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All-electron study of gradient corrections to the local-density functional
in metallic systems
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Using the all-electron linearized-augmented-plane-wave method, we calculate the eKect of in-
cluding gradient corrections to the exchange-correlation functional on the structural properties of
the simple metal Al, transition metals Ta, W, and Pt, and noble metals Cu, Ag, and Au. For all
the systems studied, the local-density approximation (LDA) yields bond lengths that are too short
and bulk moduli that are too large. The generalized gradient functional introduced by Perdew and
Wang (PW91) yields corrections that are in the right direction (larger bond lengths and smaller
bulk moduli), but it frequently overcompensates. The PW91 functional predicts the lattice constant
of Cu and Ta more accurately than the LDA but yields values that are less accurate than the LDA
for Ag, Pt, and Au. The PW91 functional predicts the bulk moduli of Al, Cu, Ag, Ta, and W more
accurately than the LDA.

I. INTRODUCTION

The density-functional method ' provides a frame-
work within which ground-state properties of many phys-
ical systems can be calculated. While density-functional
theory is exact in principle, a practical implementation of
the method requires the approximation of the electronic
exchange-correlation energy. The simplest and most
widely used approximation to the exchange-correlation
energy is the local-density approximation (LDA). For
a given electronic density, the LDA replaces the true
exchange-correlation energy at each point in space by
the exchange-correlation energy of a homogeneous elec-
tron gas of the same density. '

In principle the LDA is only valid for an electron gas of
slowly varying density. However, the LDA works surpris-
ingly well in predicting ground-state properties of atoms,
molecules, and solids with strongly inhomogeneous elec-
tron densities. The errors inherent in the LDA are similar
among various systems. The limitations of a local formu-
lation of exchange correlation are well known and here
we mention only a few of them. The LDA overestimates
the binding energies of molecules and solids while under-
estimating the magnitudes of total energies. In atomic
systems the LDA tends to overestimate the first ioniza-
tion energy and underestimate 8p and 8d transfer ener-
gies. The LDA predicts a nonmagnetic fcc phase of bulk
iron instead of the correct ferromagnetic bcc phase. " In
bulk solids the LDA tends to overestimate bulk moduli
and underestimate equilibrium lattice constants. '

Recent attempts to improve the LDA have focused on
the generalized gradient approximation (GGA) in which

the exchange-correlation functional incorporates terms
containing density gradients. Merits of a GGA ap-
proach include the ease with which a functional can be
implemented in an existing code and the low computa-
tional cost of computing density gradients. In this article
we focus on the GGA recently proposed by Perdew and
Wang (PW91). ' ' The functional is based on a real-
space cutoK of the exchange-correlation hole about an
electron. The cutoK ensures that the functional obeys
known sum rules of the exchange-correlation hole. This
functional is also constructed to satisfy many of the scal-
ing relations ' for the exchange-correlation energy.

Recent calculations incorporating the GGA have sug-
gested that although no existing functional yields a uni-
form improvement over the LDA, recently proposed GGA
functionals are promising. Total and ionization energies
of atoms, binding energies, and vibration frequencies of
molecules are found to improve over the LDA. ' ' Lat-
tice constants, bulk moduli, and cohesive energies of sim-
ple metals and selected transition metals, particularly
the 3d series, are found to improve when the GGA is
used. ' In particular, the GGA can fix the large dis-
crepancy in lattice constants prevalent in the LDA cal-
culations of the alkali metals. The GGA predicts the
correct experimental bcc ground state of iron. Ortiz
and Ballone investigated the bonding properties of group
IIa, IIb homonuclear dimers using the GGA and found
the GGA to yield better bonding energies, equilibrium
distances, and vibration frequencies than the LDA.

Recent work on semiconductors indicates that while
cohesive energies are improved over the LDA, lattice
constants and bulk moduli are significantly worse when
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the GGA is used. ' There have been mixed reports of
whether the GGA improves the ground-state properties
of the 4d and 5d transition metals. ' Since the GGA
functionals are particularly sensitive to charge inhomo-
geneities, it has been noted that calculations free of shape
approximations in the potential and charge density are
important to accurately describe the effect of the GGA.

The methods employed to perform calculations can
have a strong influence on the final results, particularly
when a GGA functional is used. Consequently there is
a spread in the results quoted by various authors, pre-
sumably due to the approximations used in their meth-
ods. Typically calculations are performed that incorpo-
rate certain approximations such as the pseudopotential
approximation, shape approximations to the potential or
charge density, or the failure to fully take into account
relativistic effects. We use a well converged, all-electron
technique free of shape approximations to the potential
and charge density. The core electrons are fully rela-
tivistic while the valence electrons are semirelativistic.
When necessary, we employ local orbitals to guaran-
tee proper treatment of extended core states. Since our
results are free of common approximations they are ex-
pected to more reliably reflect the limitations of the func-
tionals being tested. In this paper we compare the re-
sults of our calculations of equilibrium lattice constants
and bulk moduli for the metals, Al, Cu, Ag, Ta, W, Pt,
and Au, using the LDA and the PW91 functionals. For
comparison we include the results from recent work in-
corporating the PW91 functional.

II. METHOD

Our calculations are performed using the all-electron
linearized-augmented-plane-wave (LAP W) method
with fully relativistic cores. The details of the LAPW
method are given elsewhere; here we focus on aspects
relevant to the present calculations. Our calculations
for total energy are well converged with respect to both
k-point number and basis size. We used 60 and 70 k
points in the irreducible Brillouin zone for the fcc and
bcc structures, respectively, and a plane-wave cutoff of
K „BMT ——9, where K „ is the reciprocal lattice vec-
tor cutoff and BMT is the radius of the mufIin-tin sphere.
For Ta, changing K „BMT from 9 to 10 or increasing the
k-point number from 70 to 112 gave an energy change of
only 0.5 mRy. The discrete k-point summations were
performed using temperature broadening. The use of
temperature broadening reduces the number of k points
required to perform the Brillouin zone integration. The
broadening function was the Fermi-Dirac function cor-
responding to an effective energy of k~T = 2 mRy. It
is important to note that the mufIin tin is used to de-
fine the augmentation functions for the plane waves and
in no way implies a shape restriction to the potential or
charge density which are allowed to be general. How-
ever, at the mufIin-tin sphere boundary plane waves are
matched continuously through the first derivative to ra-
dial solutions of Schrodinger equation. Consequently the
PW91 exchange correlation potential is discontinuous at

the mufIin-tin sphere boundary since it contains second
derivatives of the charge density. LAPW calculations for
iron have shown that small discontinuities do not affect
the quality of the calculation. 4 We monitored the dis-
continuity in the potential for the GGA calculation and
found that it was never larger than 0.15 Ry. Typical val-
ues of the discontinuity were in the range of 0.03—0.07
Ry. The muKn-tin sphere radius is chosen so that at
the smallest lattice constant considered, the mufIin-tin
spheres nearly touch. Tests were performed that indi-
cated our results are insensitive to the choice of BMT. For
instance, near the experimental lattice constant, chang-
ing the mufIin-tin radius of Au from 2.5 to 2.1 bohrs
resulted in only a 2 mRy change in total energy. Zero-
point motion of the atoms is a small effect and is not
included in the calculation of the lattice constant. En-
ergy parameters for the LAPW basis functions were set
near the center of their respective bands using the out-
put at the theoretical equilibrium lattice constant as a
reference. Tests were performed to monitor the sensitiv-
ity of the calculation to the choice of energy parameters.
We find that reasonable choices for the parameters yield
identical results irrespective of the particular parameter
values. For calculations of Cu, Ag, Ta, W, Pt, , and Au we
used the local orbital extension of the LAPW method.
Calculations of Ta and W were made with the 5p states
in the valence. The local orbitals provided variational
freedom to take these states into account allowing the
use of another energy parameter for any residual p char-
acter in the other valence states. The 3p states of Cu, 4p
states of Ag, and 5p states of Pt and Au were calculated
in the core region. For these elements, the local orbitals
allow the basis set to have adequate variational freedom
to orthogonalize valence states to the extended p states
in the core. The extended p states of these metals are
calculated in both core and valence, the latter serving to
orthogonalize the valence states to the core p states while
the former is used in the calculation of the total energy.
Without a local orbital extension the valence states are
not strictly orthogonal to the core states and thus can
have adverse effects on the quality of the calculation. The
LDA functional we use is the recent parametrization of
Perdew and Wang.

III. RESULTS AND DISCUSSION

The results of our calculations are summarized in Table
I. The error in lattice constant and bulk modulus relative
to experiment is given in Figs. 1 and 2, where we list the
metals we studied in order of increasing atomic weight.
For the purpose of comparison we include recent results
for Na that were performed by one of the authors (D.J.S.)
using the LAPW method. It is evident that in all cases,
the LDA underestimates the lattice constant, the error
being particularly large for Na, and overestimates the
bulk modulus. Except for Na, the GGA overcorrects the
lattice constant predicted by the LDA. With the excep-
tion of Pt and Au, the PW91 GGA brings the calculated
bulk modulus in closer agreement with experiment than
the LDA. The PW91 GGA fixes the LDA errors in Na.
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TABLE I. LAPW calculations of the lattice constant and bulk modulus using the Perdew-Wang
exchange-correlation functional (PW91) (Ref. 13) and the LDA. Numbers in parentheses indicate
percentage error relative to experiment.

Crystal

Al

Cu

Ag

Ta

pt

Au

Property

Go a.u.
Bp (Mbar)

ao a.u.
Bp (Mbar)

ao a.u.
Bp (Mbar)

a0 a.u.
Bp (Mbar)

a0 a u.
Bp (Mbar)

a0 a.u.
Bp (Mbar)

a0 a.u.
Bp (Mbar)

Present
LDA

7.52(-1.3)
83.9(8.5)
6.65(-2.3)
192(39.5)
7.56(-1.7)
139(36.3)
6.16(-1.2)
224(15.9)
5.94(-0.6)
337(8.8)

7.37(-0.4)
307(8.5)

7.66(-0.1)
198(15.3)

work
PW

7.74 (1.6)
72.6 (-6.1)
6.84(0.5)
151(9.7)
7.88(2.5)

84.8(-16.9)
6.28(0.8)
197(1.9)
6.02(0.7)
307(-0.9)
7.51(1.5)

246(-13.1)
7.86(2.5)

142(-17.3)

7.43
87.65

6.73
183
7.61'
137'

6.07
187

5.87
305

7.36
306

7.69
189'

8.03
61.07

6.21
175

5.98
271d

7.51
263

Previous calculations
LDA PW91

Experiment'

7.62
77

6.81
138
7.69
102

6.23
193
5.98
310
7.40
283

7.67
172

Reference 21.
Reference 40.

'Reference 41.
Reference 30.
Reference 42 ~

The bulk modulus is brought to within 4% of experiment
and the lattice constant error is reduced to 0.1%. A sim-
ilar reduction of LDA errors occurs for the bulk modu-
lus of Ta, which drops from 15.9% to 1.9%. There have
been several reports that the GGA can reduce errors in
ground-state properties of the 3d metals. ' ' We find
improvement over the LDA for fcc Cu with the error in
bulk modulus reduced from 39.5%%up to 9.7%%up while the error
in lattice constant is reduced from 2.3% to 0.5%.

While the PW functional reduces the error in the bulk
modulus of the 4d metal Ag by over a factor of 2, it over-
compensates the LDA lattice constant error, resulting in

a somewhat worse agreement with experiment. For Ta,
the lightest 5d metal considered, the GGA improves the
equilibrium properties, especially the bulk modulus. For
the heaviest 5d series metals Pt and Au, we find PW91
gives overcompensated results that are in worse agree-
ment with experiment than the LDA values. The error
in the GGA result for the 5d metals W, Pt, and Au grows
with increasing atomic number.

Finally, we compare our results with recent work in-
corporating the PW91 GGA. Our results for Al and the
results of Ref. 8 for Na di8'er from those of Ref. 21.
The data from Ref. 21 seem to amplify the errors in-
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FIG. 1. Relative error in lattice constants. Results from
other work are from Ref. 21 for Na and Al and from Ref. 30 for
Ta, W, and Pt. Results for Na with 6lled circles and triangles
are from Ref. 8. Note that there is nearly a complete overlap
of data for Pt between the present calculation and that of
Ref. 30.

FIG. 2. Relative error in bulk moduli. Results from other
work are from Ref. 21 for Na and Al and from Ref. 30 for Ta,
W, and Pt. Results for Na with 6lled circles and triangles are
from Ref. 8. Note that there is nearly a complete overlap of
data between the present calculation and that of Ref. 30 for
LDA Pt.
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herent in both the LDA and the GGA by predicting very
small lattice parameters and overly large bulk moduli
in the LDA with large overcompensation from PW91.
Presumably the difFerence in the results arises from the
choice of method. While we perform a full-potential all-
electron calculation, Ref. 21 uses a pseudopotential ap-
proach. In Ref. 30 the full potential linear muKn-tin or-
bital (LMTO) method was used to calculate the ground-
state properties of the 3d, 4d, and 5d transition metals.
The results of Ref. 30 for Pt are in good agreement with
ours, but their results for Ta and W are not. The LMTO
method used by Ref. 30 does not include a means by
which the extended. semicore 5p states can orthogonalize
to the valence states. This is important for transition
metals on the left side of the Periodic Table, but less im-
portant for elements such as Pt that are further to the
right. This is because the semicore states contract into
the core with increasing atomic number. The core and va-
lence electrons are treated semirelativistically in Ref. 30,
while we treat the core electrons fully relativistic with
semirelativistic valence. We have tested the efFect of the
spin-orbit interaction on the core electrons of W by calcu-
lating the lattice constant and bulk modulus within the
LDA using a semirelativistic core. We find no change

&om the fully relativistic calculation, thus eliminating
this as a candidate explanation for the difFerence.

We conclude that the PW91 GGA ofFers an improve-
ment in calculated lattice constants and bulk moduli over
the LDA for the 3d metal Cu and the light 5d transition
metal Ta. The PW91 GGA overcompensates for the er-
ror in the LDA lattice constant for the metals Al, Ag, W,
Pt, and Au, leading to results that are in worse agree-
ment with experiment than the LDA. However, the mag-
nitude of the PW91 GGA errors for the lattice constants
of Al and W are nearly equal to the LDA results. The
PW91 GGA gives bulk moduli that are in better agree-
ment with experiment than the LDA for Al, Cu, Ag, Ta,
and W. The PW91 GGA does not give any improvement
over the LDA for Pt and Au.
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