99 —2.30 2.23 —1.15
Ti-O pdm 1.64 1.15 1.94 1.15 1.99 1.15 2.23 0.575
Ti-O pds 1.64 —2.5 1.94 —2.50 1.99 —2.50 2.23 —1.25
0-0 ppo 2.52 0.600 2.78 0.400 2.96 0.250
0-0 pp 252  —0.120 278  —0080 296  —0.05
Ti-Ti ddo 2.30 —1.0 2.73 —0.75 2.96 —0.500 3.57 —0.200
Ti-Ti ddm 2.30 0.52 2.73 0.39 2.96 0.26 3.57 0.104
Ti-Ti dds 2.30 —0.07 2.73 —0.05 2.96 —0.035 3.57 —0.014
band edge of the host lattice is little altered by the intro- screening charge of =—0.29]e|), while the other four

duction of the interstitial. However, two impurity states
appear below the conduction-band edge, at 0.19 and 0.80
eV below the conduction-band edge. Figure 2(a) shows
the density of states projected on the titanium interstitial
and its six octahedral neighbors, obtained by broadening
the levels with a Lorentzian of width 0.1 eV. The local
densities of states reveal that the wave function of the im-
purity state 0.8 eV below the conduction-band edge has
little amplitude on the six nearest-neighbor oxygen atoms
around the titanium interstitial. Transitions from this oc-
cupied state to the bottom of the conduction band would
account well for the position of the experimentally ob-
served peak in infrared absorption. Figure 2(a) shows the
self-consistent charge distribution on the interstitial and
its six nearest-neighbor oxygen atoms. The titanium in-
terstitial has 0.60 more electrons on it than other titani-
um atoms in the crystal. Extra electrons are deposited on
the six oxygen atoms forming the octahedron surround-
ing the titanium interstitial. Each of the two oxygen
atoms closest to the interstitial (1.64 A away from the in-
terstitiall has charge —1.38|e| (corresponding to a
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FIG. 2. The local density of states on the titanium intersti-
tials and their oxygen neighbors for the three configurations
given in Fig. 3.

have charge —1.25|e| (screening charge —0.16|e|.) The
atoms farther away have much smaller screening charges,
the maximum being 0.04|e|. It is also interesting to look
at the self-consistent diagonal energies associated with or-
bitals on these atoms. The 3d orbitals on the titanium in-
terstitial have a diagonal energy of —5.83 eV, compared
with —6.4 eV far away from the interstitial. The diago-
nal oxygen 2p orbital energies on the nearest neighbors of
the interstitial are —13.7 eV on the atom 1.64 A away
from the interstitial and —11.7 eV on the atoms 2.27 A
away from the interstitial, compared with —10.5 eV far
away from the interstitial. These results are also summa-
rized in Fig. 2(a).

Considering the semiempirical nature of our calcula-
tion, it is interesting to see the stability of our result with
respect to the empirical parameters. We have varied
hopping integrals between the interstitial and its neigh-
boring oxygen atoms by 20%, and also changed the posi-
tion of the titanium interstitial atom by about 0.15 A and
found that the impurity level is remarkably stable with
respect to these changes. The energy of the impurity lev-
el changes less than 0.05 eV for the cases we explored.

We find that strong interference between interstitials
occurs only if the octahedra surrounding two interstitials
share common oxygen atoms. This can happen only in
two cases: when the two interstitials are on neighboring
faces of the rutile unit cell, or when the two interstitials
are on equivalent sites on two neighboring unit cells in
the [001] direction. We first report results on the latter
case as shown in Fig. 3(b). The interstitials are only
about 3 A apart. The Fermi energy in this case touches
the bulk conduction-band edge. There are levels at 0.35,
0.74, and 0.95 eV below the conduction band edge. Fig-
ure 2(b) shows the local density of states on the titanium
interstitials and the nearest-neighbor oxygen atoms, ob-
tained by a Lorentzian broadening of width 0.1 eV.
Again the states in the band gap have mainly titanium 3d
character. The charges on the interstitials are slightly
different from the single-interstitial case. Each intersti-
tial has charge 1.49 |e|. The two oxygen atoms closest
(1.64 A) to each interstitial have charges
—1.39 |e| each, similar to the single-interstitial case. The
two oxygen atoms shared by the interstitial octahedrons
have charge —1.35|e|. Unlike the single-interstitial case,
appreciable changes also take place on the nearest-
neighbor titanium atoms to the interstitial. These atoms
show screening charges of about —0.1|e|. The charges
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FIG. 3. Three configurations of titanium interstitials and the
self-consistent charge and orbital energies on the atoms near the
interstitials. On titanium atoms we give the €35, on oxygen
atoms we give €,,. (a) shows the titanium interstitial and the six
oxygen atoms around the interstitial. (b) shows two interstitials
at two neighboring rutile unit cells in the [001] direction. The
interstitials are marked by arrows. (c) shows two interstitials in
the same rutile unit cell.
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and orbital energies for this case are summarized in Fig.
3(b).

The second possible configuration in which two inter-
stitial octahedron share common oxygen atoms is that in
which the two interstitials are on neighboring faces of a
rutile unit cell. This is the configuration that Aono and
Hasiguti'® recently used as a model to explain the elec-
tron paramagnetic resonance (EPR) spectra they ob-
tained on slightly reduced rutile. Figure 2(c) shows the
self-consistent local density of states which we calculated
in this case on the interstitials and their nearest-neighbor
oxygen atoms. The density of states is similar to that
found in the previous case. The impurity levels in this
case extend to 1 eV below the conduction-band edge.
The charges and orbital energies on atoms surrounding
the interstitials are shown in Fig. 3(c). The charge on the
interstitials is 1.55|e|, the same as the single-interstitial
case. The two closer oxygen neighbors for each intersti-
tial again have charges —1.37le|, very similar to the
single-interstitial case and the double-interstitial case
presented above. The two common oxygen neighbors of
the two interstitial have charges of —1.37|e| each
(screening charge —0.27|e|), close to the previous
double-interstitial case. The screening charge on these
oxygen neighbors is close to that which would be ob-
tained by simply summing the screening charge
(—0.15|e|) arising from each interstitial alone. The ex-
ception to the simple addivity of the screening charges is
the screening charge on the titanium at the center of the
cell shown in Fig. 3(c). Because of the complex bonding
of that titanium atom to the nearest-neighbor oxygen
atoms of the interstitials, the screening charge on the
atom is —0.3|e|, far above the result of simple addition
of screening charges caused by individual interstitials.

The good local screening of the impurity charge sug-
gests that the interference between interstitials far apart
is small. We studied clusters with various numbers of im-
purities, and found that as long as the interstitials are far
apart so that they do not share oxygen atoms as nearest
neighbors, the electronic structure is close to a simple su-
perposition of that of individual interstitials. For exam-
ple, putting four interstitials on a square 5 A on each side
produced three levels at —6.99 eV and one at —7.01 eV,
compared with one level at —6.98 eV for the single-
interstitial case. Examination of the charges also
confirms there is little interference between the intersti-
tials.

V. OXYGEN VACANCIES

We model an oxygen vacancy as an oxygen site charac-
terized by an s orbital with the same hopping integrals
between the orbitals on the vacancy and on other sites as
the s orbital had when the site was occupied by oxygen.
The diagonal energy of the orbital associated with the va-
cancy site is self-consistently determined through the
Coulomb potential at the site plus an empirically deter-
mined constant. The constant is taken to be 9.0 eV. This
value was selected so that self-consistent calculations
yield a donor energy level 0.7 eV below the conduction-
band edge, consistent with the position of the observed
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infrared absorption. Figure 4(a) shows the local density
of states on the vacancy, its nearest-neighbor titanium
atoms, and some of their oxygen neighbors. It is seen
that the impurity state 0.7 eV below the conduction-band
edge consists mainly of a titanium 3d component, and
some component on the vacancy.

Each oxygen atom in the host rutile lattice is covalent-
ly bonded with three nearest-neighbor titanium atoms, as
shown in Fig. 5(a). The oxygen atom and the three titani-
um atoms are coplanar. In this model, an oxygen vacan-
cy severely affects the electronic structure around the va-
cancy and the three titanium atoms. Figure 5(a) also
shows the self-consistent potential and charge distribu-
tion on the oxygen vacancy and its three nearest-neighbor
titanium atoms. It is found that, due to the accumulation
of charges on the titanium atoms around the vacancy, the
self-consistent diagonal energies are increased relative to
the uniform system. On the two equivalent titanium
atoms, €3, = —6.22 eV, compared with the potential for
the uniform system €;;,=—6.40 eV. On the other hand,
the third titanium atom is not the favorite atom for depo-
sition of a screening electron due to the dangling-bond
effect: its on-site energy is lowered to —6.50 eV.

The screening charge on the vacancy is almost restrict-
ed to the vacancy and its nearest-neighbor titanium
atoms. The charge on the vacancy is —0.46|el; the
charges on the nearest-neighbor titanium atoms are near-
ly the same, the charges on the two equivalent titanium
atoms being 2.01|e| (screening charge —0.17|e|) and on
the third titanium atom being 2.04|e| (screening charge
—0.14|e|). The charge of the vacancy is thus nearly
compensated for in the first shell: only 0.15|e| is spread
over all the other atoms.

We find that strong interaction between the oxygen va-
cancies occurs only if the two vacancies share a titanium
atom as common nearest neighbor. As examples, we
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FIG. 4. Local density of states for the three configurations of
vacancies given in Fig. 5.
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studied two such pairs of vacancies, one in which the two
vacancies occupy opposite vertices of the octahedron sur-
rounding a titanium atom, and another in which the two
vacancies share an edge of an octahedron. Figure 5(b)
shows the two oxygen vacancies occupying opposite ver-
tices of an octahedron and their titanium nearest neigh-
bors. Such a pair of vacancies produced two energy lev-
els in the bulk band gap, one at 0.22 eV below the
conduction-band edge, and the other one at 1.28 eV
below the conduction-band edge as shown in the density
of states in Fig. 4(b). The charge distribution is again
rather local. Figure 5(b) shows the self-consistent poten-
tial and charge on the titanium atoms closest to the oxy-
gen vacancies. The oxygen vacancies and the five
nearest-neighbor titanium atoms hold —1.93|e| screen-
ing charges. Only —0.25|e| screening charges are spread
outside the nearest neighbor. Furthermore, the screening
charge distribution for the two vacancies is close to that
obtained by simply adding the screening charges arising
from two separate vacancies.
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FIG. 5. Three configurations of oxygen vacancies and their
nearest-neighbor titanium atoms. Also shown are the self-
consistent charges on the atoms and the (€5, orbital on the ti-
tanium atoms or orbital at the vacancy) energies. Vacancies are
represented by lighter circles. Titanium atoms are represented
by darker, smaller circles. (a) One oxygen vacancy. (b) Two va-
cancies in a line with a titanium atom. (c) Two vacancies that
are also near neighbors in the host rutile structure.
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Another pair of vacancies is shown in Fig. 5(c), where
the two vacancies share an edge of the octahedron
around one titanium atom. Also shown in Fig. 5(c) are
the self-consistent charge distribution and the diagonal
matrix elements associated with orbitals on the atoms
surrounding the vacancies. Similar to the previous case,
the two oxygen vacancies and their nearest-neighbor ti-
tanium atoms hold —1.98|e| screening charge, and only
0.20 electron is spread outside the nearest neighbor. The
charge distribution around the vacancy again is close to
that obtained by simple addition of the screening charge
distribution arising from single vacancies. This pair of
vacancies produces a pair of energy levels in the band gap
of the bulk rutile, one at 0.26 eV and the other 1.15 eV
below the band edge. Both these two levels are occupied.
Figure 4(c) shows the local density of electronic states
around the vacancies. Again the states in the bulk band
gap have a small oxygen component.

The above analysis indicates that the charge redistribu-
tion is restricted to the nearest neighbors of the oxygen
vacancies, and suggests that oxygen vacancies which do
not share a titanium neighbor will behave essentially in-
dependently with regard to their electronic structure.
We find this to be approximately correct in practice. For
example, a self-consistent calculation for two oxygen va-
cancies 4.98 A apart produces two impurity states around
0.7 below the conduction band, separated in energy by
about 0.04 eV.

The charge distribution in clusters of vacancies sug-
gests a model for samples with multiple vacancies in
which the screening charge at a given site is given by add-
ing the screening charges due to neighboring vacancies,
treated as independent. We present some examples of the
results of such a model below.

VI. COMPARISON WITH EXPERIMENTS

At this point it is interesting to compare our calcula-
tion with optical and other experiments. Since the first
infrared-absorption experiments® on reduced rutile, it has
generally been assumed that oxygen vacancies are respon-
sible for the impurity band 0.7 eV below the conduction-
band edge, despite evidence from various diffusion experi-
ments’ showing the importance of titanium interstitials.
In the model used here, titanium interstitials at low con-
centrations produce a band of states leading to an absorp-
tion peak very close in position to the experimental ab-
sorption peak. Our calculated impurity band at these low
impurity densities is, however, much narrower than the
experimentally observed one.

In the case of oxygen vacancies, our model will result
in an absorption peak at 0.7 eV. Our model for the va-
cancy, however, has one more empirical parameter (the
constant in the diagonal matrix element for the s orbital
on the vacancy site) than the model for the interstitial
does. This parameter was adjusted to give an absorption
peak at the experimentally observed value, so the coin-
cidence of the calculated and observed peaks is due to
fitting and does not constitute evidence either for the va-
lidity of the model or in favor of oxygen vacancies as the
dominant point defect. As in the case of interstitials, we
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predict a narrower impurity band than the observed one.
For pairs of vacancies, we predict two states, one at
about 1.1 eV and the other around 0.35 eV below the
conduction-band edge.

The oxygen deficiency of the samples studied in Ref. 6
is reported to be 107 3. This means that one of every 10°
oxygen atoms is missing in the crystal. If the defects
were completely randomly distributed without correla-
tion in the crystal, then the concentration of pairs and
higher-order clusters would be completely negligible, and
broadening effects due to such clusters could not account
for the width observed. We suggest two possible origins
for the width: (1) Charge fluctuations may result in fluc-
tuations in the local self-consistent potential (the diagonal
matrix elements in our calculations) leading to a distribu-
tion of energies of the local donor levels; and/or (2) the
distribution of defects may not be random, leading to
more clusters than the assumption of uncorrelated ran-
domness in the distribution would predict. We discuss
these possibilities in turn.

With regard to the first possibility, we illustrate the
effect with a calculation on a larger sample (8 X 8 X8 unit
cells or 3072 atomic sites), in which we make the approxi-
mation suggested in Sec. IV: We assume that the screen-
ing charges due to multiple defects are, at each site, just
the sum of the screening charges due to each defect alone
in the crystal. We showed in Sec. IV that this approxi-
mation worked quite well for pairs of vacancies, but its
validity for hundreds of vacancies (as in this application)
has not been determined, and we expect that it will exag-
gerate the extent of charge fluctuation. We make the cal-
culation of the total density of states in this case using the
equation of motion techniques described in Ref. 11. This
method is restricted to quite large defect concentrations,
and we show the results for 0.5%, 1%, and 5% of oxygen
vacancies in Fig. 6. We see that the charge fluctuation
effect results in very significant broadening of the levels,
even at 1% concentrations. It appears, however, that
this is not sufficient to account for the observed width,
since the calculation for 0.5% vacancies gives a smaller
impurity bandwidth than that measured in the experi-
ments. Furthermore, this approximation may exaggerate
the width of the impurity band, because it fails to take ac-
count of possible screening of large length scale charge
fluctuations.

The second possible contributing origin of the observed
width is correlations in the spatial defect distribution. It
is known'®~2! that the stable phases of reduced rutile are
Magneli phases which may be regarded as consisting of
ordered arrays of planar defects. We think it likely that
reduced samples such as those used in the infrared-
absorption experiments of Ref. 6 may be partly phase
separated into regions of stoichiometric rutile and par-
tially formed planar defects which may be regarded as
clusters of interstitials and vacancies. This possibility has
been extensively discussed by others??~2* in the context
of the interpretation of structural and diffusion measure-
ments, and by use of empirical modeling of interatomic
forces. In such a model, significant broadening of the in-
frared peak might result, arising from the electronic
donor levels associated with these various defect clusters.
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FIG. 6. Density of states of a cluster of (8 X 8 X 8) rutile unit
cells, with various concentrations of oxygen vacancy randomly
distributed. At 0.5% oxygen vacancy, the impurity band is
sharply peaked around —7 eV, 0.7 eV below the conduction-
band edge. At higher concentrations of vacancy, the impurity
band broadens. The insets in the graphs show the density of
states around the band gap of rutile.

To model such a structure, one would need to include
correlations in the distribution of point defects, thus in-
creasing the number of clusters, relative to the number
expected in an uncorrelated random distribution. We
have explored the energetics of interstitial clustering,
without considering the ionic relaxation around the inter-
stitials, and without considering the ion-ion interaction
beyond the simple Coulombic interaction. We found that
in our model the interactions between the interstitials are
repulsive. For example, one pair of interstitials 4.59 A
apart has an energy 0.36 eV higher than the energy of a
pair 9.18 A apart.

VII. DISCUSSION AND CONCLUSIONS

Our self-consistent models for the titanium interstitial
and the oxygen vacancy show that these defects are
screened over very short (but not zero) distances, as we
previously assumed in a one-electron model.!! Our calcu-
lation of the structure of the titanium interstitial predicts
a level at 0.8 eV below the conduction-band edge without
any parameter adjustment, suggesting that the titanium
interstitial could account for the position of the observed®
infrared-absorption band, which is usually ascribed to ox-
ygen vacancies. On the other hand, we find that point de-
fects interact very weakly at large distances, making it
difficult to account for the observed width of the infrared
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band, if the point defects are distributed at random and
without correlation in the crystal. We suggest that the
defects may not be distributed in this random, uncorrelat-
ed manner in the real crystal, but that instead they clus-
ter as a consequence of partial phase separation into
stoichiometric rutile and incipient crystalites of Magneli
phase. Such structures have previously been studied us-
ing empirical modeling of interatomic forces,?”> but
without regard for the electronic structure of the result-
ing defects. From the point of view of those atomic force
models, we note that our results show that the charges as-
sumed for titanium interstitials in those models (+3 or
+4) are almost certainly too high by a significant factor,
since atomic relaxation (which we have not yet included
in our calculations) is unlikely to increase the value of the
interstitial charge (+ 1.58) which we find.

We also find that, at least for oxygen vacancies, a mod-
el for multiple defects in which the screening charges due
to each defect individually are simply added at each site
is likely to be quite accurate. We can use such a model to
indicate the effects of multiple defects with results shown
in Fig. 6. In particular, one sees that for defect concen-
trations of 1% or less (as one certainly has in the experi-
ments of Ref. 6), the impurity band remains extremely
narrow, inconsistent with experiment. This suggest that,
as noted above, defect clustering is likely to be occurring.
To take quantitative account of such effects, we require a
model in which both electronic structure and atomic re-
laxation are taken into account in these systems. This
will be the subject of future work.
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APPENDIX:
FORMAL DESCRIPTION OF THE METHOD

We start? with the general variational principle with
respect to the density n(r):

SE({n(r})/dn(r)=0, (A1)

where E({n(r}) is the expectation value of the energy in
the ground state. The energy contains three terms: kinet-
ic energy 7T, a one-electron potential energy V', and the
electron-electron Coulomb interaction energy V,. These
are expressed as

2
r= [ drlim zﬁ—mv,-v,,pl(r;r') , (A2)
Vi=[drpr;rv, (), (A3)
2
’ ’ ’ e
sz(%)fdrdrpz(r,r ;T,T )|r—-—r'T . (A4)

Here p,(r;r’') and p,(r,1’;r,1’) are one- and two-body den-
sity matrixes defined as
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)= [dr,. ..

X fdrNQ}\‘,(r,rz, e, Ty)

pirr

XOp(r',ry, ..., Tx), (AS)
polr,rsr,r’ )= fdr3. ..

X fdrNCI>}'v(r,r',r3, e, Ty)

X®p(r', 1,15, ...,Ty), (A6)

in which ®y(r,,...,ry) is the ground-state wave func-
tion. (In these expressions, the integrals are meant to in-
clude sums over the discrete spin variable.)

We express the energy in terms of eigenfunctions v,(r)
of the one-particle density matrix, expressed as an in-
tegral operator:

[ prr, e () =n, 4 (r) (A7)

It is not hard to show'* in general that 0<n, <1. Here
we assume, as in Hartree-Fock and local-density approxi-
mation (LDA) approximations, that the n,’s are equal to
either 1 or to O, and are interpreted as occupation num-
bers of one-electron orbitals. We use a tight-binding
basis and expand ¥,(r) as

(0)=3 ¢; (r){ivIn) (A8)

where ¢; ,(r) is orbital v localized at site i. The ¢, ,(r)’s

E= EE(Q,)+ 2 Ql v, j,V tv;j,V'+ IV’J: 2

i#=j, v i#*j

0,0/
R,

are orthonormal. The terms 7 and V| then become

T+V1= 2 QIV_]V i,v;j,v +vz“v)1v), (A9)
6% ),V
in which
Qi,v;j,v’zznl<i’v|}‘>(k|j"vl) (A10)
A
and
272
i =J AT $} (1) ﬁv (1), (A1)
Ui(,lv);j,v'=fdr¢}'j,,(r)v1(r)¢j,vl(r) (A12)
The sum
= 2 Qi,v;i,v (Al3)

can be interpreted as the number of electrons at site i.

We introduce approximations for the calculation of
term V, by separating intersite from intrasite terms in
the expansion of p, in the tight-binding basis. For inter-
site terms, we assume that the Hartree-Fock approxima-
tion is adequate, while we assume that intrasite terms
contribute an energy of the form 3,E;(Q;) depending

only on the total number of electrons on the site. We
determine E;(Q;) from experimental ionization poten-
tials. The energy then becomes
202
e“Q: ;i
3 3 S0, (A14)
ij i#=j,v,v ij

assuming in the Hartree and exchange integrals that overlaps between the localized orbitals on different sites can be

neglected and that the integrals

ffd d,|¢1v|l¢1,|

lr—r'

may be approximated as

1

——=1/R;
|R,~—R~|

lj’

where R; and R; are the positions of sites i and j, respectively.

(A15)

(A16)

The eﬁ'ectlve one-electron equation is obtained by varying ¥, =3, .¢; (r){i, v|A) through variation of the
coefficients {i,v|A ), assuring normalization in the usual way through addition of a term — 3 A€x f |,(r)|? to the energy
functional and maintaining the constraint that n, be equal to the number of electrons by use of the chemical potential
(Fermi energy) u, as a Lagrangian multiplier. The result is Eq. (1).
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