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One expects that the one-dimensional approximation for the resonant-tunneling-diode tunneling
current should be very accurate in the InAs/A1Sb materials system, with its large barriers and largely
I -like tunneling. We study this approximation as well as the two-dimensional expression, which takes
into account the explicit dependence of the transmission coefficient on the magnitude of the in-plane
wave vector k~~. We find that even here the one-dimensional approximation fails, producing curves that
are qualitatively very different from those of the two-dimensional approximation and study the reasons
for the differences. We also briefly examine the angular dependence of the transmission coefficients, the
results indicating that the two-dimensional approximation is likely to be fairly good for the structures
studied.

I. INTRODUCTION

Resonant-tunneling diodes (RTD's), quantum wells
(QW's), and related structures formed by alternating thin
layers of different materials are approximate realizations
of the ideal, one-dimensional, double-barrier tunneling
and particle-in-a-box problems familiar from introducto-
ry quantum mechanics. The realization is, however, an
imperfect one for, even ignoring phonons, interface
roughness, and imperfections, these devices are fully
three dimensional, so that the carrier wave vector lying in
the plane of the heterointerfaces, k~~, is a conserved quan-
tity. The importance of nonzero k~~ has long been recog-
nized for hole and interband tunneling devices and QW's,
owing to the presence of heavy-hole, light-hole, and
split-off valence bands. ' Recently, Kiledjian et al. have
calculated current-voltage characteristics for interband
tunneling structures both with and without explicit ki~

dependence, finding markedly different results in the two
cases. In contrast, most models of conduction-band de-
vices omit this kI~ dependence, even though it was includ-
ed long ago in the work of Ben Daniel and Duke. Ap-
parently, many workers still believe that nonzero k~~ is of
little importance in conduction-band-only RTD's and
QW's; here we show that this assumption is false.

While our previous work shows the importance of
nonzero k~~ for the transmission coefficients of InAs/A1Sb
RTD's, the most convincing demonstration remains a
comparison of current-density-voltage (J-V) characteris-
tics calculated with and without the explicit k~~ depen-
dence for ordinary devices fabricated in this materials
system. The InAs/A1Sb system is particularly attractive
for this purpose due to the large conduction-band discon-
tinuities between the I and X valleys of A1Sb and the I
valley of InAs, about 2. 1 and 1.5 eV, respectively. ' (Here
we consider structures having the growth axis along e, so
that only the I and longitudinal X valleys are of concern
in typical devices under the assumptions laid out in the
foregoing paragraph. ) As a consequence of these very
large conduction-band offsets, Aatband states tend to be

mostly I like except in the thinnest of structures, so that
a RTD with an InAs well and bulk regions and A1Sb bar-
riers seems the realization of the one-dimensional
double-barrier tunneling problem. Furthermore, this sys-
tem is of technological importance: InAs/A1Sb RTD's
have demonstrated high peak-to-valley current ratios and
large current densities, properties desirable for excellent
high-frequency performance. Also, Carnahan et al. re-
cently reported interesting magnetotunneling results on
InAs/A1Sb RTDs, and Brar et al. present photo-
luminescence results on very narrow InAs/A1Sb QW's.
Hence the attraction of this system for the study of the
inAuence of nonzero k~~ in calculated RTD J-V charac-
teristics.

The paper is organized as follows. Section II discusses
the method and assumptions employed. In Sec. III we
present the results of our calculations and analyze them.
Finally, Sec. IV contains the summary and our con-
clusions.

II. METHOD AND ASSUMPTIONS

We contemplate here a RTD grown in the z direction,
having heterointerfaces parallel to the x-y plane, and ig-
nore scattering due to phonons, interface roughness, im-
purities, and the like. As we study InAs/A1Sb RTD's, we
shall be concerned with electron tunneling only, and we
denote by —e the electron charge and V the bias across
the device (for forward bias V )0). (We ignore any inter-
band tunneling which might occur at high bias when the
quasi-Fermi level of the collector falls below the bulk em-
itter valence-band maximum. ) With these assumptions
and definitions, the conserved quantities are the energy E
and in-plane wave vector kI~

=k e +k e„. Working
within the single-electron approximation, we denote by
T(E, k~~, V) the transmission coefficient of an electron of
energy E and in-plane wave vector k~~ incident on a RTD
under bias V. The magnitude of the net tunneling
current from emitter to collector (including a factor of 2
for spin degeneracy) is then
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T(E,k, V) T(E,k„e„,V)

in (1), yielding

(2)

J= EV — E, V
(2ir) iri

x T(E,k((e, V)k((dk((dE . (3)

In (2) we assume that the transmission T is independent
of the direction of k~~,

' the choice k~~
=k~~e, is made strictly

for convenience. Note that if the transmission is indeed
completely isotropic, then the two-dimensional approxi-
mation (3) is exact.

The second, very widely employed approximation to
(1), which we shall term the one-dimensional approxima-
tion, results from replacing

T E'kll' V —+ T(E 'O' V T(E' V

in (1), where E,=E fi k~~
—/2m*, with m* the electron

effective mass in the bulk emitter, resulting in

epl kg TJ =
2~ fi

X T E, Vln.

(p, E)—
k~T

(p, E —eV)—
k~T

1+exp

1+exp

dE,

J3=,E, V —,E, V
(2ir) iii

X T(E,kit, V)dk„dE

where f, and f, are the Fermi-Dirac functions for the
bulk emitter and collector, respectively (both presumed
heavily doped). Because of the computational effort re-
quired to evaluate (1) numerically, one commonly makes
one of two approximations to render the calculation more
tractable.

The first level of approximation, which we shall call
the two-dimensional approximation, results from the re-
placement

method are presented elsewhere; ' other methods are also
possible. ' We ignore the effects of strain in InAs/A1Sb
devices, taking the A1Sb in-plane lattice constant to be
that of InAs, and assume that there is associated with
each A1Sb barrier one InSb-type and one A1As-type inter-
face. ' We include space-charge regions in the calculation
(Kiledjian et aL do not), incorporating the Poisson solu-
tion into the Schrodinger equation as a stepwise-constant
potential, but do not solve the two equations self-
consistently. ' The numerical integration routine em-
ploys adaptive stepsize control. '

III. RESULTS AND DISCUSSION

Here we examine the two approximations to (1), given
in Eqs. (2)—(5). Computer speed limitations render the
evaluation of (1) highly impractical, so we will compare
(3) and (5). We will also investigate the accuracy of (2)
and (3) by examining the angular dependence of the
transmission coefficients for the structures of concern.

In Figs. 1 —5 we present the J-V and transmission
characteristics of a double-barrier InAs/Alsb RTD with
13-monolayer (ML) undoped Alsb barriers and a 15-ML
undoped InAs well. Between the emitter barrier and bulk
emitter there are 33 ML of undoped InAs; on the collec-
tor side there is but 1 ML. Both bulk regions are N-
doped to 10' cm, the temperature is 4.2 K, and each
bulk chemical potential lies about 159 meV above its
respective conduction-band minimum. In the calcula-
tion, we take each bulk region to be 450 ML in length to
ensure a Hat bulk conduction band.

Figure 1 shows the J-V curves of this device as calcu-
lated with the two-dimensional approximation (3) (solid
line) and the one-dimensional approximation (5) (dashed
line); symbols (diamonds and crosses, respectively) show
the actual points computed. Obviously the two curves
are very different, the two-dimensional result having a
more gradual cutoff than the one-dimensional curve as
well as a lower peak current density. The shape of the

(5)
7000-

where T is the absolute temperature, kz is Boltzmann's
constant, and p, is the chemical potential in the bulk
emitter. Note that (4) assumes that the transmission does
not depend explicitly on k~~ and is only exact should this
be the case. Equation (5) is still widely used, doubtless
due to its computational convenience, in spite of the fact
that it can produce J-V characteristics having unphysical
features. '

In this work we calculate the transmission coefficients
with an empirical tight-binding approach (we employ the
sp s* nearest-neighbor model of Vogl, Hjalmarson, and
Dow") based on the transfer-matrix method;' the pa-
rameters used are listed in the Appendix. Due to the
presence of evanescent transfer-matrix eigenstates, it is
necessary to employ a numerical stabilization procedure
for all but the shortest of structures. The details of our

3000-
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FIG. 1. Current density vs applied bias for an InAs/AlSb
double-barrier RTD with 13-ML barriers and a 15-ML well as
calculated using (3) (solid line) and (5) (dashed line). Actual
points computed are indicated by diamonds and crosses, respec-
tively.
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FIG. 2. Base-10 logarithms of the transmission coefficient vs

applied bias for the device of Fig. 1. Solid line: k~I=0. 04028
A e, E=0. 158 64 eV; dashed line: k~~

=0, E=0. 158 57 eV;
dotted line: k~I=0, E=1.430X10 eV.

FIG. 4. Transmission coefficients of Fig. 3, plotted in the
neighborhood of the peaks. Solid line: 0=0; heavy dashed line:
0=0.1m; dotted line: 0=0.3~; dashed-dotted line: 0=0.6'',
light dashed line: 0=0.8m.

one-dimensional curve is easily understood in terms of a
constant-width Lorentzian transmission model;' we dis-
cuss the shape of the two-dimensional result below.

In spite of the qualitative differences between the two
graphs, note that both have approximately the same
turn-on and turn-oF biases. The reasons for this become
clear upon examination of the transmission coe%cients in
Fig. 2. At the turn-on bias, the main contributors to the
tunneling current will be those electrons with maximum
k, in the bulk emitter. From the graph for the electron
with bulk emitter wave vector k =kf e, (kf is approxi-
mately the Fermi wave vector) in Fig. 2 (dashed line) we
see that this is indeed the case, for the transmission reso-
nance occurs very near the turn-on bias. Similarly, the
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main contributor s at the turn-off bias will be those elec-
trons with minimal k, in the bulk emitter. Curiously, we
see in Fig. 2 that the transmission of the electron with
bulk emitter wave vector k=k, e, (dotted line; we take a
conveniently small value k, =0.001 A ') maximizes near
the turn-off bias, but that the transmission of the electron
with bulk emitter wave vector k=kfe +k, e, (solid line)
maximizes at a lower bias, in contrast to what we expect
from effective-mass models. In earlier work we have
shown that in InAs/A1Sb devices the transmission peaks
for electrons with a given bulk emitter E, but larger k~~

tend to occur at lower biases than those of smaller k~~,

due to the nonparabolicity of the InAs conduction band:
this separation of transmission peaks has a direct bearing
on the shape of the two-dimensional result. Finally, the
very-low bulk emitter k, electrons show extra, very weak
(note that logarithmic scale) transmission resonances.
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FIG. 3. Base-10 logarithms of the transmission coefficient vs
o

applied bias for the device of Fig. 1. k
~~

=0.040 28 A
E=0.158 64 eV for various directions of k~~ (see text). Solid line:
0=0; heavy dashed line: 0=0. 1m, dotted line: 0=0.3~;
dashed-dotted line: 0=0.6~; light dashed line: 0=0.8~. Those
for 0.3m. and 0.8~ lie nearly atop one another, as do those for
01.~ and 0.6m. At 0.1-V bias the highest transmission is at 0.3m

and 0.8~, the lowest is 0, and those for 0. 1~ and 0.6w are in be-
tween.
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FIG. 5. Base-10 logarithms of the transmission coefficient vs
o

applied bias for the de~ice of Fig. 1. k
~~

=0.01 A
E=0.026 52 eV for various directions of k~~ (see text). Solid line:
0=0; heavy dashed line: 0=0. 1~; dotted line: 0=0.3~;
dashed-dotted line: 0=0.6m,' light dashed line: 0=0.8m. . All
curves lie nearly atop one another.
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This is hardly surprising: from elementary wave con-
siderations, we know that these electrons are very sensi-
tive to minor potential hills and valleys which develop in
the space-charge regions, such as the notch which usually
forms in front of the emitter barrier. Thus their
transmission will tend to show shallow peaks when they
are in resonance with one of the very weakly bound
above-notch states.

Let us now consider the shape of the two-dimensional
graph. From Fig. 2, it is apparent that transmission res-
onance of the electron with bulk emitter k= k&e„+k, e,
occurs at approximately the current-density peak; this
can be explained with a simple counting argument. No-
tice that the transmission resonances for the electrons
with bulk emitter k =k&e, and k =k, e, occur at lower
and higher biases, respectively, so that the transmission
of an electron with bulk emitter z-wave vector between
these two should maximize at the current-peak bias as
well (here k =0.025 A 'e, ). Furthermore, this bias
should coincide with the transmission resonance of elec-
trons of all occupied k~~ and different bulk emitter k, .
Therefore, the greatest number of electrons contribute to
the current at this bias and, discounting differences in
transmission maxima and widths, the current tends to
maximize here.

We now investigate the accuracy of the replacement (2)
which results in the two-dimensional approximation (3)
for this device by comparing transmission coefficients for
incident electrons with the same k~~ and E but differing
directions of k~~. In Fig. 3 we plot the transmission for

0
electrons with k~I =0.04028 A ' and energy relative to
the bulk emitter conduction-band minimum, E=0. 158 64
eV (i.e., near the Fermi surface in the bulk emitter) for
several angles 8 where k~~=k~~ cos(e)e +k~~ sin(8)ey. In
Fig. 4 we plot the same transmission coefficients on a
liner scale in the neighborhood of the peaks. From Figs. 3
and 4 we see that the various peak biases differ by less
than 3.5 mV and that there is some variation in the reso-
nance widths. The 0=0 curve of Fig. 3 shows some ex-
tra, very shallow, transmission resonances, but its bulk
emitter k, =0.001 A ', whereas the values for the other
electrons are about 0.00365 (O. lm, 0.6') and 0.00577
A ' (0.3m, 0.8'), so that it will more greatly feel the
effects of band bending in the emitter space-charge region
(recall the problem of transmission over a potential well
from elementary quantum mechanics). In Fig. 5 we plot
the transmission for electrons with k~I =0.01 A ' and en-
ergy relative to the bulk emitter conduction-band
minimum, E =0.026 52 eV (all have bulk emitter
k, =0.01 A ') for various directions of k~~. Here the
agreement is much better, the curves lying almost atop
one another. If the replacement (2) were exact, then all
curves in Figs. 3—5 would exactly coincide. Notice, how-
ever, that even in Figs. 3 and 4 they are fairly close in po-
sition, while they are very close indeed in Fig. 5. Compar-
ing the transmission behavior with that for a similar de-
vice studied earlier, we see that the replacement (2) is
much better than the replacement (4). Thus, while Figs.
3 —5 make it clear that (3) is not exactly correct for this
device, they do indicate that it is probably a fairly good
approximation; in any event it appears to be a reasonable
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FIG-. 6. Current density vs applied bias for an InAs/AlSb
double-barrier RTD with 13-ML barriers and a 30-ML well as
calculated using (3) (solid line) and (5) (dashed line). Actual
points computed are indicated by diamonds and crosses, respec-
tively.

tradeoff between accuracy and computational effort vis a
Uis (1).

In Figs. 6—9 we consider the J-V and transmission
characteristics of another InAs/A1Sb RTD. This device
has a 30-ML undoped InAs well and only 1 ML undoped
emitter and collector spacers; the other parameters of
this device are identical to those of the first. The J-V
characteristics are qualitatively similar to their counter-
parts in Fig. 1, although the first peaks of both curves
have immediate turn on and that of the two-dimensional
result has a sharper cutoff. The reasons for this behavior
are evident from Fig. 7, where we plot the transmission
coefficients of three different electrons with in-plane wave
vectors and energies (relative to the conduction-band
minimum) k~~=0. 04028 A 'e =k&e„, E=0.15864 eV
(solid line); k~~=0, E=0.15857 eV (dashed line); and
k~~=0, E=6.767X10 eV (dotted line). The z energy of
the first is identical to that of the last: E E, (—0.04028
A 'e )=6.767X10 eV. We see that the transmission
peaks of the second electron, which has a high bulk
emitter k„coincide with the turn-on points at about 0.27
and 0.69 V. Notice, however, that this electron has no
peak at zero bias: the first quasi-bound state for k~~

=0 lies
below the bulk-emitter Fermi level. (Specifically, at zero
bias, the electron with k~~

=0 and E =0.152 eV is in reso-
nance with the lowest quasi-bound state of the well. ) The
sharp cutoff of the first peak and gradual cutoff of the
second are mirrored in the transmission plots as well: the
lowest transmission resonances of the small-k, electrons
occur much closer together than do the second reso-
nances. (Note that the InAs conduction band is less par-
abolic at the higher energies of the second transmission
maxima. ) Finally, as before, the transmission peaks of the
electron with k~~ =k&e and small bulk emitter k, approx-
imately coincide with the current peaks of the two-
dimensional result, while the transmission maxima of the
electron with k~~

=0 and small bulk emitter k, lie close to
the cutoff' points.
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FIG. 7. Base-10 logarithms of the transmission coefficient vs
applied bias for the device of Fig. 6. Solid line: k~~=0. 04028
A e, E=0.15864 eV; dashed line: kI~=O, E=0.15857 eV;
dotted line: k~~

=0, E =6.767 X 10 ' eV.

In Fig. 8 we demonstrate the inadequacy of the one-
dimensional approximation (5) for this device. Here all of
the electrons are of the same z energy, E, =E —E, (k—~~), in
the bulk emitter; these energies and in-plane wave vectors
are given in Table I. Were the replacement (4), which
leads to the one-dimensional approximation (5), correct,
all of the curves would exactly coincide. Observe that
there is a significant spreading of even the first transmis-
sion maxima. As previously mentioned, this behavior
arises from the nonparabolic InAs conduction band; in
fact, it is not difficult to show that, under conditions
which are usually obtained, increasing k~~ results in a
lower resonant bias. Assume that the Hatband quasi-
bound state of interest lies below the inAection point of
the conduction band, and that in the relevant energy
range this band is describable by the isotropic, but non-
parabolic form'

0.0

I

I
I

FIG. 9. Base-10 logarithms of the transmission coefficient vs

applied bias for the device of Fig. 6. k~~
=0.04028 A

E =0.158 64 eV for various directions of k~~ (see text). Solid line:
0=0; heavy dashed line: 0=0. 1m', dotted line: 0=0.3~;
dashed-dotted line: 0=0.6m", light dashed line: 0=0.8m. Those
for 0.3n. and 0.8m lie nearly atop one another, as do those for
0. 1m and 0.6~. At 0.05-V bias the highest transmission is at
0.3m. and 0.8~, the lowest is at 0, and those for 0. 1m and 0.6m

are in between.

AkE(1+aE)=
2m*

(6)

where k =k +k, . The relation E(k) is then given by
the solution of the quadratic equation (6), taking the posi-
tive square root. As long as the energy of the quasi-bound
state relative to the conduction-band minimum at the
center of the well is unchanged by applied bias, and the
z-wave vector of this state, k, is the same for all k~~ or in-
creases with increasing k~~ (these conditions were found to
usually hold in Ref. 4), the bias at midwell necessary to
bring the quasi-bound well state in resonance with the
bulk emitter state k =k~~+ k, e, is U = E(k~~+ ke, )

E(k~~+k, e, )—, where we assume k, (k, so that

A k~~ 1
1/22'1+ (k„+k )

O

t
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TABLE I. Values of in-plane wave vector, k~~
=k e, and en-

ergy relative to the bulk emitter conduction-band minimum, E,
for electrons whose transmission coefficients are plotted in Fig.
8. All electrons have E, =E —E, (k~~ ) =0.013 77 eV.

(A ) E (eV)
FIG. 8. Base-10 logarithms of the transmission coefficient vs

applied bias for the device of Fig. 6. See Table I for the parame-
ters of each curve: A (solid line), 8 (heavy dashed line), C (dot-
ted line), D (dashed-dotted line), and E (light dashed line). In
each group of transmission peaks the resonant bias decreases on
progressing from curve 2 through curve E.
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0.000
0.010
0.020
0.030
0.038

0.013 77
0.027 54
0.063 83
0.11368
0.158 91
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is negative for all k~~, and thus increasing k~~ for given k,
and k„results in a transmission resonance at a lower
bias.

Having established from the results presented in Fig. 8
and the J-V characteristics plotted in Fig. 6 that the one-
dimensional approximation is woefully inadequate for
this device, we examine the two-dimensional approxima-
tion (3). In Fig. 9 we graph the transmission of electrons
lying near the bulk-emitter Fermi surface, with

k~~
=0.04028 A ' and energy relative to the bulk-emitter

conduction-band minimum, E =0. 158 64 eV, for varying
directions o k~i kii cos ~ e +k~i sin 9)e~. As with the
previous device, there is some variation of peak position
and width as the angle changes, but the spreading is not
nearly as great as that shown in Fig. 8. This indicates
that (3) is relatively speaking a much better approxima-
tion than (5) and is likely fairly good. At the very least,
these results indicate that (3) represents a reasonable
tradeoff between accuracy and effort, given the computa-
tional challenge posed by (1).

Parameter InAs Alsb

E (sa)
E(pa)
E (sc)
E(pc)
E(s*a)
E{s*c)
V(s, s)
V(-', -)
V(x,y)
V(sa, pc)
V(pa, sc)
V(s a,pc)
V(pa, s *c)

—9.6081
0.9099

—2.5519
3.7201
7.4099
6.7401

—5.4052
1.8398
4.4693
3.3054
5.4389
3.3744
3.9097

—5.249 96
1.102 14

—1.650 16
3.137 74
6.882 14
6.275 74

—5.6648
1.7199
3.6648
5.5000
6.2137
5.3000
5.2739

TABLE II. Tight-binding parameters (units are eV); the nota-
tion is that of Ref. 11.

IV. SUMMARY AND CONCLUSIONS

Despite the great progress which has been made in
modeling RTD's, most work on conduction-band tunnel-
ing still neglects the effects of nonzero k~~. We have stud-
ied InAs/A1Sb devices, which should be nearly ideal due
to the large I - and X-valley barriers of A1Sb relative to
InAs, so that tunneling is mostly I like. Nevertheless,
we have demonstrated here that including the explicit k~~

dependence of the transmission coefficient in J-V calcula-
tions for rather ordinary devices results in markedly
different curves from those of calculations which neglect
it. Previous work has shown that conduction-band non-
parabolicity tends to spread out the transmission maxima
for bulk emitter electrons of similar z energy but differing
k~~. Here we have seen that this spreading manifests itself
in the J-V characteristics. We have also examined the an-
gular dependence of the transmission coefficients for
these devices, observing that while the transmission is not
exactly isotropic, assuming it to be so is probably a good
approximation, especially in light of the extraordinary
computational effort necessary to include it. Thus we
conclude that the one-dimensional approximation for the
current density ought to be abandoned in favor of the
two-dimensional approximation in most cases.
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APPENDIX

In Table II we list the InAs and A1Sb tight-binding pa-
rameters used in these calculations: they represent a
compromise in fitting the masses and gaps at the I point
and at the indirect minima at or near the X points. For
InAs they reproduce E d;, =0.375 eV, E;„d=2.277 eV,
and m~ =0.0266mo and m&=1.400mo, and for AlSb
they reproduce Eg d;, =2. 372 eV, Eg;„d= 1.681 eV,
m I*- =0.136mo, and m& = 1.516mo Eg dl denotes the en-

ergy difference between the conduction and valence
bands at I, while E;„d denotes the difference in energy
between the conduction-band minimum along the [100]
directions and the valence-band maximum; mo denotes
the free-electron mass and mz the longitudinal X-valley
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