
PHYSICAL REVIEW B VOLUME 51, NUMBER 6 1 FEBRUARY 1995-II

Elastic scattering of polarized light in multiply domained KHzPO4
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The frequency angular spectra of visible polarized light transmission through multiply domained fer-
roelectric KH2PO4 have been studied. The spectra consist of alternating lines of intensity maxima. The
relative intensity and frequency shift between the lines are sensitive to the variations of the domain struc-
ture. The known models of anisotropic diffraction by domain walls cannot explain the whole set of
unusual characteristics obtained in the experiment, such as the high degree of spectrum regularity, large
depolarization of light (up to 70%), and interference between the crossing lines. An interference polar-
ization model is suggested: we consider the combination of transverse-longitudinal-transverse domain
blocks with nonregular periodic structure. The analytic and computer simulations show the ability of
this model to explain the effects observed in our experiment.

I. INTRODUCTION II. OBSERVATION

The problem of the transmission spectra of multiply
domained KH2PO4 crystals is far from being new —it at-
tracted attention in the 1960s (Refs. 1,2) and 1970s. '

The effect of intensity modulation of the monochromatic
radiation transmitted through ferroelectric crystals of
KH2PO4 and deuterated KH2PO4 has been described by
Hill, Hermann, and Ichiki. ' Frequency modulation has
been observed in Raman spectra of multiply domained
KH2PO4. The observed effects are explained by means
of one and the same approach: interaction between two
orthogonally polarized radiation modes on their way
through the regular transverse-domain systems. ' The
most complete description of this model was presented by
Takagi and Shigenari.

Later we also discovered some peculiarities in the po-
lariton light-scattering spectra of KHzPO4. ' These
peculiarities make the spectra of multiply domained and
monodornain samples look completely different. Such a
difference may be caused by the effects described in Refs.
1-4. To find this out, we also turned to the study of the
linear transmission spectra of multiply domained
KH2PO3. We used the method of frequency angular
transmission spectra (see Sec. II) which provides detailed
information about the parameters of the transmitted radi-
ation. As a result, some features of transmission have
been observed which cannot be explained in terms of the
models developed previously. ' Analyzing the possible
origin of these effects, we came to the conclusion that the
traditional model describing the transmission spectra of
the crystal domain superlattice needs some correction.

Although the problem is rather old, the effects of light
propagation in a crystal with KH2PO4-type structure
seem to be important. Structures of this kind are widely
used in various areas of solid-state physics, nonlinear op-
tics, etc. ' We need to understand completely the basic
linear effects of electromagnetic-wave propagation
through a superlattice with symmetry of this type.

Ferroelectric domains in KHzPO4 are obtained by
cooling the samples below 123 K. Below the Curie tem-
perature the crystal has orthorhombic mm2 symmetry
(its symmetry above the Curie temperature is tetragonal,
42m) and the crystallographic X' and Y' axes are directed
at the angle 45' to the tetragonal axes and X and Y (Fig.
1). The directions of the Z' axes of neighboring domains
are opposite to each other. The domains have the shape
of plane layers, their thicknesses being in the range of
S—20 pm (in cases when the process of domain creation
under cooling occurs in a mechanically free sample,
without any external electrostatic-field application). Usu-
ally there are two equally probable domain systems —one
of them with domain walls perpendicular to the tetrago-
nal X axis and another one with the walls perpendicular
to the tetragonal F axis. In all cases the domain walls
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FIG. 1. Schematic picture of domain structure and
principal-axis orientation in ferroelectric KH2PO4. One can see
transverse- and longitudinal-domain blocks.
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FIG. 2. Setup scheme for investigation of elastic scattering
spectra: 1, a tungsten lamp; 2, diffuser; 3,7, lenses; 4, polarizer;
5, the crystal in cryostat; 6, analyzer; S, spectrograph; 9, regis-
tration system; 10, He-Ne laser; 11,mirrors.

contain the Z axis. Domains in the crystal can be ar-
ranged in blocks of parallel consecutive domains of ap-
proximately the sazne thickness. In neighboring domains
the directions of the X' and F' axes interchange. '

Figure 2 shows the experimental setup used for the in-
vestigation of the frequency angular transmission spectra.
The samples of KHzPO4, cut in the form of a rectangular
parallelepiped with edges along the tetragonal axes, were
placed into a nitrogen cryostat. The domain structure
was controlled by the diffraction of He-Ne laser (10) radi-
ation in two directions: along the tetragonal X axis and
along the F axis. A static electric field (0+4 kV/cm) was
applied along the polar Z axis to create a single domain
or to vary domain thicknesses in the sample (5). The il-
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FIG. 3. (a) Photograph of light elastic-
scattering spectra in a multiply domained sam-

ple (the length I =30 mm). (b), (c) Wavelength
dependences of the scattering intensity normal-
ized by the input intensity for spectral range
0.5S—0.62 pm: 8=6', i=30 mm (b), 8=3',
1=5 mm (c).
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FICs. 4. Fragments of frequency-angular spectra (a) at small
angles (l =5 mm) and (b) in the case of mutually repulsive lines
(l =30 mm).

lumination system consisted of a tungsten lamp (I), a
diffuser (2), a short-focus lens (3), and a polarizer —a
Gian-Thompson prism (4). It formed a polarized beam of
white light diverging in the limits of +10 around the
tetragonal X (or Y) axis in the XZ (or FZ) plane. The
method of crossed frequency —angular dispersion was ap-
plied to obtain the scattering spectra. ' The light
transmitted through the crystal (5) and the analyzer (6)
was focused by the lens (7) on the spectrograph slit. It is
the essential detail of this registration method that the
spectrograph slit is placed in the focal plane of the lens
(7). So parallel light beams propagating after the crystal
in the same direction (at the angle of inclination 8 with
respect to the lens optical axis) are focused on the slit sur-
face in circles, the radius of each circle being proportion-
al to tanO. The part of the light being cut off by the slit is
focused at the exit of the spectrograph camera (8). There
the deflection of the focused beam along the slit corre-
sponds to the angle 0 and the deflection perpendicular to
the slit corresponds to the wavelength of the transmitted
light. The two-dimensional spectra of transmitted light
in coordinates of wavelength (A, ) vs angle (8) were record-
ed after the spectrograph either on a photographic film or

by a photoelectronic system (9).
One of the photographs of the scattering spectra of the

multiply domained crystal is represented in Fig. 3(a) and
the corresponding normalized-light-intensity dependence
on the wavelength is represented in Fig. 3(b) for a part of
the spectrum. The length of the crystal was 30 mm. The
analogous fragment is presented in Fig. 3(c) for a 5 mm
length of the crystal.

The represented data were obtained in conditions when
the polarization of the radiation under registration was
oriented in the crystal Z1' plane (e polarization) and the
registered waves propagated in the same plane, the crys-
tal being illuminated by white light linearly polarized
along the X axis (o polarization). The photographs of
parts of other observed spectra are represented in Figs.
4(a) and 4(b).

III. ANALYSIS OF THE EXPERIMENTAL SPECTRA

The discussed transmission spectra of the multiply
domained crystal in crossed polarizers are characterized
by the following features.

(I) The intensity of the output light with the polariza-
tion orthogonal to the input-light polarization depends
strongly on the wavelength and the angle of observation.
The multiply domained crystal spectrum obtained with
the polarizer and analyzer parallel is complementary to
the spectrum with crossed polarizers: the intensity maxi-
ma and minima interchange.

(2) The spectra are very sensitive to the variation of
domain structure. The structure of the domain subsys-
tern was modified by means of an external static field, by
changing the observation section, or by taking a sample
of another thickness. In the case of the crystal orienta-
tion described above, there is no output radiation of or-
thogonal polarization for a monodomain crystal.

(3) Basically frequency angular spectra consist of alter-
nating lines of intensity maxima with definite curvatures
p(co) =d 8/dco in frequency (co) and angle (8) coordinates.
In each spectrum we have observed one or a number of
line systems, each system containing uncrossing lines
with approximately the same curvature. The averaged
envelope of these intensity maxima is quasiperiodic. The
curvature of lines in a system depends weakly on the
domain subsystem structure, being in general a function
of frequency. When lines of different systems occupy the
same frequency region, interference effects of intensity
exchange between the crossing lines occur. The intensity
of each line does not depend strongly on the angle 0, but
at low angles (8 (2') it decreases rapidly. In some spectra
it decreases down to zero; in others we observed a new set
of displaced lines in the region of small angles [see Fig.
4(a)].

(4) The frequency angular spectra are rather regular.
They consist of almost equidistant sets of lines. Consider
Fig. 5, which shows the probability-distribution histo-
grams of the relative mode distance P(S„),calculated for
spectra of samples with diC'erent length l. Here n is the
number of the line, S„=hv„/Av„,hv„ is the frequency
shift between two neighbor lines, obtained for constant
angle (8=6'), and hv„ is the average distance for the
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spectrum area containing the lines. The frequency v is
measured in cm ', v= 1/A, .

For each interval of possible values of S„wecalculated
the number of lines corresponding to the relative line dis-
tances within the chosen interval. This number is plotted
on the ordinate as P(S„}.In the case of the longer sam-
ple (l =30 mm} about 200 lines were analyzed; in the case
of the shorter one (l =5 mm) we treated about 80 lines.
The experimental data for different samples were normal-
ized to make the area under the histograms be equal to 1.

There are also curves corresponding to gauss, Wigner,
and Poisson distributions characterized by the same

mean parameters in Fig. 5. The normalizing condition
for the functions was f o P(S)dS = l.

Figure 6 demonstrates the distribution histogram of
the relative scattering coefficient P (K„}, where
K„=k„/k„,k„=I„/IJ, I„is the light intensity of the or-
thogonal polarization at the output of the multiply
domained crystal, and I„~~ is the radiation intensity at the
output of a monodomained homogeneous crystal of the
same polarization as the illuminating light. Intensities I„
and I„Iare measured at the frequency corresponding to
the maximum of the nth line in the multiply domained
crystal spectrum. Division by I„~~ allows one to exclude
the inhuence of the detecting-system sensitivity to fre-
quency dispersion. P(K„)is defined and normalized
similarly to P(S„).

As seen from Figs. 5 and 6, both intensity P(K„)and
line-distance P(S„}distributions are similar. Their char-
acters do not depend strongly on the sample sizes. In the
thin (1=5 mm) crystal the width of the relative line-
distance distribution is larger than in the crystal of length
l =30 mm. The widths of distributions P(S„)and P(K„)
change slightly when the domain structure is reconstruct-
ed with the help of an external field of order of 50 V/cm,
applied along the polar Z' axis. However, the maxima of
the distribution functions are always realized for S„=1,
EC„=1,i.e., the averages of the line distance and intensity
for each spectrum part are the most probable values.
Even 50%%uo deviation from the average is less probable by
an order of magnitude than the average.

Histograms P(S„)and P(K„)cannot be approximated
by Poisson distributions for systems with noncorrelating
resonance frequencies, or by the Wigner distribution' for
stochastic systems. It is the Gauss distribution function
that best describes the histogram envelopes P (S) and
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FIG. 5. Distribution functions of relative interline distances
in the samples of length I =30 rnrn (a) and 5 mm (b). 1, mea-
sured histograms; 2, Cjrauss distribution; 3, Wigner distribution;
4, Poisson distribution.

FIG. 6. Distribution function of relative transmission
coefficient P(E„)in the sample of 30 mm length.
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FIG. 7. Spectral dependence of the average line density
1/hv„(a) and intensity k (b).

P(K).
(5) The average frequency shift b,v„between the lines

increases with increase of the wavelength or with de-
crease of the sample length. Figure 7(a) shows the ap-
proximate spectral distribution of values 1/hv„ in the
range of 0.4—0.7 pm. The frequency dependence of the
average line density 1/b, v„has a tendency to increase
when the frequency rises. This dependence can best be
approximated by a first-degree polynomial. The possibili-
ty of a linear approximation confirms the two-
dimensional character of the scattering system. '

(6) The efficiency of conversion from o polarization to e
polarization, k, in the crystals is su%ciently high and can
achieve 70%. The average line intensity is not a constant
and varies slowly along each spectrum. The variation of

k has a quasiperiodic character Isee Fig. 7(b}j. The value
of the period greatly exceeds the frequency shifts between
neighboring lines and alters with change of the domain
subsystem under illumination. Each maximum of the
slow variation of the average intensity contains the group
of lines (see Fig. 3}.

Finally in this section, we note that the same features
are observed in the spectra of deuterated KH2PO4. Un-
fortunately, the domain structure of these crystals is less
sensitive to external electric-field variations, so the most
detailed investigations were carried out on KH2PO4 crys-
tals.

IV. THE EFFECT
OF THE TRANSVERSE-DOMAIN BLOCKS

One can select in the domain system of KH2PO4-type
crystals some blocks consisting of domains with parallel
walls (see Fig. 1). The thicknesses of domains in a block
are not equal to each other in the general case, but the
domain-wall orientation is strictly defined: these walls
can be orthogonal to either the X or Y axis. As the light
propagates through the crystal, it is scattered by the
domain blocks of these two types in sequence. In our ex-
periments we studied either the radiation propagating
along the domain walls of one of the block types (we shall
call them longitudinal-domain blocks), or the radiation
crossing the domain walls of the other type (these blocks
will be called transverse).

Let us consider light propagation in an isolated
transverse-domain block. We denote the domains with
Z' axis directed upwards by the index +, and the neigh-
boring domains (with Z' directed downwards) by the in-
dex —.

If the crystal is illuminated by a plane wave with the
wave front parallel to the entrance surface and to the
transverse-domain walls, then the light inside the crystal
will be split into two components with orthogonal polar-
izations (denoted as 0 and e), one of the polarization
directions (e) being parallel to the Z axis. We now incline
the illuminating wave by angle 0 in the plane orthogonal
to the plane of Fig. 1. Then the polarization directions
will remain orthogonal but will be inclined at angle +6
with respect to their initial position (Fig. 8). The sign de-
pends on the domain index (+ or —).

Suppose that in a certain positive (+) Xth domain the
complex amplitudes of o and e waves are equal to Oz and
E&, respectively. Then, according to Fig. 8(c), the
transfer to the negative (%+1)th domain corresponds to
the unitary transformation

O~+ )
=O~cos26 —E~e' sin26,

E~+, =O~sin26+E&e' cos26 .

Here we chose the 0-wave phase as the initial phase, its
differences from the e-wave phase being determined by

ne
5 =—2m-d

A, cos(8/n, )

where d is the domain thickness and n, , the correspond-
ing refractive indices.
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transfer the whole energy from the o to the e wave, i.e.,
rotate the polarization plane of the incident radiation by
90'. As an analogy, one can mention the Zeno paradox
formulation by Peres. '

The effect of the entire energy transfer from o to e wave
can be described in terms of anisotropic diffraction of
light. ' The intensity of the orthogonally polarized light
achieves its maximum value when the wave vectors of in-
put wave k'" and output wave k'"' are connected by the
kinematic equation

a'"'= k'"+ m q,
where q =2vrn/d is the vector of a one-dimensional
domain superlattice, n is the unit vector normal to the
domain walls, and m is an integer. It is this effect, arising
when the light propagates through a system of transverse
domains, which was considered by the authors of Refs.
1 —4 and used for the explanation of their experimental
spectra. However, the analysis of our experimental data
shows that consideration of transverse domains of equal
thickness is not enough for the explanation of the ob-
served spectra.

Let us compare the characteristics of our experimental
spectra with those predicted by the model described
above. The expected line tilts p(co)=d8/dc@ in the fre-
quency angular spectra estimated from Eq. (11) are deter-
mined mainly by the known birefringence of the crystal
at the given frequency and temperature. Indeed, the cur-
vatures observed in our spectral lines are in good accor-
dance with those calculated from (11). A simple calcula-
tion on the basis of (11) shows that the domains having a
thickness of order of 10 pm will provide the low-order
maxima in the visible range characterized by m =+1 or
not far from it. This is in agreement with the known
average domain thickness in KH2P04. Unfortunately,
the observed line curvatures and their position in the
electromagnetic scale are the only spectral features which
can be simply explained by the anisotropic diffraction
model.

Let us make an attempt to explain the variety of lines,
placed almost equidistantly in the observed spectra, in
the framework of Raman-Nath-type diffraction. The reg-
ularity of the spectra along the frequency axis could be
caused by different orders of diffraction. In this case, the
space harmonics of the domain superlattice differing by
the value of the inverse lattice vector could correspond to
neighboring frequency angular maxima. However the
evaluation of lql from the relation

To explain a large number of lines from the point of
view of Bragg-type diffraction one must assume that the
appearance of each line in a spectrum is caused by
diffraction on the corresponding block of subsequent
domains of the same thickness. So there must be as many
domain blocks in a crystal as there are lines observed in a
spectrum, or even more, because our spectra are limited
(400—700 nm) and there can be additional lines outside
this range. For example, in the case of the spectrum
presented in Fig. 3 there must be more than 200 blocks in
a sample of 30 mm length. At the same time to provide
the high line contrast (the efficiency of conversion from 0
to e polarization of 50—70%), it is necessary to have
more than 10 boundaries, because the efticiency of one
boundary is small (10 in the best case). So, even con-
sidering that all domains in the observed part of a crystal
have the same orientation perpendicular to the
registration-system axis, we came to the conclusion that
the crystal length should be more than 10 cm (the domain
thickness being of order of 10 pm). Note that in the
framework of this model we assume that one domain
block forms only one spectral line.

Interpreting the data in Figs. 5 and 6 from the view-
point of Bragg anisotropic diffraction, we must relate
each line frequency (at a given scattering angle) to a cor-
responding domain thickness, and the interline distances
to the differences in thicknesses between domains having
the closest transverse sizes. It is seen that the distribu-
tion of the relative difFerences of domain thicknesses is
not random and cannot be described by Poisson's law.
The Gauss law is the most appropriate for its description.
So the distribution of possible domain transverse sizes
must be treated as not continuous. As a rule, the
domain-thickness difference must be not less than a cer-
tain value corresponding to the average line shift. How-
ever, there are no other reasons for such extraordinary
conclusions about the crystal domain system. There are
too many artificial conditions involved for explanation of
the observed picture by means of Bragg diffraction by
transverse domains. Thus the frequency shifts of the ob-
served lines, their regularity, and the eKcient depolariza-
tion of the input polarized radiation disagree obviously
with the spectra predicted by this model.

V. THK JOINT ACTION
OF TRANSVERSE AND LONGITUDINAL DOMAINS

Let us return to relationships (1)—(10) in the case of the
optimal phase 5=++. %'e complicate the model, assum-
ing that there is a phase plate @ (Fig. 10) between two

(12)

(where A,
& 2 are the wavelengths corresponding to the

neighboring maxima and hn, 2 the effective birefringence
in the given direction and temperature at wavelengths
A, , 2) gives a value of domain superlattice period near 1 —3
mm for the known crystal birefringence' ' in the middle
of the visible range at T=105 K. This contradicts the
data on KH2P04 domain thickness known from litera-
ture. '

FIG. 10. Schematic picture of three subsequent domain
blocks I,

'a "triple" ). N denotes a phase plate, in particular, a
longitudinal-domain block between two transverse-domain
blocks.
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FIG. 11. e-wave intensity dependence on the number of equal
transverse domains X for different phase 5.

blocks of 150 transverse domains. This plate adds an ad-
ditional shift y to the e-wave phase. If g=0 or 2am, this
system is equivalent to a block of 300 domains, which
turns the o wave into the e wave. The situation is quite
difFerent for y =(2m + 1)m.: at N = 150 the e wave
changes its sign (Fig. 9), as if we were at point N=1050.
After the next 150 layers the field amplitudes achieve
their initial values (9). Thus the device shown in Fig. 10,
placed between two orthogonal polarizers, is an effective
shutter governed by the phase plate @. Note that in the
absence of transverse domains the phase plate N ~ould
not inhuence the radiation with amplitudes (9), for there
would be no e wave, and any phase shift y would produce
no effect.

Instead of the phase plate, one can consider a
longitudinal-domain block (see Fig. 1) in this device.
Indeed, in the described geometry the refractive indices
in neighboring longitudinal domains are equal to each
other for light propagating at angle 0 in the plane parallel
to the domain walls. Hence there are no real borders be-
tween longitudinal domains of the block for these beams.

The phase shift y in a longitudinal-domain block can
be given by the expression for 5 (2), if d is understood,
not as a thickness of a single domain, but as a block
thickness in the direction normal to the entrance surface
of the crystal. In particular, if this length is 3 mm, then

y =2~m, m =200, for A, =0.6 pm. The neighboring
wavelengths, for which also y=2m. m but m =199 and
201, differ from A, =0.6 pm by approximately 3 nrn.
Thus, illuminating this device by white light, at first sight
we should obtain a spectrum of equidistant lines, similar
to that obtained in the experiment (Fig. 3). However,
here we forget about the resonant character of the in-
teraction between o and e waves in transverse-domain
blocks: the condition 5=+m is satisfied only for a certain
wavelength, and the next spectral maxima are rather far
from the first one.

In order to test this hypothesis, we studied the effect of
the phase difference 5 on the efficiency of the interaction
between o and e waves in a block of transverse domains.
The results corresponding to initial polarization (9) are
shown in Fig. 11.

The amplitudes Oz and E~ for arbitrary 5 are com-
plex. Figure 11 shows the dependences of the e-wave in-
tensity on N for various 5. The dependence of

~ Ez ~
on 5

at fixed X is described by an Airy function, ' its width
being ~ 1 in units of the phase deviation from the op-
timal value 5=+180', or -=3 nm in units of the wave-
length deviation from the value A, =0.6 pm. All sets of

Domains in ferroelectric crystals of KH2PS4 type do
not form an ideal superlattice in each block. Every trans-
verse domain block like the one shown in Fig. 10 can
contain domains of different thickness. This must lead to
the broadening of the resonant curve of the interaction
between two orthogonal polarizations. This is similar to
the Airy function broadening due to the random Auctua-
tions of the Fabry-Perot resonator optical thickness (see,
for instance, Refs. 20—22).

Let us consider a modified version of the scheme dis-
cussed above. In this version we take into account that
the thickness dispersion with respect to the mean value is
equal in both transverse blocks. Let there be 200
domains in the first block and 200 in the third one; the
mean thickness is d =7.5 pm. Let the domain
thicknesses have a Gaussian distribution with mean
square deviation o. =-0.2 pm. A block of longitudinal
domains of length 3 mm is placed between two blocks of
transverse domains; it acts as a phase plate. Figure 12
shows the results of our numerical calculation for one
realization of such a system. It is seen that the one as-
sumption about the slight difference between the domain
thicknesses of two transverse blocks enables us to solve
(at least partly) the questions that were raised in Sec. V.
As a result of this assumption, the number of equidistant
lines increases considerably.

Consider the propagation of light which is initially in
state (9) through the first block of transverse domains
(dashed curves in Fig. 12). The resonance curve
~E200(A, )~ is wider than in the case of equal domain
thicknesses. This spreading can be estimated in the first
approximation in the same way as was done for the ran-
dom deviations of optical length in the Fabry-Perot reso-
nator. "

Since the Airy function has narrow peaks, correspond-
ing to small deviations of phase, 6, it can be replaced by a
Lorentz contour:

1
(13)1+I' sin [(5+65)/2]

1

1+—'F( b,5 )

equidistant lines corresponding to the condition y=2mm
should occupy only a narrow spectra range, which is
determined by the width of the Airy function. However,
this contradicts the fact that the experimental spectra
contain lines in the whole visible range. Sometimes in ex-
periment it is possible to select a few sets of equidistant
lines with slightly differing inclination, but even in such
cases each set occupies a spectral interval much wider
than the corresponding Airy function.

Thus, taking into account the intermediate blocks of
longitudinal domains, we obtain equidistant lines, the dis-
tance between them being of the same order as that ob-
served in experiment. Using the typical number of
domain walls in the samples investigated, one can also ex-
plain the high efficiency of polarization conversion.
However, it is necessary to modify this model so as to
smooth the resonant character of the interaction between
orthogonally polarized waves in transverse-domain
blocks.

VI. THE EFFECT
OF THE DOMA. IN-THICKNESS DISPERSION
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caused by the second block of longitudinal domains (-=3
nm}.

But since the block of transverse domains is an active
converter and a phase plate simultaneously, then at cer-
tain deviations of phase (—=+m) or wavelength from their
central (peak) value, there must be cancellation of the ac-
tive conversion. That is why the resonant curve
~EzDD(A, )

~
passes through zero in the intervals

A, -=0.594—0.595 and 0.605—0.606 pm. At these points
the e-wave phase is not determined, and phase jumps are
possible (analogous jumps occur in the case of disloca-
tions and branching of the interference fringes observed
in interferometry). It follows from Fig. 12(b) that such a
situation exits in the range A, -=0.605 —0.606 pm. This
phase jump, together with the phase modulation caused
by the second block of longitudinal domains, breaks the
periodicity of the spectral maxima [see Fig. 12(a)].
Effects of this kind are the most probable reason for the
observed deviations of the interline distances from their
mean values (see Figs. 3 and 4).

The proposed model enables us to develop an approach
to the ill-defined inverse problem of determining struc-
ture and statistics of domains from the spectra. Indeed,
comparing the experimental spectra shown in Figs. 3 and
4 with the results of numerical calculations (Fig. 12) we
can make the following conclusions.

First, the existence of equidistant maxima in a wide
spectra range indicates that the distribution of
transverse-domain thicknesses is wider in the experirnen-
tal spectra. Second, the interline distance is shorter in ex-
perimental spectra, presented in Fig. 3(b), than in the cal-
culated spectra in Fig. 12. So the thickness of the longi-
tudinal block must be increased. Figure 13 shows exam-
ples of spectra calculated for different mean values and
larger mean square dispersions of domain thicknesses in
two transverse blocks. The total number of lines in the
computer spectra grows as the structure is considered to
be more disordered. The thickness of the longitudinal
block in Fig. 13(a}was taken equal to 6 mm instead of 3
mrn as for the spectrum in Fig. 12. As a result, the calcu-
lated spectrum becomes more similar to the experimental
spectrum in Fig. 3(b). On the other hand, the spectrum
in Fig. 13(b) was calculated for 2 mm longitudinal-block
thickness, and it is similar to the experimental spectrum
in Fig. 3(c).

VII. COMPARISON
WITH THE EXPERIMENTAL RESULTS

Actually, all parameters, such as domain numbers,
mean thicknesses, mean square deviations, and types of
domain-thickness statistical distribution, may differ in
different blocks. Moreover, the scattering spectra can be
formed not only by three domain blocks (triples as in Fig.
10}but by a much larger number of them. We have con-
sidered the sequence of only three domain blocks—
transverse, longitudinal, and again transverse —because
this number of blocks seems to be the minimal block con-
struction that can provide the main observed spectral
features. The first transverse block is necessary to create
light of orthogonal polarization, since there is only linear-

ly polarized light at the input of the crystal. The second,
longitudinal block is to make a phase delay between or-
thogonally polarized light waves, the delay rapidly vary-
ing with the wavelength. The last transverse block is to
make interference between two orthogonally polarized
beams.

The phase delay is also caused by unresonant domains
from transverse blocks. In fact, this delay may be respon-
sible for the fast periodic spectral variations as well.
Hence the existence of the longitudinal block is not
necessary in the strict sense. But we do not discuss this
situation here because actually there is a certain number
of longitudinal blocks in each multiply domained sample
of KH2PO4.

So let us analyze the results of calculations based on
the triples model. The examples of calculated spectra are
presented in Figs. 12 and 13. Their high sensitivity to
slight variations of the domain structure is a point of
peculiar interest. Even for the same statistical parame-
ters of the transverse blocks (mean thicknesses and
dispersions), there are significant differences in calculated
spectra for different realizations. So we could not fit all
numerical parameters of the calculated spectrum to
achieve an exact agreement with the experimental spec-
tra. At the same time, the main characteristic features of
the experimental spectra are also observed in the calcu-
lated spectra. Comparing the features of the experimen-
tal spectra listed in Sec. III with the results of numerical
computation we can make the following conclusions.

(1) A high-contrast dependence on the wavelength and
on the deflection angle is observed in the model calcula-
tions, the same ways as in the experiment. Interchange of
the intensity maxima and minima takes place in the ex-
perimental spectra when the crossed polarizer and
analyzer become parallel. It follows automatically from
the unitarity condition for conversion (4), which is
confirmed by relation (5).

(2) In the computer calculations the high sensitivity of
the spectra to the domain structure variation has also
been observed. Even the interchange of two neighboring
transverse layers, for example, of the 180th and 181st, be-
comes noticeable.

(3) The theory predicts the same order and spectral
behavior of hne curvatures p(co) =de/de. It seems that
subsystems of lines with the same curvature result from
light propagation through triples of domains (transverse-
longitudinal-transverse) or other, more complicated
structures, which also give an almost equidistant system
of lines. The overlapping of lines with different curvature
is connected with the overlapping of spectra formed by
different combinations of such triples. According to
model calculations, there must be no energy transfer
from one polarization to another at zero angle 0, when
light waves are propagating in the XY plane. The ques-
tion how the set of displaced lines was observed at small
angles [see Fig. 4(a)] in some spectra still remains. The
reason may be connected with the local disturbance of
domain structure in some samples.

(4) The regularity and equidistant character of spectral
maxima is quite observable in the calculated spectra. The
spectra calculated according to a model of one triple are
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o.„, OIn
=D E. (15)

Therefore the output intensity in one of the polarizations
(say, e) is

not so rich as experimental ones; they do not occupy the
whole visible range. But the periodicity of the line posi-
tion is not ideal also. For example, see the distortions of
equidistant character in Fig. 12(a) caused by additional
phase modulation in the transverse block.

(5) The increase of the distance between spectral maxi-
ma with the wavelength according to Fig. 7(a) follows
from the results of numerical calculations too. Increase
of the longitudinal block thickness decreases this distance
[compare Figs. 13(a) and 13(b)]. Probably this is the
reason of the shorter average intermode distances ob-
served in experimental spectra of longer crystals [see Fig.
7(a)].

(6) The high efficiency of energy transfer from waves of
one polarization type (o) to waves of orthogonal polariza-
tion type (e) takes place also in the calculated data
presented in Figs. 12(a) and 13. The groups of lines ob-
tained in calculations occupy the spectral ranges of the
widths appropriate to describe quasiperiodic slow modu-
lation of the average line intensity. The average line in-
tensity is not a constant in the calculated spectra and
slightly depends on the wavelength too. The different
wide maxima in k spectra can be associated with aniso-
tropic diffraction of light on transverse blocks.

So to understand the experimental results it is enough
to consider only three domain blocks, a triple. But actu-
ally light passes through many different blocks when
propagating through the crystal. How does the existence
of other domain blocks inAuence the observable spectra?
The key to the answer to this question is the resonant
character of the interaction of the different domain sys-
tems with light. Different triples of domain blocks work
in different spectral ranges, and the resulting spectrum is
a superposition of separate spectra formed by such tri-
ples.

It is clear from the presented results that the mean
domain thicknesses and the statistical characteristics of
the first and third transverse blocks need not coincide. It
is only necessary that their resonance curves overlap. A11
domains with unresonant thicknesses, longitudinal blocks
being located between these two transverse blocks, play
the role of effective phase plates, causing a fast periodic
spectral modulation. The spectral dependence of the
mean k is the result of the superposition of resonant
curves of transverse blocks.

The existence of equidistant lines in the spectra follows
also from other simple considerations. Let the final block
of transverse domains be described by matrix D of dimen-
sion 2X2. Then the input and the output fields of this
block will be connected by the relationship

Let the variation of wavelength A, lead to the linear
growth of phase qr;„=arg(E;„),and the rate of this
growth be essentially larger than the variation rates of
other parameters in Eq. (16) (such a fast phase modula-
tion occurs mainly in the block of longitudinal domains).
In this case, according to (16), a spectrum of equidistant
lines with harmonic modulation is formed in the wave-
length range where only variations of phase y;„canbe
noticed.

VIII. CONCLUSIONS

The proposed model is able to explain the basic charac-
teristic features of the spectra observed in experiment.
High-contrast and nearly equidistant lines, a quasiperiod-
ic envelope of the spectrum, interfering systems of
lines —this complicated and emphatic picture of scatter-
ing is explained in the framework of a rather simple mod-
el. This model is based on the anisotropic and multiply
domained nature of the medium. It accounts for the po-
larization rotation at the borders of transverse domains
and for the variation of the phase difference between the
orthogonally polarized waves on their way through both
types of domains, transverse and longitudinal. A few
specific effects require additional consideration, which
will be done in further papers.

Having achieved some clarity in the origin of the
elastic-scattering spectra, we can try to solve the inverse
problem —to determine the domain structure parameters
of a multiply domained scattering sample. We also can
calculate the dispersion of the principal values of the op-
tical parameters at low temperatures and analyze how the
domain structure and the local field affect the crystal pa-
rameters. From the viewpoint of applications, we would
like to mention that multidomained crystals can be used
as controlled high-efficiency polarization filters. Such
filters do not need fine optica1 surface treatment: domain
walls are natural high-quality optical devices.

The effects considered in this work are also to be taken
into account while studying the inelastic-scattering spec-
tra. For instance, one should consider the inAuence of
the change of selection rules caused by the multiply
domained superstructure. The question of quantization
of the elementary excitations in media with layer-type
multiply domained superstructures of this type is also ex-
tremely interesting. We have to mention here the attrac-
tive idea of optical-field quantization in multiply
domained structures.

This consideration of optical effects is useful not only
for crystals belonging to the KH2PO~ group; the same
domain configuration is typical for almost all ferroelec-
trics of symmetry mm2. Some of them have the con-
sidered superstructure at room temperatures as well [for
instance, Gd2 (MoO~)3 (Refs. 26,27)]. We hope that the
present paper will be a good introduction to the solution
of problems connected with the spatial inhomogeneities
of multiply domained media.

IE...I'= ID„&;„I'+ID E;.I'
+2 Re(D2i D 220;„E;*„),

where D; are the matrix elements of D.

(16)
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I, = —(2P) 'Re i f [e /(x+y i—P)]dx

+i e —x+y —i dx, (A3)

APPENDIX

I„=f Ie /[P +(x+y) ]"]dx, (A 1)

where a, p, y are real, a) 0, and n is an integer. These,
for example, are problems relating to spectral analysis.
However, as far as we know, this integral is absent in
reference literature. Here we present the results of its
analytical calculation.

Let us fIrst determine the value of this integral at n = 1.
To do this, we represent the integral in the form

I, =(2P) ' f Ie " /[P+i(x+y)]]dx+c. c.

= —P Re i f [e /(x+y iP)]dx .—,
00

(A2)

where c.c. means complex conjugation, i is the imaginary
unit, and Re the real part.

Furthermore, we represent (A2) as the sum of two
equal terms:

A number of theoretical problems require calculation
of integrals of the form

which, in its turn, can be written in the form

I, =P 'Re. (P+iy) f e " /[x +(P+iy) ]dx . ,

and this is the already known integral

f Ie /[x +(P+iy) ]]dx

(A4)

a(p+i y )

I 1 —erf[(P+i y)&a]], (AS)2(P+iy)
2

where erf( u ) =2m ' r I 0 e ' dt is the probability in-

tegral.
Thus we finally obtain

I, =(m/P)Re(I1 erf[(P—+iy)v'a]}e '~+'r' ) . (A6)

The integral I„for arbitrary n can be calculated by
means of a recurrent relation

I = n dI
&
/dp (A7)

where p =p . For instance, for calculating I2, one should
differentiate Eq. (A6) with respect to P, and change the
sign.
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