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Elastic-wave propagation through disordered and/or absorptive layered systems
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Using the transfer-matrix method, we study the propagation of elastic waves through disordered solid
multilayers constructed from two different materials and assumed periodic on the average. Results for
different incident angles are reported; the effect of the mixing between longitudinal and transverse type
of waves in the case of incident angles different from normal is discussed. We also study absorbing sys-
tems and how the localization length changes in the presence of dissipation.

I. INTRODUCTION

In the last few years the problem of classical wave
(CW) —such as electromagnetic (EM), acoustic, or elastic
(EL)—propagation in disordered systems has received in-
creasing interest. ' It has been pointed out that there
is a connection between the possible localization of CW
in disordered media and the possible existence of band
gaps or regions of very low density of states in periodic
structures. Actually, the band gaps will become, at least
partially, regions of localized states as a disordering pro-
cess is gradually introduced in a periodic structure; in ad-
dition; those localized states are expected to have smaller
localization lengths, so, they can be verified more easily
experimentally. For that reason, considerable effort has
been focused in the study of disordered systems that are
periodic on the average. In particular, there are some re-
cent theoretical works concerning the study of EM waves
in one-dimensional (1D) disordered systems that are
periodic on the average, but there is still no con-
clusive experimental evidence on that subject.

In the present work we study the propagation of elastic
waves in 1D systems. There has been extensive theoreti-
cal studies on EL wave propagation in multilayered
media for more than 50 years, ' since it is important in
many scientific areas such as seismology, nondestructive
evaluation, design of acoustic devices, etc. However,
there are still open questions, such as, what is the effect of
the disorder and/or the absorption in the propagation of
elastic waves through multilayered media that are per-
turbed from the periodicity, which we are dealing with in
the present work. The transfer-matrix method (Sec. II),
proposed recently by Munjal, ' has been used for the cal-
culation of the transmission properties of the composite
multilayers. Since our starting point is a periodic multi-
layer, it is important to understand their properties (Sec.
III). Most of the recent numerical simulations have fo-
cused on the transmission and reAection properties of
periodic multilayers for normal incidence waves; ' ' in
that case only longitudinal (L) or transverse (T) waves
are excited in the solid layers; in the present work, we
also study incident angles different from normal, where
both I and T waves are excited and mixed together, and
how this affects the transmission. Defects introduced in
the periodic multilayers are also studied (Sec. IV) and

their possible applications in the design of acoustical
filters are discussed. The localization of elastic waves in
disordered multilayers is also studied (Sec. V) and the re-
sults are compared with the corresponding case of the
electromagnetic wave propagation through dielectric
multilayers. Finally, absorbing multilayers are stud-
ied (Sec. VI) and the effect of the absorption in the locali-
zation length is discussed.

II. THEORY

When a plane wave of frequency co and propagating in
the x,y plane, is incident on a plate with an angle 8 rela-
tive to the y axis, it induces a normal stress o. and a
shear stress ~ in a plate and those two stresses are ac-
companied by a normal particle velocity U and tangen-
tial velocity U . In the cases of electromagnetic waves
propagating through dielectric multilayers or acoustic
waves propagating through Quid multilayers, there is
only one type of wave and the corresponding transfer ma-
trix is a 2 X2 matrix. But, solid layers can sustain both L
and T waves, so a 4X4 matrix is needed in this case.

In the present work, we follow the formalism described
recently by Munjal, ' in which the vector consisting of
the four state variables at the end of the plate,

F(h)=[cr (h), r„(h), v (h), vy(h)]

(where the superscript T means the transpose of a vector),
is connected with the vector F (0) at the beginning of the
plate, by the following relation:

F(0)=MF(h) .

Here M is the 4X4 transfer matrix given in Eq. (22) of
Ref. 14. For a certain plate, the transfer matrix can be
defined from the T and L sound velocities, cL,cz-, the
density p, the thickness of the plate h, the incident angle
0, and the frequency co of the incident plane wave. The
total transfer matrix of a multilayer can be found by mul-
tiplying M for each layer, so the state variables at the end
of the multilayer can be connected with those at the be-
ginning of the slab. For normal incidence, the 4X4
transfer matrix can be separated into two uncoupled 2 X 2
transfer matrices, one for the transverse and one for the
longitudinal waves.
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FIG. 1. The band structure
(left panels) and the transmission
profiles (right panels) for elastic
waves propagating through a
periodic bilayer consisting of
equal thickness steel and lucite
plates; the incident angles are 0'
(a), 5' (b), and 45' (c); the
transmission is calculated for 20
and 40 bilayers (dotted and solid
lines in right panels).(a)
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p, c are the density and sound velocity in the ambient
media, respectively, and M; are the matrix elements of
the total transfer matrix M. Assuming that c, is the ab-
sorption coefBcient, the following relation must hold:
r+t+c, =1.

III. PERIODIC MULTILAYERS

The left panels of Fig. 1 show the band structure of an
infinite periodic bilayer system consisting of steel and lu-
cite plates of equal thickness; the sound velocities and
densities of the materials are given in Table I. For nor-
mal incidence (8=0'), the T and L modes [dotted and
solid lines in left panel of Fig. 1(a)] are uncoupled. Be-
cause of the high velocity contrast between steel and lu-
cite, there are wide gaps for both modes; in particular,
the first gap has ratio of gap over midgap frequency
hen/co =0.843,0.991 for the L and T modes, respective-
ly.

The band structure for 8=5" [left panel of Fig. 1(b)] is
almost the same with that for L9=0', but, in that case as
well as for every 8%0, there is always a mixing between
the two type of waves, so, we cannot distinguish the T
from the L modes. The first gap between the second and
third bands [see left panel of Fig. 1(b)] is very small

For the case where the ambient media are the same
inviscid Quid, ~ =0 at the exposed surfaces and the
reAection r and the transmission t coefficients are'

TABLE I. The Young modulus E, Poisson's ratio o., and
density p, and the longitudinal cL, and transverse cT, sound ve-
locities for the materials used in the present work (Refs. 20 and
21).

Material E (kbar) o. p (gm/cm ) cL (km/sec) cT (km/sec)

Lucite
Al
Cd
Si
Steel

400 0.400
774 0.353
756 0.283

1627 0.223
1960 0.300

1.18
2.73
8.75
2.33
7.89

8.57
6.79
3.33
8.94
5.78

3.50
3.24
1.83
5.34
3.09

(bco/cos=0. 323). By increasing the incident angle the
third band tends to higher frequencies (especially for k
points close to the edge of the Brillouin zone), while the
second band remains almost unchanged, so, the first gap
increases as 8 increases [compare the left panels of Figs.
1(b) and 1(c)]; in particular, b,co/co =0.466, 0.614,0.772
for 0=30', 45', 60', respectively.

The right panels of Fig. 1 show the transmission versus
boa/c for a finite thickness periodic multilayer consisting
of equal thickness steel and lucite plates embedded in wa-
ter; a is the thickness of one bilayer and c is the longitudi-
nal sound velocity of lucite. For 8=0' [Fig. 1(a)], only the
longitudinal modes are excited, so, there are three drops
in the transmission corresponding to the three gaps
which appear in the band structure of the longitudinal
modes. But, the transmission changes drastically even for
small deviations from normal incidence because of the

mixing of the L and T modes. This is clearly shown by
comparing the transmission for 8=0' and 5 [right panels
in Figs. 1(a) and 1(b)]; for 8=0, the transmission at
boa/c =0.459 and 1.128 (the edges of the first gap for
8=0') is almost identical with that for 8= 5', but there is
now transmission around boa/c =0.6 and 0.9 due to the
second and third T-type bands.
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A common feature of the transmission for frequencies
inside the gaps is the dependence of the ln(t) on the
thickness of the system, A; in particular, for 0=0 and
boa /c =0.8, ln(t } is —116 and —56 for A/a =40 and 20,
respectively (a is the thickness of one bilayer). So, it
turns out that for frequencies inside the gaps, ln(t) is pro-
portional to —A, while for frequencies outside of gaps
the transmission is almost constant (it actually oscillates
around a constant value as A increases due to the multi-
ple scattering from the two boundary sides of the system).

The band structure changes as the ratio of the thick-
ness of steel (hs) and lucite (hI ) layers changes. In par-
ticular, for hs/ht =3 and 8=0' (see Fig. 2), the ratio
he@/co =0.548, 0.726 for the first gap of the L and T
modes, respectively, which are smaller than those for
hs/hL =1. But, most interestingly, for hs/hL =3, the
second gap of the T modes (dotted lines in Fig. 2) be-
tween boa/c =0.904 and 0.568 almost coincides with the
first gap of the L modes (solid lines in Fig. 2) which is lo-
cated between boa /c =0.859 and 0.489. So, this gap sur-
vives even for small deviations from normal incidence; in
particular, the upper edge of this gap (at cuba/c =0.859)
remains at almost the same frequency for angles as high
as 45' while the lower edge moves to higher frequencies
(the lower edge of this gap is at aia /c =0.614 for 8=45 ).
Multilayers with that feature can be used as high
reflection devices or wide stop-band filters operating in a
wide range of angles. By even increasing the incident an-
gle, the second T-type band moves to higher frequencies
remaining almost flat, while the third T-type band
remains almost unchanged, so, the gap tends to disap-
pear.

IV. DEFECTS

Defects can be created by changing (a) the sequence of
the layers, (b} the thickness of the layers, (c} the material

properties of one of the layers. Regardless of the defect's
type, its result is basically the creation of states well lo-
calized around the defect region and at frequencies insi e
the gaps of the periodic case. In the present work, we use
the first type of defect; in particular, assuming a system
of N layers with an AB stacking sequence, we change the
sequence of the layers (from AB to BA) after the N/2
layer. The A and B are steel and lucite plates and 1V = 10.
For normal incidence and equal thickness layers [see
solid line in Fig. 3(a)], a very sharp peak in the transmis-
sion appears at cuba/c =0.723. The sharpness of the peak
is measured by the quality factor Q =cod /(co, —m2),
where md is the frequency at the top of the peak and
co&, co2 are the frequencies below and above cod where the
transmission is 3 dB less than that at the top of the pea .
Q depends strongly on the number of the bilayers; in par-
ticular, Q is 2.4X10, 3.3X10, 1.8X10, 1.1X10 for
10 8 6 4 bilayers, respectively; in all the cases the

hetransmission at the top of the peak is practically 1 (all t e
power is transmitted), while the cod slightly moves to
smaller frequencies as the number of bilayers decreases
(the difference of the boa/c between 10 and 4 bilayers is
0.01). As in the case of dielectric multilayers, such kinds
of systems can be used for the development of narrow
band-pass filters. It will be also interesting if those peaks
in the transmission survives for incident angles different
from normal. But, this does not happen for hs/hL =1.
For 8=10' [dotted line in Fig. 3(a)], the peak in the
transmission due to the defect has almost disappeared be-
cause in that frequency region there is now transmission
due to the second and third T-type bands lying inside the
first gap of the L-type modes (see Fig. 1}. In contrast, for
h /h =3 [Fig. 3(b)], the peak is almost the same for
8=0' (solid line) and 10' (dotted line). There is a slig

S L
'

ht
shift of the peak towards higher frequencies as the in-
cident angle increases, while the value of Q is almost the

2.5

FIG. 2. The band structure of
elastic waves propagating
through a bilayer consisting of
steel and lucite plates; the thick-
ness of the steel plate is three
times the thickness of the lucite
plate and the incident angle is 0'.

0
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creation of localized states inside the gap. ' For 0=5',
the average transmission inside the first gap is even
higher because in that case the T-type modes are also ex-
cited so the DOS is even higher; note that there is also a
small peak in the average transmission at boa/c =0.7,
which comes from the second and third T-type bands in
the periodic case [see Figs. 1(a) and 1(b)]. At high fre-
quencies, the (ln(t)) saturates to an almost constant
value; using that saturated value, we can find from Eq. (7)
that the localization length is almost equal with the aver-
age thickness of two bilayers. At high frequencies (small
wavelengths) the phase coherence between the scattering
at different interfaces is lost and the dominant factor is
the scattering from each interface; but, the transmission
and reflection coefficients at a sharp interface are frequen-
cy independent; for that reason the (ln(t) ) and 1 are also
frequency independent at high frequencies.

Although (ln(t)) obeys Eq. (7) as we discussed in the
previous paragraph, the ln(t) fluctuates from its average
value depending on the particular configuration. Figure 5
shows ln(t) vs the frequency for a 40-bilayer system con-
sisting of steel and lucite for one of the configurations
used in the calculation of (ln(t) ) in Fig. 4(c); the thick-
ness error is 40% for each layer and the incident angle is
0=45 . There are two sharp peaks in the transmission at
cuba/c =0.943 and 2.681; the quality factor for that peak
is extremely high (higher than 10 ), while at the top of
those peaks a substantial percentage of the power is
transmitted (especially for the first peak the transmission
is almost 1). In order to find those peaks, the frequency
step close to the peaks was two order of magnitudes
smaller than the usual step (as a result of the extremely
high Q), so, some additional peaks might be lost. There
are also frequencies where 1n(t) is much smaller than its
average value; for example, ln(t)= —62 at era/c =1.68,
while its average value at the same frequency is —38.

The localization length depends on the amount of the

disorder. Figure 6 show the (in(t)) vs cuba/c of a 40-
bilayer system consisting of steel and lucite plates with
equal, on the average, thickness; the incident angle is 0'
although the conclusions are the same for all incidence
angles; the thickness error of each plate is 20, 40, and
80%. For the 20% case (solid line in Fig. 6), there are
two sharp drops in the (1n(t) ) around cuba/c =0.75 and
1.65 which are reminiscent of the first and second gaps of
the corresponding periodic case. By increasing the disor-
der, those drops (especially the high-frequency ones) tend
to disappear and (ln(t) ) saturates to an almost constant
value (—40, which corresponds to a localization length of
almost two unit cells) independent of frequency. This is
in accordance with the previously studied case of elec-
tromagnetic waves propagating through 1D disordered
media. ' In general, (ln(t) ) decreases by increasing the
amount of disorder; e.g. , for cuba/c =2 and 8=0', (1n(t) )
is —24, —35, —55 (Fig. 6) for thickness error 20, 40, and
80%, respectively. However, there are frequency regions
where (ln(t)) increases by increasing the disorder; e.g. ,
for frequencies inside the first gap of the periodic case at
around boa /c =0.75 (see Fig. 6), (ln(t) ) is —114, —106,
and —67 for thickness error 20, 40, and 80%, respective-
ly. As we explained previously, this is because the DOS in
that region increases by increasing the disorder.

In a periodic case, the position and the width of the
gaps are strongly related to the ratios of densities r, and
sound velocities rI and I"T between the two materials con-
sisting the multilayer. We expect that there will be also a
similar strong dependence in a disordered multilayer.
Figure 7 shows (ln(t)) vs boa/c for a 40-bilayer system
consisting of plates which have equal thickness on the
average for the two different materials; the incident angle
is 0=45 and the error in the thickness of each layer is
40%. In all the cases, one of the plates is lucite while the
other is either Al, Si or Cd; the parameters for each ma-
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-80—

FIG. 5. The transmission vs

frequency for one of the
configurations used in Fig. 4 and
a system consisting of 40 bi-
layers with 0=45 .
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FIG. 6. (1n(t) ) vs boa /c for a
system similar to that used in
Fig. 4 consisting of 40 bilayers
with thickness error 20, 40, and
80% (solid, dotted, and dashed
lines) in each layer and 0=0'.
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terial' ' are shown in Table I. In' all three cases,
(ln(t) ) has a drop at low frequencies which corresponds
to the first gap of the corresponding periodic case hand its
exact location depends on the particular materials con-
sisting the multilayer, while for high frequencies, (lh(t) )
saturates to a constant value. Using Eq. (7), we can cal-
culate the localization length which corresponds to this
saturated value of the average transmittance; in particu-
lar, the localization length is 9a, 6.2a, and 3.6a for Al, Si,
and Cd, respectively, as the second material; a is the
average thickness of each bilayer. Al and lucite have the
smaller density and velocity ratios and the higher saturat-
ed values for the localization length, while for Cd and lu-

cite the density and velocity ratios are much higher and
the saturated value of the localization length is about 2.5
times smaller than this of the Al and lucite system. For
steel and lucite (see Fig. 4), l is almost equal to 2a, so this
system is the best candidate for the experimental observa-
tion of elastic-wave localization. In fact, recently report-
ed was an observation of the localization of bending
waves in a thin steel plate decorated with lucite blocks
forming a 2D square lattice. The present results seems
to support that observation, although, as noted by the au-
thors, the disorder is probably related to the change of
the properties of lucite close to the connections with steel
rather than a disorder in the volume of the lucite blocks;
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also the geometry and the underlying equations are
different. Finally, the present results, which show that for
any incident angle, the localization length becomes small-
er as the density and velocity contrasts become higher,
further support the statement that bubbles inside a liquid
are a very favorable system for the study of the localiza-
tion of acoustic waves, since the ratios of density and
sound velocities in that system are extremely high (this
statement has been reached by studying a periodic ar-
rangement of air spheres in a liquid ); note that for
8=0' the present results for the elastic waves are directly
applied to the corresponding case of the propagation of
acoustic waves through fluids multilayers.

In order to check how the average transmission de-
pends on the incidence angle, we examine (ln(t)) for
high amount of disorder and high frequencies; in that
case, as we explained previously, (in(t) ) saturates to an
almost constant value (ln (t) ), . For a 40-bilayer system
consisting of equal, on average, thickness steel and lucite
plates and assuming 80% thickness error, (ln(t) ),is —50
and —43 for 0=0', 45' respectively. Also, our calcula-
tions show that for 8 greater than about 30', (ln(t) ), is
almost independent of 8, while for smaller 8, ( ln(t) ), in-
creases slowly by increasing t9. The velocity contrast for
L-type of waves (Table I) is 1.48, while the velocity con-
trast for T type of w-aves is smaller (1.13), so, L-type of
waves tend to be more localized; also, as we noted earlier,
for 0=0, only the L-type of waves are excited, while for
8%0' both L and T-type of-waves are excited; for that
reason we expect that for 8=0', the ( ln(t) ), and the cor-
responding localization length will be smaller.

VI. ABSORPTION

In general, the presence of structural damping,
represented by a loss factor, would make the Young
modulus E and hence ci,cT would be complex. ' In the

following section, we present results for a multilayer con-
sisting of steel and lucite plates in which E for the lucite
is complex with a constant (independent of frequency)
imaginary part, while E for the steel is real since the
losses for steel are much smaller than lucite.

Figure 8 shows the ln(t) vs boa/c for a periodic bilayer
consisting of equal thickness steel and lucite plates em-
bedded in water; the incident angle is 45' and the imagi-
nary part of the Young modulus of lucite is E; =100
kbar. The main effect of the absorption is that the
transmission becomes thickness dependent for every fre-
quency, e.g. , the transmission obeys the following rela-
tion: ln(t) = —2A/1„where I, is the frequency-
dependent absorption length; this is clearly shown by
comparing the transmission results for the 20- and 40-
bilayer cases (compare solid and dotted lines in Fig. 8).

The effect of the absorption can be also studied by
changing the value of E, . Figure 8 shows the ln(t) vs
boa/c for a 40-bilayer system consisting of equal thickness
steel and lucite plates using two different values for the
imaginary part of the Young modulus of lucite: E; =100
and 200 kbar (dotted and dashed lines in Fig. 8). In gen-
eral, the effect of the absorption increases as a function of
frequency although there are some exemptions. In par-
ticular, for frequencies inside the first and fourth gap at
cuba /c around 0.55 and 1.65, respectively, the transmission
is almost the same or it is getting even higher by increas-
ing E;. But even outside of the gaps, there are frequency
regions where the effect of the absorption is more prom-
inent than for higher-frequency regions; for example at
cuba /c =0.9, ln( t) is —40, —75 for E, = 100 and 200 kbar,
respectively, while at cuba/c =1.2, it is —17, —27 for
E; =100 and 200 kbar, respectively. Also, the absorption
is extremely high at boa/c around 2.5.

For an homogeneous lucite plate, the displacement is
proportional to exp(icoy /c); since E is complex the wave
vectors and the sound velocities are complex, so, we actu-
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ally expect the general trend to be that the effect of the
absorption is more prominent as the frequency increases.
The deviations from that general trend are caused by the
nonhomogeneous nature of the system; in that case, we
expect that the effect of the absorption will be more
prominent when the displacement vectors have maximum
amplitudes at the high absorptive lucite plates and this
seems to be the case for cuba/c around 0.9 and 2.5. Final-
ly, the small oscillations in the transmission due to the
multiple scattering between the two boundaries of the
system, which are more obvious at small frequencies [see
Fig. 1(c)], disappear with the introduction of the absorp-
tion.

We have also studied the effect of the absorption in the
presence of disorder and how the physical picture
presented in the previous section changes with the addi-
tion of dissipation. Figure 9 shows the (1n(t)) vs fre-
quency for a 40-bilayer system consisting of steel and lu-
cite plates of equal, on the average, thickness embedded
in water and assuming an 0=0 incident angle;
( ln( t ) )has been calculated by averaging over 100
configurations, the thickness errors for each plate are 20
and 40% and the E; of the lucite is 100 kbar. Compar-
ing the absorbing cases (Fig. 9) with the nonabsorbing
ones (Fig. 6), we find that ( ln( t ) ) is smaller for the ab-
sorbing cases and this effect become more obvious as the
frequency increases; there is an exception in that general
trend for cuba/c around 0.8, in which there is a sharp drop
in the average transmission, the remnant of the first gap
of the periodic case.

As we discussed in the previous section, the average
transmission of a disordered multilayer is thickness
dependent: ( In (r) ) = —2A/1. Similarly, as we showed in
the beginning of this section, the transmittance of a
periodic multilayer is thickness dependent in the presence
of absorption: ln(t)= —2A/1, . It has been suggested
that in the presence of both disorder and absorption the

average transmittance is given by the expression:
(In (t) ) = —2A(1/l+1/l, ). The previous expression
suggests that for any amount of disorder and for the same
amount of absorption, the difference 6 between the
transmittance of the absorbing and the nonabsorbing
cases is 5= —2A/l„which is independent of the amount
of disorder. In Fig. 10, we check the validity of the previ-
ous statement for the same system as that of Fig. 9 and
for three different thickness errors: 20, 40, and 60%.
is almost independent of the amount of disorder for fre-
quencies boa /c below 0.35; note that this frequency region
corresponds to the lower edge of the first gap of the
periodic case and this is the same region considered in
Ref. 6. But, for higher frequencies, there are consider-
able differences between the 6 for different amount of dis-
order, although, for the 40 and 60 % errors the
differences are much smaller. For the 20% thickness er-
ror, b, has a drop at cuba/c around 0.9 and a smaller one at
around 2.5; this is an indication that the effect of the ab-
sorption is higher at those frequencies. Note that these
are also the frequency regions where the absorption is
higher in the corresponding periodic case (see Fig. 8), so,
the same argument regarding the maxima of the displace-
ment vector can be also applied in the present low disor-
der case. On the other hand, for a high amount of disor-
der this argument cannot be used anymore. We can see
that by considering the extreme case of 100% error
thickness; in that case, the maxima of the displacement
have the same probability, on the average, to be on the
highly absorbing lucite plates as well as in the nonabsorb-
ing steel plates, so, on the average, the effect of the ab-
sorption will be similar to that of the homogeneous ab-
sorbing plate. This is fully confirmed by the results in
Fig. 10, which shows that for a high amount of disorder,
6 tends to an almost straight line, which monotically de-
creases by increasing the frequency.
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error in each layer; in the ab-

sorbing cases, the imaginary part
of the Young modulus is

E; =100kbar and 8=45'.

4p
0 .5 1.5 2 2.5

VII. CONCLUSIONS

We have made a systematic study of elastic-wave prop-
agation through solid multilayers. We used the periodic
bilayer system as the starting point. In that case, the
transmission profiles has substantial differences between
normal and non-normal incidence due to the fact that
even for small deviations from 0=0', both longitudinal
and transverse type of waves are excited in contrast with
the 8=0' case where only one type of wave can be excit-
ed. We have showed that this may cause problems if one
wants to construct wide stop-band filters (corresponding
to the gaps of the periodic solid multilayers) or narrow
band-pass filters (constructed by introducing defects in an
otherwise periodic solid multilayer) operated in a wide
range of incidence angles. Those problems can be avoided
by carefully choosing multilayers where the gaps of the
I.- and T-type waves overlap in a wide range of incidence
angles.

By introducing an error in the thickness of each layer,
the average transmission of the disordered multilayer be-
come thickness dependent ((ln(t)) = —2A/l, where l is
the so-called localization length) for every frequency, in
contrast with the corresponding periodic cases where the
transmission is thickness dependent [ln(t) is proportional
to —A] only for frequencies inside the gaps. The first gap
of the periodic case survives even for a high amount of
disorder, while the other higher gaps of the periodic case
disappear quickly with the application of the disorder; by

increasing the disorder, (1n (t) ) increases for frequencies
inside the first gap of the periodic case because the densi-
ty of states increases. For co approaching 0, I increases,
while for high frequencies I saturates to a constant value
l, which is independent of frequency; however, l, strongly
depends on the velocity and density ratios between the
two materials constructing the disordered multilayer. In
particular, l, is about 2a for steel and lucite where both
velocities and densities contrasts are high, while l, is
about 9a for Al and lucite where both velocities and den-
sity contrasts are small.

In the presence of absorption, the transmission of a
periodic multilayer becomes thickness dependent
[ln(t)= —2A/l, where l, is the absorption length] for
every frequency, while there are certain frequency re-
gions where the effect of the absorption is more prom-
inent. Finally, we have checked the relation
(ln(t) ) = —2A(1/l+1/l, ), which has been proposed in
the presence of both absorption and disorder; for a small
amount of disorder, this formula works only for low fre-
quencies, while for a high amount of disorder holds for
every frequency.
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