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The composition of the random-phase-approximation ground state in metal clusters is explicitly
determined. It is shown that, due to the long-range character of the Coulomb interaction, multi-
con6gurational, higher-order correlations in the ground state play a more important role than had
been previously assumed. However, the deviations between single-particle occupation probabilities
associated with the correlated ground state and the uncorrelated reference determinant are found
to be small, thus validating the quasiboson approximation. The reliability of various many-body
approaches in describing excited collective modes depends crucially on their ability of adequately ap-
proximating these correlations in the composition of the ground-state wave function. In this context,
the consistency of random-phase-approximation and con6guration-interaction results in metal clus-
ters is assessed through a comparison with established experimental trends and known theoretical
limits of the exact many-body problem.

I. INTRODUCTION

In the past few years, the photoabsorption of metal
clusters has been extensively studied using the matrix
random-phase approximation (matrix RPA) upon a jel-
lium background [with a two-body interaction de-
rived &om the local-density approximation (LDA)j. This
method provides a unifying f'ramework for describing the
evolution of the optical response both as a function of
size ' and as a function of the excess positive or negative
charge. In particular, we note that the calculated sizes
cover a broad range, &om the rather small (e.g. , Nas) to
the very large (e.g. , Nai9s2). The method has also been
utilized for describing the collective excitations in He3
clusters (without a jellium-background approximation),
and has been extended to the study of two-boson and
nonlinear effects in metal clusters.

A related, but mathematically different formulation
of linear response, known as time-dependent LDA
(TDLDA), has also been widely used for describing the
optical properties of metal clusters. The two methods
have produced results that are in basic agreement with
each other.

Recently, Koskinen et al. have calculated the pho-
toabsorption of the three smallest magic sodium clusters
Na2, Na8, and Naacp, using a difFerent approach, namely,
a configuration-interaction (CI) method upon a jellium
background. Unlike the RPA method, which by con-
struction seeks an appropriate linear-response approxi-
mation of the equations of motion governing the excited
collective vibrations, conceptually the CI method has no
limitations a priori and may be viewed, in principle, as

seeking an exact solution of the many-body problem by
diagonalizing the many-body Hamiltonian in the com-
plete Op-Oh, , 1p-lh, 2p-2h, , ..., np-nh, , ... space. In practice,
however, this latter method is limited by the numerical
power of the available computers, and as a result, the
largest possible subspace of order n (the so-called best
space) is used instead of the complete space. The suc-
cess of the method depends on whether convergence can
be reached within this restricted best space.

Certainly, since the CI appears at first glance to be
a complete approach, its successful application promises
substantial insights concerning the validity of other, a
priori approximate approaches. Furthermore, since it
is natural to expect that the method will yield better
results the smaller the system under consideration, metal
clusters appear as fertile ground for its application. In
this respect, it is important to reevaluate the results of
Ref. 11, to highlight the actual practical and numerical
limitations of the CI method regarding jellium spheres,
and to answer certain tentative criticisms of the matrix
RPA, which arose &om the discrepancies between CI and
RPA results for the optical spectra of sodium clusters.

In the present paper, we intend to assess the consis-
tency of both RPA and CI results by contrasting them
(i) against established experimental trends, such as the
lowering of the plasmon energy below the classical Mie
resonance in the case of smaller clusters; (ii) against
known theoretical limits of the exact problem, such as
the convergence of the plasmon towards the classical
Mie value in the case of both the very large neutral
clusters ' and the highly charged cations;is'i ' ' (iii)
against the extent of satisfying the sum rules that are an
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integral part of the properties of photoabsorption cross
sections.

As will be explicitly discussed below, the matrix RPA
satisfies all three consistency requirements mentioned
above to a substantially higher degree than the CI
method. This in turn raises a further question at a
more fundamental many-body level, namely, which ba-
sic many-body property of the finite electron gas does
the RPA approximate so well that it provides the best
description for the collective excitations of metal clus-
ters? To answer this question, we will study the cor-
relations in the RPA ground state, and we will stress
the fact that it comprises correlations of all 2np-2nh
orders. More importantly, we will explicitly show
that the RPA ground-state correlations exhibit a unique
behavior where higher-order contributions play a more
important role than had been previously presumed with
regard to metal clusters. ' In this context, we will show
that the proposal for a CI "analog" (which according to
Ref. 11 can be constructed by restricting the CI diagonal-
ization to subspaces comprising only 2p-2h correlations
in the ground state) of an RPA plasmon is based on an
underestimation of the importance of higher-order corre-
lations in the ground state.

Furthermore, we note that the importance of correla-
tions in the RPA ground state is intricately related to the
role played by the backward-going RPA Y amplitudes
entering into the equations of motion. Indeed, from a
technical point of view these amplitudes are used to de-
termine the composition of the RPA ground state (and
not vice versa), and thus it is apparent that they implic-
itly reflect the influence of the ground-state correlations
on the plasmon properties, like position and oscillator-
strength distribution. Finally, we show that the underly-
ing physical reason for the large Y amplitudes (large in
relative terms with respect to the forward-going X am-
plitudes), and thus for the strong ground-state correla-
tions in metal clusters, is the long-range character of the
Coulomb interaction, a situation which is quite dissim. ilar
from the case of nuclei.

II. CONSISTENCY REQUIREMENTS

A. The limit of large neutral sodium clusters

We note here that according to Ref. 11, large Na~ clus-
ters with N ) 20 cannot be reached with the CI method,
because of excessive lack of convergence, much stronger
than the lack of convergence in smaller sizes which Kosk-
inen et al. were willing to accept. On the contrary,
matrix-RPA calculations have been reported for the full
series of magic clusters from Nas to Na338 and in one
instance even for Nai982.

The CI calculation for Na20 inside the best space
could not reproduce the double-peak structure charac-
teristic of the matrix RPA and TDLDA approaches.
This should not be surprising, since admittedly the CI
calculation had not converged. Unexpectedly, however,
Koskinen et al. concluded from this discrepancy that
the RPA method, rather than the CI approach, may be

unreliable for large jellium clusters.
The conclusion of Ref. 11 notwithstanding, we demon-

strate here the reliability of the matrix-RPA calcula-
tions through a direct confrontation with the classical
prediction of the Mie theory for large clusters. Ac-
cording to the Mie theory, a spherical metallic particle
(large cluster) absorbs light at a frequency A&M;„such
that e(wM;, ) = —2, where e(w) is the bulk dielectric con-
stant of the metal. If the metal can be considered as a
free-electron gas, the bulk dielectric constant is given by
the Drude approximation [namely, e(w) = I —(sr~~ /w) ],
and thus the Mie energy is equal to ~M;, = Ru~~ /v 3,
where the frequency of the volume plasmon is given by
su~i = /4me2p/m, (p denotes the jellium density).

As long as the free-electron mass m is not replaced by
an effective mass, ' the matrix RPA must go over to this
Drude-Mie limit in the case of very large clusters. Figure
1, which displays the RPA response for Na952, shows that
the matrix RPA conforms to a high degree to this limit.
Indeed the oscillator strength consists of a band of lines
concentrated in a narrow region slightly below 3.4 eV
(this value is equal to the Mie energy for a Wigner-Seitz
radius r, = 4.0 a.u. , appropriate for sodium).

Since N = 952 is sufBciently large, the average po-
sition of these lines can be found from the relation
hu) = 3 4/vt'np . eV, where cro is the static polarizability
in units of B (R = r, N ~ is the radius of the pos-
itive jellium background). For Nass2, the matrix-RPA
calculation yielded o.o = 1.07, and as a result the corre-
sponding plasmon is located at 3.29 eV, slightly below
the Mie value of 3.4 eV.

The RPA oscillator-strength distribution of Nai982 is
displayed in Fig. 4 of Ref. 5. For Na&982, the matrix RPA
yielded o.o = 1.04 and thus the plasmon is located at
3.33 eV, again slightly lower than the classical Mie value,
but slightly higher than the plasmon for Nassz (recent
unpublished results con6.rm these trends for clusters up
to 5500 sodium atoms ).

Taking into account Ref. 4, where matrix RPA results
were presented for other sufFiciently large, but smaller
sizes (namely, Na92i Naqss, Naqs4, Naqss, Na2s4, and
Nasss), we can conclude that the RPA plasrnon ap-
proaches smoothly from below the classical Drude-Mie
value as the size increases, while the static polarizabil-
ity approaches from above the classical value of unity.
Nowhere in this extensive range of sizes have we found
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FIG. 1. Random-phase-approximation oscillator-strength
distribution of the dipole mode in the case of the neutral
Nags2 cluster (see text for details).
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any indication or signal that the RPA may be unreliable
for large Na clusters, in contrast to the conclusion of Ref.
11, which, however, was based on a nonconverged CI cal-
culation for the rather small Na2p.

0.8

0.4

TDA Na
20+

B. The limit of highly charged cationic clusters

Cationic metal clusters, M~ + (where N is the num-
ber of atoms), are stable in their ground states only for
moderate values of the ratio, f = x /(Nv), of the square
of the excess charge, x, over the total number of elec-
trons, Nv, in the neutral cluster (v is the valency, which
in the case of sodium equals unity). Above a certain
critical value f„,they are unstable against spontaneous
fission. In the case of sodium, a liquid-drop estimate
yields f„=0.39, and as a result, the highly charged
Na60 + is unstable.

Naturally, such highly unstable clusters have not at-
tracted much attention. From a theoretical perspective
concerning the optical response, however, they represent
an interesting exact many-body limit, against which the
different many-body approaches can be tested. This limit
arises from the property that the electronic density is
well confined within the boundary of the positive jellium
background. In this instance, the confining potential
generated by the positive background can be well ap-
proximated by its harmonic part (this situation is analo-
gous to the case of parabolic confinement, familiar from
the physics of quantum dots and semiconductor quantum
wellsi 'i7). It is known that in such a case the center-of-
mass motion of the electron gas separates exactly from
the individual motions, irrespective of the nature of the
two-body force. ' Consequently, the photoabsorption
spectrum of a highly cationic cluster must consist of pre-
cisely one line having 100% of the oscillator strength.
The frequency of this line coincides with the frequency
of the confining parabolic potential (generalized Kohn
theoremis) .

In particular, the confining potential inside the uniform
spherical jellium is equal to

Ug(r) = const + r = const + m, wM;, r,—(1)
27t p 2

where p denotes the jellium density. We note that the
frequency corresponding to the harmonic confinement co-
incides with the classical Mie frequency of a spherical
metallic particle, namely, with wM;, = cu&~ /i/3. As a
result, the energy of the plasmon in the case of Na60 +
must be practically equal to 3.4 eV.

To test this model-independent prediction, we have
carried a matrix-RPA calculation for Na60 +, and have
displayed the result in Fig. 2. Indeed, the RPA response
of Nasp 2P+ consists of a single line having 99.975% of the
total oscillator strength. The energy of this line is 3.412
eV, namely, it is located only 0.35% away from the Mie
value, in very good agreement with the prediction of the
Kohn theorem. We note that the calculated Thomas-
Reiche-Kuhn (TRK) sum rule is only 0.025% below the
theoretical value of 40 electrons.

Since this RPA result agrees with the exact many-body
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FIG. 2. Random-phase-approximation versus TDA oscilla-
tor-strength distribution of the dipole mode in the case of the
highly charged cationic Nasp + cluster (see text for details).

prediction to a very high degree, it offers a stringent test
of the accuracy and reliability of the method when ap-
plied to medium-size clusters. The matrix RPA results
presented in the previous paragraph can be contrasted
with the CI results for highly cationic sodium clusters.
Due to computational restrictions, the authors of Ref. 11
have calculated the optical response of a series of smaller
strongly ionized cations, namely, for Na~ '+ (in our no-
tation) with N —z = 8. For N = 28 and z = 20, they
found that, with respect to the excess charge, the CI re-
sults had fully converged to 3.79 eV. Since the Mie energy
in their case is 3.49 eV (corresponding to an r, of 3.93
a.u. ), the CI result disagrees with the exact many-body
prediction by 0.3/3.49=8.8%, a large discrepancy com-
pared to the 0.35% of the matrix RPA. Reference 11 also
reports that the calculated TRK sum rule for Naq6 + was
0.109 nm eV, compared to a theoretical value of 0.088
nm2 eV, namely, there is a large overestimation by 24%,
which compares unfavorably with the very small (only
0.025%) underestimation of the matrix-RPA calculation
for Na60

The RPA results presented in this subsection, and the
comparison with corresponding CI results for Na~ '+
clusters, suggest that there is a strong correlation be-
tween plasmon position and the extent of satisfying the
TRK sum rule. In this context, it is instructive to exam-
ine in detail how the position of the RPA plasmon con-
verges to the exact result when the size of the basis set
increases, and how this convergence in plasmon position
correlates with the convergence of the energy weighted
sum, S(E1). For the case of Nasp +, Table I lists the
successive plasmon positions, values of the S(E1) sum,
and static polarizabilities calculated with the matrix
RPA as a function of the character AA of particle-hole
transitions included in the basis set [JV = 2(n —1) + I de-
notes the principal quantum number of a single-particle
level (n is the number of nodes minus one and I is the
angular momentum of the single-particle state)j. When
solely the b.JV = 1 transitions are included in the basis
set, the TRK sum is exhausted already by 93.95%. How-
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C. The case of Na20

Reference 11 suggested that a CI analog of the RPA
plasmon for Na20 can be constructed by the following
procedure, namely: (i) by considering a CI ground state
which includes only 2p-2h correlations, and (ii) by includ-
ing only 1J)-lh and 3p-3h, pairs in the excited space. The
CI plasmon in this limited subspace shares a double-line
profile with the RPA-I DA plasmon of Ref. 1, a similarity
that was used to support the claim that the CI prescrip-
tion adopted in Ref. 11 produced indeed an RPA-like
plasmon. However, it is erroneous to isolate the profile
as the only characteristic feature of the RPA plasmon in
Na2o. As important as the profile may be, the position
of the resonance cannot be overlooked, when comparing
CI analog and RPA plasmons. Indeed, the double-line
profile of the RPA plasmon depends sensitively on its
position, a property that was explained in Ref. 1(b) by
approximating the RPA equations for Na20 by a simple
two-level model. In particular, it was found that the dou-

TABLE I. The variations in RPA of plasmon position, en-
ergy weighted sum S(E1), and static polarizability oo in the
case of Naop + as shells of higher AA character are suc-
cessively added to the particle-hole basis. A notation like
(AJV =) 1 —7 denotes the minimum and maximum character
of the shells considered at each step. The plasmon position is
given in eV. The S(E1) sum is expressed in units of 5 e /2m,

„

and the static polarizability in units of B . The numbers in
parentheses express the relative value of S(E1) with respect
to the TRK sum-rule value of 40.

1
1 —3
1 —5
1 —7

Position
3.742
3.460
3.415
3.412

S(E1)
37.582 (93.95%)
39.788 (99.47'%%uo)

39.982 (99.95%)
39.990 (99.97'%%uo)

0!p

0.82
0.96
0.99
0.99

ever, the plasmon position is at 3.74 eV, or 10%%uo above the
exact value of 3.4 eV (this error is of comparable magni-
tude with the error of the CI calculations for highly ion-
ized clusters with eight delocalized electrons). To reach
the high quality RPA results presented in Fig. 2 (and
discussed above), the RPA basis set needs to be enlarged
in order to include the AJU = 7 transitions. The basis-
dependent RPA results in Table I show that satisfying
the sum rule to high accuracy is a prerequisite for any
calculation in yielding the correct plasmon position.

Random-phase-approximation results for highly ion-
ized clusters have not been presented earlier, since it is
doubtful that such clusters can live long enough to be
studied under experimentally controlled situations. How-
ever, they are helpful in the present context, since they
show, that due to the agreement with the parabolic-
confinement prediction, the RPA is closer to the exact
many-body problem than a CI calculation in the best
space. This in turn suggests that any CI simulation of
RPA results requires an enlargement of the best space,
rather than a restriction of it to smaller spaces, as was
presumed in Ref. 11 in connection with the neutral Na2o.

ble line was the result of an interaction between the plas-
mon and the 2s ~ 3p particle-hole excitation, and that
the splitting was effective only when the plasmon was
situated +0.3 eV away from the location of the 2s ~ 3p
state (whose energy was 2.74 eV). Indeed, it was found
that the plasmon before fragmentation was located at 2.8
eV, well within the required distance of 0.3 eV away from
the 28 ~ 3p excitation. The coupling between the plas-
mon and the 28 ~ 3p transition finally yielded two lines,
one at 2.6 eV and the other at 2.9 eV.

Let us examine now the location of the CI analog. Ac-
cording to Ref. 11 (see, Fig. 16, middle panel) the "RPA-
like" plasmon comprises two lines, one at 3.6 eV and the
other at 4.2 eV. They are both above the classical Mie
value of 3.49 eV, in contrast with the experimentally
and theoretically established trend (namely, that the
plasmon shifts below the Mie value as the cluster size
decreases). These numbers (i.e. , 3.6 and 4.2 eV) are so
high in the energy scale that they alone, by themselves,
reveal the falsity of associating the CI analog of Ref. 11
with the RPA plasmon. The appearance of a double-line
profile in the CI analog is fortuitous and has the same
origin as the multipeak profile of the Tamm-DancofI' ap-
proximation (TDA) (see Fig. 16, left panel).

Another apparent property that a CI solution must ex-
hibit before being viewed as "RPA like" is the preserva-
tion of sum rules, a property well established ' in RPA
theory. For the particular RPA calculation for Nacho, the
error in the TRK sum rule was only 0.52% below the the-
oretical value of 20 electrons. In the case of Na20, Ref.
11 did not provide any information regarding sum rules.
However, from an inspection of its Fig. 5 (where informa-
tion was provided for the smaller sizes JV = 2 —10), one
sees that already for N = 10 the CI calculation violates
the TRK sum rule by 22'%%uo.

For the case of the CI calculation for Na20, one can only
surmise that the violation of the sum rules is even more
pronounced. This can be seen by using the well known
expression for the ratio, ms/mq, of the third sum-rule
moment over the first (TRK) sum-rule moment, namely,

m3 1—
m]

where K, is the total number of delocalized valence elec-
trons in the cluster and LN denotes the number of elec-
trons outside the positive jellium background {the so-
called spillout). It is known that the quantity Es provides
an upper limit for the centroid of any strength distribu-
tion, and that this result is model independent. For the
CI analog (see, middle panel of Fig. 16 in Ref. 11), an
appropriate minimum value for Es is 3.8 eV (which is
a compromise between the two peaks at 3.6 eV and 4.2
eV). Entering this value into Eq. (2) yields a value of
LN, = —3.57 electrons for the spillout of Na2o. This
negative value is certainly erroneous and indicates that
the CI calculation violates the sum rules to an unaccept-
able degree; it also illustrates how the violation of the
sum rules and the very high location of the CI plasmon
lines are intertwined (this is true both for the so-called
RPA-like subspace in the middle panel, as well as for the
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best space in the right panel of Fig. 16).
We further remark that the absence of a double line in

the best CI plasmon for Na2o (Fig. 16, right panel of Ref.
ll) can be traced directly to its high position, since the
single-particle spectra, and thus the resulting particle-
hole transitions, used in both CI and RPA calculations
are similar. Namely, the CI calculation for Na2O used also
an LDA potential to generate the single-particle states,
precisely as is done in the matrix RPA. This LDA single-
particle spectrum is listed in Table III of Ref. 11. An
inspection of this table shows that the CI 28 state lies
at —2.74 eV and that the 3p state lies at 0.14 eV, thus
yielding a value of 2.88 eV for the 28 ~ 3p transition
entering into the CI calculation. As a result, the best CI
plasmon at 3.6 eV (see, Fig. 16, right panel of Ref. 11) is
located 0.72 eV away from the crucial 28 ~ 3p transition,
a separation which, according to the two-level analysis
of Ref. 1(b), is far outside the required range (i.e. , 0.3
eV) for the development of a double line through the
interaction of the plasmon with this special transition.

We conclude that sufficient attraction (downward
shift) is not generated by the CI spaces used in Ref. 11
in order to push the oscillator strength to lower energies
and bring the CI plasmon in agreement with the RPA
plasmon (as well as in agreement with the experiment).
This lowering of the energy of the CI plasmon can only be
achieved by an enlargement of the best space, a require-
ment that is beyond the available computational capacity
at present. It is clear, however, that since lowering the
energy of the CI plasmon is crucial in establishing similar-
ity with the RPA, it is wrong to assume that "RPA-like"
solutions can be produced by a restriction of the best CI
space.

III. GROUND-STATE CORRELATIONS

We now turn our attention to the fundamental causes
which guarantee that the matrix RPA satisfies all the
consistency requirements as discussed in Sec. II.

because this is a charge-exchange transition. In fact, it
is known that for charge-exchange modes in heavy nu-
clei (namely, Isobaric analog states, Gamow-Teller states,
etc.) RPA and TDA modes are quite close, s4'ss because
of Pauli blocking caused by neutron excess which reduces
the backward-going Y amplitudes.

A comparison between TDA and RPA results provides
an easy way to assess (at least qualitatively) the impor-
tance of higher-order terms in the RPA ground state of
metal clusters. Figs. 2 and 3 display such a compari-
son for two different cases, namely, the highly ionized
Na6o + and the neutral Na8. It is seen that TDA and
RPA results are drastically different, which indicates that
the RPA ground state in metal clusters cannot be trun-
cated at the 2p-2h, level and that strong higher-order cor-
relations are present in the ground state of the system.

We note that the large difference between RPA and
TDA response should not be construed as a warning that
the RPA level of approximation is insufFicient for describ-
ing the photoabsorption of metal clusters, and that con-
sideration of extensions of RPA is indispensable. In-
deed this point is illustrated by the case of Naso 2o+ (see
Fig. 2) for which the exact many-body result is a pri
ori known (see Sec. IIB). Namely, as seen from Fig.
2, the matrix RPA yields the correct answer despite the
large difference with the TDA response. This, in its turn,
suggests that for metal clusters the single-particle occu-
pation probability distribution, ¹, associated with the
correlated RPA ground state exhibits small or moderate
deviations from the corresponding distribution, %, , as-
sociated with the uncorrelated TDA ground state (thus
guaranteeing the validity of the quasiboson approxima-
tion), even though there is a large difFerence between
these two ground states. In this respect, metal clusters
represent systems with unique behavior, very different
from the behavior of atomic nuclei.

Before proceeding further to offer explicit supporting
evidence for the above suggestion, we need to clarify the

A. The RPA ground state 0.8

TDA Na
Several publications have demonstrated that the

RPA ground state comprises contributions of all 2np-
2nh excitations of even order. Thus the claim that
an RPA-like analog can be extracted from the CI calcu-
lations when the latter are restricted to no higher than
2p-2h excitations for the ground state and up to 3p-3h
excitations for the collective dipole excited state, must
have been based on the assumption that, to a good ap-
proximation, the RPA ground state, ~RPA), is described
in all instances by its first two terms, and that higher
terms can be omitted. Naturally, such an approxima-
tion may be valid in some instances (e.g. , in the case of
beta decay in heavy nuclei ), but is wrong in the case
of metal clusters. A property that Koskinen et al. over-
looked in making analogies with this specialized nuclear
process is that beta decay is not a good case for assess-
ing the importance of ground-state correlations in nuclei,

0.4

CD

0
U
O
V)

0.0

0.8
RPA Na

0.4

0.0 I

3
Energy (ev)

FIG. 3. Random-phase-approximation versus TDA oscilla-
tor-strength distribution of the dipole mode in the case of the
neutral Nas cluster (see text for details).
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use of the term correlations in the present paper, since
many times in the nuclear literature this term has a dou-
ble meaning referring both to the difference between the
correlated and uncorrelated ground states and to the de-
viations of the corresponding single-particle occupation
probability distributions. Unless explicitly noted, hence-
forth, the term should be construed as referring solely to
the difference between the ground states.

To gain a deeper understanding of the nature of RPA
correlations, we have addressed the question of the struc-
ture of ~RPA) and have carried an explicit quantitative
analysis of the contributions of the different 2np-2nh
terms. To this end, we followed the formulation of Refs.
23 and 25, a brief outline of which is given below for the
convenience of the reader.

We consider the case of spherical clusters, where it is
convenient to introduce an angular-momentum-coupled
creation operator, A h(L, M), constructed as a linear su-ph
perposition of uncoupled particle-hole operators, atah,
having angular momenta lp and 1th, namely,

A„h(L,M) = ) (l„,lh, m„,mh~LM)( )'"+—
2

m~, m p, ,a.

X a& a~h, —m&, ~

commutators, it follows that the correlation coefFicients
are solutions of the set of equations,

) X„h(L)Cphp,h, ——Yp", h, (L) for all p', lL', v, L, (7)
p, h

1 u

where

A'o = exp( —u /2),

u = ) ) (2L+1)(Cp„„,„,)
I p, h,p', h'

(io)

The probability for finding the uncorrelated ground
state, ~0), in the correlated ~RPA) is

where the X and Y amplitudes are the eigenvectors of
the RPA secular problem. '

The probability P2 to 6.nd 2np-2nh excitations in the
ground state is given by the nth term in the expansion
of the scalar product (RPA~RPA), i.e. , by

P() ——JVO
where the index 0 denotes the spin variable. The ex-
pression in parenthesis is the usual Clebsch-Gordan co-
eKcient expressing the coupling of two angular momenta
(lq, l2) with projections (mr, m2) to a total angular mo-
mentum I with total projection M.

If the uncorrelated ground state is denoted by ~0),
the RPA ground state has the following exponential
form

while the average number of excited particles in the RPA
ground state is given by

n = ) 2nP,„=u' .

The final quantities, which we are interested in calcu-
lating, are the occupation number Np and the depletion
number 1 —Nh for a single particle or hole state, re-
spectively, i.e.,

IRPA) = Wp px0( ——) ) . ( )&ppp x— '

L,M p, h, p', h'

xA xIL, M)A, „,II, —M))~0) .

The exponential form of Eq. (4) results from the re-
quirement that the RPA ground state is the vacuum of
all RPA excitations, together with the use of the quasibo-
son approximation. This latter approximation is defined
as

~a a a, alhmhcr I mz cr & 1 I m I o L&~m&1 o'

and

where

~p = (RPA~a, «„„~RPA)
1 1

22(2l„~1) " '

1 —Nh = (RPA ~)a)„~„a& ~
RPA)

1 1

2 2(2l„+ 1) " ' (14)

in the uncoupled particle-hule representation and as

[I4ph(L~ M)~ 4 ph~(L'~ M')] ~ ~pp'~hh'~LL'~MM' p (6)

in the coupled particle-hole representation.
The correlation coeKcients C h, h, determine the am-php'h'

plitudes for the presence of two, four, six, ..~, 2n particle-
hole pairs in the RPA ground state. From the vacuum
property of the RPA ground state and the quasiboson

up ——) (2L+ 1)(Yp„)
L,v, h

uh = ) .(2L + 1) (&;h)
' .

L,v, p

The values N„and 1 —Nh must be su%ciently smaller
than unity in order for the quasiboson approximation
(and, thus, the RPA) to be valid, since
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(RPA~[Api, (L, M), A„,„,(L, M)][RPA)
= 8„„.4,h. ~(Ni —N„). (17)

0.06 — Na
+
441

J[lh ua. ~.
We note that due to the spherical-shell degeneracy

factors, I/(2l + 1), in Eqs. (13) and (14) small values
of N„and 1 —Nh do not necessarily imply a small ab-
solute value for the average number of excited particles
n = u [see, Eqs. (12) and (10)], which controls the dis-
tribution of the 2np-2nh components in the RPA ground
state through the Poisson distribution (8) (however,
small values of N„and 1 —Nh do imply a small relative
value of n with respect to the total number N, of delocal-
ized valence electrons, i.e. , n/N, « 1). A characteristic
feature of a Poisson distribution is the presence, in each
one of its members, of the exponential factor exp( —u /2),
which can cause a rapid suppression of the weight of the
uncorrelated ground state [0) [see, Eqs. (9) and (11)].
As we will explicitly discuss below, a situation arises in
metal clusters where the uncorrelated ground state ~0)
has small overlap with the RPA ground state,

(O~RPA) = 0, (18)

but still gives good results for single-particle occupation
numbers,

(0[ata~O) —(RPA~ata[RPA) .

We have calculated the occupation numbers N„and
the depletion numbers 1—Nh, the average number n, and
the probabilities P2 for the four clusters Na2p, Na2q+,
Na4~+, and Na44~+, and have displayed the results in
Fig. 4, Table II, and Fig. 5, respectively.

From Fig. 4, one sees that in all four cases the quan-
tities N„and 1 —Nh are indeed small, none of them
being larger than 0.10. On the other hand (see Table
II), the average number, n, , of excited particles is larger
than unity in all four cases and exhibits a rather rapid
increase in absolute value with increasing cluster size. In
particular, for Na44~+, one has n = 30.0, which yields
a vanishingly small weight for the Op-Oh contribution,
namely, lVo ——exp( —15.0) = 3.06 10 . We note that
the average number of excited particles above the Fermi
level is small in relative terms and never exceeds 10%.

Figure 5 explicitly demonstrates that truncating the
2np-2nh exponential series of ]RPA) at the 2p-2h level
is a bad approximation in all three cases, since higher
P2 probabilities remain considerably large. Specifically,
for Na2i+ the ratio P4/P2 0.5, while Po —P2 —0.4
(the P2 probability distribution for the neutral Na2o is
practically indistiguishable from that of the isoelectronic
singly charged Na2i +). The large RPA suppression of Po
is a crucial element for appreciating the weakness of the
CI method. Indeed, even for the best space, the weight,
Pp, of the Op-Oh, configuration in the CI ground state
for Na2o is 69%, which is much larger than the 40%
of the RPA calculation in the case of Na2i + (or Na2o).
This disparity between CI and RPA indicates again how
far away the CI calculation is from being RPA like. Nat-
urally, only an enlargement, and not a restriction, of the
best space can further reduce Pp and bring it closer to
the RPA standard.

-OO2—
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0.06 — Na
+
41

-o.o2 — l
I 1
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+
21
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—0.10 I I

—6 —4

Energy (ev)

FIG. 4. Occupation numbers N„)0 for particle states
and the opposite of depletion numbers Nh, —1 ( 0 for hole
states in the RPA ground state [see Eqs. (13) and (14)] for
the four clusters Na2p, Na2y+, Na4y+, and Na44q+. The x
axis denotes the energy of the hole or particle states. Plot-
ting the opposite of depletion numbers allows for an easier
visualization of the Fermi energy.

For Na4q +, the RPA Pp is only 0.15, and even the
8p-8h component has 8% probability (see Fig. 5). In the
case of Na44q +, the RPA P2 curve resembles a Gaussian
distribution centered around 2n = 30 n. In this
case, we note the vanishingly small weight for the first
five terms in the exponential expansion of [RPA).

The similarity in the ground-state correlations, as well
as in the single-particle occupation probabilities, between
the isoelectronic clusters Na2p and Na2j + is particularly
interesting, since the profiles of their photoabsorption
spectra are quite dissimilar. Indeed it has been found
that the neutral Na2p exhibits a double peak ' ', while
the singly-charged Na2q + is characterized by a single ab-
sorption band. This implies that the details of the pho-
toabsorption profiles do not infIuence the ground-state
correlations or the extent of validity of the quasiboson ap-
proximation. Vice versa, ground-state correlations influ-
ence directly only the position of the plasmon. The var-
ious photoabsorption profiles in isoelectronic cluster se-
quences are the direct result, not of variations in ground-
state correlations, but of variations in the single-particle

Na2p
1.82
9.10

Na2I +

1.81
9.05

Na4g +

3.84
9.60

Na44j +

30.04
6.83

TABLE II. The average number n [Eq. (12)] and the per-
centage of excited particles above the Fermi level in the RPA
ground state.
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B. Physical reasons
for the strong higher-order correlations
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FIG. 5. The probability distribution P2 for finding a
2np-2nh configuration in the RPA ground state [see Eq. (8)] of
Na2p, Na2& +, Na4& +, and Na44& +. The uncorrelated ground
state (reference determinant) corresponds to 2n = 0.

spectra (due to the excess charge) and of the ensuing
variations in the interplay of the particle-hole transitions
with the plasmon (see, Refs. 1, 3, 4 for a detailed discus-
sion of this efFect).

The explicit quantitative analysis in this subsection has
shown that the linear response of metal clusters is char-
acterized by the presence of strong correlations (namely,
a large difference between correlated and uncorrelated
ground states) together with small or moderate devia-
tions between the corresponding single-particle occupa-
tion probability distributions. This behavior becomes
more accentuated the larger the size of the cluster. What
happens can be explained in a qualitative way as follows:
Let us assume that we have a sodium cluster Na~ with
K = 10000 atoms, and let us suppose that 1% of the de-
localized valence electrons are on the average above the
Fermi level in the ground-state wave function. This yields
n = 100, which means that the P2 distribution will be a
Gaussian centered at 2n = 100, namely, the most impor-
tant contribution in the correlated ground state will arise
from the 100p-100k excitations. Now a 100p-1006 excita-
tion seems to be separated by a large difFerence from the
Op-Oh initial determinant (it is customary to think that
only a 2p-26 state is close in some vague sense to the ini-
tial Op-Oh determinant). However, the validity of the qua-
siboson approximation does not rest on the proximity or
not of states, but on the proximity of single-particle occu-
pation probabilities. Namely, in the example considered
here only 100 occupation numbers can be infIuenced out
of 10000. Since there are many ways (permutations) of
choosing 100 electrons out of 10000, the two occupation-
number distributions are very close, even though the two
ground states are rather apart as wave functions [see also
Eqs. (18) and (19)].

In this subsection, we provide an explanation why the
RPA yields such strongly correlated ground states in the
case of metallic clusters. Specifically, we will show that
this behavior is related to the long-range character of the
Coulomb force, which in this respect is dissimilar from
the short-range character of the nucler forces.

A main consequence of the long-range character of the
Coulomb force is that the plasmon energy, as a function
of size, increases and slowly approaches a finite value,
namely, the classical Mie energy [on the contrary, the en-

ergy of the nuclear giant dipole excitation decreases as
A ~ as a function of size (A is the nuclear mass num-

ber)]. The finite value of the Mie energy results in large
values for the backward-going RPA Y amplitudes (large
in relative terms with respect to the forward-going X am-
plitudes), and thus in exceptionally strong correlations in
the RPA ground state. This can be seen as follows.

Let us focus on the dipole mode (L = 1) and let us
assume for simplicity that the RPA produces one single
collective excitation (plasmon), Ic), with energy ~ [this
assumption is better fulfilled for large and highly cationic
clusters (see Secs. II A and II 8)].Using a separable-force
approximation for the Coulomb force, an approximation
that is valid for large metal clusters, the RPA amplitudes
are given by an analytic expression as follows,

(pl l~(@1)I I &)
ph LtJc —E'ph

q (pl 1~(E1)II ~)
ph )~c + Cph

(20)

where the particle-hole transitions have energies eph ——

e'„—eg, and (pl IM (E1) I I
h) is the reduced matrix element

between single-particle states of the electric dipole op-
erator M(E1; p) = /4vr/3 er Yi„(r),Yi„(r)being the
corresponding spherical harmonic. C is a normalization
constant.

From Eq. (20), one finds that the diagonal ratios
Y„'&/X„'&are given by

+ph ~c &ph

X h ~c+&ph (21)

The particle-hole transitions which mainly contribute to
the TRK sum-rule are those with AA' = 1 or 3. 4 s The
energy of these particle-hole transitions varies roughly as
N / and thus becomes smaller the larger the size of
the cluster. ' Since the plasmon energy ~ in the right-
hand side of Eq. (21) remains finite in value as the size
increases (it approaches the classical Mie value), it fol-
lows from Eq. (21) that the relevant ratios Y„'&/X„'I,(i.e. ,

those associated with the AJV = 1 or 3 transitions) in-
crease steadily and approach unity for very large clusters.
Indeed, our numerical calculations provide a confirmation
of this trend. Specifically, the largest Y'&/X'& ratios42

are 0.30 for Na8, 0.57 for Na60 +& 0.73 for Na338, 0 81
for Na952, and 0.85 for Naq982.
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We have addressed the behavior of the diagonal ra-
tios Y„'&/X &, because they determine the magnitude of
the correlation coeKcients C„&„,&, , as can be seen from

Eq. (7), and thus the precise contribution of higher-order
correlations in the RPA ground state. In the case of
clusters, we have shown that these ratios have large val-
ues (approaching unity for large clusters) as a result of
the long-range character of the repulsive Coulomb force.
This behavior provides the underlying physical reason for
the presence of the strong higher-order correlations cal-
culated in Sec. IIIA, which became stronger the larger
the size of the cluster.

The backward-going amplitudes represent the inhu-
ence of ground-state correlations on the different quanti-
ties associated with the collective modes (e.g. , plasmon
position, etc.). In particular, besides generating through
Eq. (7) the strong higher-order components in the ground
state, the large diagonal ratios Y„'&/X„'&are instrumen-

tal in quenching (with respect to the TDA or the un-
perturbed case) the RPA dipole transition probabilities,
B(E1;v), associated with the RPA states (we consider
all RPA states v here), thus creating the conditions for
the preservation of the TRK sum rule. This quenching is
remarkably e%cient, since our calculations show that the
energy weighted sum, S(El), for the TDA calculation of
Na60 + is 244.89 to be contrasted with the TRK sum-
rule value of 40. Thus TDA violates the TRK sum rule
by 612%, while the corresponding RPA result deviates
from the theoretical value only by 0.025%. It is interest-
ing to demonstrate what happens in detail, and thus we

repeat here the RPA expression for B(E1;v), namely,

B(E1;v) = —) l(nil(E1) llh) (X„"a—Y„a)I' (22)'
p, h

The energy weighted sum is then given by the expression

S(E1) =) E„B(E1;v),

the short-range character of nuclear forces. As pointed
out in Ref. 7, the larger ratios Y'&/X'& in metal clus-
ters as compared to the case of nuclei is the origin of
the very different importance of anharmonicities in the
two cases. The two-plasmon spectrum in Na20 is highly
anharmonic. On the contrary, in the nuclear case, the
two-boson spectrum associated with the double excita-
tion of the giant dipole resonance is almost harmonic.

IV. CDNCLU SIONS

We conclude that keeping only the first two terms in
the exponential expansion of the RPA ground state is
a poor approximation in the case of metal clusters. To
simulate the RPA solutions, one needs to enlarge the best
CI space, rather than restrict it.

The discrepancies between the CI and RPA calcula-
tions result from numerical weaknesses of the former,
since the lack of convergence prevents the CI method
from developing in the ground state the Poisson-like dis-
tributed correlations (see Fig. 5), which are the hallmark
of the RPA ground states in metallic clusters (these cor-
relations are intricately related to the preservation of the
TRK sum rule). The underlying physical reason for these
strong higher-order correlations is the long-range charac-
ter of the Coulomb interaction. In contrast to the CI
method, the RPA [through the backward-going Y am-
plitudes, see Eq. (7)t possesses an efBcient way of ac-
counting for the strong higher-order correlations present
in metal clusters. It is this ability, together with the
validity of the quasiboson approximation due to small
deviations of RPA single-particle occupation probabili-
ties from those associated with the reference determi-
nant, that makes the RPA such a powerful tool in de-
scribing the plasmon modes in clusters. In particular,
the reliability of the RPA was demonstrated in two spe-
cial model-independent cases, namely, the case of highly
ionized (see Sec. IIB) and the case of very large clusters
(see Sec. II A).

where the energies E are the solutions of the RPA sec-
ular equation. In the case of TDA, corresponding ex-
pressions result by formally setting Y 1,

——0 in Eqs. (22)
and (23). From Eqs. (22) and (23), it is seen that the
large ratios Y„"&/X„&provide the strong quenching of
B(E1;v) and S(E1) by acting through the differences

(X;~ —Y,"~) "
We further mention that the behavior of the RPA

backward-going amplitudes in metal clusters is quite dis-
similar from the case of nuclear giant dipole excitations
whose energy goes to zero for large mass numbers due to
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