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The extraordinary Hall resistivity of magnetic multilayers is derived by using the Kubo formalism.
It is found that the commonly used scaling relation between the extraordinary Hall resistivity and
the ordinary resistivity is not valid. Hall voltages in the plane of the layers and perpendicular to
the plane of the layers are quite different, just as the ordinary resistivities are different for these two
geometries. Recent experimental results are discussed within this formulation.

I. INTRODUCTION

Recently, much attention has been focused on the
electrical conductivity and magnetoresistance of mag-
netic multilayered structures and granular solids. Trans-
port properties are controlled by two factors indigenous
to these magnetically inhomogeneous solids: (1) spin-
dependent scattering and spin-dependent potentials, and
(2) spatially varying scattering rates. The first factor is
the origin of giant magnetoresistance (GMR) while the
second controls the magnitude of GMR in terms of layer
thicknesses and mean free paths. These two ingredients
make an analysis of transport in magnetic multilayered
structures complex because one has to take into account
both spatial and spin inhomogeneities. Theories based on
the Boltzmann equation®? and the Kubo formalism3°
have been developed to properly include this inhomoge-
neous nature of the transport phenomena. Up until now,
these theories addressed only the electrical conductivities
and magnetoresistance. It is not clear how other trans-
port properties in magnetic materials, e.g., the extraor-
dinary Hall effect (EHE), should be modified for multi-
layered structures and granular solids.

In explaining recent experimental data on the extraor-
dinary Hall effect in layered structures®® and granular
solids,!® one has relied on the theoretical description!!
of the EHE developed for homogeneous magnetic mate-
rials because there has been no theoretical attempt for
the EHE in layered structures. In this paper, we give
the first derivation of the EHE in these structures; we
show that the behavior of the EHE in magnetic multi-
layered structures is different from that of homogeneous
magnetic materials; in particular, the scaling relation be-
tween the Hall resistivity and ordinary resistivity is not
valid for structures under consideration.

The origin of the EHE is well understood; it is from
spin-orbital coupling. The spin-orbital coupling results
in the breaking of the time symmetry. As a conse-
quence, the scattering matrix contains an asymmetric
term with respect to incident and scattered wave vectors
(skew scattering).!? The spin-orbit coupling also causes
an anomalous velocity!3 due to noncommutivity between
the position operator and spin-orbit Hamiltonian. The
contribution to the EHE from the anomalous velocity
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is known as a side jump.!?'415 For homogeneous mag-
netic materials or alloys, the extraordinary Hall resistiv-
ity from skew scattering is proportional to the ordinary
resistivity while that from the side jump is proportional
to the square of the resistivity. However, it is not clear
whether these scaling relations are held for magnetic mul-
tilayers.

II. EXTRAORDINARY HALL RESISTIVITY

We consider a layered structure consisting of alter-
nately magnetic and nonmagnetic layers. The growth
direction (perpendicular to the interfaces) is denoted as
z. There are three geometries to discuss the Hall effect:
(1) For a magnetic field applied in the z direction, the
driving current and Hall voltage are in the plane of the
layers; this is the conventional geometry for which exper-
iments have been carried out. (2) The driving current is
in the z direction while the magnetic field and Hall volt-
age are in the plane of layers. (3) The Hall voltage is
measured along the z direction while the magnetic field
and the current are in the plane of the layers. As it is
known that the resistivity for the current in the plane
(CIP) of layers is very different from that for the current
perpendicular to the plane (CPP) of the layers,'®'7 one
expects that the Hall effects are different for these three
cases. We give the detailed derivation of the EHE for
the first case; for the other two cases, the same deriva-
tion procedure follows and we only write down the final
results.

Let us denote the driving current as the z direction,
and the Hall voltage is measured along the y direction.
The magnetic field is along the z direction (same as
growth direction). For layered structures, translation in-
variance in the plane of the layer is preserved; therefore
the electric fields in the plane of the layers are constant
and the current density varies only with the coordinate
z. The linear response for each spin channel s is written
as

320 = [t Euds + [ 02,220 B, (21)

Jy(z) = /a;z(z,z')Ezdz'+/a;y(z,z’)Eydz'. (2.2)
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To obtain the Hall field E,, it is necessary to con-
strain the current density j;(z). We note that condition
Jg(2) = 0 is inappropriate because it cannot be fulfilled
at all positions z. There are always internal charge as
well as spin currents in the y direction. Nevertheless, one
can define the Hall electric field by imposing an exter-
nal boundary condition such that the total current den-
sity along the y direction is zero, i.e., 3, [ j#(z)dz = 0.
Thus, from Egs. (2.1) and (2.2), the Hall resistivity is

—_ E'!J 2
Pyz = = = PerpOyz, 2.3
Yy ngji(z)dz CIPYy ( )

where we have dropped the second term in Eq. (2.1) be-
cause the Hall fields are very small compared to the driv-
ing field, and have defined

-1
pcip = (% > / in(z,z’)dzdz’) (2.4)

for the CIP resistivity and
Oy = %Z/a;z(z,z')dzdz' (2.5)

for the off-diagonal conductivity (Hall conductivity).
The ordinary resistivity pcip has been studied for layered
structures by several authors.!™® The main objective here
is to derive the o,, from the side jump mechanism.

III. MODEL CALCULATION

We model the scattering from impurities within the
layers as well as at interfaces by a scattering potential
which includes spin-orbit coupling; for a single impurity
(scattering center) it is written as

H =V(r) + X.oM-[VV(r) x pl, (3.1)
where M stands for the magnetization of ferromagnetic
layers and A .. is an effective spin-orbit coupling between
conduction electrons and the impurity. The spin-orbit
scattering produces the Hall resistivity in two ways. First
it results in the noncommutivity between the coordinate
operator and scattering potential Eq. (3.1), and therefore
produces an anomalous velocity term!%1°

1

wx = E(k[[r, H'||k)se, (3.2)
where |k),. is a scattering conduction electron state. Sec-
ond, the scattering matrix element of Eq. (3.1),

H]l(’k, = <k|H’|k') = Vk,k'(l + 1 Xs.o. M - k X k’), (33)
is asymmetric (second term) with respect to the k and k'
which gives rise to the skew scattering. To study these
two effects in the Kubo formalism, one needs to redefine
the velocity operator for the side jump and to include
vertex corrections for skew scattering. For multilayered
structures, the resistivities are usually much larger than
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that of individual bulk materials; the side jump may be
the main source for the EHE.!! Therefore, we concentrate
our discussion on the side jump.

The anomalous velocity, Eq. (3.2), may be calculated
in a perturbative way.!* The scattering state for the
Hamiltonian, Eq. (3.1), is expressed as

k)se = |k) + GoH'|k)sc, (3.4)
where Go = (éxo — Hp)~ ! is the unperturbed Green’s
function, and |k) is the plane wave state. By placing the
above scattering state into Eq. (3.2), we find that the
anomalous velocity is, to second order of H’,

h)s.o.
W =
“TT(2)

k x M, (3.5)

where 7°(z) is the local relaxation time in the absence of
spin-orbit coupling. Since the local relaxation time varies
from one layer to the next, it may be more convenient to
express the anomalous velocity, Eq. (3.5), in real space,
ie.,

th)s.o.
72(2)
The current density also gains a term proportional to the
anomalous velocity

MxV.

w(r) = (3.6)

.s eh nd
i°(r) = %‘I’I(r) V. Uy(r)

ehls.o.

Tl (r)Mx V, ¥
2ir(2) H(r)Mx V., ¥,(r),

(3.7)

© — —
where ¥, is the wave function and V.= (V, — V,)/2 is
the antisymmetric gradient operator. The first term is
simply the conventional current density. The conductiv-
ity in the Kubo formalism is expressed in terms of the
current-current correlation function. For our case the
current consists of the normal part and the anomalous
part, Eq. (3.7). While the correlation between normal
current densities gives an ordinary conductivity, the cor-
relation between the anomalous current and the normal
current gives rise to the two-point local Hall conductivity

s no_ r NMAso. M, 2 2 '
ayz(z,z)—CZ:/Gs(r,r)———Ts(z) 8204 Go(r,r')

xd(z — z')d(y — '),

where C = e2h%/2rm and G™(® is the impurity aver-
aged retarded (advanced) Green’s function. Within the
local relaxation time approximation (or local self-energy
approximation), the Green’s function satisfies Dyson’s
equation®®

(3.8)

2
B h
2m T3(2)

In the limit of weak scattering, er > #/7%(2), the above
equation has an explicit solution

1 1 [
T AN - = n 8
Gi(r,r') = 3m anfr — 7] exp [ 2[ dr' /A (z)] ,

(3.10)

[eF + ] G(r,r') = 8(r—1'). (3.9)
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where the integral in the exponent is along the straight
line from point r to r’ and we have introduced the lo-
cal mean free path A\*°(z) = vp7*(z). Upon substituting
Eq. (3.10) into Eq. (3.8), and by integrating the coordi-
nates in the plane of the layers z-z’ and y-y’, we find that
for k' < A*(2) (quasiclassical limit),

mAs.o.Mz

a;w(z,z') = ——T—B(-;)-——Ufnp(z,z'), (3.11)
where
s ezk%«“ < -1 -3
UCIP(Z’ZI) = 871'2fi/1. dt(t™" —t77)
z>
X exp [—t / dz"/)\"(z”)] (3.12)
Z<

is the CIP two-point conductivity® and z. (zs) is the
smaller (larger) of z and z’. Finally, the Hall conduc-
tivity, Eq. (2.5), is simply the double integrations of the
local Hall conductivity, Eq. (3.11), with respect to z and
z', and summed over the spin variables.

IV. LIMITING CASES

Our discussions of the extraordinary Hall effect are
based on Eq. (3.11). When one applies it to a ho-
mogeneous magnetic material, the local conductivity
Jdz'o&p(z,2') is proportional to the relaxation time
which is canceled by the prefactor in Eq. (3.11). One
concludes that the Hall conductivity, Eq. (3.11), is in-
dependent of the scattering potential or the relaxation
time and the Hall resistivity, Eq. (2.3), is simply pro-
portional to the square of ordinary resistivity. This is
precisely the result first given by Luttinger!® and empha-
sized by Berger.l! However, for layered structures which
consist of magnetic and nonmagnetic layers, the prefac-
tor Ag.0.M,/7°(2) in Eq. (3.11) is governed by scattering
in magnetic layers and interfaces while [ dz'ogp(z,2'),
Eq. (3.12), depends on, in general, the scattering in mag-
netic layers and at interfaces as well as in nonmagnetic
layers. Therefore, the Hall conductivity oy, depends
on the scattering potentials. The layered structures
invalidate the simple scaling law between Hall resistivity
and ordinary resistivity. To further illustrate this state-
ment, we first examine two limiting cases where simple
expressions for oy, can be derived. In the next section,
we show numerical results for various realistic situations.

(1) Local limit. It is defined that the mean free path
is much less than the layer thickness. Then we can view
the multilayer as a resistor network that each layer has
a well-defined resistance. The local CIP conductivity is
therefore inversely proportional to local relaxation time,

ogip(2,2') o< 7 (2)8(2 — 2'). (4.1)
By placing this equation into Eq. (3.11), we immedi-
ately see that o, is independent of scattering poten-
tials. Therefore, the scaling law is reestablished in the
local limit.
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FIG. 1. The Hall resistivity as a function of the square of
the ordinary resistivity (arbitrary units) in the limit of large
mean free paths. The ratio of relaxation time for spin up
to spin down electrons in magnetic layers is taken to be 10,
71, /74 = 10. The relaxation time in nonmagnetic layers is
Thm = T,Tn for the solid line and Thm = 27',Tn for the dashed
line.

(2) Long mean free path limit. Another extreme case
is that the mean free path is much larger than the layer
thickness. In this limit, electrons sample many layers
before they are scattered. Therefore the ordinary two-
point conductivity can be calculated in terms of average
scattering in the structure:

-1
/leUéIP(Z,Z,):M(—+ﬂ) , (4.2)

m Tnm T

where A = e2h%k3/6n%, and tn, and t,, are the thick-
nesses of nonmagnetic and magnetic layers, respectively.
For simplicity, we have not included interface scattering.
By placing the above equation into Eq. (3.11), we find
that the Hall conductivity is

(4.3)

Tnm

8 -1
Oye = ’\soMzAtm Z (tm + tnm‘z}l) .

8

Clearly, the Hall conductivity depends on the ratio of re-
laxation times in magnetic layers and nonmagnetic lay-
ers. This feature is quite different from the homogeneous
magnetic materials where o, is proportional to the side
jump Ay (Ref. 11) which is independent of the scatter-
ing potential or the relaxation time. In Fig. 1, we show
the relation between the Hall resistivity and the ordinary
resistivity when the relative layer thickness between mag-
netic layers and nonmagnetic layers is varied. It is clear
that as long as the local mean free path is not the same
for different layers, the Hall resistivity is not simply pro-
portional to the square of the resistivity.

V. NUMERICAL RESULTS

Experimentally, the extraordinary Hall effects have
been studied for magnetic multilayers®™® and granular
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solids.!® In these structures, the mean free path is usu-
ally larger than layer thicknesses or the size of granules.
Therefore, it is not in the local limit and the simple scal-
ing behavior (pzy o p2.) is not expected. In interpreting
experimental data for various scaling behaviors, one an-
ticipates quite different systems compared to the bulk
materials. Without knowing detail scattering parame-
ters, these scaling laws have no specific meaning. A quan-
titative comparison between various experimental data
and our formulation, Eq. (3.11), relies on the knowledge
of sets of parameters: local mean free paths for each layer,
scattering parameters at interfaces, and spin-orbital cou-
pling. Since the variation of the resistivity is measured
experimentally through varying temperature from 4.2 to
300 K, one also requires to know the temperature de-
pendence of these parameters. Unfortunately, little has
been determined. Nevertheless, to get a possible realis-
tic estimation, we assume a range of parameters which
characterize most interesting multilayers, e.g, Co/Cu and
Fe/Cr. Particularly, we consider three possible cases to
illustrate the scaling behavior (interface scattering is ne-
glected for simplicity; the typical layer thickness of 20
A is chosen for magnetic and nonmagnetic layers): (1)
Only the mean free path of magnetic layers depends on
temperature, Fig. 2(a), (2) only the mean free path of
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FIG. 2. The Hall resistivity as a function of the square of
ordinary resistivity (arb. units) with each layer thickness of
20 A. (a) The mean free path of spin up channel A}, and down
channel A}, in magnetic layers are held at at 75 and 37.5 A
while the mean free path of nonmagnetic layers An,, varies
from 300 to 30 A. (b) An is held at 100 A while (A],,) varies
from 30 to 200 A and ()\},) from 15 to 100 A. (c) All the mean
free paths vary with their ratios fixed.
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FIG. 3. The Hall resistivity as a function of the square of
ordinary resistivity (arb. units) with fixed mean free paths
AL =175 A, A}, =375 A, and Anm = 150 A. The thicknesses
of magnetic and nonmagnetic layers are held equal and vary
from 5 to 500 A. The dashed line is the ordinary scaling law.
The two curves start to separate at approximately 100 A (note
that the resistivity increases with the decrease of the layer
thickness).

nonmagnetic layers depends on temperature, Fig. 2(b),
and (3) both mean free paths depend on temperature
with fized ratio, Fig. 2(c). These results show that the
power n in the scaling law p,, o p2, can be smaller
[Fig. 2(a)], greater [Fig. 2(b)], or equal to [Fig. 2(c)] 2.
This prediction is consistent with experimental observa-
tions that different experimental groups have reported
rather different exponents of the scaling.671°

To further establish the evolution of the scaling behav-
ior from the two limiting cases discussed in the Sec. IV,
we study the Hall effect in terms of variation of the layer
thickness. In Fig. 3 the Hall resistivity (solid curve) is
plotted against the square of the resistivity by varying the
layer thickness from 5 to 500 A for fixed mean free paths.
As areference, we also show the dashed curve which is the
ordinary scaling law. The deviation between these two
curves starts approximately from thickness smaller than
100 A; i.e., when the layer thickness is larger than 100
A the standard scaling law is valid (two curves are over-
lapped). This is precisely the case which can be treated
as a local limit. When the layer thickness is comparable
or smaller than the mean free paths, a significant devi-
ation between two curves appears. Since the interesting
range of the layer thickness for most of the experiments
is not on the local limit, we conclude that the ordinary
scaling law is not applicable for these systems.

VI. OTHER GEOMETRIES

Up until now, we only calculated the Hall voltage in
the plane of the layers. The Hall voltage for the other
two cases described in the Introduction can also be ob-
tained. The new ingredient for these two cases is that
CPP resistivity is involved. In deriving the Hall resis-
tivities, the electric field in the direction of the growth
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direction varies with position in space. For the driving
current perpendicular to the plane of the layers (case 2),
the linear response equations are

Ji(z) = /a:z(z,z')E:(z')dz'—i-/a:z(z,z')Ezdz',

(6.1)

Jja(z) = /a;z(z,z')Ej(z')dz' + /a';z(z,z')Emdz',
(6.2)

where EZ2(z') is the internal spin-dependent electrical
field.'® In the case of no spin mixing, the current density
j2(z) for each spin channel is a constant, i.e., j5(2) = j3.
Since the second term in Eq. (6.1) is much smaller than
the first term, one can show that the electrical field has
the form E,(z) o j2/7%(z).!® By inserting this electrical
field into Eq. (6.2) and by following the derivation similar
to the derivation of Egs. (2.3) and (3.12), we find

022(z,2")

o () A" (6:3)

pz2(2,2") = pcippcrp Z
8

where pcpp =
conductivity,®

21.2 Sl dt z>
o&pp(2,2') = 64:;; /1 73 €XP [—t/ dz"//\s(zu)] )
zZ<

> Jdzdz' o&pp(2,2') is the CPP

(6.4)
the off-diagonal conductivity is
. mls.o. My ,
ote(z2) = =0y oter(2:2) (6.5)

and the constant A? is defined as A* = [dz/7°(z). For
the Hall voltage measured in the z direction (case 3), the
same derivation procedure follows. We find
Pz _ pj. (6.6)
Pzy Pazx

Although these results for different geometric realiza-
tion can be tested by experiments in principle, the actual
experimental setup is not at all trivial.'® Currently, two
groups are able to measure the CPP conductivity. In or-
der to measure the CPP Hall resistivity one encounters
difficulties of avoiding the current shunting if supercon-
ductor leads are used!® or of obtaining a uniform current
distribution.”

VII. SUMMARY

In summary, we have derived extraordinary Hall re-
sistivities for magnetic multilayered structures; they are
expressed in terms microscopic scattering parameters.
To obtain a more complete picture of physical scatter-
ing processes and parameters in multilayered structures,
one should simultaneously examine the magnetoresistiv-
ity and the Hall effect. We have found that the simple
scaling behavior between the Hall resistivity and ordi-
nary resistivity which has been frequently used to ana-
lyze experimental data is not valid for these structures.
In addition, we have arrived at the correlated relations
between the Hall resistivities and ordinary resistivities in
CIP and CPP geometries.
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